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Abstract
The influence of dielectric layers on the hybridization of
stacked split-ring resonators (SRRs), or SRR dimers, is in-
vestigated in this article. It is found that when the permit-
tivity of the layer between the two SRRs is higher than that
of free space, the electric dipole-dipole interaction plays a
dominant role in determining the modes of resonance. On
the other hand, for the case of a free-space intermediate
layer, the resonance modes are mainly determined by the
magnetic dipole interaction. As a consequence, this near-
field effect exerts a great impact on the far-field characteris-
tics, i.e., the resonance behavior and chiral optical activity.
A Lagrangian formalism is used to characterize the inter-
play between the magnetic and electric couplings. The re-
sults suggest an additional degree of freedom to control the
behavior of this fundamental metamaterial element.

1. Introduction
Metamaterials are defined as a group of man-made mate-
rials with customizable electromagnetic properties. Typ-
ically, a metamaterial consists of subwavelength metallic
resonators usually aligned in a 2D or 3D periodic arrange-
ment. The response of metamaterials is controlled by the
geometries, dimensions, and materials of these resonators.
In addition to that, near-field interactions between neigh-
boring resonators also have significant effects on the re-
sponse of metamaterials. The hybridization in metamateri-
als introduced by intercell couplings leads to new phenom-
ena, including multiple or continuum modes of resonance
[1, 2].

This hybridization has been observed in a ‘magnetic
dimer’ that is composed of two stacked SRRs with their
gaps orthogonally aligned [3]. Although only one ring is di-
rectly excited, the other ring establishes an oscillating cur-
rent via the magnetic coupling between the resonators. Ef-
fectively, the SRR hybridization causes resonance splitting
and a strong chiral optical activity. The concept of mag-
netic dimer has been extended to the case where the second
ring can be freely twisted around its axis [4, 5]. This con-
figuration, known as stereometamaterial, allows the electric
dipole coupling to support or counteract the magnetic cou-
pling depending on the twist angle. The optical activity
arising from this chiral metamaterial can be fully charac-
terized through the Jones calculus employing a Lagrange
model with phase retardation [6].
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Figure 1: Schematic of SRR dimers. (a) Orientation of two
resonators in perspective view. (b) Back-to-back configu-
ration in side view. (c) Front-to-front configuration in side
view. The twist angle ! can vary from 0! to 180!. The sub-
strate thickness, t, and separation between SRRs, s, are 1.6
and 3.2 mm, respectively.

In this article, the influence of the supporting dielec-
tric on stereometamaterials or SRR dimers is investigated
in detail. Changing the permittivity of the dielectric in the
vicinity of the dimers affects the local distribution of the
induced electric field. Implicitly, the hybridization or near-
field interactions in the dimers can be manipulated. The
effects are manifested through a change in the resonance
mode, strength, and position. Consequently, the state of
polarization is greatly affected. Although the effect of the
dielectric on SRR dimers has been mentioned briefly in [5],
in contrast to this study, it does not focus on a difference
in physical interactions nor discusses a difference in chiral
optical properties.

The study begins with an observation on the hybridiza-
tion effect under the influence of dielectric in Sec 2. Sec-
tion 3 presents an analysis of the results through a dipole
interaction model, together with a Lagrangian formalism.
Section 4 demonstrates the impact of the supporting dielec-
tric on the chiral optical activity of SRR dimers.

2. Observation of the hybridization effect
An individual SRR in a dimer used in the experiment has
an inner radius, outer radius, and gap width of 2.5, 3.0, and
1.0 mm, respectively. Each SRR is made of copper with a
thickness of 0.035 mm. It is printed on an FR4 substrate
with a relative permittivity of 4.1, a loss tangent of 0.02,
and a thickness of 1.6 mm. As illustrated in Fig. 1(a), a
SRR dimer is formed by stacking coaxially two identical
SRRs with a separation of 3.2 mm. The second SRR in
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Figure 2: Transmission profiles of SRR dimers. (a) Back-
to-back configuration. (b) Front-to-front configuration. The
twist angle varies from 0!, 90!, to 180!. The dotted lines
are from the simulation, and the solid lines are from the ex-
periment. Two modes of resonance, symmetric and asym-
metric, are denoted by ‘S’ and ‘A’, respectively.

a dimer can be twisted with respect to the first SRR. Two
different forms of stacking are investigated as indicated in
Figs. 1(b,c). In the back-to-back configuration, the sub-
strates fill the space between the two SRRs, and in the front-
to-front configuration the dielectric in-between the SRRs is
free space. Periodic duplications of a dimer form a planar
array with a lattice constant of 20 mm.

The measurement is performed in an anechoic cham-
ber with transmitting and receiving microwave horn anten-
nas that are connected to a vector network analyzer, Agi-
lent Technologies N5230A. As indicated in Fig. 1(a), the
E-field polarization is always perpendicular to the gap of
the SRR on the side of incidence. The measured sample
transmission is normalized by the free-space transmission
to remove any system dependence. As a complement, the
simulation is performed by using CST Microwave Studio
and cross-validated with HFSS. To replicate an infinite pla-
nar array of dimers, unit-cell boundary conditions are uti-
lized for the transverse boundaries. A plane wave incident
normally to the array is transmitted and received by two
Floquet ports.

The numerical and experimental results compared in
Fig. 2 are in good agreement. Note that in the simulation
for the front-to-front configuration the separation s is in-
creased to 4 mm to reflect the experimental inaccuracy. In
both of the configurations, the transmission profiles clearly
show resonance splitting as the twist angle varies from 0!
to 180!. The different modes of resonance labelled ‘S’ and
‘A’ in Fig. 2 are deduced from the simulated surface current
distribution on the dimer. For the symmetric (S) and asym-
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Figure 3: Instantaneous surface current and dipole mo-
ments. The twist angle equals 0!, 90!, and 180! in (a,d),
(b,e), and (c,f), respectively. The resonance mode is sym-
metric in (a,b,c) and asymmetric in (d,e,f). The surface cur-
rent density, electric and magnetic moment are represented
by J{1,2}, p{1,2}, and m{1,2}, respectively. The effect of
dipole interactions on the resonance frequency is indicated.

metric (A) modes, the current loops in the two rings are
parallel and anti-parallel, respectively. The back-to-back
configuration shows relative resonance strengths and mode
orientation similar to that observed earlier [4]. However,
the relative strengths and orientation are different for the
front-to-front configuration, particularly at the twist angle
of 0!.

3. Analysis
3.1. Dipole-dipole interaction model

The hybridization effect observed in the previous section
can be explained via a dipole-dipole interaction model [4].
Essentially, an excited SRR develops an electric dipole
across the gap and a magnetic dipole in the axial direction.
Two identical SRRs aligned coaxially as in a SRR dimer
mutually interact through these dipoles, leading to reso-
nance splitting. A resonance frequency is governed by the
relative orientation of dipoles and their moments. Specifi-
cally, a pair of transversely coupled dipoles with their mo-
ments in parallel and anti-parallel tends to shift the reso-
nance up and down, respectively, whilst a pair of longitu-
dinally coupled dipoles behalves vice versa. The net ef-
fect takes into account the separated electric and magnetic
dipole interactions. For a SRR dimer, the alignment of the
two magnetic dipoles is longitudinal, whilst that of the two
electric dipoles is transversal.

Figure 3 illustrates the model current and elec-
tric/magnetic moments in the SRR dimer. At the twist an-
gle of 0!, for the symmetric mode in Fig. 3(a) the electric
dipole interaction tends to shift up the resonance, whilst the
magnetic interaction acts oppositely. The situation reverses
for the asymmetric mode in Fig. 3(d). Therefore, from the
results in Fig. 2 at the angle of 0!, it can be deduced that

2



for the back-to-back configuration, the electric dipole in-
teraction determines the resonance modes, whilst for the
front-to-front configuration the magnetic dipole interaction
assumes the role. This is supported by the fact that the
electric field tends to couple into a dielectric with a high
permittivity. Figures 3(b,e) show that at the angle of 90!
the two electric dipoles are aligned orthogonally. The hy-
bridization is therefore solely determined by the magnetic
coupling. Hence, the modes are not influenced by the di-
electric layers. This explains the similarity of the mode ori-
entation in the two configurations at 90! in Fig. 2.

In Figs. 3(c,f), at the twist angle of 180!, the effects
from electric and magnetic dipole interactions become con-
structive. In this case, the resonance frequency is always
decreased and increased for the symmetric and asymmet-
ric modes, respectively. The reinforcing electric and mag-
netic coupling effects cause a large resonance separation
observed in both of the configurations at 180! in Fig. 2.
A smaller separation for the front-to-front configuration is
attributed to a weak electric dipole coupling through free
space. As for the resonance strength, parallel dipole mo-
ments are preferentially coupled to the excitation field. This
explains the relatively strong resonance observable in the
symmetric mode at 0! and asymmetric mode at 180!.

It is clear that the interplay between the electric and
magnetic interactions, and hence the mode orientation and
resonance strength, can be controlled by changing the per-
mittivity of the supporting dielectric. In particular, the pres-
ence of the intermediate dielectric layer in the back-to-back
configuration reinforces the electric coupling between the
two SRRs. On the other hand, a low permittivity of interme-
diate free space and a high permittivity of the backing sub-
strates in the front-to-front configuration weaken the trans-
verse electric dipole coupling to the point that the magnetic
coupling becomes dominant.

3.2. Lagrangian formalism

The near-field interactions within the SRR dimer can be
quantitatively characterized on the basis of a quasistatic ap-
proximation [7]. According to the Lagrangian formalism,
the frequencies for the symmetric and asymmetric reso-
nances in a SRR dimer are described as, respectively, [4, 5]

"s = "0

!
1 + #E
1 + #H

(1)

"as = "0

!
1! #E
1! #H

, (2)

where #E = #E0 cos ! and #H represent the electric and
magnetic coupling coefficients, respectively. The reso-
nance frequency of the uncoupled SRR is represented by
"0, which is slightly different for the two configurations
due to a difference in the substrate thickness, i.e., "0,b2b =
5.49 GHz and "0,f2f = 5.65 GHz. The cosine term for #E
reflects a change in the electric dipolar coupling strength
following the twist angle. This model does not consider
the effects from inter-dimer coupling or multipole interac-
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Figure 4: Resonance frequencies of SRR dimers as a func-
tion of the twist angle. (a) Back-to-back configuration, and
(b) Front-to-front configuration. The numerical results are
represented by the markers, and the analytical fittings by
the lines.
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Figure 5: Coupling coefficients as a function of the twist
angle. The coefficients are obtained by fitting the numer-
ical results in Fig. 4 with Eq. 1. The subscriptions b2b
and f2f denote the back-to-back and front-to-front configu-
ration, respectively.

tions. Such a consideration is not critical, since the neigh-
bour coupling changes the response only slightly [8] and the
multipole effect is not observed in the transmission results
[5].

Figure 4 shows the resonance frequencies obtained
from simulation as a function of the twist angle. The ac-
companying analytical curves are obtained by fitting Eq. 1
to the numerical data. The electric coupling coefficients
#E0, i.e., #E at 0! twist angle, are estimated as 0.120
for the back-to-back configuration and 0.038 for the front-
to-front configuration. The magnetic coupling coefficient
#H = 0.097 is fixed regardless of the dielectric arrange-
ment. It is clear that the electric coupling coefficient can be
varied greatly by changing the dielectric permittivity.

Figure 5 further elucidates the variation in the near-field
coupling coefficients with respect to the twist angle and the
dielectric configuration. It shows that the electric coupling
strength in the back-to-back configuration is larger than the
magnetic coupling strength at a small twist angle. At 36!
the electric and magnetic coupling strengths are equal, re-
sulting in a mode crossing observable in Fig. 4. This cross-
ing is not observed in the front-to-front configuration, as
its absolute electric coupling coefficient is well below the
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Figure 6: Polarization characteristics as a function of the
frequency and twist angle. (a,b) Tilt angle, and (c,d) Axial
ratio. The left column belongs to the back-to-back configu-
ration, whilst the right column belongs to the front-to-front
configuration. The tilt angle is with respect to the incident
electric field polarization and with the positive sign in the
clockwise direction. The axial ratio is capped at 20 for clar-
ity.

magnetic coefficient at any angle.

4. Chiral optical activity
Since a SRR dimer with a twist angle not equal to 0! or
180! is chiral, it can exhibit a degree of optical activity,
i.e., the structure imparts polarization rotation and phase
retardation to the incident wave. In summary, the incident
wave with an electric field polarized across the gap of the
first SRR induces the oscillating current, which builds up a
magnetic dipole along the axis of that SRR. The accumu-
lated energy can be transferred to the second coaxial SRR
through the near-field coupling mechanisms discussed ear-
lier. As a result, the second SRR develops its own elec-
tric dipole source with a polarization different from the in-
cident field polarization. Thus, in effect, this hybridized
SRR dimer can change the polarization state of the incident
wave. This section compares the optical activities of SRR
dimers in the two configurations.

The polarization characteristics exhibited by the SRR
dimer with the back-to-back and front-to-front configura-
tions are shown in Fig. 6. In general, the resonance mode
and twist angle in either configuration have a strong im-
pact on the polarization state of the transmitted wave. Fig-
ure 6 further provides an overview of the influence of di-
electric layers on the polarization behaviors. It is obvious
that the tilt angle and axial ratio for the two configurations
are significantly different, particularly below the twist an-
gle of 90!. As an example, the polarization ellipses at a set
of frequencies and twist angles are compared in Fig. 7. In
Fig. 7(a) the electric dipoles dominate the near-field activ-
ity in the back-to-back configuration, and the transmitted

!1 0 1
!1

0

1

0 1

(a) (b)

back-to-back
front-to-front

E

Figure 7: Comparison of polarization ellipses in two dif-
ferent SRR dimers. The polarizations are observed at the
frequency and twist angle of (a) 5.44 GHz and 40! and (b)
5.93 GHz and 130!, respectively. The electric field vector
shows the incident polarization.

wave is nearly circularly polarized. Reducing the influence
of electric dipoles changes the polarization to ellipse with
an inverse rotation direction. In the second case in Fig. 7(b),
the transmitted wave can be altered between the linear and
elliptical polarizations via a change in the dielectric. Note
that the direction of polarization rotation in a SRR dimer
can be reversed in its mirrored structure.

5. Conclusion
In conclusion, the permittivity of neighboring dielectric
layers has a strong impact on the hybridization in a SRR
dimer. A high-permittivity dielectric mediating the dimer
strengthens the electric near-field interaction. In effect, this
electric dipolar interaction is mainly responsible for the res-
onance splitting and determines the modes of resonance.
As the intermediate dielectric is replaced by free space, the
strength of the magnetic interaction surpasses that of the
electric interaction. Hence, the modes of resonance are gov-
erned by magnetic dipoles. A quantitative analysis carried
out via the Lagrangian formalism confirms this explana-
tion. This controllable near-field behavior is shown to have
a large impact on the far-field polarization activity. An im-
plication of this study is the ability to actively manipulate
the response of SRR dimers or other chiral metamaterials
for optical devices. It shifts away from SRR twisting by of-
fering an opportunity to optically or electrically control the
dielectric.
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Abstract 
Metamaterials and plasmonics as a new 
pioneering field in photonics joins the features 
of photonics and electronics by coupling 
photons to conduction electrons of a metal as 
surface plasmons (SP). This concept haven 
been implemented for variety of application 
including negative index of refraction, 
magnetism at visible frequencies, cloacking 
devices amongst others. In the present work, 
we used plasmonic hybrid material in order to 
design and fabricate a broad-band perfect 
plasmonic metamaterial absorber in a stack of 
metal and Copper-PTFE 
(Polytetrafluoroethylene) nanocomposite 
showing average absorbance of 97.5% in 
whole visible frequencies. Our experimental 
results showed that the absorption peak of the 
stacks can be tuned upon varying the thickness 
and type of the spacer layer due to the 
sensitivity of plasmon resonance to its 
environment. To the best of our knowledge 
this is the first report of plasmonic 
metamaterial absorber based on copper with 
absorption around 100% in entire visible and 
NIR.  

 

1. Introduction 
The general attention in solar use fast raised in the mid-

70's due to the renewed interest in substitute energy 
resources which resulted from the "oil crisis" [1]. Graded 
structure made of metal-dielectric composite along with 
anti-reflectors were the basic of the developed structure for 
solar absorption which were fabricated by electroplating or 
vacuum deposition methods (Details can be found in [1]). 
Nowadays, due to the fast growing field of nanotechnology 
and great demand for nanoscale system, the trends to realize 
a system showing black absorption for solar and sensoric 
purposes with sub-wavelength dimension increased. 
However, so far most of the applied techniques (e.g. 
perforated metallic films[2], grating structured systems [3] 
and metamaterials [4-6] ) are either costly or has low 

fabrication tolerance and their absorption resonance is 
narrow-band which limits their utility for energy harvesting. 
Recently, we show experimentally for the first time 
fabrication of a broadband perfect plasmonic absorber in a 
stack of gold and gold-SiO2 nanocomposite showing nearly 
100% absorbance at visible frequencies [7-8]. In this report, 
we implemented the same idea but in a polymeric 
nanocomposite and replacing Gold with a Copper to reduce 
significantly the material cost. In copper based absorber, the 
bandwidth is broader and since the Copper is cheaper than 
Gold, the new developed absorber is more cost effective for 
practical application. In addition, the average value of 
absorption in visible spectrum is above 97% which is the 
best reported broad band plasmonic perfect absorber so far.  
 

2. Experimental procedure 
A cylindrical vacuum chamber was used for sputtering 

of the metal and polymeric film. By installing two 
magnetron with an angle of 50º, co-sputtering was done in 
order to make a nanocomposite out of a Copper and PTFE 
targets. Simultaneous sputtering from different sources 
allows deposition of nanocomposites with different filling 
factors (ff) and thicknesses. For acquiring a uniform 
thickness for the film and homogeneous metal distribution 
for the composite, all depositions were done on the samples 
attaching to a rotatable sample holder. For dielectric 
deposition (PTFE in this case) a RF power and for 
conductive targets (Copper) a DC power supply were used. 
The details of co-sputtering methods can be found in our 
former reports [9]. Thickness measurements was performed 
using Dectak 8000 profilometer. Optical analysis carried out 
by a UV-Vis-NIR spectrometer (Lambda900, Perkin Elmer). 
Although Aluminum was used as a mirror for reflection 
measurement, the data was normalized to a perfect reflector 
in order to achieve absolute value of reflection. Since all the 
base film thickness was 100nm which is far greater than the 
skin depth of copper, it was assumed that the transmission is 
zero. Therefore, all calculation of absorbance is based on: 
A+R= 100%, where A stands for absorption and R is 
reflection.  

 



3 
 

3. Results and discussion 
 
Schematic of the structure which was used in this work 

is shown in Figure 1 (a). It is composed of an optically thick 
copper film as base layer (100nm) and a nearly percolated 
Copper-PTFE nanocomposite as top layer which are 
separated by a dielectric inter-layer (PTFE). TEM of the 
nanocomposite used in this work presented in Figure 1 (b). 
One can see that the distance between the particles are very 
small and the composite is near-percolation. 
 

Figure 1(a): Schematic draw of the perfect absorber 
structure 

 

Figure 1(b): Top-view TEM image of the near percolated 
copper-PTFE nanocomposite. 

 
 

 
Figure 1(c): Photo of the perfect black absorber in 
comparison with bare copper film. 

Figure 1 (c) show the photograph of the optimized 
sample compare to the bare copper film where one can see 
the black appearance of the highly absorber system compare 
to the shiny surface of metallic film.  Optical measurements 
showed that 20nm spacer layer of PTFE gives the best 
performance of the device and thickening or thinning the 
thickness of interlayer reduced (increases) the absorption 
(the reflection) of system. Figure 2a shows the absorption 
spectra of 20nm Cu-PTFE composite on 100nm copper base 
layer separated with different thickness of interlayer. It is 
obvious that changing the spacer layer thickness from the 
optimum value of 20nm will alter the efficiency of the 
device and the absorption drop. We attributed the drop to the 
lack of coupling of the top nanoparticles and the base layer. 
Indeed, in such a system, excitation of anti-parallel currents 
between nanoparticles (embedded within the 
nanocomposite) and base layer (known as magnetic 
resonance) induced by dipole–image interaction will trap the 
light within the inter-layer. However, it seems that upon 
increment or decrease of spacer-layer thickness, dipole-
image interaction becomes less efficient and results in a drop 
in absorption [6-7]. Deposition of the composite on a bare 
base layer further support the mentioned idea in a sense that 
when there is no distance between the film and 
nanoparticles, no light can be confined and therefore the 
reflection enhances (Figure 3 (green curve). 

 The optical response of such a stack is not only 
dependent on the spacer layer thickness rather than the 
filling factor of the composite plays a crucial role in the 
efficiency of film. UV-vis measurement of the samples 
prepared with different filling factor showed that the best 
performance achieved when the ratio of sputtering rate of 
copper to PTFE is 2.33. On the other hand, changing the 
sputtering ratio to 2.0 or 2.66 reduce the overall absorption 
of the device. Figure 2 (a) shows the absorption spectra of 
the stacks with different sputtering ratio of Copper and 
PTFE. It is obvious the highest absorption is happened when 
the ratio is 2.33. When the ff raises far above the percolation 
threshold the reflectivity of the upper layer goes up and 
consequently the optical response of the stacks become 
similar to thick copper film. In other word, as soon as the 
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composite starts turning to a continuous metal film, the light 
can not pass through the top layer anymore and it acts as a 
metal reflector. Therefore the absorption of the structure 
dramatically drops. Comparing the current results with our 
previously report on gold base perfect absorber, one can see 
that the broadness of the peak is more than that of gold one. 
In other words, the average value of absorption in the visible 
range (400-750nm) is around 97% which shows the higher 
efficiency of Copper-absorber compared to Gold one which 
shows the higher efficiency of former one. In fact, the filling 
factor of optimized condition in copper system (70%) is far 
above that of gold (40%) and therefore it is expected to be 
highly reflective. However, a broader resonance and perfect 
absorption was observed which we attributed to the 
plasmonic damping of copper which occurs due to 
interaband processes via electron photon as well as electron-
electron scattering [10].  
The role of magnetic resonance in the high absorption of the 
structure was shown in our last work [7] however one can 
not role out the significance of interference in the low 
reflectivity of such a structure. The influence of interference 
in perfect absorber has been recently studied by Chen [11]. 
He showed in a typical metamaterial absorber there is minor 
near-field interaction or magnetic response among the 
neighboring metal structures. In addition, the surface 
currents with anti-parallel directions originated from the 
interference and superposition, rather than excited by the 
magnetic component of the incident electromagnetic fields 
[11]. We believe that Chen's theory might hold for grating 
on a film or resonator designed for MIR range of 
frequencies but it can not be applied in our structure. 
Because in our device, the inter-particles distance is less 
than 5nm (Figure 1 (b)) and hence one can not neglect the 
huge light confinement between the particles beside the light 
trapping in the interface [12]. In addition, the resonance 
band of our system is few hundred nanometers (i.e. very 
broad low reflection) which can not be explained only by 
interference phenomena.  
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Figure 2(a): Absorption (solid lines) and reflection (dot 
lines) spectra of the near percolation nanocomposite 
with three different sputtering ratio of polymer and 
metal on a 100 nm gold film coated with 20nm PTFE 
layer as spacer 
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Figure 2(b): Absorption spectra of 20nm Cu-PTFE 
composite (black) with sputtering ratio of 2.0 on 20nm 
PTFE on glass in comparison of 100nm copper film (red). 
 Measuring the optical response of the metal alone 
as well as the composite film with the same condition 
deposited on glass substrate showed that the high absorption 
of the system is not originated neither from the composite 
alone nor from the metal. Figure 2 (b) shows the absorption 
spectra of composite and bare copper film on glass. It is 
clear that the average absorption value in both cases is less 
than 30% which is far below the 97% of copper-perfect 
absorber. This results further support the idea of plasmon 
coupling in the highly absorber structure and shows that the 
Ohmic losses of the device within the metallic particles due 
to the localized particles plasmon resonance of copper 
nanoparticles is not the dominating process of the overall 
absorption. 
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Figure 3: Absorption spectra of 20nm CuгPTFE composite 
on PTFE spacer layer with different thickness on 100nm 
Cu. Green curve show the composite on a base layer 
without any inter-layer for comparison. 
 
In addition, the optical study of the system with different 
spacer layer thickness further support the significant role of 
dipole-image interaction in perfect absorption of our 



5 
 

developed system (Figure 3). As it was mentioned above, 
increasing the distance between the metal film and the 
nanocomposite by adding a thick spacer layer, disturbs the 
resonant condition and results in a weaker coupling. 
Different to our previous report[7] a critical spacer layer of 
20nm was observed where the absorption width and 
intensity is maximized. The significant drop in the 
absorption observed when the thickness of spacer layer 
exceeds 50nm which we attributed to the lack of efficient 
dipole-dipole interaction. Indeed, the difference of spacer 
layer in Gold and Copper system can be attributed to two 
effects. Firstly, the refractive index of PTFE is less than that 
of SiO2. Secondly, the plasmon resonance of Gold and 
Copper response differently to the certain dielectric [13]. 
Beside the two mentioned parameters, the ratio of gold to 
SiO2 matrix in gold-perfect absorber was less than the ratio 
of Copper in PTFE in copper-one. Indeed, all of the 
difference originated from the different plasmon resonance 
of Gold and Copper.    

4. Conclusions 
 In summary, we have developed and studied a new 
plasmonic metamaterial with almost perfect absorption of 
light in visible frequencies. Structure out of polymer matrix 
of composite and spacer layer and Copper as a metallic 
component showed that the perfect absorption can be 
achieved with other system rather than Gold.  However the 
thickness of the inter-layer and the filling fraction of metal 
should be varied depends on its dielectric function. We 
concluded that interference theory can not explain the broad-
band perfect absorption of our developed system since both 
the particle size and inter-particles distance is too small that 
one can not neglect the strong electrical filed confinement 
within the structure. Due to the simple fabrication technique 
that we employed, the production cost is very low compare 
to the competitive methods such as e-beam lithography. In 
addition, the higher fabrication tolerance of our highly 
absorber structure makes it an outstanding candidate for 
future application in photovoltaic and sensor.  
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FRSSHU�SODVPRQLF�GHSRVLWV�IRU�WKH�VXUIDFH�HQKDQFHG�5DPDQ�
VSHFWURVFRS\� DSSOLFDWLRQ�� 3RURXV� VLOLFRQ� ZDV� XVHG� DV� D�
WHPSODWH� IRU� WKH� PHWDO� GHSRVLWLRQ�� 0RUSKRORJ\� RI� WKH�
REWDLQHG� VDPSOHV� ZDV� VWXGLHG� ZLWK� VFDQQLQJ� HOHFWURQ�
PLFURVFRS\�� 5DPDQ� VSHFWUD� RI� WKH� &X70S\3�� PROHFXOHV�
DGVRUEHG� RQ� WKH� PHWDO� VWUXFWXUHV� ZHUH� WDNHQ� DQG� WKHLU�
GHSHQGHQFHV� RQ� WKH� SRURXV� VLOLFRQ� PRUSKRORJ\� DQG� WKH�
GHSRVLWLRQ� UHJLPHV�ZHUH�GHWHUPLQHG�� 6XUIDFH� HQKDQFHPHQW�
RI� 5DPDQ� VLJQDO� ZDV� GHWHFWHG� IURP� WKH� IROORZLQJ�
VXEVWUDWHV�� �L�� WKH� $J� QDQRSDUWLFOHV� GHSRVLWHG� RQ� SRURXV�
VLOLFRQ�� �LL�� WKH� &X� SRURXV� ILOP� IRUPHG� E\� FRPSOHWH�
GLVSODFHPHQW� RI� WKH� SRURXV� VLOLFRQ� VNHOHWRQ� ZLWK� FRSSHU�
DWRPV����

�� ,QWURGXFWLRQ�
6XFFHVVIXO� DSSOLFDWLRQ� RI� QDQRVL]HG�PHWDOOLF� VWUXFWXUHV� KDV�
EHHQ� DWWUDFWLQJ� D� JUHDW� LQWHUHVW� VLQFH� WKH� EHJLQQLQJ� RI� WKH�
QDQRWHFKQRORJ\� GHYHORSPHQW��2QH� RI� WKH�PRVW� SURVSHFWLYH�
XVLQJ� DSSURDFKHV� RI� VXFK� PDWHULDOV� LV� WKH� GHWHFWLRQ� RI� WKH�
H[WUHPHO\� VPDOO� DPRXQW� RI� VXEVWDQFHV� E\� WKH� VXUIDFH�
HQKDQFHG� 5DPDQ� VSHFWURVFRS\� �6(56��� 7KH� 5DPDQ� VLJQDO�
RI� PROHFXOHV� DGVRUEHG� RQ� WKH� QDQRURXJK� PHWDOOLF� ILOPV� LV�
VLJQLILFDQWO\�PDJQLILHG� >���@�� 7KH�PHFKDQLVP�RI� WKH� HIIHFW�
KDV� WKH� HOHFWURPDJQHWLF� QDWXUH� DQG� LV� FDXVHG� E\� WKH�
PRGLILFDWLRQ�RI�WKH�LQFLGHQW�ILHOG�LQWHQVLW\�QHDU�WKH�PHWDOOLF�
ERXQGDU\� GXH� WR� H[FLWDWLRQ� RI� WKH� VXUIDFH� SODVPRQV� LQ� WKH�
URXJKQHVV� QDQRSDUWLFOHV� �13V��� $Q� HQKDQFHPHQW� IDFWRU� RI�
DERXW� ��� RUGHUV� RI� PDJQLWXGH�� DV� FRPSDUHG� ZLWK�
FRQYHQWLRQDO�QRQ�UHVRQDQW�56��FDQ�EH�DFKLHYHG�>�@��)RU�WKH�
ODVW�GHFDGH�D�ORW�RI�SDSHUV�KDYH�EHHQ�SXEOLVKHG�RQ�WKH�XVH�RI�
6(56�LQ�VXFK�DQDO\WLFDO�DSSOLFDWLRQV�DV�PHGLFDO�GLDJQRVWLFV��
TXDOLW\� FRQWURO� RI� PHGLFLQHV� DQG� IRRG� SURGXFWV�� DQG� WKH�
DQDO\VLV� RI� FRPSOH[� PL[WXUHV� >�±�@�� 'HVSLWH� RQ� LW� 6(56�
EDVHG�GHYLFHV�SURGXFWLRQ�KDV�QRW�IRXQG�VR�ZLGH�GLVWULEXWLRQ�
DV� LW� PLJKW� EH�� 7KH� IDEULFDWLRQ� SURFHVV� RI� WKH� 6(56�
VXEVWUDWHV� QHHGV� WR� EH� VLPSOH�� FKHDS�� UHSHDWDEOH�� DQG�
FRPSDWLEOH�ZLWK� WKH�6L� WHFKQRORJ\� DQG� UHVXOWV� LQ� WKH� VWDEOH�
SURGXFW� RI� KLJK� VHQVLWLYLW\�� 7UDGLWLRQDOO\� 6(56� VXEVWUDWHV�
KDYH� EHHQ� IRUPLQJ� E\� HOHFWURFKHPLFDO� URXJKHQLQJ� RI� WKH�
PHWDOOLF�HOHFWURGHV�RU�DJJUHJDWLRQ�RI�WKH�FROORLGDO�13V��7KH�

ILUVW� VXEVWUDWHV� VKRZ� ORZ� GHJUDGDWLRQ� DQG� UHSHDWDELOLW\� EXW�
QRW�YHU\�KLJK�6(56�DFWLYLW\��2Q�WKH�RWKHU�KDQG��DJJUHJDWHV�
RI�13V�FDQ�EH�HDVLO\�SURGXFHG�DQG�RIWHQ�SURYLGH�WKH�VWURQJ�
5DPDQ� HQKDQFHPHQW�� KRZHYHU� WKH� RSHQ� SUREOHP� LV� WR�
DFKLHYH� LWV� VWDELOLW\�� 6HYHUDO� PHWKRGV� IRU� WKH� IRUPDWLRQ� RI�
WKH� PHWDOOLF� VXEVWUDWHV� KDYH� EHHQ� DOVR� FRQVLGHULQJ� VLQFH�
6(56�DFWLYLW\�KDG�EHHQ�IRXQG�WR�GHSHQG�RQ�VL]H��VKDSH��DQG�
LQWHUVSDFLQJ� RI� 13V� >�@�� %XW� SUDFWLFDOO\� HOHFWURQ�EHDP�
OLWKRJUDSK\�>��@��QDQRVSKHUH�OLWKRJUDSK\�>��@��RU�ILOPV�RYHU�
QDQRVSKHUHV� WHFKQRORJ\� >��@� DUH� FRVWO\� DQG� UHTXLUH� VSHFLDO�
HTXLSPHQW�DQG�SURIHVVLRQDO�OHYHO�VWDII��5HFHQWO\��LW�KDV�EHHQ�
SURSRVHG� WR� URXJKHQ� WKH� SODVPRQLF� ILOPV� E\� WKH� PHWDO�
GLVSODFHPHQW� GHSRVLWLRQ� RQ� SRURXV� VLOLFRQ� �36�� WHPSODWHV�
REWDLQHG� DIWHU� WKH� HOHFWURFKHPLFDO� DQRGL]DWLRQ� RI�
PRQRFU\VWDOOLQH� 6L� >�����@�� 7KH� OHDVW� FRPSOLFDWHG� OLTXLG�
SURFHVVLQJ�DQG�6L�EDVHG�WHFKQRORJ\�DUH�DPRQJ�WKH�SULQFLSDO�
DGYDQWDJHV� RI� WKH� PHWKRG�� 7KH� GHSRVLWLRQ� PHFKDQLVP� LV�
EDVHG� RQ� WKH� UHGR[� UHDFWLRQ� EHWZHHQ� 0HQ�� FDWLRQV� DQG� 6L�
DWRPV� RI� WKH� 36� LPPHUVHG� LQWR� WKH� DTXHRXV� VROXWLRQV� RI�
PHWDO� VDOW�� ,W� LV� TXLWH� LPSRUWDQW� WKDW� WKH� QREOH� PHWDOV� DQG�
FRSSHU�PLJKW�EH�GHSRVLWHG� LQ� WKLV�ZD\�EHFDXVH� WKHLU� URXJK�
ILOPV�SURPRWH�WKH�JUHDWHVW�HQKDQFHPHQW�RI�WKH�6(56�VLJQDO��
5DPDQ� LQWHQVLW\� KDV� EHHQ� IRXQG� WR� VWURQJO\� GHSHQG� RQ� WKH�
PRUSKRORJ\�RI�36�DQG�PHWDO�GHSRVLWLRQ�UHJLPHV��2XU�ZRUN�
>��@� KDV� VKRZQ� WKDW� WKH� XVH� RI� PDFUR36� FRYHUHG� ZLWK� WKH�
SODVPRQLF� PHWDO� 13V� E\� GLVSODFHPHQW� GHSRVLWLRQ� SURYLGHV�
WKH� KLJKHU� 6(56� VLJQDO� LQ� FRPSDULVRQ� ZLWK� PHVR36�� :H�
VXJJHVW�WKDW�PHWDOOL]HG�PDFURSRUHV�KDV�WKH�VLPLODU�VWUXFWXUH�
WR� WKH�IXQGDPHQWDOO\�QHZ�SODVPRQLF�PDWHULDOV� >������@� WKDW�
SUHVHQWV�QDQRVL]HG�YLDV���DQWL13V���HPEHGGHG�LQ�D�SHULRGLF�
PDQQHU� LQ� WKH� PHWDO� ILOP�� 6XFK� VWUXFWXUHV� KDYH� D� YHU\�
LQWHQVLYH� FRPSRQHQW� RI� WKH� ORFDO� ILHOG� LQ� D� FLUFOH� DW� WKH�
HQWUDQFHV� WR� QDQRYLDV�� ,W� LV� UDGLFDOO\� GLIIHUHQW� IURP� WKH�
SODVPRQ� PRGHV� LQ� QDQRURXJK� ILOPV� DQG� FUHDWHV� FRQGLWLRQV�
IRU�PRUH�VLJQLILFDQW� LQFUHDVH� LQ� WKH�6(56�VLJQDO��0RUHRYHU�
WKH�HWKDQRO�DGGLWLRQ�WR�WKH�PHWDO�VDOW�VROXWLRQ�KDV�EHHQ�IRXQG�
WR� SURPRWH� EHWWHU� 6(56�DFWLYH� VXEVWUDWHV� IRUPDWLRQ�� :H�
KDYH�XVHG�PDFUR36�RI����XP� WKLFNQHVV�DQG� WKH�ZHW�DELOLW\�
LPSURYHPHQW� RI� WKH� VROXWLRQ� KDV� DOORZHG� GHHSHU� EXW� QRW�
FRPSOHWH�SRUH�ZDOOV�FRYHULQJ�ZLWK�PHWDO�DWRPV�>��@��,Q�WKH�
SUHVHQW�UHVHDUFK�ZH�KDYH�RSWLPL]HG�WKH�VWUXFWXUDO�SDUDPHWHUV�
RI�PDFUR36�WHPSODWH��WKH�FRPSRVLWLRQ�RI�PHWDO�VDOW�VROXWLRQ�
DQG� WKH� GHSRVLWLRQ� UHJLPHV� WR� SURGXFH� 6(56�DFWLYH�
VXEVWUDWHV�� 6LOYHU� DQG� FRSSHU� KDYH� EHHQ� XVHG� DV� SODVPRQLF�

mailto:h.bandarenka@gmail.com


��
�

PHWDOV� IRU� WKH� IROORZLQJ� UHDVRQV�� $J�EDVHG� VXEVWUDWHV�
GHPRQVWUDWH�WKH�VWURQJHVW�HQKDQFHPHQW�RI�WKH�5DPDQ�VLJQDO�
LQWHQVLW\� ZKLOH� WKH� ZHDNHU� 6(56�DFWLYLW\� RI� FRSSHU� LV�
FRPSHQVDWHG�E\�LWV�ORZ�SULFH��
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������RULHQWDWLRQ�DQG��������2KPāFP�UHVLVWLYLW\�ZHUH�XVHG�
DV� LQLWLDO� VXEVWUDWHV�� 2UJDQLF� FOHDQ� RI� WKH� 6L� ZDIHUV� ZDV�
SHUIRUPHG�IRU����PLQ�ZLWK�D�KRW�����&��VROXWLRQ�RI�1+�2+��
+�2��DQG�+�2�PL[HG� LQ�D�YROXPH� UDWLR�RI��������7KHQ� WKH�
ZDIHUV�ZHUH�GULHG�LQ�D�FHQWULIXJH�DQG�FXW�LQWR�D�QXPEHU�RI�
UHFWDQJXODU��[��FP�VDPSOHV��-XVW�EHIRUH�36�IRUPDWLRQ�HDFK�
H[SHULPHQWDO�VDPSOH�ZDV�LPPHUVHG�LQWR����+)�VROXWLRQ�IRU�
��� V� WR� UHPRYH� WKH� QDWLYH� R[LGH�� ,PPHGLDWHO\� DIWHU� R[LGH�
UHPRYDO�� WKH� 6L� VDPSOH� ZDV� SODFHG� LQ� DQ� HOHFWURO\WLF� FHOO�
PDGH�RI�7HIORQ��7KH�DFWLYH�RSHQLQJ�RI�WKH�FHOO�KDG�D�URXQG�
VKDSH�DQG�DQ�DUHD�RI���FP���8QLIRUP�36�OD\HUV�ZHUH�IRUPHG�
E\� HOHFWURFKHPLFDO� DQRGL]DWLRQ� RI� VLOLFRQ� VDPSOHV� LQ� WKH�
HOHFWURO\WHV� FRQVLVWHG� RI� +)�� '062� DQG� &�+�2+��
$QRGL]DWLRQ� ZDV� SHUIRUPHG� DW� FXUUHQW� GHQVLW\� RI� ����
P$�FP�� IRU������PLQ��$�VSHFWUDOO\�SXUH�JUDSKLWH�GLVN�ZDV�
XVHG�DV�D�FRQWDFW�HOHFWURGH� WR� WKH�EDFN�VLGH�RI� WKH�VDPSOHV�
GXULQJ� WKH� HOHFWURFKHPLFDO� WUHDWPHQW�� 3ODWLQXP� VSLUDO� ZLUH�
ZDV� XVHG� DV� D� FDWKRGH� HOHFWURGH�� 7KH� HTXLSPHQW� IRU� WKH�
FRQGXFWLRQ� RI� WKH� HOHFWURFKHPLFDO� SURFHVV� ZDV� WKH�
SRWHQWLRVWDW�JDOYDQRVWDW� $872/$%� 3*67$7�����
*UDYLPHWULF�PHWKRG�ZDV� DSSOLHG� WR�GHWHUPLQH� WKH�SRURVLW\�
RI� 36��0DVV�PHDVXUHPHQWV�ZHUH� SHUIRUPHG�ZLWK� 6DUWRULXV�
&3���'� PLFUR�DQDO\WLFDO� HOHFWURQLF� EDODQFH� WKDW� SURYLGHG�
WKH�LQVWUXPHQWDO�HUURU�QR�PRUH�WKDQ����XJ��

$IWHU� 36� IRUPDWLRQ� WKH� +)� VROXWLRQ� ZDV� UHPRYHG� DQG�
WKH� HOHFWURO\WLF� FHOO� ZDV� WKRURXJKO\� ULQVHG� ZLWK� GHLRQL]HG�
ZDWHU� IRU���PLQ�DQG�&�+�2+�IRU���PLQ� WR�FOHDQ� WKH�SRUHV�
IURP�WKH�HOHFWURO\WH� UHDJHQWV��7KH�FHOO�ZDV� WKHQ�ILOOHG�ZLWK�
WKH� GLOXWHG� +)� VROXWLRQV� RI� $J12�� RU� &X62�� IRU� �������
PLQ�DW����&��7KH�+)�DGGLWLRQ�SURYLGHG�6L2��UHPRYLQJ�IURP�
WKH�SRURXV�VXUIDFH�DQG�FRQWLQXRXV�GLVSODFHPHQW�SURFHVV�RI�
WKH�36�VNHOHWRQ�ZLWK� WKH�PHWDOOLF�DWRPV��7KDQ� WKH�VROXWLRQ�
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VWXGLHG� ZLWK� WKH� VFDQQLQJ� HOHFWURQ� PLFURVFRSH� �6(0��
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HOHPHQWDO� FRPSRVLWLRQ� RI� VDPSOHV� ZDV� GHWHUPLQHG� XVLQJ�

6(0� &DPEULGJH� ,QVWUXPHQWV� 6WHUHRVFDQ����� ZLWK� D� /LQN�
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UHVLVWLYLW\�ZHUH�XVHG��7KH�HOHFWURO\WH�DQG�WKH�FXUUHQW�GHQVLW\�
ZHUH�WKH�VDPH�DV�LQ�>��@�EXW�WKH�DQRGL]LQJ�WLPH�ZDV�UHGXFHG�
WR� �� PLQ� WR� JURZ� WKH� VKRUWHU� SRUHV�� $J� GHSRVLWLRQ� ZDV�
SHUIRUPHG�IURP�WKH�DTXHRXV�VROXWLRQ�RI�����0�$J12��DQG���
0�&�+�2+��:H� VXJJHVW� WKDW� KLJKHU� 6(56� VLJQDO� LQWHQVLW\�
IURP� WKH� VXEVWUDWHV� IRUPHG� ZLWK� HWKDQRO� LQ� WKH� SDSHU� >��@�
ZDV�REVHUYHG�EHFDXVH�RI�EHWWHU�$J�DWRPV�SHQHWUDWLRQ�LQ� WKH�
GHSWK�RI�36�� )LJXUH��� VKRZV�6(0� LPDJHV�RI� WRS� �D�F�� DQG�
FURVV�VHFWLRQ��G�I��YLHZV�RI�PDFUR36�DIWHU�����D��G��������E��
H��DQG������F��H��WLPH�SHULRGV�RI�$J�GHSRVLWLRQ��
�
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)LJXUH����6(0�WRS��D��E��F��DQG�FURVV�VHFWLRQ�YLHZV��G��
H��I��RI�PDFUR36�DIWHU�����D��G��������E��H��DQG������F��I��
PLQ�RI�$J�GLVSODFHPHQW�GHSRVLWLRQ��
�
7KH� GLDPHWHUV� RI� WKH�PDFURSRUHV� YDULHG� IURP� ���� WR� �����
QP� DQG� WKH� WKLFNQHVV� ZDV� DERXW� ����� QP��$J� FRYHUHG� WKH�
ZKROH� VXUIDFH� RI� WKH� SRUH� ZDOOV� DV� TXDVL� FRQWLQXRXV� ILOP�
FRQVLVWHG�RI�13V�RI�������QP�GLDPHWHUV��7KH�OHDVW�GHQVLW\�RI�
$J� SDUWLFOHV� LV� REVHUYHG� RQ� WKH� VDPSOH� IRUPHG� GXULQJ� ���
PLQ�RI�GHSRVLWLRQ��)LJ����D��E���7KH�WLJKWO\�SDFNHG�$J�ILOPV�
ZHUH�REWDLQHG�E\�WKH�SURORQJHG�GLVSODFHPHQW�SURFHVV�RI�����
DQG�����PLQ�GXUDWLRQ��7KH�FRQFHQWUDWLRQ�RI�13V�ZDV�IRXQG�
WR� EH� DOPRVW� FRQVWDQW� IRU� WKHVH� WLPHV� RI� GHSRVLWLRQ�� :H�
VXJJHVW� LW�ZDV� FDXVHG�E\� WKH� OLPLWDWLRQ�RI� WKH� HOHFWURQV� IRU�
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$J� UHGXFWLRQ� VXSSOLHG� IURP� WKH� 6L� VNHOHWRQ�� 'XULQJ� WKH�
GHSRVLWLRQ�SURFHVV� WKH� VXUIDFH�RI� WKH�SRUHV�ZDV�R[LGL]HG� WR�
6L2�� WKDW� SHUPLWWHG� IXUWKHU� VROXWLRQ� FRQWDFW� ZLWK� SXUH� 6L��
5HPDUNDEOH�� WKH� ELJJHVW� 13V� RQ� WKH� RXWHU� VXUIDFH� RI� 36�
GHSRVLWHG� IRU� ����PLQ�ZHUH�SDUWLDOO\� FRQQHFWHG� LQWR� FKDLQV�
ZKLOH� WKH� ���� PLQ� SURFHVV� UHVXOWHG� LQ� WKH� DJJUHJDWHV�
FRDOHVFHQFH���

7R� UHYHDO� WKH� 6(56� LQWHQVLW\� LQ� GHSHQGHQFH� RQ� WKH�
PRUSKRORJ\� RI� $J� ILOPV� LW� ZDV� QHFHVVDU\� WR� VWXG\� WKH�
5DPDQ� VSHFWUD� RI� HDFK� VDPSOH� SUHVHQWHG� RQ� WKH� )LJXUH� ���
)LJXUH���VKRZV�WKH�6(56�VSHFWUD�RI�WKH������0�&X70S\3��
PROHFXOHV� REWDLQHG� IURP� WKH� VXEVWUDWHV� IDEULFDWHG� E\� $J�
GLVSODFHPHQW�GHSRVLWLRQ�RQ�PDFUR36�IRU�����D��������E��DQG�
���� �F��PLQ��7KH� VSHFWUXP�RI�����PLQ� VXEVWUDWH� �)LJ�� ��E��
GHPRQVWUDWHV� WKH� 5DPDQ� LQWHQVLW\� RI� ���� WLPHV� PRUH� WKDQ�
WZR�RWKHUV��)LJ����D��F���$V�WKH�LQQHU�VXUIDFH�RI�WKH�SRUHV�ZDV�
QRW� VLJQLILFDQWO\� GLIIHU� IRU� DOO� WLPHV� RI� $J� GHSRVLWLRQ� WKH�
HQKDQFHPHQW� RI� WKH� VLJQDO� KDG� WR� EH� FDXVHG� E\� WKH� RXWHU�
PRUSKRORJ\��$J�FKDLQV�RQ�WKH�)LJ���E�IRUPHG�VR�FDOOHG�³KRW�
VSRWV´� LQ� WKH� SRLQWV� RI� 13V� FRQQHFWLRQV� WKDW� SURPRWHG� WKH�
SODVPRQ¶V� FRXSOLQJ�� 7KHUHIRUH�� VWURQJ� ORFDO� ILHOG�
HQKDQFHPHQW�DUHDV�DSSHDUHG��
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)LJXUH� ��� 6(56� VSHFWUD� RI� ����� 0� &X70S\3�� PROHFXOHV�
REWDLQHG�IURP�WKH�VXEVWUDWHV�IDEULFDWHG�E\�$J�GLVSODFHPHQW�
GHSRVLWLRQ�RQ�36�IRU�����D��������E��DQG������F��PLQ��
�

���� 3RURXV�&X�EDVHG�6(56�VXEVWUDWHV�

7R� REWDLQ� WKH� DFWLYH� 6(56� VXEVWUDWHV� EDVHG� RQ� WKH� FRSSHU�
GLVSODFHPHQW� GHSRVLWLRQ� RQ� 36�� WKH� VSHFLILF� W\SH� RI�
PDFURSRUHV�ZDV�IRUPHG��)LJXUH���SUHVHQWV�WRS��D��DQG�FURVV�
VHFWLRQ��E��YLHZV�RI�VXFK�36��,W�FRQVLVWHG�RI�PDFURSRUHV�RI�
��������� QP� GLDPHWHU� DQG� 6L� ������� QP�ZDOOV��0RUHRYHU�
WKH� VSRQJH� RI� QDQRSRURXV� VLOLFRQ� SDUWLDOO\� FRYHUHG� WKH�
PDFURSRURXV� VNHOHWRQ�� 7KH� SULQFLSDO� GLIIHUHQFH� RI� FRSSHU�
GHSRVLWLRQ� IURP� WKH� VLOYHU� SURFHVVLQJ� ZDV� LQ� WKH� VROXWLRQ�
FRPSRVLWLRQ� WKDW� FRQVLVWHG� RI� FRSSHU� VDOW� �&X62����
K\GURIOXRULF� DFLG� �+)��� LVRSURS\O� �&�+�2+�� DQG� ZDWHU�
�+�2��� +)� SURYLGHG� UHPRYLQJ� RI� 6L2�� XQGHU� WKH� FRSSHU�
GHSRVLW� DQG� FRQWLQXRXV� VXSSO\LQJ� RI� WKH� HOHFWURQV� IRU� &X�
DWRPV� UHGXFWLRQ� >���� ��@�� ,Q� WKDW� ZD\� WKH� FRPSOHWH�
GLVSODFHPHQW� RI� 6L� VNHOHWRQ� ZLWK� PHWDO� RFFXUUHG�� :H�
REVHUYHG� WKH� VHSDUDWLRQ� RI� FRSSHU� SRURXV� PHPEUDQH� IURP�
WKH� 6L� VXEVWUDWH� DIWHU� WKH� HQG� RI� WKH� SURFHVV�� )LJXUH� ��
SUHVHQWV� FURVV� VHFWLRQ� �D��� WRS� �E�� DQG� ERWWRP� �F�� YLHZV� RI�
WKH�IUHH�FRSSHU�PHPEUDQH��7KH�WKLFNQHVV�RI�WZR�OD\HUV�ILOP�
ZDV�DERXW���XP��7KH�WRS�SDUW�VKRZV�WKH�OD\HU�RI�FRQQHFWHG�
ODUJH� IDFHWHG� SLOODUV� RI� DERXW� ������ XP� GLDPHWHU� DQG� �� XP�
KHLJKW�� � � 7KH� SLOODUV� ZHUH� SDUDOOHO� WR� HDFK� RWKHU� DQG� JUHZ�
DORQH� WKH� LQLWLDO�36� � SRUH�GLUHFWLRQ��2Q� WKH�RWKHU�KDQG�� WKH�
ERWWRP� OD\HU� RI� WKH� PHWDOOLF� PHPEUDQH� ORRNV� OLNH� KLJKO\�
SRURXV�VSRQJH�RI���XP�WKLFNQHVV���
�
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)LJXUH� ��� 6(0� WRS� �D�� DQG� FURVV� VHFWLRQ� �E�� YLHZV� RI� 36�
XVHG� DV� D� WHPSODWH� IRU� FRSSHU� 6(56�DFWLYH� VXEVWUDWH�
IRUPDWLRQ��
�

�
�
)LJXUH� ��� 6(0� FURVV� VHFWLRQ� �D��� WRS� �E�� DQG� ERWWRP� �F��
YLHZV� RI� WKH� FRSSHU� SRURXV� ILOP� IDEULFDWHG� E\� &X�
GLVSODFHPHQW�GHSRVLWLRQ�RQ�36�IRU�����PLQ��
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7KH� HOHPHQWDO� FRPSRVLWLRQ� RI� WKH� FRSSHU� SRURXV�
PHPEUDQH�ZDV� UHYHDOHG� E\�;�UD\�PLFURDQDO\VLV�� )LJXUH� ��
VKRZV�WKH�;�UD\�PLFURDQDO\VLV�VSHFWUD�RI�WRS��D��DQG�ERWWRP�
�E�� VLGHV� RI� WKH� FRSSHU� SRURXV� ILOP�� 7KH� ILOP� ZDV� DOPRVW�
FRPSOHWHO\� FRQVLVWHG� RI� FRSSHU� DWRPV� ZLWK� QRW� VLJQLILFDQW�
DGGLWLRQV�RI�6L��2��DQG�&��7KH�R[\JHQ�SUHVHQFH�LV�REVHUYHG�
EHFDXVH� RI� &X�2� IRUPDWLRQ� GXULQJ� WKH� GHSRVLWLRQ� DQG�
GU\LQJ� RQ� WKH� DLU� >��@�� 6LOLFRQ� DWRPV� ZHUH� REYLRXVO\�
LQFRUSRUDWHG� IURP� WKH� 36� VNHOHWRQ� EXW� WKH\� PLJKW� EH�
LJQRUHG� GXH� WR� YHU\� VPDOO� DPRXQW�� &DUERQ� SUREDEO\� ZDV�
DEVRUEHG� E\� WKH� SRURXV� VWUXFWXUH� RI� FRSSHU� IURP� WKH�
HQYLURQPHQW��
�

�

�
)LJXUH� ��� ;�UD\� PLFURDQDO\VLV� VSHFWUD� RI� WKH� WRS� �D�� DQG�
ERWWRP��E��VLGHV�RI�WKH�FRSSHU�SRURXV�ILOP��
�

7KH� 6(56� PHDVXUHPHQWV� ZHUH� SHUIRUPHG� IRU� ERWK� RI�
VLGHV�RI� WKH�SRURXV�FRSSHU�PHPEUDQH��6LQFH�ZDWHU�GLG�QRW�
ZHW� WKH� VXUIDFH�RI� WKH�SRURXV�&X� ILOP� �VROXWLRQ� IRUPHG�RQ�
WKH�VXUIDFH�D�EDOO�VKDSHG�GURS���WKH�&X70S\3��SUHFLSLWDWHG�
IURP� DTXHRXV�DOFRKROLF� VROXWLRQ� �LQ� ���� UDWLR� E\� YROXPH���
)LJXUH� �� VKRZV� 6(56� VSHFWUD� RI� ����� 0� &X70S\3��
PROHFXOHV� REWDLQHG� IURP� WKH� WRS� �D�� DQG� WKH� ERWWRP� �E��
VLGHV� RI� SRURXV� FRSSHU� PHPEUDQH� IDEULFDWHG� E\� &X�
GLVSODFHPHQW�GHSRVLWLRQ�RQ�36��7KH� LQWHQVLW\� IURP� WKH� WRS�
VLGH� ZDV� WKUHH� RUGHUV� RI� PDJQLWXGH� KLJKHU� LQ� FRPSDULVRQ�
ZLWK� ERWWRP� VLGH�� 7KH� VWUXFWXUH� RI� WKH� WRS� RI� FRSSHU� ILOP�

ZDV�VLPLODU�WR�WKH�6L�QDQRSLOODUV�DUUD\�FRYHUHG�ZLWK�FRSSHU�
WKDW� GHPRQVWUDWHG� WKH� 6(56� DFWLYLW\� LQ� WKH� SDSHU� >��@�� 6R�
WKH�HQKDQFHPHQW�ZDV�OLNHO\�WR�EH�FDXVHG�E\�WZR�UHDVRQV���L��
SODVPRQV�FRQFHQWUDWLRQ�RQ�WKH�WLSV�RI�FRSSHU�SLOODUV���LL��WKH�
³KRW�VSRWV´�LQ�WKH�FRSSHU�SLOODUV�FRQQHFWLRQV��
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)LJXUH� ��� 6(56� VSHFWUD� RI� ����� 0� &X70S\3�� PROHFXOHV�
REWDLQHG� IURP� WKH� WRS� �D�� DQG� ERWWRP� �E�� VLGHV� RI� SRURXV�
FRSSHU�PHPEUDQH�IDEULFDWHG�E\�&X�GLVSODFHPHQW�GHSRVLWLRQ�
RQ�36��

�� &RQFOXVLRQV�
6(56�DFWLYH� VXEVWUDWHV� RQ� WKH� EDVH� RI� 36� WHPSODWHV� ZHUH�
IDEULFDWHG�E\�GLVSODFHPHQW�GHSRVLWLRQ�RI�VLOYHU�DQG�FRSSHU��
7KH�6(56�HIILFLHQF\�RI�$J�PDFUR36�VXEVWUDWHV�ZDV� IRXQG�
WR� VWURQJO\�GHSHQG�RQ� WKH�PRUSKRORJ\�RI� VLOYHU�GHSRVLW�RQ�
WKH�RXWHU�VXUIDFH�RI�36��7KH�VWXGLHG�VWUXFWXUHV�FRQVLVWHG�RI�
PRQRFU\VWDOOLQH� 6L� ZLWK� PDFURSRUHV� RI� DERXW� ����� QP�
GHSWK� DQG� ��������� QP�GLDPHWHUV�� 7KH�ZDOOV� RI� WKH� SRUHV�
DQG�WKH�RXWHU�VXUIDFH�RI�WKH�36�ZHUH�XQLIRUPO\�FRYHUHG�ZLWK�
FRQQHFWHG�$J�13V�RI�������QP�GLDPHWHUV���7KH�EHVW�UHVXOWV�
ZHUH�REWDLQHG�IURP�WKH�VWUXFWXUHV� WKDW�FRQWDLQHG�WKH�FKDLQV�
RI�$J�13V�RQ�WKH�WRS�RI�36���

6SHFLILF� W\SH� RI� 36�ZDV� XVHG� IRU� FRSSHU�GHSRVLWLRQ�� ,W�
SUHVHQWHG� WKH� PDFURSRURXV� VLOLFRQ� SDUWLDOO\� FRYHUHG� ZLWK�
VSRQJH� RI� QDQRSRURXV� 6L�� 7KH� +)�FRQWDLQLQJ� VROXWLRQ� IRU�
FRSSHU�GHSRVLWLRQ�SURYLGHG� WKH�FRPSOHWH�FRQYHUVLRQ�RI�36�
LQWR�IUHH�SRURXV�FRSSHU�ILOP��7KH�VWUXFWXUH�RI�WKH�WZR�OD\HUV�
FRSSHU� ILOP� GHWHUPLQHG� WKH� LQWHQVLW\� RI� WKH� 6(56� VLJQDO��
7KH� ODUJH� IDFHWHG� SLOODUV� RI� WKH� WRS� FRSSHU� OD\HU� VKRZHG�
KLJKHU� LQWHQVLW\� WKDQ� WKH� ERWWRP� FRSSHU� VSRQJH� OD\HU�� 7KH�
SUHVHQWHG� UHVXOWV� UHYHDO� D� QHZ� SURVSHFWLYH� ZD\V� RI� WKH�
6(56�DFWLYH� VXEVWUDWHV� WHFKQRORJ\� LQFOXGLQJ� IDEULFDWLRQ�RI�
QDQRYLDV�� QDQRSRURXV� PHWDO� ILOPV�� DQG� ELPHWDOOLF� &X�$J�
VXEVWUDWHV����

$FNQRZOHGJHPHQWV�
7KH� SUHVHQW� UHVHDUFK� KDV� EHHQ� VXSSRUWHG� LQ� SDUWV� E\� WKH�
%HODUXVLDQ� 5HSXEOLFDQ� )RXQGDWLRQ� IRU� )XQGDPHQWDO�
5HVHDUFK�XQGHU�WKH�SURMHFWV�7��0�����DQG�7��2%�������
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5HIHUHQFHV�
>�@ 0�� )OHLVFKPDQQ�� 3�-�� +HQGUD�� $�-��0F4XLOODQ�� 5DPDQ�

VSHFWUD�RI�S\ULGLQH�DGVRUEHG�DW�D�VLOYHU�HOHFWURGH��&KHP��
3K\V��/HWW���������±������������

>�@ '�/�� -HDQPDLUH�� 5�3�� 9DQ� 'X\QH�� 6XUIDFH� 5DPDQ�
VSHFWURHOHFWURFKHPLVWU\�� ���+HWHURF\FOLF�� DURPDWLF�� DQG�
DOLSKDWLF�DPLQHV�DGVRUEHG�RQ�DQRGL]HG�VLOYHU�HOHFWURGH��
-��(OHFWURDQDO��&KHP�������±�����������

>�@ 0�*�� $OEUHFKW�� -�$�� &UHLJKWRQ�� $QRPDORXVO\� LQWHQVH�
5DPDQ�VSHFWUD�RI�S\ULGLQH�DW�D� VLOYHU�HOHFWURGH�� -��$P��
&KHP��6RF����������±������������

>�@ .��.QHLSS��<��:DQJ��+��.QHLSS��,��,W]NDQ��5�5��'DVDUL��
0�6�� )HOG�� 3RSXODWLRQ� SXPSLQJ� RI� H[FLWHG� YLEUDWLRQDO�
VWDWHV� E\� VSRQWDQHRXV� VXUIDFH�HQKDQFHG� 5DPDQ�
VFDWWHULQJ��3K\V��5HY��/HWW����������±������������

>�@ 6�&�� 3ɨQ]DUX�� ,�� 3DYHO�� 1�� /HRSROG�� :�� .LHIHU��
,GHQWLILFDWLRQ� DQG� FKDUDFWHUL]DWLRQ� RI� SKDUPDFHXWLFDOV�
XVLQJ� 5DPDQ� DQG� VXUIDFH�HQKDQFHG� 5DPDQ� VFDWWHULQJ��
5DPDQ�6SHFWURVF���������±�����������

>�@ -�0��5H\HV�*RGGDUG��+��%DUU��1��6WRQH��3KRWRGLDJQRVLV�
XVLQJ�5DPDQ�DQG�VXUIDFH�HQKDQFHG�5DPDQ�VFDWWHULQJ�RI�
ERGLO\� IOXLGV��3KRWRGLDJ�� 3KRWRG\Q�� 7KHU�� ��� ���±�����
������

>�@ -�� .QHLSS�� +�� .QHLSS�� .�� .QHLSS�� 6(56� �� D� VLQJOH�
PROHFXOH� DQG� QDQRVFDOH� WRRO� IRU� ELRDQDO\WLFV�� &KHP��
6RF��5HY����������±������������

>�@ .�� +HULQJ�� '�� &LDOOD�� .�� $FNHUPDQQ�� 7�� 'RUIHU�� 5��
0ROOHU��+��6FKQHLGHZLQG��5��0DWWKHLV��:��)ULW]VFKH��3��
5RVFK��-��3RSS��6(56��D�YHUVDWLOH�WRRO�LQ�FKHPLFDO�DQG�
ELRFKHPLFDO� GLDJQRVWLFV�� $QDO�� %LRDQDO�� &KHP�� �����
���±�����������

>�@ &�/��+D\QHV��5�3��9DQ�'X\QH��1DQRVSKHUH�OLWKRJUDSK\��
D� YHUVDWLOH� QDQRIDEULFDWLRQ� WRRO� IRU� VWXGLHV� RI� VL]H�
GHSHQGHQW� QDQRSDUWLFOH� RSWLFV�� -�� 3K\V�� &KHP�� %� �����
����±������������

>��@ 1��)pOLGM�� -��$XEDUG��*��/pYL�� -�5��.UHQQ��0��6DOHUQR��
*��6FKLGHU��%��/DPSUHFKW��$��/HLWQHU��)�5��$XVVHQHJJ��
&RQWUROOLQJ� WKH� RSWLFDO� UHVSRQVH� RI� UHJXODU� DUUD\V� RI�
JROG� SDUWLFOHV� IRU� VXUIDFH�HQKDQFHG� 5DPDQ� VFDWWHULQJ��
3K\V��5HY��%�������������������

>��@ -�&��+XOWHHQ��5�3��9DQ�'X\QH��1DQRVSKHUH�OLWKRJUDSK\��
D� PDWHULDOV� JHQHUDO� IDEULFDWLRQ� SURFHVV� IRU� SHULRGLF�
SDUWLFOH� DUUD\� VXUIDFHV�� -�� 9DF�� 6FL�� 7HFKQRO�� $� ����
����±������������

>��@ /�� %DLD�� 0�� %DLD�� -�� 3RSS�� 6�� $VWLOHDQ�� *ROG� ILOPV�
GHSRVLWHG� RYHU� UHJXODU� DUUD\V� RI� SRO\VW\UHQH�
QDQRVSKHUHV� DV� KLJKO\� HIIHFWLYH� 6(56� VXEVWUDWHV� IURP�
YLVLEOH� WR� 1,5�� -�� 3K\V�� &KHP�� %� ����� �����±�������
������

>��@ /LQ� +��� 0RFN� -��� 6PLWK� '��� *DR� 7�� DQG� 6DLORU� 0�-���
6XUIDFH�(QKDQFHG�5DPDQ�6FDWWHULQJ�IURP�6LOYHU�3ODWHG�
3RURXV� 6LOLFRQ�� -�� 3K\V�� &KHP�� %� ����� �������������
������

>��@ -LDQJ�:��)���6KDQ�:�:���/LQJ�+���:DQJ�<X��&���&DR�<��
;��DQG�/L�;��-���6XUIDFH�HQKDQFHG�5DPDQ�VFDWWHULQJ�RI�
SDWWHUQHG� FRSSHU� QDQRVWUXFWXUH� HOHFWUROHVVO\� SODWHG� RQ�
DUUD\HG� QDQRSRURXV� VLOLFRQ� SLOODUV�� -�� 3K\V��� &RQGHQV��
0DWWHU��������������������������

>��@ $��3DQDULQ��6��7HUHNKRY��.��.KRORVWRY��9��%RQGDUHQNR��
6(56�DFWLYH� VXEVWUDWHV�EDVHG�RQ�Q�W\SH�SRURXV� VLOLFRQ��
$SSOLHG�6XUIDFH�6FLHQFH�����������������������

>��@ $��3DQDULQ��6��7HUHNKRY��.��.KRORVWRY��9��%RQGDUHQNR��
3��<�� 7XUSLQ�� 3URF�� 1DQRPHHWLQJ�� 3K\V��� &KHP�� DQG�
$SSO��RI�1DQRVWUXFWXUHV��0LQVN��%HODUXV��������

>��@ 7�� $�� .HOI�� <�� 6XJDZDUD�� 5�� 0�� &ROH�� DQG� -�� -��
%DXPEHUJ�� /RFDOL]HG� DQG� GHORFDOL]HG� SODVPRQV� LQ�
PHWDOOLF� QDQRYRLGV�� 3K\V�� 5HY�� %� ���� ��������� ��
�����������������

>��@ 7�9�� 7HSHULN� HW� DO��� 6WURQJ� FRXSOLQJ� RI� OLJKW� WR� IODW�
PHWDOV� YLD� D� EXULHG� QDQRYRLG� ODWWLFH�� WKH� LQWHUSOD\� RI�
ORFDOL]HG� DQG� IUHH� SODVPRQV�� 2SW�� ([SUHVV� ���� �����
������������

>��@ +�� %DQGDUHQND�� 6�� 5HGNR�� 3�� 1HQ]L�� 0�� %DOXFDQL��
&RSSHU� 'LVSODFHPHQW� 'HSRVLWLRQ� RQ� 1DQRVWUXFWXUHG�
3RURXV�6LOLFRQ��1DQRWHFK�������7HFKQLFDO�3URF��RI� WKH�
����� 167,� 1DQRWHFKQRORJ\� &RQIHUHQFH� DQG� ([SR�� ���
SS�����������������

>��@ 0��%DOXFDQL�� 3��1HQ]L��&�� &UHVFHQ]L�� 3��0DUUDFLQR�� )��
$SROORQLR�� 0�� /LEHUWL�� $�� 'HQVL�� &�� &ROL]]L���
7HFKQRORJ\� DQG� 'HVLJQ� RI� ,QQRYDWLYH� )OH[LEOH�
(OHFWURGH�IRU�%LRPHGLFDO�$SSOLFDWLRQV��3URF��(OHFWURQLF�
&RPSRQHQWV� DQG� 7HFKQRORJ\� &RQIHUHQFH�� SS�� �����
������������

>��@ +��%DQGDUHQND��6��3ULVFKHSD��0��%DOXFDQL��5��)LWWLSDOGL��
$�� 9HFFKLRQH�� &�� $WWDQDVLR�� %RRN� RI� DEVWUDFWV�� �����
(056�)DOO�0HHWLQJ��S�������������

>��@ :��)��-LDQJ��:��:��6KDQ��+��/LQJ��<��6��:DQJ��<��;��
&DR�� DQG�;�� -�� /L�� 6XUIDFH�HQKDQFHG�5DPDQ� VFDWWHULQJ�
RI� SDWWHUQHG� FRSSHU� QDQRVWUXFWXUH� HOHFWUROHVVO\� SODWHG�
RQ� DUUD\HG� QDQRSRURXV� VLOLFRQ� SLOODUV�� -�� 3K\V���
&RQGHQV��0DWWHU��������������SS���������
�

http://pubs.acs.org/cgi-bin/article.cgi/jpcbfk/2004/108/i31/pdf/jp049008b.pdf
http://pubs.acs.org/cgi-bin/article.cgi/jpcbfk/2004/108/i31/pdf/jp049008b.pdf
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��
$QWHQQD�DUUD\�GLUHFWLYLW\�HQKDQFHG�E\��PHWDPDWHULDO�EDVHG�VXEZDYHOHQJWK�FDYLW\�

�

0RQGKHU�/$%,',��%HOJDFHP�$RXHGL��-DPHO�%(/+$'-�7$+$5�DQG�)HWKL�&+28%$1,�
�

�
7HO�5HVHDUFK�8QLW��+LJKHU�6FKRRO�RI�&RPPXQLFDWLRQV�RI�7XQLV���
6XS
&RP�8QLYHUVLW\�RI�&DUWKDJH��7XQLVLD�

PRQGKHU�ODELGL#VXSFRP�UQX�WQ��
�
 
 
 
 

$EVWUDFW�
,Q�WKLV�SDSHU�ZH�VWXG\�WKH�LQIOXHQFH�RI�PHWDPDWHULDOV�RQ�WKH�
SHUIRUPDQFHV�RI�DQ�DUUD\�RI���î���PLFURVWULS�SDWFK�DQWHQQD�
RSHUDWLQJ�DW�DERXW����*+]��)RU�WKLV�SXUSRVH��PHWDPDWHULDOV�
DUH�EDVHG�RQ�$UWLILFLDO�0DJQHWLF�&RQGXFWRU��$0&��DQG�RQ�
LQGXFWLYH�DQG�FDSDFLWLYH�SODQDU�VWUXFWXUHV��7KHVH�VWUXFWXUHV�
SURYLGLQJ� +LJK� ,PSHGDQFH� 6XUIDFHV� �+,6�� DQG� 3DUWLDOO\�
5HIOHFWLYH� 6XUIDFHV� �356��� $SSOLFDWLRQ� RI� WKHVH� VWUXFWXUHV�
DOORZV�WR�LPSURYH�WKH�SHUIRUPDQFH�RI�DQWHQQD��LQFUHDVH�WKH�
JDLQ�DQG�RIIHU�D�JRRG�GLUHFWLYLW\��

�� ,QWURGXFWLRQ�
)HUHVLGLV�>�@�DQG�=KRX�>�@�VKRZHG�WKDW�WKH�KDOI�ZDYHOHQJWK�
UHVWULFWLRQ�RI�D�)DEU\�3HURW�FDYLW\�DQWHQQD�FDQ�EH�UHGXFHG�WR�
UHVSHFWLYHO\� D� TXDUWHU� ZDYHOHQJWK� DQG� D� WHQWK� ���WK��
ZDYHOHQJWK� E\� XVLQJ� D� QRYHO� W\SH� RI� PHWDPDWHULDO�EDVHG�
UHVRQDQW� FDYLW\� LQ� RUGHU� WR� GHVLJQ� FRPSDFW� GLUHFWLYH�
HOHFWURPDJQHWLF�VRXUFHV�EDVHG�RQ�D�VLQJOH�UDGLDWLQJ�DQWHQQD��

,Q� WKLV� VWXG\�� ZH� SUHVHQW� WKH� SURSHUWLHV� DQG�
FKDUDFWHUL]DWLRQ� RI� DQ� RSWLPL]HG� FDYLW\� RI� D� FLUFXODU� SDWFK�
DQWHQQD�DW�DERXW����*+]��7KH�ODWWHU�FRQVLVWV�RI�DQ�$UWLILFLDO�
0DJQHWLF� FRQGXFWRU� �$0&�� VXUIDFH� ZLWK� UHIOHFWLRQ� SKDVH�
]HUR� LQVWHDG�RI�D�3HUIHFW�(OHFWULF�&RQGXFWRU� �3(&��VXUIDFH�
DQG� D� 3DUWLDOO\� 5HIOHFWLYH� 6XUIDFH� �356�� ZLWK� D� UHIOHFWLRQ�
SKDVH�HTXDO� WR�������7KLV� LGHD�KDV�EHHQ�SXVKHG� IXUWKHU�E\�
=KRX� HW� DO�� WR� SUHVHQW� WKH� DGYDQWDJH� RI� WKH� GLVSHUVLYH�
FKDUDFWHULVWLFV� RI� PHWDPDWHULDOV�� PDGH� RI� FDSDFLWLYH� DQG�
LQGXFWLYH�JULG��7KH�FDYLW\�LV�FRPSRVHG�RI�D�VXEVWUDWH��D�KLJK�
LPSHGDQFH� VXUIDFH� �+,6�� DQG� D� SDUWLDOO\� UHIOHFWLYH� VXUIDFH�
�356���7KH�KLJK�LPSHGDQFH�VXUIDFH��+,6��>���@�FRQVLVWV�RI�
SHULRGLF�PHWDOOLF� SDWWHUQV� SULQWHG� RQ� D� GLHOHFWULF� VXEVWUDWH��
WKH\� KDYH� YHU\� LQWHUHVWLQJ� HOHFWURPDJQHWLF� SURSHUWLHV��
EHFDXVH� WKH\� DOORZ� WKH� SURSDJDWLRQ� RI� HOHFWURPDJQHWLF�
ZDYHV�DORQJ�WKH�VXUIDFH�RQO\�IRU�FHUWDLQ�IUHTXHQF\�EDQGV���

0LFURVWULS�SDWFK�DQWHQQDV�DUH�YHUVDWLOH�LQ�WHUPV�RI�WKHLU�
JHRPHWULFDO� VKDSHV� DQG� LPSOHPHQWDWLRQV�� ,QKLELWLQJ�
FKDUDFWHULVWLFV� RI� D� VLQJOH� PLFURVWULS� SDWFK�� OLNH� ORZ� JDLQ�
DQG� VPDOOHU� EDQGZLGWK�� PDNH� LW� PRUH� SRSXODU� IRU� DUUD\�
FRQILJXUDWLRQ�� $QWHQQD� DUUD\V� DFWV� LQ� PLFURZDYH�
FRPPXQLFDWLRQV�EHFDXVH�RI�WKHLU�KLJK�JDLQ��JRRG�GLUHFWLYLW\�
DQG� H[WHQVLYH� FRYHUDJH� DUHD�� ,Q� WKLV� VWXG\�� D� �� [� �� OLQHDU�

SDWFK� DQWHQQD� DUUD\� LV� VWXGLHG�� 6LPXODWLRQ� UHVXOWV� RI� WKH�
DUUD\�RI�SDWFK�DQWHQQD�LQ�WKH�SUHVHQFH�RI�)DEU\�3HURW�FDYLW\�
FRQILUP� WKDW� D� GUDVWLF� HQKDQFHPHQW� RI� WKH� DQWHQQD�
GLUHFWLYLW\�LV�REWDLQHG�DQG�D�GHIOHFWLRQ�RI�WKH�DQWHQQD�EHDP�
RI�DERXW� �����DQG�D�JDLQ�RI� ����G%�DUH�REVHUYHG��

7KLV� SDSHU� LV� RUJDQL]HG� DV� IROORZV�� 6HFWLRQ� �� SUHVHQWV�
DQ�LQWURGXFWLRQ�WR�PHWDPDWHULDOV�EDVHG�RQ�WKH�DSSOLFDWLRQ�RI�
)DEU\�3HURW�&DYLW\�WR�WKH�DQWHQQD��,Q�VHFWLRQ���ZH�LQWURGXFH�
WKH� PRGHO� RI� FDYLW\� LQ� XVH�� 0RUHRYHU�� WKH� FKDUDFWHULVWLFV�
RSWLPL]DWLRQ�RI�WKH�DUUD\�RI�SDWFKHV�LV�SUHVHQWHG�LQ�VHFWLRQ���
DQG�WKH�FRQFOXVLRQ�LV�GUDZQ�LQ�VHFWLRQ����

�

�� 'HVLJQ�RI�)DEU\�3HURW�FDYLW\��
,Q� ������ )HUHVLGLV� SURSRVHG� IRU� WKH� UHDOL]DWLRQ� RI� )DEU\�
3HURW� FDYLW\�� D� WRWDOO\� UHIOHFWLYH� VXUIDFH� KDYLQJ� WKH�
FKDUDFWHULVWLF� RI� UHIOHFWLQJ� ZDYHV� ZLWK� ]HUR� SKDVH� DW� LWV�
UHVRQDQFH� IUHTXHQF\� >�@�� 7KH� FDYLW\� VWXGLHG� ODWHU� E\� WKH�
WHDP� )HUHVLGLV� ZDV� IXHOHG� E\� D� SDWFK� DQWHQQD� �PLFURVWULS�
SDWFK� DQWHQQD��� %XW� WKLV� VWUXFWXUH� ZDV� PRUH� FRPSDFW� WKDQ�
PRVW� DQ\� YRLGV� FUHDWHG� E\�9RQ�7UHQWLQL�� ,QGHHG�� ZLWK� WKH�
SKDVH�UHIOHFWLRQ�QHDU�WR�]HUR��WKH�WKLFNQHVV�RI�WKH�FDYLW\�ZDV�
UHGXFHG�E\�D�IDFWRU�RI�WZR���

,Q� >�@�� 0RQGKHU� HW� DO�� KDYH� SURSRVHG� D� QHZ�
VXEZDYHOHQJWK�UHVRQDQW�FDYLW\�IRU�RSWLPL]LQJ�WKH�GLUHFWLYLW\�
RI� D� VLQJOH� DQWHQQD�� � 7KH� VXEZDYHOHQJWK� UHVRQDQW� FDYLW\�
SURSRVHG� LQ� WKLV� SDSHU�� LV� RSWLPL]HG� WR� RSHUDWH� LQ� ;�EDQG�
>����*+]�������*+]@�� ,W� FRQVLVWV�RI�DQ�$UWLILFLDO�0DJQHWLF�
&RQGXFWRU� �$0&�� FRPSRVHG� RI� D� 3(&� VXUIDFH� DQG� D�
3DUWLDOO\�5HIOHFWLYH�6XUIDFH��356��>�@��7KH�ODWWHU�FRQVLVWV�RI�
D�FDSDFLWLYH�PHWDOOLF�VTXDUH�SDWFK�PLOOHG�RQ�RQH�IDFH�DQG�DQ�
LQGXFWLYH� PHWDOOLF� PHVK� RQ� WKH� RWKHU�� 7KLV� FDYLW\� LV�
RSWLPL]HG�WR�REWDLQ�D�SKDVH�VKLIW�RI�WKH�UHIOHFWLRQ�FRHIILFLHQW�
EHWZHHQ� ������ DQG� ������ $V� VKRZQ� LQ� )LJ� ��� WKH� 356� LV�
SODFHG�RQ�5RJHUV�5������VXEVWUDWH�RI������PP�WKLFN���İU� �
����DQG�WDQJį� ���������

7KH�ZLGWK�RI�WKH�PHVK�LV��Z��LV�HTXDOV�WR�����PP��WKH�
ZLGWK�RI�WKH�VTXDUH�SDWFK�LV�D� �����PP��%RWK��WKH�PHVK�DQG�
SDWFK��KDYH�D�SHULRGLFLW\�RI���PP��7KH�JDS�VSDFLQJ�EHWZHHQ�
WZR�SDWFKHV�LV�J��7R�VWXG\�WKH�HIIHFW�RI�YDULDWLRQ�RI�WKLV�JDS�
ZLGWK� J� EHWZHHQ� WKH� SDWFKHV� RQ� WKH� UHIOHFWLRQ� FRHIILFLHQW�
SKDVH��VHYHUDO�VLPXODWLRQV�ZHUH�PDGH�RQ�D�XQLW�FHOO�ZLWK�D� �



��
�

�� PP�� Z�  � ���� PP�� 7KH� $0&� EHKDYLRU� H[WHQGV� RYHU� D�
ZLGH� IUHTXHQF\� UDQJH� ������ LQ� ZKLFK� WKH� SKDVH� UHPDLQV�
EHWZHHQ������DQG������

7KH� 356� VWXG\� LQ� WKLV� ZRUN� SUHVHQWV� D� YHU\� KLJK�
UHIOHFWLYLW\� ZLWK� D� SKDVH� �FORVH� WR� ������� 7KH�
FRPELQDWLRQ� RI� WKH� �DW� WKH� VXUIDFH� RI� WKH� VXEVWUDWH� DQG�
WKLV�QHJDWLYH�SKDVH�DERYH�D�FRQYHQWLRQDO�JURXQG�SODQH�OHDGV�
WR� WKH� GHVLJQ� RI� WKH� FDYLW\� VLQFH� DW� UHVRQDQFH� WKH� FDYLW\�
WKLFNQHVV�K�LV�GHWHUPLQHG�E\��

     (1)�

 
)LJ�� �� �D�� VKRZV� WKH� YDULDWLRQ� RI� WKH� WUDQVPLVVLRQ�

FRHIILFLHQW� SKDVH�� )LJ�� ��E�� GHSLFWV� WKH� YDULDWLRQ� RI� WKH�
UHIOHFWLRQ� FRHIILFLHQW� SKDVH��$V� VKRZQ� LQ� WKHVH� ILJXUHV�ZH�
FDQ�QRWH� WKDW� WKH�YDULDWLRQ�RI� WKH�JDS� VSDFLQJ� �J�� FDXVHV� D�
YDULDWLRQ� RI� WKH� UHVRQDQFH� IUHTXHQF\�� LQFUHDVLQJ� WKH� JDS�
ZLGWK� FDXVHV� D� GHFUHDVH� LQ� WKH� YDOXH� RI� WKH� FDSDFLWDQFH�
EHWZHHQ� WZR� FHOOV�� $W� D� SDUWLFXODU� IUHTXHQF\� ZH� FDQ� QRWH�
WKDW� WKH�SKDVH�RI�WKH�356�LQFUHDVHV�ZLWK�DQ�LQFUHDVH�RI�WKH�
JDS� VSDFLQJ�� $V� VKRZQ� LQ� )LJ��� VHYHUDO� SURWRW\SHV� RI�
VXEZDYHOHQJWK� FDYLW\� KDYH� EHHQ� VLPXODWHG� ZLWK� VHYHUDO�
YDOXHV�RI�VSDFLQJ�JDS�³J´��)RU� WKH�356�����[����XQLW�FHOOV�
KDYH� EHHQ� VLPXODWHG�� WKH� RYHUDOO� GLPHQVLRQV� RI� WKH�
SURWRW\SH� DUH� �� 7KH� XQLW�
FHOO�FRQVLVWV�RI�WKH�PHWDPDWHULDOV�356�KDV�D�GLPHQVLRQV�RI�

�LQFOXGH�WKH�VSDFLQJ�JDS�EHWZHHQ�
WZR�FDSDFLWLYH�JULG�RI� UHVSHFWLYHO\��

�

�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

)LJ����D��DQG��E��VKRZ�WKH�YDULDWLRQ�RI� WKH� WUDQVPLVVLRQ�
DQG�UHIOHFWLRQ�FRHIILFLHQWV�SKDVH�UHVSHFWLYHO\�
�

�� �î���$QWHQQD�DUUD\�GHVLJQ�
$Q�DUUD\�FRQVLVWV�RI�WZR�RU�PRUH�DQWHQQD�HOHPHQWV�WKDW�

DUH� VSDWLDOO\� DUUDQJHG� DQG� HOHFWULFDOO\� LQWHUFRQQHFWHG� WR�
SURGXFH�D�GLUHFWLRQDO�UDGLDWLRQ�SDWWHUQ��7KH�LQWHUFRQQHFWLRQ�
EHWZHHQ� HOHPHQWV�� FDOOHG� WKH� IHHG� QHWZRUN�� FDQ� SURYLGH�
IL[HG�SKDVH�WR�HDFK�HOHPHQW�RU�FDQ�IRUP�D�SKDVHG�DUUD\��,Q�
RSWLPXP� DQG� DGDSWLYH� EHDP� IRUPLQJ�� WKH� SKDVHV� �DQG�
XVXDOO\�WKH�DPSOLWXGHV��RI�WKH�IHHG�QHWZRUN�DUH�DGMXVWHG�WR�
RSWLPL]H�WKH�UHFHLYHG�VLJQDO��7KH�JHRPHWU\�RI�DQ�DUUD\�DQG�
WKH�SDWWHUQV��RULHQWDWLRQV��DQG�SRODUL]DWLRQV�RI�WKH�HOHPHQWV�
LQIOXHQFH�WKH�SHUIRUPDQFH�RI�WKH�DUUD\��

7KH\� VKRZ� VXSHULRU� SHUIRUPDQFH� WR� WKH� QRUPDO� PHWDO�
GHYLFHV�� $SSOLFDWLRQ� RI� WKH� PHWDPDWHULDOV� LQ� WKH� DQWHQQD�
GRPDLQ� SUHVHQW� D� KLJK� JDLQ� DQG� D� JRRG� GLUHFWLYLW\� EXW� DQ�
HIIRUW� WRZDUG�PLQLDWXUL]DWLRQ� LV� VWURQJO\�GHVLUDEOH� WR�DOORZ�
WKH� XVH� RI� VPDOO� VL]H� DQG� HDV\� KDQGOLQJ� FU\RFRROHUV��
DWWUDFWLYH� IRU� WKH� UHDOL]DWLRQ�RI� VXSHUFRQGXFWLQJ�V\VWHPV� LQ�
UDGDU�DQG�VDWHOOLWH�DSSOLFDWLRQV�>�@��

�7KH�SURWRW\SH�RI�DQWHQQD�DUUD\�LV�FRPSRVHG�DV�IROORZ��
WKH� SDWFK� DQG� WKH� JURXQG� SODQH� DUH� DVVXPHG� DV� SHUIHFW�
FRQGXFWRUV� GHSRVLWHG� RQ� �WKLFN� 3OH[LJODV� VXEVWUDWH�
ZLWK�GLHOHFWULF� FRQVWDQW� İU� � �����$���î���PLFURVWULS�SDWFK�
DQWHQQD� DUUD\� LV� GHVLJQHG� RQ� D� ���� î� ��� PP�� WR� RSHUDWH�
QHDU� WR� ��� *+]� � ZKHUH� WKH� 356� H[KLELWV� ORZ� UHIOHFWLRQ�
SKDVH�YDOXHV��,Q�FDVH�RI�OLQHDU�SRODUL]HG��/3��DQWHQQD��2XU�
VWXG\�IRFXVHG�RQ�WKH�SDWFK�DQWHQQD�DQG�DQWHQQD�DUUD\��7KHLU�
VWUXFWXUHV� DUH� LOOXVWUDWHG� LQ� )LJ��� �D�� DQG� �E�� EHORZ�� � 7KH�
VTXDUH�SDWFK�HOHPHQW�KDV�D�GLPHQVLRQV�RI /S� �:S� ���PP��
7KH�DUUD\� LV� IHG�YLD�PLFURVWULS� WUDQVPLVVLRQ� OLQHV�DFWLQJ�DV�

�DV� VKRZQ� LQ� )LJ����'LIIHUHQW� VSDFLQJ�� 6�� EHWZHHQ� WZR�
HOHPHQWV� KDYH� EHHQ� FRQVLGHUHG��

�� :H� FDQ� QRWH� WKDW� DQ�
LQFUHDVH� LQ� �JLYHV� ULVH� WR� D�PRUH� GLUHFWLYLW\�� ,Q� WKLV� VWXG\�
WKH� VSDFLQJ� EHWZHHQ� WZR� HOHPHQWV� �LV� FRQVLGHUHG�
VLQFH� LW� LV�PRUH� GLUHFWLYH� WKDQ� WKH� RWKHU� FDVHV�� 7KH�)DEU\�
SHURW�FDYLW\�LV�SODFHG�DERYH�WKH�SDWFK�DQWHQQD�DUUD\�VR�DV�WR�
VWXG\�LWV�HIIHFW�RQ�WKH�UDGLDWLRQ�FKDUDFWHULVWLFV��

�

&DSDFLWLYH�JULG��

,QGXFWLYH�JULG�

Z�

D�

)LJ����PHWDVXUIDFH�UHIOHFWRU�XVHG�DV�356�ZLWK�D� ��PP��Z� ����PP�

�
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�
7KH�OD\RXW�RI�WKH���SDWFKHV�DUUD\�DQG�WKH�)3�FDYLW\�LV�VKRZQ�
LQ� )LJ��� �E�� DQG� �F��7KH� LGHD� LV� WR� VWXG\� WKH� DQWHQQD� DUUD\�
ZLWKRXW�PHWDPDWHULDOV�LQ�WKH�ILUVW�SDUW�DQG�WR�VKRZ�WKH�HIIHFW�
RI� WKH� PHWDPDWHULDOV� DSSOLFDWLRQ� WR� WKH� DQWHQQD�
SHUIRUPDQFHV��+HUH�ZH� OLPLWHG� WR�PHQWLRQ� WKDW� WKH�JDLQ�RI�
WKH� �� DUUD\� LV� ����� G%� KLJKHU� WKDQ� WKH� VLQJOH� HOHPHQW� DQG�
KDYH�D�UHWXUQ�ORVV�RI� ����GE�DW�����*+]�DV�VKRZQ�LQ�)LJ����
,Q�WKH�VHFRQG�SDUW��VHYHUDO�SURWRW\SHV�RI�WKH�VXEZDYHOHQJWK�
FDYLW\� KDYH� EHHQ� VLPXODWHG� XVLQJ� $QVRIW� +)66�� )LUVW�
SURWRW\SHV� RI� DQWHQQDV� ZLWK� GLVWDQFH� �WR� WKH�
PHWDPDWHULDO�356�LV�FRQVLGHUHG�DV�VKRZQ�LQ�)LJ��� �F��� WKLV�
SURWRW\SH� ZLOO� DVVXUH� QR� GHIOHFWLRQ� RI� WKH� EHDP� VLQFH� LW�
H[LVWV� QR� SKDVH� VKLIW� RI� WKH�PHWDPDWHULDO�� 7KH� VHFRQG� DQG�
WKLUG� SURWRW\SH�� WKH� RSWLPL]HG� FDYLW\� WKLFNQHVVHV�
DUH �ZLWK�

���
7KH� 6��� SDUDPHWHU� DQG� WKH� JDLQ� DVVRFLDWHG� WR� WKH� SDWFK�
DQWHQQD�DUUD\�LQ�;�EDQG�DUH�UHSUHVHQWHG�LQ�)LJ������DQG�����
)LJ��� VKRZV� WKH� UDGLDWLRQ� 3DWWHUQV� IRU� WKH� (�SODQH�
� ��LQ��D��DQG�IRU�+�SODQH�� ��LQ��E���:H�FDQ�
QRWLFH�WKDW�WKH�VHFRQGDU\�OREHV�DUH�PXFK�ORZHU�WKDQ�IRU�WKH�
DQWHQQD� DUUD\� DORQH�� 7DEOH�� VXPPDUL]HV� WKH� UHVRQDQW�
IUHTXHQFLHV� DQG� WKH� UDGLDWLRQ� SDWWHUQ� IRU� GLIIHUHQW�
WKLFNQHVV �RI�WKH�FDYLW\���
�
�
�

:S�

/S�
�

�

K�3DWFK�DQWHQQD�

)LJ��� �F�� 6FKHPDWLF� RI� PHWDPDWHULDOV� EDVHG� FRPSDFW�
FDYLW\�DQWHQQD�

)LJ���&DOFXODWHG�UHWXUQ�ORVVHV�RI�PXOWLVRXUFH�FDYLW\�
�

)LJ����D��WKH�JHRPHWU\�DQG�D�GHVLJQ�RI�VLQJOH�SDWFK�

)LJ����E��6FKHPDWLF�RI���[���SDWFK�DQWHQQD�DUUD\�
�

356�

6XEVWUDWH�

*URXQG�SODQH�



��
�

�

�
�
$V� VKRZQ� LQ� )LJ��� �D�� DQG� �E��� IRU� DQ� RSWLPL]HG� FDYLW\�
WKLFNQHVV��K� ����PP��D ����PP��Z� �����PP�DQG�J� �����
�P�� WKH� EHDP� LV� QRUPDO� WR� WKH� SODQH� RI� WKH� DQWHQQD� DUUD\�
DQG�VKRZV�QR�GHIOHFWLRQ��)RU�D�FDYLW\�WKLFNQHVV�RI�K� ���PP�
DQG� K�  � ���� PP�� ZLWK� WKLV� UHJXODU� YDULDWLRQ� RI� K�� D�
GHIOHFWLRQ� RI� DQWHQQD� EHDP� RI� DERXW� ���� DQG� ����� FDQ� EH�
REVHUYHG�LQ�)LJ����D��LQ�WKH�(�SODQ . 
�
7DEOH���5HVRQDQW�IUHTXHQFLHV�DQG�WKH�UDGLDWLRQ�SDWWHUQ�IRU�

GLIIHUHQW�WKLFNQHVV�K��RI�WKH�FDYLW\��
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Abstract  

We   present   a   theoretical   investigation   into   the   energy  
transport   and   transient   wave   propagation   in   the  
metamaterial   tunneling   structures   consisting   of   ε-negative  
(ENG)   and  μ-negative   (MNG)  materials.   It   is   proved   that  
the   conjugated  matched   ENG/MNG   bilayer   and   the   (zero  
index  material  doped)   photonic   crystal  heterostructure   can  
work  as  a  sub-wavelength  resonator  at  tunneling  frequency.  
While  the  tunneling  modes  need  a  certain  time  to  achieve  to  
the   steady   state   and   the   charge   up   characteristic   time  
increase   (nearly)   exponentially   with   the   thickness   of   the  
structures.   Under   the   steady   state,   the  waves   in   the   single  
negative  material  structures  are  not  evanescent,  but  a  hybrid  
of   traveling   wave   and   reactive   standing   wave.   The   phase  
difference   between   the   electric   field   and   magnetic   field  
varies   with   the   position   and   time.   The   investigation   of  
transient   wave   propagation   in   the   metamaterial   tunneling  
stuctures  will  help  us   to  understand  the  interaction  process  
between   wave   and   metamaterial   and   to   design   special  
functional  apparatus.     

1.  Introduction  

Recently,   metamaterials   with   non-positive   permittivity  
and/or   permeability   have   attracted   people’s   interest   due   to  
their   unique   electromagnetic   (EM)   properties[1-8].   Besides  
double-negative   metamaterials   (ε<0,   μ<0)   [1,2],   single  
negative   metamaterials   including   ε-negative   (ENG)  
materials  (ε<0,  μ>0)  and  μ-negative  (MNG)  materials      (ε>0,  
μ<0)   [3-6]   and   zero-index   metamaterials   (ZIMs)[7-9]   in  
which   ε=μ=0   or   ε=0,   μ≠0(ε≠0,   μ=0)   also   deserve   special  
attention.  Based  on  the  Maxwell  equations,  the  fields  inside  
a  matched   ZIM(ε=μ=0)   should   be   homogeneous   [10].   One  
of   the   most   important   features   of   metamaterials   is   the  
amplification  of  the  amplitude  of  evanescent  waves,  and  the  
double-negative   metamaterials   are   used   to   realize   perfect  
lens[2].   Furthermore,   it   was   demonstrated   that   the  
enhancement   of   the   evanescent   waves   also   exists   in   an  
ENG/MNG   bilayer   and   the   (ZIM   doped)   photonic   crystal  
heterostructure   at   zero   average   parameters[3,5].   The  
tunneling  structures  can  work  as  a   subwavelength  resonator  
since   the   tunneling  mode   is   independent   of   the   scaling.   In  
fact,   the  tunneling  mode  needs  a  certain  time  (which  can  be  
described   with   charging   up   characteristic   time   (CT)   τ)   to  
achieve   to   the   steady   state,   the   CT   increases   (nearly)  

exponentially   with   the   thickness   of   the   conjugate   matched  
ENG/MNG  bilayer[11,12].   In  Ref   13  and   14,   the   tunneling  
time   of   electromagnetic   planar   wave   propagating   through  
the   metamaterial   structure   are   studied.   In   this   paper,   we  
study   the   transient   wave   propagation   and   energy  
transportation   in   the   (ZIM   doped)   photonic   heterostructure  
containing  single  negative  materials.  

2.  Model  and  theory  
For  the  sake  of  simplicity,  we  first  consider  the  ENG/MNG  
bilayer,  and  a  TM  plane  wave   (Ex,  Hy)   is   incident  normally  
on   the   bilayer,  which   is   shown   in   the   inset   of   Fig.   1.  After  
applying  the  boundary  conditions  on   the   three   interfaces   of  
the   bilayer   and   some   mathematical   manipulation,   the  
complete  tunneling  condition  for  the  ENG/MNG  bilayer  can  
be  expressed  as[3]:  

1 1 1 2 2 2d d         and
2211 //               (1)     

where  d1  and  d2  are   the   thickness  of  ENG  and  MNG  slabs,  
respectively.  As  a  special  case,  a  conjugate  matched  bilayer  
is  denoted  by   1 2        , 1 2       and  d1=d2=d,  we  
have     ki jk j   ,   (i=ENG,  MNG).  Where   the   bilayer  
possess   zero   average   permittivity   and   zero   average  
permeability.   The   steady   state   electromagnetic   (EM)   fields  
in  the  bilayer  can  be  expressed  as  follows.  
In  Region  ENG  :     
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     (3)  

where   E0   is   the   incident   electric   field   amplitude   and   the  
wave   impedance   in   free   space  and   single  negative  material  

are   0 0 0/   and   /      respectively.   It   is   easy   to  
prove   that   the   average   power   flow  

2
0 01 / 2 cos / 2iExi Hyi Ep        in  all   the   regions   is   constant,  

Where   1 1 1E H    and 2 2 2E H    ,   respectively.   In   our  
previous  paper  [12]  it  is  shown  that  ENG/MNG  can  work  as  



a   special   resonator,   there   is   a   substantial   amount   of   EM  
energy  (WEM)  stored  in  the  bilayer.  It  takes  a  certain  amount  of  time  for  the  fields  at  ENG/MNG  interface  and  the  exit  of  
MNG  slab  to  reach  to  its  steady  state  which  can  be  descried  
by   charging   up   process.   The   charging   up   process   of   the  
resonator   with   a   rectangular   waveform   signal   follows  
1-exp(-αt)   [15],   where   the   charging   up   coefficient   α=ω/2Q  
and   the   charging-up   time  
is:       /4/arctan2/2sinh2/ 2  kdekdT [12],   where   Q  
is   the   quality   factor   of   the   resonator,   T   is   the   cycle   of   the  
wave   and   d   is   the   thickness   of   the   slab.   It   increases  
exponentially  with   the   thickness   of   the   slab,   corresponding  
to  the  increase  of  Q  factor  of  the  tunneling  mode  as  shown  in  
Fig.1(a)   (the   solid   line).   According   to   the   theory[5],   the  
(ZIM   doped)   photonic   heterostructure   containing   single  
negative  material  can  also  possess  complete  tunneling  mode  
under   zero   average   parameters.   And   the   transient   wave  
propagation  in   the  tunneling  structures   is   studied  by  FDTD  
method.  

  

  
Figure   1.   (a)  The   analytical   and   FDTD   simulated   charging  
up  characteristic  times  τ/T  vs   thickness  d  of   the  conjugated  
matched  ENG/MNG   slabs,   the   inset   is   the   steady   state  EM  
fields   distribution  at   tunneling   frequency   (b)  The  phases   of  
electric   and   magnetic   fields   and   their   phase   difference,  
where  f0  =  1GHz,  ε/ε0  =  2,  µ/µ0  =  2,  d  =  37.5mm.  

3.  Results  and  discussions  
Consider   an   example   where   the   Drude   models   for   the  
permittivity  and  permeability  in  the  lossless  ENG  and  MNG  
slabs   are: 2

01 /42/ f , 2/ 01  ,   2
02 /42/ f ,  

2/ 02  ,   where f is   frequency   measured   in   GHz  
and mmdd 5.3721  .   According   to   the   conjugate   matched  
condition   Eq.(1),   the   bilayer   exhibits   a   complete   tunneling  
mode   at   f0=1GHz.  The   conjugate  matched  ENG  and  MNG  

bilayer   shown   in   the   inset   of   Fig.   1   is   modeled   by   using  
FDTD   method[16].   The   amplitude   and   phase   profiles   of  
steady  state  electric  and  magnetic  fields  are  plotted  in  Fig.  1  
In   simulation,   the   problem   space   is   1500   cells   long,  where  

0 / 1500z      with 0 300mm  .   A   plane   sinusoidal   wave  
is   launched   at   about   a   half   wavelength   away   from   the  
surface   of   ENG   with   a   rectangular   waveform.   The  
thicknesses   of   the   ENG   and   MNG   layers  
are 187.5ENG MNGd d z   ,   the   time   step   is   set   to  
be    0.5 / 1/ 3t z c ps    .  As   from   the   time  histories   of   the  
electric   field  and  magnetic   field   in  Ref.11,   it   is   shown   that  
the   charging   up   process   of   the   resonator  with  a   rectangular  
waveform   signal   follows   1-exp(-αt).   As   verification   to   this  
theory,  we  have  also  computed  the  charging  up  characteristic  
time  τ/T  in  the  transient  process  simulations  and  plotted  it  in  
Fig.  1(a)  as  well.  The  analytical  and  simulated  results  agree  
to  each  other  very  well.   It  can  be  seen   in  Fig.  1(a)   that   the  
charging   up   characteristic   time   increases   ‘exponentially’  
with  the   thickness  of   the  slab.   It   is  due   to   the   ‘exponential’  
increase  of   the  reactive   field   inside  the  bilayer,  leading  to  a  
substantial  increase  of  the  Q  factor.  
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Figure  2.   (a)  Transmittances  of   the  photonic  heterostructure  
(AB)5(CD)5   (black   solid   line)and   the   ZIM   doped  
heterostructure   (AB)5ZIM(CD)5   (blue   dotted   line).   (b)   The  
steady   state   EM   field   distribution   corresponding   to   the  
heterostructure  tunneling  mode.     

It  is  interesting  to  observe  that  the  phases  ( Ex , Hy )  of  Ex  
and  Hy  vary   in  an  opposite  way   inside  the  ENG  and  MNG  
slabs  –  not  being  constant  for  typical  evanescent  waves.  The  
phase   variations   of   EM   fields   inside   the   ENG   slab   are  
completely   ‘compensated’   inside  MNG   slab.  Moreover   the  
phases  of  EM  fields  remain  the  same  at  the  entrance  and  exit  
of   the   bilayer,   which   is   the   resonance   condition.   The  
thickness   of   bilayer   is   much   shorter   than   the   wavelength  



(2d=λ0/4)   which   indicates   that   the   conjugate   matched  
ENG/MNG  bilayer   is  a  unique  sub-wavelength  open-cavity  
resonator.   The   phase   difference   θi   between   E   field   and  H  
field  starts  with  zero  at  the  entrance  to  ENG  slab,  indicating  
a  pure   travelling  wave,   then   increases   inside   the  ENG  slab,  
suggesting  that   the  electric   field  starts  to  decouple  with   the  
magnetic   field   –   becoming   partly   reactive.   The   phase  
difference   reaches   to   its   maximum,   corresponding   to   a  
strongest   reactive   field   or   standing  wave   at   the  ENG/MNG  
interface.  The  phase  difference  starts  to  fall  inside  the  MNG  
slab,  indicating  the  dropping  of  reactive  field,  and  reaches  to  
zero   at   the   exit   of   MNG   slab   –   back   to   a   pure   travelling  
wave.   It   indicates   clearly   that   the   electromagnetic   fields  
inside  the  conjugate  matched  ENG/MNG  bilayer  is  a  hybrid  
of  travelling  wave  and  reactive  standing  wave  with  the  ratio  
between  them  varying  with  the  position.        
It   was   shown   that   a   one-dimensional   photonic   crystal  

stacked   by   alternating   MNG   layer   and   ENG   layer   can  
possess   photonic   bandgaps   originating   from   the   interaction  
of   evanescent-wave-based   interface   modes[5,6].   While   the  
photonic  heterostructure   (AB)m(CD)n   (as   show   in  Fig.  2(b))  
and   the   ZIM   doped   photonic   heterostructure   (AB)mZIM  
(CD)n  (as   show   in  Fig.  5)  possess  complete   tunneling  mode  
without  phase  shift  under   the  zero  average  permittivity  and  
average  permeability  condition.  And  the  tunneling  structures  
can   also   work   as   a   sub-wavelength   resonator[5],   where  

)(CA    and   )(DB    indicate   ENG   materials   and   MNG  
materials   respectively   and   )(nm    is   the   period  number.   In  
addition   the   photonic   heterostructure   (AB)m(CD)n   can   be   a  
effective   ENGeff/MNGeff   bilayer   under   the   tunneling  
condition.   According   to   the   effective   medium   theory,   the  
effective   permittivity  

eff and   the   effective   permeability  

eff of   the   periodic   ENG-MNG   layered   structures   under  
normal   incident   condition   can   be   written  
as

/ / / / / /( ) / ( )eff A C A C B D B D A C B Dd d d d     ,  

/ / / / / /( ) / ( )eff A C A C B D B D A C B Dd d d d     [17].   Here  
we  use  Drude  model  to  describe  the  isotropic  metamaterials,  
that   are   2

/ /41 fCA  ,   3/ CA    in   ENG   materials   and  

3/ DB ,   2
/ /41 fDB     in   MNG   materials.  

2
ZIMZIM /11 f  ,   at   about   1.0GHz,   ZIM   posses   zero  

effective   parameter.   The   thicknesses   of   ENG   ,   MNG   and  
ZIM   slabs   in   the   two   tunneling   structures   are   assumed   to  
be mm6dD Ad ,   mm12dCB d ,   mm15ZIM d   

respectively.  We  consider   the   transverse  electric  wave  case,  
e.g.,   the   electric   field   lies   in   the y direction.  The   treatment  
for   the   transverse   magnetic   wave   is   similar.   The  
transmittance   and   field   distributions   of   the   structure   can   be  
obtained  by  means  of  the  transfer  matrix  method[18].     
As   shown   in   Fig.2(a),   the   photonic   heterostructure  

(AB)5(CD)5   (black   solid   line)   and   the   ZIM   doped  
heterostructure   (AB)5ZIM(CD)5   (blue   dotted   line)   possess  
complete   tunneling  mode   at   1.0GHz.  The   steady   state   EM  
fields   distribution   corresponding   to   the   tunneling   mode   is  
shown  in  Fig.2(b).  It  is  shown  that  the  EM  fields  concentrate  
on   the  interface  and  the  evanescent   fields  are  seemed   to  be  

amplified  in  single  negative  materials.  It  is  worth  to  note  that  
the   establishment   of   the   tunneling   mode   will   also   need   a  
certain  time  to  achieve  to  the  steady  state.  
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Figure   3.   Snapshots   of   the   electric   field   and  magnetic   field  
profiles  at  different  moments  of  transient  wave  propagation:  
(a)  a  wave  come  from   the   free  space   to   the  heterostructure,  
(b)at  entering  (AB)5,  (c)  at  entering  (CD)5,  (d)  at  building-up  
of  the  reactive  field,  (e)  reaching  to  the  steady  state.  



In  order   to  study   the   transient  wave  propagation  process,  
the  time  histories  of  the  electric  field  and  magnetic  fields  at  
any  position  of  the  tunneling  mode  are  simulated,  which  are  
not   show   here   since   they   are   similar   to   that   in   Fig.2   in  
Ref.12.  The  detailed  transient  wave  propagation  through  the  
photonic  heterostructure  is  further  investigated  by  observing  
the   animation   of   electric   and   magnetic   fields.   Some  
snapshots  of  the  field  profiles  in  sequence  are  shown  in  Fig.  
3.   Fig.   3(a)   shows   when   the   incident   wave   enters   into   the  
photonic   heterostructure   (AB)5(CD)5   with   the   reflection   at  
the  air-ENG  interface  –   the  phases  of  electric  and  magnetic  
fields   being   split,  which   indicates   that   the   phase   difference  
appears.   Fig.   3(b)   shows   when   the   wave   reaches   to  
ENG/MNG  photonic  crystal,  a  further  reflection  occurring  at  
the  ENG/MNG  interfaces.  Fig.  3(c)   shows  a  moment  when  
the  attenuated  wave  tunnels  through  the  heterostructure  with  
more   reflection.   Fig.   3(d)   shows   a  moment   of   the   reactive  
fields   being   built   up   inside   the   heterostructure   due   to   the  
multiple   reflections   and   transmissions.   Fig.   3(e)   shows   a  
moment   of   the   steady   complete   tunneling   state   being  
reached   –   indicating   a   complete   transparency   of   the  
heterostructure  to  the  incident  wave.     
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Figure   4.   (a)   The   analytical   and   FDTD   simulated  
characteristic   times   τ/T   vs   the   thickness   of   the   photonic  
crystal  (AB)n,  n  is  the  period  number,  the  black  solid  line  is  
the   analytical   results,   in  which   the   effective   parameters(i.e.  
εeff,   μeff,   and   d)   are   used,   the   stars   (solid   circles)   represents  
the   FDTD   simulated   CTs   based   on   (AB)n(CD)n  
((AB)nZIM(CD)n)   structure.   (b)The   phase   difference  
between  the  electric  field  and  magnetic  fields  in  the  photonic  
heterostructure  (AB)5(CD)5  at  the  resonance  frequency.  

In   Fig.   4.   (a),   the   analytical   and   FDTD   simulated  
characteristic   times   τ/T   vs   the   thickness   of   the   photonic  

crystal  (AB)n  are  shown,  where  n  is  the  period  number.  The  
black   solid   line   is   the   analytical   results,   in   which   the  
effective  parameters   (i.e.   εeff,  μeff,   and  d)  are  used,   the  stars  
(solid  circles)  represents  the  FDTD  simulated  characteristic  
times  based  on  (AB)n(CD)n  ((AB)nZIM(CD)n)  structure.  It  
is   shown   that   the   CT   is   larger   than   that   of   ENG/MNG  
bilayer   because   of   multiple   reflection.   Fig.4(b)   shows   the  
phase   difference   between   the   electric   field   and   magnetic  
fields   in   the   photonic   heterostructure   (AB)5(CD)5   at   the  
resonance  frequency.  It  is  interesting  to  notice  that  the  phase  
differences   are   nearly   symmetrical   relative   to   the  
heterostructure   interface   where   the   phase   difference   is  
maximum.  In  fact,  it  is  observed  that  the  phase  differences  at  
any  position  also  vary  with  time  in  the  transient  process.  So  
under   the   steady   state,   the   waves   in   the   single   negative  
material   structures   are   also   not   evanescent,   but   a  hybrid   of  
traveling   wave   and   reactive   standing   wave,   and   the   phase  
difference   between   the   electric   field   and   magnetic   field  
varies   with   the   position.   While   the   steady   state   phase  
difference  between  electric  field  and  magnetic  field  is  zero  at  
the   entrance   and   exist   of   the   tunneling   structure   which  
indicates  the  complete  transparency.  
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Figure   5.   (a)   The   steady   state   EM   field   distribution   in   the  
ZIM  doped  heterostructure  (AB)5ZIM(CD)5  at  the  tunneling  
mode.  (b)The  phase  difference  between  the  electric  field  and  
magnetic   fields   in   the   heterostructure   (AB)5ZIM(CD)5   at  
resonance  frequency.  

Fig.  5.  (a)  shows  the  steady  state  EM  field  distribution  in  
the  ZIM  doped  photonic  heterostructure   (AB)5ZIM(CD)5  at  
the   tunneling   frequency.   It   is   clear   that   the   fields   in   single  
negative   material   are   also   amplified   and   the   fields   are   all  
uniform  in  the  ZIM  material.  The  phase  difference  between  
the   electric   field   and  magnetic   fields   in   the   heterostructure  
(AB)5ZIM(CD)5   at   resonance   frequency   are  also   shown   in  



Fig.5(b),   it   is   also   shown   that   the   EM   fields   inside   the  
structure  is  a  hybrid  of  travelling  wave  and  reactive  standing  
wave  with  the  ratio  between  them  varying  with  the  position.  
The  phase  difference  is  the  same  in  all  the  ZIM  material  and  
the  phase  difference  is  a  maximum.  It  is  found  that  the  phase  
difference   in   the   tunneling   structures   compensates   the   field  
amplitude  at  very  position  to  keep  the  power  flow  constant.        

4.  conclusions  

In   conclusion,   the   transient   establishment   process   of   the  
tunneling   mode   in   the   photonic   crystal   heterostructures  
containing   single   negative   material   are   studied   by   FDTD  
method.  It   is  shown  that  the  conjugate  matched  ENG/MNG  
and   the   (ZIM   doped)   photonic   crystal   heterostructure   can  
work  as  a   sub-wavelength  resonator  at  tunneling   frequency.  
While  the  tunneling  modes  need  a  certain  time  to  achieve  to  
steady  state  and  the  CT  increases  (nearly)  exponentially  with  
the  thickness  of  the  ENG/MNG  bilayer,  the  CT  of  the  (ZIM  
doped)  photonic  crystal  heterostructure  is  larger  than  that  of  
ENG/MNG   bilayer   due   to   multiple   interface   reflection.  
Under  steady  state,  the  waves  in  the  single  negative  material  
are   a  hybrid   of   traveling  wave   and   reactive   standing  wave,  
and   the   phase   difference   between   the   electric   field   and  
magnetic  field  varies  with  the  positions.  
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GLVSHUVLRQ� UHODWLRQ� �HTXDWLRQ� ����� UHODWHV� WKH� WUDQVYHUVH� ZDYH�
QXPEHUV� IRU� HDFK�PHGLD�� ,W� LV� DQ� LPSOLFLW� HTXDWLRQ� WKDW� JLYHV� WKH�
VXUIDFH� 3ODVPRQ� GLVSHUVLRQ� UHODWLRQ�� 7KH� ILHOG� VWUHQJWK� (�� DW� WKH�
ILOP�DQG�QRQOLQHDU�GLHOHFWULF�LQWHUIDFH�DSSHDUV�DQG�LW�FDQ�DOWHU� WKH�
GLVSHUVLRQ� HTXDWLRQ�� ,Q� WKLV� ZRUN�� ZH� VWXG\� WKH� VSHFLDO� FDVH�
ZKHUH IT G  �� ,Q� WKLV� FDVH�� I O O I4 3 T T    �DQG�
HTXDWLRQ�����EHFRPHV�
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6HWWLQJ� 3� �� UHFRYHUV� WKH� VWDQGDUG� VXUIDFH� 3ODVPRQ� PRGHV� DW�
/+�OLQHDU� GLHOHFWULF� LQWHUIDFH�� :KLOH� HTXDWLQJ� ILUVW� WHUP� WR� ]HUR�
SURGXFH� VXUIDFH� 3ODVPRQ� GLVSHUVLRQ� DW� /+�QRQOLQHDU� GLHOHFWULF�
UHJLRQV��

 
  

�� �
� � � �

�
�

�

� �

� �
1/ 1/ I 1/ I

VS
I 1/ I

(
FN

(





      


     

   


  

  
     

�����

�� 1XPHULFDO�&DOFXODWLRQV�DQG�'LVFXVVLRQ�
7KH� VXUIDFH� 3ODVPRQ� GLVSHUVLRQ� HTXDWLRQ� ���� LV� VROYHG�
QXPHULFDOO\��7KH�VXUIDFH�SODVPRQ�IUHTXHQF\�ȍVS��ȦVS�ȦS��DV�
D� IXQFWLRQ� �(

 �LV� VROYHG� QXPHULFDOO\� IRU� GLIIHUHQW� VHW� RI�
QRQOLQHDULW\� ȕ� ZKLOH� NHHSLQJ� WKH� GDPSLQJ� IUHTXHQF\� ī�
IL[HG�� ,Q� WKH�FDOFXODWLRQV��ZH� WDNH�ȦS� �����[������FN�ȦS� �
�����İ� �����DQG� � ������[������P�9���� �)LJ����� LOOXVWUDWHV�
WKH� HIIHFWV� RI� GLIIHUHQW� QRQOLQHDULW\� E\� VKRZLQJ� ȍVS� DV� D�
IXQFWLRQ� �(

 IRU�GLIIHUHQW�YDOXHV�RI�ȕ�DW�ī� ��������7KH�VHW�

RI�YDOXHV�RI��ȕ�DUH�FKRVHQ�WR�EH�ȕ�� �����ȕ� ����ȕ�� �����DQG�
ȕ�� ���

�

�
:H�VHH�WKDW�WKH�63�IUHTXHQF\�GHSHQGV�RQ�WKH�QRQOLQHDULW\��,W�
KDV� GLIIHUHQW� EHKDYLRUV� ZKHQ �  �� VHOI�IRFXVLQJ��
IRU �  �� VHOI�GHIRFXVLQJ�� )LJ�� ��D�� VKRZV� WKH� UHDO� SDUW� RI�
ȍVS�� ,W� GLVSOD\V� WKDW� ZKHQ� �  �WKH� IUHTXHQF\� GHFUHDVHV�
ZLWK �(

 PRQRWRQLFDOO\�� :KLOH� IRU �  �� WKH� IUHTXHQF\�
H[KLELWV� D� ELHUIULQJHQW� EHKDYLRU�� ,W� VHHPV� WKDW�ȍVS� KDV� WZR�
YDOXHV� DW� WKH� VDPH� YDOXH� RI� �(

 �� &RQVLGHULQJ� WKH�
LPDJLQDU\�SDUW��ZH�JHW�UHDVRQDEOH�YDOXHV�RQO\�ZKHQ� �  �
DV� LQ� )LJ�� ��E�� ,Q� WKLV� FDVH�� ZH� JHW� ELHUIULQJHQW� EHKDYLRU�
H[FHSW� DW� WKH�PD[LPXP�YDOXH�RI� �(

 ��:H�DOVR�QRWLFH� D�
GLVFRQWLQXLW\� RFFXUV� IRU� ȕ�� DQG� ȕ�� IRU� ERWK� UHDO� DQG�
LPDJLQDU\� SDUW� DW� ȍVS� UDQJH� IURP� ������ WR� ������� 7KHVH�
GLVFRQWLQXLWLHV�FRUUHVSRQG� WR� WKH� VWRSSLQJ�EDQGV�ZKHUH� WKH�
63�VLJQDOV�FDQQRW�SURSDJDWH��
7KH� VDPH� FDOFXODWLRQ� KDV� SHUIRUPHG� ZLWK� ODUJHU� YDOXH� RI�
DEVRUSWLRQ��H�J��ī� ��������7KH� UHVXOWV� H[KLELWHG� LQ�)LJ�� ���
7KH�UHDO�SDUW��)LJ����D��VKRZV�WKDW� IUHTXHQF\�SDVVHV�IRU�WKH�
UHJLRQ �  �� 7KH� ELHUIULQJHQW� EHKDYLRU� PRYHV� WR� WKH�
VPDOOHU�YDOXHV�RI�  ��7KH�LPDJLQDU\�SDUW��)LJ����E��DOVR�KDV�
WKH� IUHTXHQF\� LQ� WKH� UHJLRQ �  �� 7KH� GLVFRQWLQXLW\�
DSSHDUV� LQ� ERWK� UHDO� DQG� LPDJLQDU\� SDUWV� IRU� ȕ�� IRU� ȍVS�
UDQJHV� IURP� ������ WR� ������� 7KXV� DV� WKH� DEVRUSWLRQ�
LQFUHDVHV��WKH�GLVFRQWLQXLWLHV�DSSHDUV�RQO\�IRU�KLJK�RUGHU�RI�
QRQOLQHDULW\�� ,Q� WKLV� FDVH� VWRSSLQJ�EDQG�RFFXUV�RQO\� IRU� ȕ��
ZLWK�VOLJKWO\�VPDOOHU�YDOXHV�RI�IUHTXHQFLHV��,Q�WKLV�FDVH��ZH�
FDQ� VHH� WKDW� WKH� ELHUIULQJHQW� EHKDYLRU� H[FHSW� DW� WKH�
PD[LPXP�YDOXH�RI �(

 ��
�$W�D� ODUJHU�YDOXH�RI�DEVRUSWLRQ��ī� ����WKH�UHDO�SDUW�VKRZV�
WKDW�WKH�GLVSHUVLRQ�HTXDWLRQ�KDV�RQO\�VROXWLRQ�IRU�Į�����ZLWK�
WKH�DSSHDUDQFH�RI�VWURQJ�ELHUIULQJHQW�EHKDYLRU�DV�LW�DSSHDUV�
LQ� ILJXUH� ��D�� )LJXUH� ��E�� VKRZV� WKDW� WKH� VROXWLRQ� RI� WKH�
LPDJLQDU\� SDUW� DSSHDUV� RQO\� ZKHQ �  �� :H� KDYH� QRW�
QRWLFH� DQ\� ELHUIULQJHQW� EHKDYLRU� LQ� WKLV� UHJLRQ�� 7KLV�
LQGLFDWHV� WKDW� IRU� VWURQJHU� DEVRUSWLRQ� WKH� RQO\� VROXWLRQ�
RFFXUV�IRU�GHIRFXVLQJ�ZLWK�WKH�DSSHDUDQFH�RI�ELHUIULQJHQW�LQ�
WKH� UHDO� SDUW�� ,W� LV� DOVR� QRWLFHDEOH� WKDW� WKH� GLVFRQWLQXLWLHV�
GLVDSSHDU��
)RU�FRPSDULVRQ��ZH�SORW�WKH�GLVSHUVLRQ�UHODWLRQ�ZKHQ�ī� ���
LQ� ILJXUH����7KH�SORW� KDV� WZR� UHJLRQV� IRU� �  DQG� �  �
DQG� WKH�ELHUIULQJHQW� EHKDYLRU�GLVDSSHDU� DV� H[SHFWHG��6LQFH�
WKH� ELHUIULQJHQW� EHKDYLRU� DSSHDUV� LQ� WKH� SUHVHQFH� RI� WKH�
DEVRUSWLRQ�� 0RUHRYHU�� WKH� GLVFRQWLQXLWLHV� DSSHDU� DV�
H[SHFWHG���
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)LJXUH� ��� ȍVS� LV� GUDZQ� DV� D� IXQFWLRQ� RI� QRQOLQHDULW\DW� ī� �

������D��UHDO�SDUW�DQG�E��LPDJLQDU\�SDUW��
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)LJXUH����ȍVS�LV�SORWWHG�DV�D�IXQFWLRQ�RI�QRQOLQHDULW\�DW�ī� �
�������D��UHDO�SDUW�DQG�E��LPDJLQDU\�SDUW��
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)LJXUH����ȍVS�GHSHQGV�RQ�WKH��QRQOLQHDULW\�DW�ī� ����D��UHDO�
SDUW�DQG�E��LPDJLQDU\�SDUW��
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)LJXUH�����ȍVS�DV�D�IXQFWLRQ�RI�QRQOLQHDULW\�DW�ī� �����

�� &RQFOXVLRQ�

7KH�FRQVLGHUHG�FRQILJXUDWLRQ�LV�PDGH�RI�GLHOHFWULF�VXEVWUDWH��
ORVV\� 070V� ILOP� DQG� QRQOLQHDU� FRYHU� ZLWK� DUELWUDU\�
QRQOLQHDULW\�� 7KH� GLVSHUVLRQ� UHODWLRQ� IRU� WKH� VXUIDFH�
SDOVPRLQF� �63�� ZDYH� DW� WKH� LQWHUIDFHV� EHWZHHQ�
PHWDPDWHULDOV� �070V�� DQG� WKH� QRQOLQHDU� VXEVWUDWH� LV�
UHFRYHUHG�E\� WDNLQJ�FHUWDLQ� OLPLWV��7KH�GLVSHUVLRQ�HTXDWLRQ�
LV�QXPHULFDOO\�VROYHG��5HVXOWV�DUH�SUHVHQWHG�E\�SORWWLQJ�WKH�
63� IUHTXHQF\� DV� D� IXQFWLRQ� RI� WKH� QRQOLQHDULW\� DW� FKRVHQ�
GDPSLQJ� IDFWRUV�� %RWK� WKH� UHDO� DQG� LPDJLQDU\� SDUWV� DUH�
SORWWHG�� 5HVXOWV� DOVR� GLVSOD\� WKH� ZDYH� IUHTXHQF\� DV� D�
IXQFWLRQ� RI� SURSDJDWLRQ� IDFWRU� DW� GLIIHUHQW� YDOXHV� RI�
QRQOLQHDULW\�� )RU� FRPSDULVRQ�� WKH� LPDJLQDU\� SDUW� LV� VHW� WR�
]HUR�DQG�FXUYHV�DUH�UHSURGXFHG��5HVXOWV�GHPRQVWUDWH�WKDW�63�
PLJKW� KDYH� GLVFRQWLQXLW\� DW� FHUWDLQ� YDOXHV� RI� WKH� SRZHU� RI�
QRQOLQHDULW\�� )RU� H[DPSOH�� ZKHQ� WKH� ORVV� ī �����
GLVFRQWLQXLW\�DSSHDUV�DW�ȕ ��������:KLOH�ZKHQ�ī �������WKH�
GLVFRQWLQXLW\�DSSHDUV�RQO\�ZKHQ��ȕ �����
�
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5HIHUHQFHV�
>�@ 9�� *�� 9HVHODJR�� 7KH� (OHFWURG\QDPLFV� 2I� 6XEVWDQFHV�

:LWK�6LPXOWDQHRXVO\�1HJDWLYH�9DOXHV�RI�İ�DQG�ȝ��6RYLHW�
3K\VLFV�863(.+,�YRO���������������������

>�@ 1�� *DUFLD� DQG� 0�� 1LHWR�9HVSHULQDV�� ,V� WKHUH� DQ�
H[SHULPHQWDO� YHULILFDWLRQ� RI� D� QHJDWLYH� LQGH[� RI�
UHIUDFWLRQ�\HW"�2SWLFV�/HWWHU��YRO���������������������

>�@ &�*��3DUD]]ROL��5��%��*UHJRU��.��/L��%��(��&��.ROWHQEDK��
0�� +�� 7DQLHOLDQ�� ([SHULPHQWDO� � YHUL¿FDWLRQ� � DQG��
VLPXODWLRQ� � RI� � QHJDWLYH� � LQGH[� � RI� � UHIUDFWLRQ� � XVLQJ�
6QHOO¶V��ODZ�������SUHSULQW���

>�@ 5�� -�� (O�.KR]RQGDU�� +�� -�� (O�.KR]RQGDU�� DQG� 0�� 0��
6KDEDW�� $SSOLFDWLRQV� RI� 0HWDPDWHULDOV� LQ� 2SWLFDO�
:DYHJXLGH� ,VRODWRU�� -RXUQDO� RI� $O�$TVD� 8QLYHUVLW\�
VHULHV�RI�QDWXUDO�VFLHQFH����������������

>�@ +�� -�� (O�.KR]RQGDU�� 6��$�� 7D\D��0��0�� 6KDEDW�� (��0��
0HKMH]�� 2SWLFDO� :DYHJXLGH� 6HQVRUV� 8VLQJ� 'RXEOH�
1HJDWLYLW\�*XLGLQJ�/D\HU��0DWHULDOV��YRO�����������

>�@ +�� -�� (O�.KR]RQGDU�� =�� $O�6DKKDU�� 0�� 6KDEDW��
(OHFWURPDJQHWLF�VXUIDFH�ZDYHV�RI�D�IHUULWH�VODE�ERXQGHG�
E\�PHWDPDWHULDOV��$(8��������±������������

>�@ $�� 6XNKRUXNRY�� <�� 6�� .LYVKDU�� +�� 6�� (LVHQEHUJ�� DQG�
<�6LOEHUEHUJ�� 6SDWLDO� RSWLFDO� VROLWRQV� LQ� ZDYHJXLGH�
DUUD\V��,(((�-��4XDQWXP�(OHFWURQLFV������������������

>�@ *��,��6HJHPDQ��&�7��6HDWRQ��1RQOLQHDU�LQWHJUDWHG�RSWLFV��
-��$SSO��3K\VLFV�����5���5����������

>�@ <LQ�� +��� ;X�� &��� +XL�� 3�� 0��� ³([DFW� VXUIDFH� SODVPRQ�
GLVSHUVLRQ� UHODWLRQV� LQ� D� OLQHDU�PHWDO�QRQOLQHDU� GLHOHFWULF�
VWUXFWXUH� RI� DUELWUDU\� QRQOLQHDULW\´�� $SSOLHG� 3K\VLFV� /HWWHUV�
����������������������

>��@ '�� 5�� 6PLWK��:�� -�� 3DGLOOD�� '�� &�� 9LHU�� 6�� &�� 1HPDW�
1DVVHU�� DQG� 6�� 6FKXOW]�� &RPSRVLWH� 0HGLXP� ZLWK�
6LPXOWDQHRXVO\�1HJDWLYH�3HUPHDELOLW\�DQG�3HUPLWWLYLW\��
3K\VLFDO�5HYLHZ�/HWWHUV����������������������

>��@ '��5��6PLWK��:LOOLH�-��3DGLOOD��'��&��9LHU��6��&��1HPDW�
1DVVHU�� DQG� 6�� 6FKXOW]�� &RPSRVLWH� 0HGLXP� ZLWK�
6LPXOWDQHRXVO\�1HJDWLYH�3HUPHDELOLW\�DQG�3HUPLWWLYLW\��
3K\V��5HY��/HWW�����������������������
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6XUIDFH�ZDYHV�DW�WKH�LQWHUIDFH�EHWZHHQ�WXQDEOH�/&�070V�DQG�
1RQOLQHDU�PHGLD�

�
+DOD�-��(O�.KR]RQGDU���5LID�-��(O�.KR]RQGDU���6DLG�=RXKGL��

�
�'HSDUWPHQW�RI�(OHFWULFDO�(QJLQHHULQJ��,8*��3��2��%R[������*D]D��3DOHVWLQH���
�3K\VLFV�'HSDUWPHQW��$O�$TVD�8QLYHUVLW\��3�2��ER[�������*D]D��3DOHVWLQH�
�/DERUDWRULH�GR�*pQLH�(OHFWULTXH�GH�3DULV��8QLYHUVLWp�3DULV�6XG�����)UDQFH�

FRUUHVSRQGLQJ�DXWKRU��KNKR]RQGDU#LXJD]D�HGX�
�
 

$EVWUDFW�
7KH� VXUIDFH� ZDYHV� SURSDJDWLRQ� DW� WKH� LQWHUIDFH� EHWZHHQ� WXQDEOH�
PHWDPDWHULDOV� �070V�� DQG� 1RQOLQHDU� PHGLD� LV� LQYHVWLJDWHG��
7XQDEOH� 070V� KDV� UHIUDFWLYH� LQGH[� ZKLFK� FDQ� EH� WXQHG� WR�
QHJDWLYH�]HUR�SRVLWLYH�YDOXHV��1RQOLQHDU�PDWHULDOV�DUH�DVVXPHG�WR�
KDYH� .HUU�OLNH� UHIUDFWLYH� LQGH[�� 7KH� GLVSHUVLRQ� HTXDWLRQ� LV�
DQDO\WLFDOO\� GHULYHG� DQG� VROYHG� QXPHULFDOO\�� 5HVXOWV� GLVSOD\� WKH�
GLIIHUHQW�EHKDYLRU�RI�WKH�SURSDJDWLQJ�ZDYHV�DV�WKH�UHIUDFWLYH�LQGH[�
LV�WXQHG��
�

�� ,QWURGXFWLRQ�
0DWHULDOV�H[KLELWLQJ�QHJDWLYH�SHUPLWWLYLW\�DQG�SHUPHDELOLW\�
DUH� D� SRSXODU� WRSLF� RI� FXUUHQW� UHVHDUFK� GXH� WR� WKHLU� UHFHQW�
SK\VLFDO� UHDOL]DWLRQ� DV� PHWDPDWHULDOV� >�@�� 5HFHQW� UHVHDUFK�
KDV�IRFXVHG�ERWK�RQ�WKH�EHKDYLRU�RI�WKHVH�PHWDPDWHULDOV�DV�
ZHOO� DV� RQ� WKH� LQFRUSRUDWLRQ� RI� QHJDWLYH� SHUPLWWLYLW\� DQG�
SHUPHDELOLW\�LQWR�HOHFWURPDJQHWLF�WKHRU\�>�@�� �9HVHODJR�>�@�
SUHGLFWHG� WKHRUHWLFDOO\� VHYHUDO� H[WUDRUGLQDU\�
HOHFWURPDJQHWLF� SKHQRPHQD� RI� 070V�� L�H��� D� UHYHUVHG�
'RSSOHU�HIIHFW��UHYHUVHG�ýHUHQNRY�UDGLDWLRQ��DQG�D�QHJDWLYH�
LQGH[� RI� UHIUDFWLRQ�� 7R� GDWH�� WKH� UDQJH� RI� LPDJLQDEOH�
DSSOLFDWLRQV� H[WHQGV� WR� LPSRUWDQW� DSSOLFDWLRQV� LQ�
FRPPXQLFDWLRQV��H�J��� DQWHQQD�GHVLJQ�� YHKLFOH� FRDWLQJV� IRU�
DOWHULQJ� UDGDU� FURVV� VHFWLRQ� SURSHUWLHV�� DQG� OHQVHV� >�@��
0RUHRYHU�� WUHPHQGRXV� LQWHUHVW� KDV� EHHQ� JLYHQ� WR� 070V�
EHFDXVH� RI� WKHLU� LPSRUWDQW� DSSOLFDWLRQV� LQ� VHQVRUV� >�@DQG�
LVRODWRUV>���@��
0RVW� UHFHQW�ZRUN�KDV�EHHQ�GRQH�E\�:HUQHU�HW�DO�� WR�VKRZ�
WKDW� LW� LV� SRVVLEOH� WR� FUHDWH� WXQDEOH�070V�DW� QHDU� LQIUDUHG�
ZDYHV� KDYLQJ� LQGH[� YDULHV� IURP� QHJDWLYH� WKURXJK� ]HUR� WR�
SRVLWLYH�XVLQJ�/LTXLG�FU\VWDOV��/&��>�@��:H�ZLOO�UHIHU�WR�WKLV�
VWUXFWXUH�DV�WXQDEOH�/&�070V���
7KH�SURSDJDWLRQ�RI�OLJKW�LQ�PHGLD�FKDUDFWHUL]HG�E\�LQWHQVLW\�
GHSHQGHQW� UHIUDFWLYH� LQGH[��QRQOLQHDU�PHGLD��ZDV�D� VXEMHFW�
RI� LQYHVWLJDWLRQ� LQ� QRQOLQHDU� RSWLFV�� 1RQOLQHDU� PDWHULDOV�
ZLWK�GLHOHFWULF�FRQVWDQW�GHSHQG�RQ�WKH�LQWHQVLW\�RI�WKH�ILHOG�
KDYH�EHHQ�VXJJHVWHG�IRU�VHYHUDO�DSSOLFDWLRQV��H�J��>����@��,Q�
WKLV�ZRUN��WKH�SURSRVHG�VWUXFWXUH�FRQVLVWV�RI�WZR�PHGLD��RQH�
LV� WKH� WXQDEOH� /&�070V� DQG� WKH� RWKHU� LV� WKH� QRQOLQHDU�
PHGLD���
7KH� IRFXV� RI� VHFWLRQ� �� LV� RQ� WKH� SURSRVHG� VWUXFWXUH�� � 7KH�
WKHRU\�RI�WKH�SUREOHP�ZLOO�EH�FRYHUHG�LQ�VHFWLRQ����5HVXOWV�

DQG�GLVFXVVLRQ�DUH�SUHVHQWHG�LQ�VHFWLRQ����7KH�FRQFOXVLRQ�LV�
JLYHQ�LV�VHFWLRQ�����

�� 0RGHO�UHSUHVHQWDWLRQ�
7KH� SURSRVHG� VWUXFWXUH� FRQVLVWV� RI� WZR� OD\HUV� SODQH�
ZDYHJXLGH�DV�LQ�)LJXUH����7KH�VXEVWUDWH�FRQVLVWV�RI�WXQDEOH�
/&�070V�DQG�WKH�FODGGLQJ�LV�QRQOLQHDU�PHGLD�DV�VKRZQ�LQ�
)LJ�����

�

�

�

�

�

:H� KHUH� FRQVLGHU� /&�070V� ZLWK� FRPSOH[� SHUPLWWLYLW\�
İ070�DQG�FRPSOH[�SHUPHDELOLW\�ȝ070�ZKLFK�FDQ�EH�WXQHG�E\�
FKDQJLQJ�WKH�SHUPLWWLYLW\�RI�WKH�/&��İ/&�>��@��7KH�QRQOLQHDU�
OD\HU�KDV�D�QRQOLQHDU�LQGH[�RI�UHIUDFWLRQ�JLYHQ�E\�Q1/ �QF�Į�
_(\_���ZKHUH�QF� LV� WKH�OLQHDU�SDUW�RI�WKH�UHIUDFWLYH�LQGH[��Į� LV�
WKH�QRQOLQHDU�FRHIILFLHQW��(\� LV� WKH�RQO\�QRQ]HUR�FRPSRQHQW�
RI�WKH�HOHFWULF�ILHOG��

�� 7KH�ILHOGV�DQG�ILHOG�HTXDWLRQV��
:H� FRQVLGHU� RQO\� V�SRODUL]HG� ZDYHV� SURSDJDWLQJ� LQ� WKH� ]�
GLUHFWLRQ���7KXV��WKH�ILHOGV�FDQ�EH�ZULWWHQ�DV�IROORZV�
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ZKHUH� ȕ� LV� WKH� SURSDJDWLRQ� FRQVWDQW�� Ȧ� LV� WKH� ZDYH�
IUHTXHQF\��ȕ �QHII�N���QHII� LV� WKH� HIIHFWLYH� UHIUDFWLYH� LQGH[�N��
 Ȧ�F�DQG�F�LV�WKH�VSHHG�RI�OLJKW��

$SSO\LQJ�WKH�ILHOGV�LQ�HTXDWLRQV�����DQG�����LQWR�0D[ZHOO¶V�
HTXDWLRQV�ZH�REWDLQ�WKH�ILHOGV�LQ�HDFK�UHJLRQ�DV�IROORZV�
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ZKHUH� � � �\( LV�FDOOHG�QRQOLQHDULW\�SDUDPHWHU��

(TXDWLRQ�����FRQWDLQV�H[SOLFLWO\�WKH�UHIUDFWLYH�LQGH[�IRU�HDFK�
PHGLD�DQG�H[SODLQV� WKH�EHKDYLRU�RI� WKH�SURSDJDWHG�ZDYH�DW�
WKH� LQWHUIDFH� EHWZHHQ� WKH� WZR�PHGLD� LQ� WHUPV� RI� UHIUDFWLYH�
LQGLFHV��

�� 5HVXOWV�DQG�'LVFXVVLRQ�
7KH� GLVSHUVLRQ� HTXDWLRQ� ���� LV� VROYHG� QXPHULFDOO\�� 7DEOH�
�OLVWV� WKH� YDOXHV� RI� 070� SDUDPHWHUV�� Q070� DQG� �070� IRU�
Ȝ ����P�DW�GLIIHUHQW�İ/&�>�@��)RU�QRQOLQHDU�PHGLD��QF ��DQG�
�1O� ���

7DEOH����070�3DUDPHWHUV�IRU�GLIIHUHQW�YDOXHV�RI�İ/&��

İ/&� Q070� �070�
�� ���M���� ��M��

���� �����M���� ���M��

���� ��������� ���M��

�
7KH�SORW�RI�WKH�HIIHFWLYH�UHIUDFWLYH�LQGH[�DV�D�IXQFWLRQ�RI�WKH�
QRQOLQHDU� WHUP � � �\( �DW� GLIIHUHQW� YDOXHV� RI� WKH� İ/&� LV�
GLVSOD\HG� LQ� )LJ�� ��� :H� VHH� WKDW� WKH� EHKDYLRU� RI� WKH�
SURSDJDWLQJ� ZDYH� FKDQJHV� ZLWK� FKDQJLQJ� WKH� QRQOLQHDU�
WHUP��
�
)LJ�� �� �D�� VKRZV� WKDW� WKH� UHDO� SDUW� RI� WKH� QHII� FKDQJHV�
PRQRWRQLFDOO\�ZLWK�WKH�QRQOLQHDULW\�WHUP���,W�DOVR�VKRZV�WKDW�
WKH�UHDO�SDUW�RI�WKH�QHII��YDULHV�DV�WKH�YDOXH�RI�İ/&�FKDQJHV��
)RU�WKH�VDPH�UDQJH�RI�QRQOLQHDU�WHUP��WKH�DOORZHG�UDQJH�IRU�
WKH�SURSDJDWLQJ�ZDYHV�H[WHQGV�DV�İ/&�LQFUHDVHV���
�
)LJ�����E��VKRZV�WKDW�WKH�LPDJLQDU\�SDUW�RI�QHII��YDULHV�DV�WKH�
QRQOLQHDU� WHUP� FKDQJHV�� 0RUHRYHU�� DV� � İ/&� LQFUHDVH� WKH�
LPDJLQDU\�SDUW�RI�QHII��JRHV�IURP�QHJDWLYH�WR�SRVLWLYH��
�
�
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)LJXUH� ��� D�� WKH� UHDO� SDUW� RI� QHII� DV� IXQFWLRQ� RI� WKH� QRQOLQHDULW\�
SDUDPHWHUV�� E�� WKH� LPDJLQDU\� SDUW� RI� QHII� DV� IXQFWLRQ� RI� WKH�
QRQOLQHDULW\�SDUDPHWHUV��
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�� &RQFOXVLRQV�
,Q� FRQFOXVLRQ��ZH� VHH� WKDW� VXUIDFH�ZDYH�SURSDJDWLQJ� DW� WKH�
ERXQGDU\� EHWZHHQ� /&�070V� DQG� 1RQOLQHDU� 0HGLD� FDQ�
DVVXPH�GLIIHUHQW�EHKDYLRU�DV�/&�070V�UHIUDFWLYH�LQGH[�KDV�
GLIIHUHQW� YDOXHV�� 7KLV� LQGLFDWHV� WKDW� WKLV� VWUXFWXUH� LV�
SURPLVLQJ�IRU�ZLGH�UDQJH�RI�DSSOLFDWLRQ��

$FNQRZOHGJHPHQWV�
7KLV�ZRUN� LV� VXSSRUWHG� E\�$O�0DTGLVL� SURJUDP� IRU� KLJKHU�
HGXFDWLRQ�DQG�UHVHDUFK��WKH�ILIWK�)UHQFK�3DOHVWLQLDQ�JUDQW��
�

5HIHUHQFHV�
>�@ '�� 5�� 6PLWK��:�� -�� 3DGLOOD��'�� &�� 9LHU�� '�� &�� 1HPDO�

1DVVHU�� DQG� 6�� 6FKXOW]�� &RPSRVLWH� PHGLXP� ZLWK�
VLPXOWDQHRXVO\� QHJDWLYH� SHUPHDELOLW\� DQG� SHUPLWWLYLW\��
3K\V��5HY��/HWW����������������������

>�@ -�� $�� .RQJ�� (OHFWURPDJQHWLF� ZDYH� LQWHUDFWLRQ� ZLWK�
VWUDWLILHG� QHJDWLYH� LVRWURSLF� PHGLD�� -�� (OHFWURPDJQHWLF�
:DYHV�DQG�$SSOLFDWLRQV���:�����������������

>�@ 9�� *�� 9HVHODJR�� 7KH� HOHFWURG\QDPLFV� RI� VXEVWDQFHV�
ZLWK� VLPXOWDQHRXVO\�QHJDWLYH�YDOXHV�RI� İ�DQG����6RYLHW�
3K\VLFV��������±�����������

>�@ -��%��3HQGU\��1HJDWLYH� UHIUDFWLRQ�PDNHV�D�SHUIHFW� OHQV��
3K\V��5HY��/HWW�����������������������

>�@ +�� -�� (O�.KR]RQGDU�� 6��$��7D\D��0��0�� 6KDEDW�� (��0��
0HKMH]��/RVV\�'RXEOH�1HJDWLYH�*XLGLQJ�/D\HU�2SWLFDO�
6HQVRUV��2SWR�HOHFWURQLFV�5HYLHZ��������������������

>�@ +��-��(O�.KR]RQGDU��5��-��(O�.KR]RQGDU��0��6KDEDW��$��
.RFK�� &RXSOLQJ� (IILFLHQF\� RI� 0HWDPDWHULDO�
0DJQHWRRSWLFDO� ,QWHJUDWHG�,VRODWRU��3URFHHGLQJV�2372�
�����	,�56���������������������

>�@ 5�� -�� (O�.KR]RQGDU�� +�� -�� (O�.KR]RQGDU�� 0�� � 6KDEDW��
$SSOLFDWLRQV� RI� 0HWDPDWHULDOV� LQ� 2SWLFDO� :DYHJXLGH�
,VRODWRU��-RXUQDO�RI�$O�$TVD�8QLYHUVLW\�VHULHV�RI�QDWXUDO�
VFLHQFH������������������

>�@ '��+��:HUQHU��'��+�.ZRQ��,��&��.KRR��$��9��.LOGLVKHY��
9�� 0�� 6KDODHY�� /LTXLG� FU\VWDO� FODG� QHDU�LQIUDUHG�
PHWDPDWHULDOV� ZLWK� WXQDEOH� QHJDWLYH�]HUR� SRVLWLYH�
UHIUDFWLYH�LQGLFHV��2SWLFV�([SUHVV����������������������

>�@ +�� -�� (O�.KR]RQGDU�� +\GURVWDWLF� 6WUHVV� (IIHFW� RQ� WKH�
2SWLFDO� 3HUIRUPDQFH� DQG� WKH� 6WUHVV� 6HQVLWLYLW\� RI�
2SWLFDO� 1RQOLQHDU� :DYHJXLGH�� $Q� �� 1DMDK� 8QLY�� � -���
5HV���1��6F�������������������

>��@ +�� -�� (O�.KR]RQGDU�� 5�� -�� (O�.KR]RQGDU�� 7HPSHUDWXUH�
VHQVLWLYLW\� HQKDQFHPHQW� RI� QRQOLQHDU� RSWLFDO� FKDQQHO�
ZDYHJXLGH� VHQVRUV� XVLQJ� WKHUPDO�VWUHVV� HIIHFW�� ,VODPLF�
XQLYHUVLW\� MRXUQDO� IRU�QDWXUDO� VFLHQFH�DQG�(QJLQHHULQJ�
�����������������
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9LVLEOH�QHJDWLYH�UHIUDFWLRQ�LQ�QDWXUDO�LQGHILQLWH�PHGLXP��0J%��
�

-LQJER�6XQ���%R�/L���-L�=KRX����
�

�6WDWH�.D\�/DE�RI�1HZ�&HUDPLFV�DQG�)LQH�3URFHVVLQJ��'HSDUWPHQW�RI�0DWHULDOV�6FLHQFH�DQG�(QJLQHHULQJ���
7VLQJKXD�8QLYHUVLW\��%HLMLQJ�&KLQD�

��5HVHDUFK�,QVWLWXWH�IRU�$GYDQFHG�0DWHULDOV��*UDGXDWH�6FKRRO�DW�6KHQ]KHQ���
7VLQJKXD�8QLYHUVLW\��6KHQ]KHQ�&KLQD�

FRUUHVSRQGLQJ�DXWKRU��(�PDLO��zhouji@mail.tsinghua.edu.cn 
 
 

$EVWUDFW�
,Q�WKLV�ZRUN��ZH�UHSRUW�DQ�LQWULQVLF�LQGHILQLWH�SHUPLWWLYLW\�LQ�
FU\VWDOOLQH�0J%�� WKDW� H[KLELWV� D� QHJDWLYH� JURXS� UHIUDFWLRQ�
IRU�WKH�EOXH�SXUSOH�OLJKW��%DVHG�RQ�WKH�HOOLSVRPHWU\�GDWD�RI�D�
FU\VWDOOLQH�0J%��VDPSOH�� WKH�HTXLIUHTXHQF\�FRQWRXU��()&��
LV� PDSSHG� DQG� YHULILHG� WR� EH� K\SHUEROLF� ZKLFK� HQDEOHV� D�
QHJDWLYH� UHIUDFWLRQ� IRU� DOO� LQFLGHQW� DQJOHV�� 7KH� LQGHILQLWH�
GLHOHFWULF� WHQVRU� LV�DWWULEXWHG� WR� WKH� WZR�'UXGH� GLVSHUVLRQV�
ZLWK� GLIIHUHQW� SODVPD� IUHTXHQFLHV� EHWZHHQ� WZR� FU\VWDO�
GLUHFWLRQV�� ZKLFK� RULJLQDWHV� IURP� WKH� VWURQJ� DQLVRWURSLF�
FU\VWDO�VWUXFWXUH��1XPHULFDO�VLPXODWLRQV�DUH�DOVR�SHUIRUPHG�
WR� GHPRQVWUDWH� WKH� QHJDWLYH� UHIUDFWLRQ� EHKDYLRXU� DQG� WKH�
IRFXVLQJ� SURSHUW\� DV� D� K\SHUOHQV�� ,W� LV�� IRU� WKH� ILUVW� WLPH��
GHPRQVWUDWHG�WKDW�DQ�DOO�DQJOH�QHJDWLYH�UHIUDFWLRQ�LV�DEOH�WR�
RFFXU�LQ�QDWXUDO�PDWHULDOV�DW�YLVLEOH�IUHTXHQF\�UDQJH���

�� ,QWURGXFWLRQ�
7KH� FRQFHSW� RI� QHJDWLYH� UHIUDFWLRQ� KDV� FDXVHG� DQ�

H[FLWHPHQW� LQ� SK\VLF� FRPPXQLW\� EHFDXVH� RI� LWV� XQLTXH�
SURSHUW\�DQG�WKH�VLJQLILFDQW�DSSOLFDWLRQ�DV�D�SHUIHFW�OHQV��8S�
WR� QRZ�� DOPRVW� DOO� SUHVHQW�PHWKRGV� WR� UHDOL]H� WKH� QHJDWLYH�
UHIUDFWLRQ� ZHUH� HVWDEOLVKHG� E\� PHWDPDWHULDO�� VXFK� DV� OHIW�
KDQGHG�PDWHULDOV�����SKRWRQLF� FU\VWDOV������ FKLUDO�PHGLD���DQG�
DUWLILFLDOO\� LQGHILQLWH� PHGLD��� ��� ZKLFK� UHTXLUH� D� ILQH�
IDEULFDWLRQ� WHFKQRORJ\��)RU� WKH�RSWLFDO�UHJLRQ��KRZHYHU�� WKH�
IDEULFDWLRQ�RI�WKHVH�DUWLILFLDO�PHGLD�LV�UHDOO\�FKDOOHQJLQJ�������
����%\�FRQWUDVW��QDWXUH�PDWHULDOV�PD\�SURYLGH�D�VKRUWFXW� IRU�
REWDLQLQJ� WKH� EXON� RSWLF�QHJDWLYH� LQGH[�PDWHULDOV�� DYRLGLQJ�
WKH� XVH� RI� WKH� DUWLILFLDO� HQJLQHHULQJ�� 6R� IDU�� QHJDWLYH�
UHIUDFWLRQV� LQ� QDWXUH� PDWHULDOV� DUH� PDLQO\� IURP� VLQJOH�
FU\VWDOV�ZLWK�DQLVRWURSLF� SHUPLWWLYLW\�� IRU� H[DPSOH�� LQIUDUHG�
QHJDWLYH�UHIUDFWLRQ�LQ�$O�2�

���DQG�XOWUD�YLROHW��89��QHJDWLYH�
UHIUDFWLRQ� LQ� JUDSKLWH���� )RU� YLVLEOH� IUHTXHQF\�� WKH�QHJDWLYH�
UHIUDFWLRQ� FDQ� MXVW� EH� SDUWLDOO\� DFKLHYHG� IURP�ELUHIULQJHQFH�
FU\VWDO�������ZKLFK�KDV�D�VWULFW�OLPLW�WR�WKH�LQFLGHQW�DQJOHV���

0J%��� IDPRXV� IRU� LWV� KLJK� WUDQVLWLRQ� WHPSHUDWXUH�
�7F ��.���LV�D�ULVLQJ�VWDU�DPRQJ�WKH�VXSHUFRQGXFWRUV��ZKLFK�
VWDUWV�WKH�UHVHDUFK�RQ�KLJK�WHPSHUDWXUH�VXSHUFRQGXFWRUV�������
,Q�FRQWUDVW�WR�D�OHQJWK\�VLHJH�RI�WKH�GRSHG�0J%��WR�IXUWKHU�
LPSURYH� WKH� SHUIRUPDQFHV� DV� D� VXSHUFRQGXFWRU���� ���� IHZ�
DWWHQWLRQV� KDYH� EHHQ� SDLG� WR� LWV� VWURQJ� DQLVRWURSLF� RSWLFDO�
SURSHUW\�EURXJKW�E\�WKH�JUDSKLWHOLNH�VWUXFWXUH����)RUWXQDWHO\��

WKLV� LOOXPLQDWHV� RXU� VWXG\� RQ� WKH� QHJDWLYH� UHIUDFWLRQ� LQ�
QDWXUDO�LQGHILQLWH�PHGLD��ZKLFK�HQFRXUDJHV�XV�WR�LQYHVWLJDWH�
WKH� RSWLFDO� UHIUDFWLRQ� LQ� KLJK� WHPSHUDWXUH� VXSHUFRQGXFWRUV�
ZLWK�OD\HUHG�VWUXFWXUH��,Q�WKLV�OHWWHU��ZH�UHYHDO��IRU�WKH�ILUVW�
WLPH�� DQ� DOO�DQJOH� EURDGEDQG� YLVLEOH� QHJDWLYH� UHIUDFWLRQ� LQ�
WKH�QDWXUDO�LQGHILQLWH�PHGLXP��0J%���,WV�LQWULQVLF�LQGHILQLWH�
GLHOHFWULF�SURSHUW\�DULVHV�IURP�WZR�'UXGH�GLVSHUVLRQV�DW�WZR�
FU\VWDO�RULHQWDWLRQV�ZLWK�GLIIHUHQW�SODVPD� IUHTXHQFLHV��7KLV�
ZRUN� DOVR� SDYHV� D� QHZ� ZD\� IRU� WKH� VWXG\� RI� WKH� QHJDWLYH�
UHIUDFWLRQ�PDWHULDO�LQ�QDWXUH��

�� ,QGHILQLWH�GLHOHFWULF�SURSHUW\�LQ�0J%��
7KH� DQDORJ\� IRU� 0J%��� VWUXFWXUDOO\�� HOHFWURQLFDOO\�� FDQ� EH�
DGGUHVVHG� WKURXJK� WKH� LQYHVWLJDWLRQ� RI� JUDSKLWH�� ZKLFK�
H[KLELWV� D�QHJDWLYH�UHIUDFWLRQ� LQ�WKH�89�UHJLRQ��7KH�FU\VWDO�
VWUXFWXUH� RI� 0J%�� PD\� EH� UHJDUGHG� DV� WKDW� RI� D� JUDSKLWH�
LQWHUFDODWLRQ� FRPSRXQG� �*,&�� ZLWK� FDUERQ� UHSODFHG� E\�
ERURQ� �LWV� QHLJKERU� LQ� WKH� 3HULRGLF� 7DEOH�� ���� $QG� WKH�0J�
DWRPV�DUH� FRPSOHWHO\� LQWHUFDODWHG� LQ� WKH�JUDSKLWHOLNH� ERURQ�
SODQHV��7KH�DQLVRWURSLF� GLHOHFWULF� SURSHUWLHV�DUH� GHWHUPLQHG�
E\� WZR� GLVWLQFW� W\SHV� RI� HOHFWURQLF� EDQGV�� WKH� VWURQJO\�
FRYDOHQW� WZR� GLPHQVLRQDO� ��'�� � EDQGV� GHULYHG� IURP� WKH�
K\EULGL]HG� VS[S\�%�RUELWDOV� DQG� WKH� �'�EDQGV�PDGH� RI�S]�
RUELWDOV���� ���� ������� 'LIIHUHQW� IURP� JUDSKLWH� ZKHUH� WKH� �
ERQGLQJ� VWDWHV� DUH� FRPSOHWHO\� ILOOHG�� SURYLGLQJ� D� VWURQJ�
FRYDOHQW�ERQGLQJ��WKH�LQ�SODQH��EDQGV�RI�0J%��UHWDLQ�WKHLU�
�'� FRYDOHQW� FKDUDFWHU�� EXW� H[KLELW� PHWDOOLF� KROH�W\SH�
FRQGXFWLYLW\���� 7KH� FRH[LVWHQFH� RI� WKH� �'� PHWDOOLF�W\SH�
FRYDOHQW� EDQG� LQ�SODQH� DQG� WKH� �'� LQWHUOD\HU� FRQGXFWLQJ�
EDQGV� LV� D� SHFXOLDU� IHDWXUH� RI�0J%��� ERWK� RI�ZKLFK� FDQ� EH�
DSSUR[LPDWHO\�GHVFULEHG�E\�'UXGH�PRGHO�����
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)LJXUH����&U\VWDO�VWUXFWXUH�RI�0J%��DQG�HOHFWURQLF�VWDWHV�
DW� WKH� )HUPL� OHYHO�� �D��7KH� VWUXFWXUH� RI�0J%�� FRQWDLQV�
JUDSKLWHOLNH� OD\HUV� RI� %�� ZKLFK� DUH� LQWHUFDODWHG� E\�
KH[DJRQDO� FORVH�SDFNHG� OD\HUV� RI� 0J�� �E�� �ERQGLQJ�
VWDWHV�DW�WKH�)HUPL�OHYHO�IRUPHG�E\�WKH�K\EULGL]HG�VS[S\�
%�RUELWDOV�DQG��F��EDQGV�PDGH�RI�S]�%�RUELWDOV��

3UHYLRXV�VWXGLHV�SUHVHQW� WKH�DQLVRWURSLF�RSWLFDO�GLHOHFWULF�
VSHFWUD� RI�0J%�� EHWZHHQ� ���� 7+]� DQG� ���� 7+]� DW� URRP�
WHPSHUDWXUH�� REWDLQHG� RQ� VLQJOH� FU\VWDOV� E\� VSHFWURVFRSLF�
HOOLSVRPHWU\� PHDVXUHPHQWV���� DV� VKRZQ� LQ� )LJ� ���
4XDOLWDWLYHO\��ERWK�WKH�LQ�SODQH�DQG�WKH�F�D[LV�VSHFWUD�H[KLELW�
D� VLPLODU� PHWDOOLF� EHKDYLRU�� FKDUDFWHUL]HG� E\� WKH� 'UXGH�
PRGHO��+RZHYHU��RQH�FDQ�VHH�D�VWURQJ�DQLVRWURS\��7KHUH�LV�D�
EURDG�SODVPD�HGJH�RI�WKH�UHG�FXUH�DW�DERXW�����7+]��ZKHUH�
WKH�GLHOHFWULF� IXQFWLRQ���D�DOPRVW�UHDFKHV�]HUR��+RZHYHU�� LW�
WKHQ� YDULHV� QRQPRQRWRQLFDOO\� ZKLOH� UHPDLQLQJ� QHJDWLYH� DW�
OHDVW�XS�WR�����7+]��2Q�WKH�FRQWUDU\��WKH�F�D[LV�SODVPD�HGJH�
LV� VLJQLILFDQWO\�VKDUSHU�DQG� LV�KLJKHU� LQ� IUHTXHQF\�E\�DERXW�
����7+]��&RUUHVSRQGLQJO\�� ��F� EHKDYHV�PRQRWRQLFDOO\� DQG�
FURVVHV� ]HUR� DW� S�F� ����� 7+]��� )RU� WKH� IUHTXHQF\� UDQJH�
DERYH�����7+]��WKH�0J%��FU\VWDO�LV�DQ�LQGHILQLWH�PHGLD�ZLWK�
F!��DQG�D����ZKLFK�PD\� H[KLELW� D�QHJDWLYH� UHIUDFWLRQ� IRU�
EOXH�RU�SXUSOH�OLJKW�ZLWK�FHUWDLQ�SRODUL]DWLRQ��

�

)LJXUH����2SWLFDO�DQLVRWURSLF�VSHFWUD�DW����.�REWDLQHG�E\�WKH�
HOOLSVRPHWU\� RQ� D� PRQRFU\VWDOOLQH� 0J%�� VDPSOH� ZLWK�
GLPHQVLRQV��DîEîF��RI����î���î�����PP���7KH�VDPSOH�LV�NHSW�
LQ� WKH� IORZ� RI� GU\� QLWURJHQ� LQ� RUGHU� WR� DYRLGLQJ� WKH�
GHWHULRUDWLRQ�FDXVHG�E\�WKH�DLU�PRLVWXUH��7KH�D�D[LV�DQG�WKH�F�
D[LV� VSHFWUD� DUH� VKRZQ� E\� WKH� UHG� DQG� EODFN� OLQHV��
UHVSHFWLYHO\����

�� 1HJDWLYH�UHIUDFWLRQ�LQ�0J%��

���� 7KHRU\�
7KH�UHIUDFWLRQ�SURSHUW\�RI�0J%��FDQ�EH�DQDO\]HG�E\� LWV�

HOOLSVRLG� RI� ZDYH� QRUPDOV�� )RU� DQ� LQFLGHQW� UD\� RI� FHUWDLQ�
IUHTXHQF\� ZLWK� D� OLQHDU� SRODUL]DWLRQ�� WKH� �'�HOOLSVRLG� RI�
ZDYH�QRUPDOV�GHJHQHUDWHV� LQWR�D��'�HTXLIUHTXHQF\�FRQWRXU�
�()&�� LQ� WKH� (�SODQH�� 8VXDOO\�� D� VLQJOH� FU\VWDO� ZLWK�
DQLVRWURSLF� SHUPLWWLYLW\� FDQ� EH� GHVFULEHG� E\� D� GLHOHFWULF�
WHQVRU�EHORZ���
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$V� D� UHVXOW�� WKH� UHIUDFWLRQ� DQJOH� IRU� WKH� 3R\QWLQJ� YHFWRU� 6U�
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:RUNLQJ� IURP� WKH�0D[ZHOO
V� HTXDWLRQV��ZH� FDQ� VXPPDUL]H�
WKH�GLVSHUVLRQ�UHODWLRQVKLS�DV��
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%DVHG�RQ�WKLV�UHVXOW��ZH�GHULYH�WKDW�WKH�3R\QWLQJ�YHFWRU�6U�LV�
SDUDOOHO�WR�WKH�QRUPDO�RI�WKH�()&��DQG�WKH�UHIUDFWLRQ�SURSHUW\�
LV�GHWHUPLQHG�E\�WKH�PRQRWRQLFLW\�RI�WKH�()&��$�PRQRWRQH�
GHFUHDVLQJ�()&�RI� WKH� LVRWURSLF�PHGLD� �)LJ���� �D��� IRUPV�D�
SRVLWLYH�UHIUDFWLRQ��&RQYHUVHO\��D�PRQRWRQH�LQFUHDVLQJ�()&�
PD\� UHVXOW� LQ� D�QHJDWLYH� UHIUDFWLRQ� RI�3R\QWLQJ� YHFWRU�� OLNH�
WKH� K\SHUEROLF� ()&� RI� WKH� LQGHILQLWH�PHGLXP� �)LJ�� �� �E����
0RUHRYHU�� WKH� TXDGUDWLF� IXQFWLRQ� W\SH� RI� HTXDWLRQ� GHFLGHV�
WKDW� WKH� ()&� LV�PRQRIRQLF� DW� HDFK� TXDGUDQW�� ZKLFK�PHDQV�
ZH�FDQ�GHWHUPLQH�WKH�PRQRWRQLFLW\�RI�WKH�()&�E\�HLWKHU�SDUW�
RQ�LW�LQ�PDWKHPDWLFV���
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)LJXUH����6FKHPDWLF�LOOXVWUDWLRQ�RI� WKH�UHODWLRQ�EHWZHHQ�
WKH�UHIUDFWLRQ�SURSHUW\�DQG�WKH�PRQRWRQLFLW\�RI�WKH�()&��
$�70�ZDYH�ZLWK�NL�DORQJ�[�]�SODQH�LV�LQFLGHQW�IURP�DLU�
�FLUFXODU� EODFN� ()&�� WR� D� PHGLXP� �EOXH� ()&��� 7KH�
ERXQGDU\�FRQGLWLRQ�UHTXLUHV�WKDW�WKH�FRPSRQHQWV�RI�WKH�
ZDYH� YHFWRUV� �NL� 	� NU�� SDUDOOHO� WR� WKH� LQWHUIDFH�.� DUH�
HTXDO�LQ�ERWK�PHGLD��7KXV��WKH�UHIUDFWHG�ZDYH�YHFWRU�NU�
DQG� 3R\QWLQJ� YHFWRU� 6U� LV� GHWHUPLQHG� E\� 0D[ZHOO¶V�
HTXDWLRQV�DQG�WKH�6U�LV�DORQJ�WKH�GLUHFWLRQ�RI�WKH�QRUPDO�
RI� ()&�� �D��7KH� ()&� RI� DQ� LVRWURSLF�PHGLD� LV� D� FLUFOH�
ZKLFK� LV� PRQRWRQH� GHFUHDVLQJ� LQ� WKH� FRUUHVSRQGLQJ�
TXDGUDQW��UHVXOWLQJ�LQ�D�SRVLWLYH�UHIUDFWLRQ���E��7KH�()&�
RI� DQ� LQGHILQLWH� PHGLXP� LV� D� K\SHUEROD� ZKLFK� LV�
PRQRWRQH� LQFUHDVLQJ� LQ� WKH� FRUUHVSRQGLQJ� TXDGUDQW��
UHVXOWLQJ�LQ�D�QHJDWLYH�UHIUDFWLRQ���F��7KH�()&�RI�0J%��
DW� WKUHH� IUHTXHQF\� SRLQWV� ���7+]�� ���7+]� DQG�
���7+]��PDSSHG�E\�WKH�HOOLSVRPHWU\�GDWD�LQ�5HI������

���� (OOLSVRPHWU\�UHVXOWV�

+HUH�ZH�XVH�HOOLSVRPHWU\�WR�H[SORUH�WKH�PRQRWRQLFLW\ RI�WKH�
()&��7KH�()&�FDQ�EH�PHDVXUHG�DQG�PDSSHG�EDVHG�RQ�WKH�
HOOLSVRPHWU\� PHDVXUHPHQW� RI� �L� WDQ�)āH[S�L�� ZKLFK�

GLVSOD\V� WKH� UHIOHFWDQFH� UDWLR� RI� WZR� SRODUL]DWLRQ� �US�UV��
XQGHU� GLIIHUHQW� LQFLGHQW� DQJOHV�� 5HI�� ��� VXSSOLHV� WKH� UDZ�
GDWD����RI�WKH�HOOLSVRPHWHU�IRU�LQFLGHQW�DQJOHV�RI������
����DQG�����DW� WKH�UDQJH�RI����7+]�a����7+]��$FFRUGLQJ�
WR� )LJ�� ��� 0J%�� LV� DQ� LQGHILQLWH� PDWHULDO� DERYH� ���7+]��
7KHUHIRUH��ZH�FDQ�XVH�WKUHH�VHWV�RI�GDWD�DW����7+]�����7+]�
DQG� ���7+]� WR� PDS� WKH� WKUHH� ()&V� RI� 0J%�� XQGHU� WKH�
RULHQWDWLRQ�VKRZQ�LQ�)LJ����D��DW�HDFK�IUHTXHQF\��$FFRUGLQJ�
WR�WKH�)UHVQHO�UHIOHFWLRQ�WKHRU\�� WKH�UDZ�GDWD�REWDLQHG�IURP�
WKH�HOOLSVRPHWHU��US�UV�YV�L��FDQ�EH�WUDQVIRUPHG�LQWR�WKH�()&�
FXUYH�RI��N[�YV�N]����DQG�WKH�UHVXOWV�DUH�VKRZQ�LQ�)LJ����F���
:H�ILQG�WKDW�HDFK�()&�LQ�)LJ����F��LV�DQ�LQFUHDVLQJ�IXQFWLRQ�
ZLWK�UHVSHFW�WR�N]�IURP�VLQ�������WR�VLQ��������ZKLFK�PHDQV�
WKDW�WKH�()&�RI�0J%��LV�PRQRWRQH� LQFUHDVLQJ��$V�D�UHVXOW��
WKH�0J%��H[KLELWV�WKH�QHJDWLYH�UHIUDFWLRQ�EHKDYLRXU�IRU�70�
ZDYH�DW�DOO�LQFLGHQW�DQJOHV��
7KLV� UHVXOW� FDQ� DOVR� EH� YHULILHG� E\� WKH� DQDO\VLV� RI� WKH�

FU\VWDO� RSWLFV�� 7KH� 0J%�� LV� D� XQLD[LDO� FU\VWDO� ZKRVH�
GLHOHFWULF� WHQVRU� LV� FKDUDFWHUL]HG� E\� WZR� LQGHSHQGHQW�
GLHOHFWULF� IXQFWLRQV�� LQFOXGLQJ� WKH� RUGLQDU\� GLHOHFWULF�
IXQFWLRQ�D�����ZKLFK�GHVFULEHV�OLJKW�SRODUL]HG�DORQJ�WKH�%�
OD\HU�SODQHV��DQG�WKH�H[WUDRUGLQDU\�GLHOHFWULF�IXQFWLRQ�F�����
ZKLFK�GHVFULEHV�OLJKW�SRODUL]HG�SHUSHQGLFXODU�WR�WKH�%�OD\HU�
SODQHV�� 7KH� RSWLF� D[LV� �F�D[LV�� LV� SHUSHQGLFXODU� WR� WKH�
KH[DJRQDO�%�OD\HU��,I�WKH�FU\VWDO�LV�RULHQWHG�DV�VKRZQ�LQ�)LJ��
��D��� WKH� RSWLF�D[LV� SDUDOOHO� WR� ERWK� WKH� VDPSOH� VXUIDFH� DQG�
WKH� SODQH� RI� LQFLGHQFH�� [[ \\ D�� ] F�� 7KH� LQFLGHQW� 70�
ZDYH� SURSDJDWLQJ� DORQJ� WKH� [�D[LV� LV� PRGXODWHG� E\� WKH�
DQLVRWURSLF� SHUPLWWLYLW\� RI� WKH� FU\VWDO�� $W� WKH� IUHTXHQF\�
UDQJH�DERYH����7+]��WKH�GLHOHFWULF�WHQVRU�LV�LQGHILQLWH��D����
F!���7KHUHIRUH��WKH�PRQRWRQH�LQFUHDVLQJ�()&�RI�WKH�0J%��
LV� K\SHUEROLF�� DV� VKRZQ� LQ� )LJ�� ��E�� F��� DQG� WKH� 3R\QWLQJ�
YHFWRU�6U�LV�SDUDOOHO�WR�WKH�QRUPDO�RI�WKH�()&��1HJDWLYH�OLJKW�
UHIUDFWLRQ� LV�DFKLHYHG� IURP�WKLV�K\SHUEROLF�GLVSHUVLRQ��HYHQ�
WKRXJK�WKH�SKDVH�YHORFLW\�UHPDLQV�SRVLWLYH��

�� 6LPXODWLRQ�UHVXOWV�
7KH�QHJDWLYH� UHIUDFWLRQ�EHKDYLRU�RI� WKH� FU\VWDO� LV� VLPXODWHG�
E\� XVLQJ� $QVRIW� +)66� ���� FRPPHUFLDO� VRIWZDUH� EDVHG� RQ�
WKH� ILQLWH� HOHPHQW� WKHRU\�� :H� QXPHULFDOO\� VLPXODWHG� WKH�
SURSDJDWLRQ�RI� OLJKW�LQ�0J%���ZKRVH�SULQFLSOH�D[LV� �F�D[LV��
LV�DORQJ�]�GLUHFWLRQ� �)LJ������$�70�ZDYH� �PDJQHWLF� ILHOG� LV�
SRODUL]HG� DORQJ� WKH� \�D[LV�� DW� WKH� IUHTXHQF\� RI� ���7+]� LV�
LQFLGHQW�RQ�WKH�0J%��IURP�WZR�GLIIHUHQW�VRXUFHV��3HUIHFW�0�
ERXQGDU\�FRQGLWLRQV�DUH�DSSOLHG�DORQJ� WKH�\�D[LV��DQG�RSHQ�
ERXQGDULHV� DUH� DSSOLHG� DORQJ� WKH� [�� DQG� ]�D[LV�� 7KH�
GLVWULEXWLRQ�RI�WKH�PDJQHWLF�ILHOG�LV�SORWWHG�LQ�)LJ�����E��DQG�
�F���)LJ����E��VKRZV�D�70�*DXVV�EHDP�LQFLGHQW�RQ�WKH�0J%��
ZLWK�DQ�DQJOH�RI������7KHUH�LV�D�QRWDEOH�QHJDWLYH�UHIUDFWLRQ�
DW�WKH�LQWHUIDFHV��ZLWK�D�UHIUDFWLRQ�DQJOH�RI�DERXW������)RFXV�
SHUIRUPDQFH� RI� WKH�0J%�� DV� D� K\SHUOHQV� LV� VKRZQ� LQ� )LJ��
��F��� $� 70�ZDYH� IURP� D� F\OLQGULFDO� VRXUFH� �U � ���QP�� LV�
IRFXVHG� WZLFH� DQG� IRUPV� DQ� LPDJH� DW� WKH� RWKHU� VLGH� RI� WKH�
0J%��OHQV��7KH�ZLGWK�RI�WKH�LPDJH�LV�DERXW����QP�ZKLFK�LV�
DOPRVW� HTXDO� WR� WKH� GLDPHWHU� RI� WKH� VRXUFH�� +RZHYHU�� WKH�
LPDJH� RQ� WKH� [� GLUHFWLRQ� LV� H[WUXGHG� EHFDXVH� RI� WKH�
K\SHUEROLF�GLVSHUVLRQ��
�
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)LJXUH����7KH�RULHQWDWLRQ�RI�WKH�VLQJOH�FU\VWDOOLQH�0J%��
ZKHQ� WKH�QHJDWLYH� UHIUDFWLRQ� RFFXUV� DQG� WKH� VLPXODWLRQ�
UHVXOWV�RI� WKH�QHJDWLYH� UHIUDFWLRQ�DQG� IRFXVLQJ�SURSHUW\�
DW�����7+]�D�� ����DQG�F�� ����RI�WKH�VDPSOH�E\�XVLQJ�
+)66�� �D�� 7KH� 0J%�� FU\VWDO� LV� RULHQWHG� DV� RSWLF� D[LV�
SDUDOOHO� WR� ERWK� WKH� VDPSOH� VXUIDFH� DQG� WKH� SODQH� RI�
LQFLGHQFH�� $� 70�ZDYH�ZLWK�+� ILHOG� SRODUL]HG� DORQJ� \�
D[LV� LQFLGHQW� RQ� WKH� FU\VWDO�PD\� H[SHULHQFH� D� QHJDWLYH�
UHIUDFWLRQ� LQ� LW�� �E�� 7KH� UHIUDFWHG� ZDYH� YHFWRU� �\HOORZ�
DUURZ��DQG�3R\QWLQJ�YHFWRU��UHG�DUURZ��LV�GHWHUPLQHG�E\�
0D[ZHOO¶V� WKHRUHP�� 7KH� 3R\QWLQJ� YHFWRU� LV� QHJDWLYHO\�
UHIUDFWHG�� DOWKRXJK� WKH� SKDVH� YHFWRU� UHPDLQV� SRVLWLYH��
�F��7KH�IRFXVLQJ�SURSHUW\�RI�0J%��DV�D�K\SHUOHQV��

�� &RQFOXVLRQV�
,Q� FRQFOXVLRQ��ZH� GHPRQVWUDWH� WKDW� DQ�DOO�DQJOH�QHJDWLYH�

UHIUDFWLRQ� DW� YLVLEOH� IUHTXHQF\� FDQ� EH� UHDOL]HG� E\�0J%��� D�
QDWXUDOO\�H[LVWHG�LQGHILQLWH�PHGLXP��7KLV�LQWULQVLF�LQGHILQLWH�
SHUPLWWLYLW\� LV� DWWULEXWHG� WR� WZR� 'UXGH� GLVSHUVLRQV� ZLWK�
GLIIHUHQW� SODVPD� IUHTXHQFLHV� EHWZHHQ� WKH� GLUHFWLRQV�
SHUSHQGLFXODU�DQG�SDUDOOHO�WR� WKH�DWRPLF�SODQH� LQ� WKH�0J%��
VWUXFWXUH�� 0RUHRYHU�� DQ� DOO� DQJOH� QHJDWLYH� UHIUDFWLRQ� LV�
YHULILHG� WKURXJK� LWV� K\SHUEROLF� HTXLIUHTXHQF\� FRQWRXU�
PDSSHG� E\� WKH� UHSRUWHG� GDWD� REWDLQHG� LQ� WKH� HOOLSVRPHWU\�
PHDVXUHPHQW���
6LQFH� WKH� IUHTXHQF\� UDQJH� EHWZHHQ� WKH� WZR� SODVPD�

IUHTXHQFLHV� �D��S�F��S�� FRYHUV� D� UHODWLYHO\�ZLGH� UDQJH� IURP�
EOXH� WR� SXUSOH�� DV� VKRZQ� LQ� )LJ�� ��� WKH� DOO�DQJOH� QHJDWLYH�
UHIUDFWLRQ�FDQ�RFFXU�RYHU�TXLWH�D�EURDG�ZDYHEDQG��%DVHG�RQ�
WKH� K\SHUEROLF� GLVSHUVLRQ� UHODWLRQ�� PRQRFU\VWDOOLQH� 0J%��
FDQ� EH� YDOLG� IRU� WKH� HYDQHVFHQW�PRGHV��ZKLFK� SUHVHUYH� WKH�
LQIRUPDWLRQ�FRQWDLQHG�LQ�WKH�KLJK�VSDWLDO�IUHTXHQFLHV�DQG�DUH�
HVVHQWLDO�IRU�VXSHU�UHVROXWLRQ�DSSOLFDWLRQV��$V�D�KRPRJHQRXV�
PDWHULDO�� LW� DYRLGV� VHYHUH� ZDYH� VFDWWHULQJ� FDXVHG� E\� WKH�
LQQHU�VWUXFWXUHV�LQ�WKRVH�DUWLILFLDOO\�HQJLQHHUHG�PDWHULDO��2Q�
WKH� RWKHU� KDQG�� WKLV� LQWULQVLF� QHJDWLYH�LQGH[� DYRLGV�
FRPSOLFDWHG� GHVLJQ� DQG� ILQH� IDEULFDWLRQ� WHFKQLTXHV�� +RSH�
WKDW� RXU� ZRUN� PD\� EH� KHOSIXO� IRU� WKH� IXUWKHU� VWXG\� RI�
QHJDWLYH� UHIUDFWLRQ� LQ� QDWXUH� PDWHULDO� DQG� WKH� SRWHQWLDO�
DSSOLFDWLRQV�LQ�K\SHUOHQV�DQG�RWKHU�GHYLFHV�EDVHG�RQ�QDWXUDO�
LQGHILQLWH�PHGLD��

$FNQRZOHGJHPHQWV�
7KLV�ZRUN�LV�VXSSRUWHG�E\�WKH�1DWLRQDO�6FLHQFH�)RXQGDWLRQ�
RI�&KLQD�XQGHU�*UDQW�1RV��������������������������������
DQG�����������
�
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3Nonlinear Physics Centre, Research School of Physics and Engineering, Australian National University,

Canberra ACT 0200, Australia
4Queen Mary University of London, Mile End Road, London E1 4NS, UK

Abstract— The paper present a new approach for designing electromagnetic metamaterials
which can be tuned by light. The results of experimental study of magnetic resonance behavior
of a tunable split-ring resonators loaded by a varactor diode and biased by a photodiode operated
in photovoltaic mode are presented.

Past several years seen a tremendous increase of the interest in the study of tunable, nonlinear
and active metamaterial structures. In particular, various e!orts are being made to achieve tunabil-
ity of the metamaterial properties, either externally [1] or by employing their nonlinear response [2].
At microwave frequencies, a split-ring resonator (SRR) loaded with a varactor diode can be consid-
ered as a tunable nonlinear meta-atom. The varactor diode can operate in either bias-free or biased
regimes [3, 4], and subsequently create a bulk nonlinear metamaterial [5] allowing a power-induced
control of the wave transmission and other intrigueing possibilities. The proposed biased regime
allows significant tuning of the resonan however, is not practical for application in bulk structures,
since the required circuitry becomes too cumbersome.

In this work we overcome this problem with a novel concept for creating light tunable metamate-
rials. We study experimentally SRRs with varactor diodes, which biasing is supplied by photodiodes
operated in the photovoltaic mode, and demonstrate that SRR’s magnetic resonance can be tuned
by changing the intensity of an external light source. We employ coupled SRRs to demonstrate
enhancement of the resonant response and switching between the bright and dark modes.

To study the tunability of such metamaterials with external light, first we consider a single
light-tunable SRR. The schematic of the SRR structure is shown in Fig. 1(a). The SRR is printed
on a dielectric FR4 substrate with !r ! 4.4 and thickness of 1.5 mm. We use SRRs identical to
those described in Ref. [3]. To achieve tunability we solder a SkyworksTM SMV1233 varactor diode
in additional gap in the outer ring of the SRR. The bias voltage for the varactor diode is produced
by a BPW-34-S photodiode from Opto SemiconductorsTM that operates in the photovoltaic mode.
Chip inductors connected in series with the photodiode are used to avoid shortening of the varactor

Figure 1: (a) Schematic of the light-tunable SRR. (b) Photograph of tunable SRRs (two lower boards)
excited by a symmetric loop antenna (top board). (c) Switching between the dark and bright mode achieved
by illuminating the photodiodes in the structure.
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by the large parasitic capacitance of the photodiode. The inductors and photodiode are soldered
to small metallic patches near the SRR that do not a!ect the magnetic resonance of the SRR.

As the voltage produced by the photodiode depends on the intensity of the incident light, the
capacitance of the varactor changes with the light intensity. In turn, the resonant frequency of
the SRR depends on the total loading capacitance in the entire resonator structure. The resonant
frequency of the SRR becomes dependent on the intensity of the incident light. To measure the
magnetic response of the fabricated particle we excite the SRR with an external magnetic field. We
designed symmetric microstrip loop antenna for these measurements. The antenna was fixed 5 mm
above the plane of the SRR and connected to the vector network analyzer. From the measurements
of the reflection coe"cient we observe a shift in the resonant frequency of the SRR from 2.276 GHz
to 2.29 GHz when the light intensity illuminating the photodiode increases from 0 lx to 4 klx.

The sensitivity of the studied meta-atoms to the external light may be also increased using a
qualitatively di!erent approach. Instead of meta-atoms formed by single SRRs, one may consider
structures composed of several coupled resonators. In the case of two coupled SRRs (we place the
SRRs in parallel planes with their axes coinciding, see Fig. 1 (b)) there exist two normal modes,
one has currents in both SRRs circulating in the same direction (even mode) and another mode
with currents circulating in the opposite directions (odd mode). When such a pair is placed into a
uniform external magnetic field, the even mode couples strongly to the external field, while the odd
mode is not excited at all. Therefore, the even mode is called bright mode and it is associated with
strong total magnetic moment, strong scattering, and a lower frequency; and the odd mode is called
dark mode, and it has vanishing magnetic moment and scattering, as well as higher frequency. The
splitting of the resonant frequencies of these modes is controlled by the strength of coupling that
can be adjusted by changing the separation between the two interacting SRRs.

In our work we fine-tune the coupling and, respectively, the splitting of the resonant frequencies
in the pair of SRRs without applied light so that it is equal to the shift in the resonant frequency of
an isolated SRR when the intensity of light is changed. As a result, in such structure by changing
the light intensity it becomes possible to switch between the bright and dark modes for the fixed
frequency of the electromagnetic wave. Fig. 1 (c) demonstrates the light-induced switching between
the bright and dark modes for the case when the SRRs are separated by d = 8 mm. When the
illumination strength is changed from 0 lx to 4 klx, the resonant curve shifts to the right. As a
result, if the external electromagnetic wave with the frequency around 2.23 GHz interacts with the
dark mode when the photodiode is not illuminated by light, then by switching the light on, the
properties of the coupled SRRs change so that the electromagnetic wave excites the bright mode.
In other words, initially nonmagnetic meta-particle will acquire a significant magnetic response.

In conclusion, we have suggested and demonstrated experimentally a novel approach for tun-
ability of meta-atoms, the key elements of electromagnetic metamaterials. We have fabricated
split-ring resonators loaded with varactors, which are biased by photodiodes and demonstrated a
shift of the magnetic resonance by an external light source. We have employed several approaches
of collective SRR response to enhance this tunability. We believe this approach can be useful for
creating bulk metamaterials which properties can be controlled by reconfigurable light sources.

The authors acknowledge a support from the Ministry of Education and Science of the Russian
Federation, Dynasty Foundation (Russia), the Engineering and Physical Sciences Research Council
(UK), and the Australian Research Council (Australia).
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$EVWUDFW�
$EVWUDFW²:H�SUHVHQW� KHUH�GHSHQGHQFLHV�RI� VFDWWHUHG� DQG�
DEVRUEHG� SRZHUV� RI� LQFLGHQW� SHUSHQGLFXODUO\� DQG� SDUDOOHO�
SRODUL]HG� PLFURZDYHV� E\� D� PXOWLOD\HUHG� F\OLQGHU�� :H�
FRQVLGHU�KHUH�WKH�QRUPDO��DQJOH�ș �����DQG�REOLTXH��DQJOHV�
ș ��������������LQFLGHQFH�RI�PLFURZDYH�RQ�WKH�F\OLQGHU��7KH�
RQH� FRQVLVWV� RI� D� JODVV� FRUH� WKDW� LV� FRDWHG� E\� WKH� VL[�
DQLVRWURSLF� PHWDPDWHULDO� DQG� ORVV\� Q�6L� VHPLFRQGXFWRU�
DOWHUQDWLYH� OD\HUV�� +HUH� LV� SUHVHQWHG� FKDUDFWHULVWLFV� RI�
F\OLQGHU� ZLWK� WKH� VHPLFRQGXFWRU� H[WHUQDO� OD\HU�� 7KH�
GLVSHUVLRQ� GHSHQGHQF\� RI� Q�6L� ORVVHV� ZDV� WDNHQ� LQWR�
DFFRXQW��7KH�PHWDPDWHULDO�LV�D�XQLD[LDO�DQLVRWURSLF�PHGLXP�
ZLWK� WKH� HOHFWULF� DQG� PDJQHWLF� SODVPD� UHVRQDQFHV� LQ� WKH�
IUHTXHQF\� UDQJH� IURP� �� WLOO� �� *+]�� 7KH� DQLVRWURSLF�
PHWDPDWHULDO�FDQ� LQFOXGH� WKH� FRQVWLWXWLYH�SDUDPHWHUV�HTXDO�
WR� ]HUR�� 7KH� PXOWLOD\HUHG� F\OLQGHU� KDV� WKH� H[WHUQDO� UDGLXV�
HTXDO�WR���PP��7KH�JODVV�FRUH�KDV�D�UDGLXV�HTXDO�WR�����PP��
7KH�WKLFNQHVV�RI�DOO�OD\HUV�LV�WKH�VDPH��:H�KDYH�FRPSDUHG�
WKH� VFDWWHUHG� DQG� DEVRUEHG� SRZHU� GHSHQGHQFLHV� RQ� WKH�
PLFURZDYH�SRODUL]DWLRQ�� WKH�DQJOH�RI�PLFURZDYH� LQFLGHQFH�
�WKH�QRUPDO�DQG�REOLTXH�GLUHFWLRQV�RI�WKH�LQFLGHQFH�WR�WKH�]�
D[LV�� DQG� WKH� Q�6L� VSHFLILF� UHVLVWLYLW\�� :H� GLVFRYHUHG�
VSHFLILF�GHSHQGHQFLHV�RI�VFDWWHUHG�DQG�DEVRUEHG�SRZHUV�RQ�
WKH�SDUDPHWHUV���

�� ,QWURGXFWLRQ�

7KH�VWUHDP�RI�DUWLFOHV�GHYRWHG�WR�WKH�VWXG\�RI�PHWDPDWHULDO�
VFDWWHULQJ� �UHIOHFWLQJ�� VWUXFWXUHV�SRLQWV� WKDW� WKHUH� LV� D� QHHG�
IRU�GHYHORSPHQW�GHYLFHV�SRVVHVVLQJ� XQLTXH� FKDUDFWHULVWLFV��
0DQ\� DSSOLFDWLRQV� LQ�PRGHUQ� WHFKQRORJLHV� UHTXLUH� WKH� XVH�
RI� VSHFLDO� PDWHULDOV� ZLWK� D� VWURQJ� HOHFWURPDJQHWLF� �(0��
UHVSRQVH��7KH�SURSHUWLHV�RI�VSHFLDO�FRPSRVLWH�PDWHULDOV�FDQ�
EH�VWULNLQJO\�GLIIHUHQW�IURP�WKH�SURSHUWLHV�RI�WKH�FRQVWLWXHQW�
PDWHULDOV� >�@�� $� FRPSRVLWH� PDWHULDO� FDQ� EH� IRUPHG� E\�
FRPSRXQGLQJ�OD\HUV�RI�WZR�RU�PRUH�PDWHULDOV��7KH�UHVXOWLQJ�
FRPSRVLWH� PDWHULDO� KDV� PRUH� XVHIXO� DSSOLFDWLRQV� WKDQ� WKH�
FRQVWLWXHQW�PDWHULDOV� DORQH��$GYDQFHG� FRPSRVLWH�PDWHULDOV�
FDQ� DFKLHYH� VRPH� QRYHO� VXSHULRU� SURSHUWLHV�� IRU� H[DPSOH��
HOHFWUR�RSWLF�RQHV� >�@�� H[FHOOHQW�PLFURZDYH�DEVRUSWLRQ� >�@��
HQVXUH� (0� FRPSDWLELOLW\� DQG� LPPXQLW\� �LQVXVFHSWLELOLW\��
>�@��7KH�PXOWLOD\HU�VKLHOGLQJ�VWUXFWXUHV�ZLWK�ERWK�DEVRUELQJ�
DQG�UHIOHFWLQJ�FRPSRVLWH�OD\HUV�DUH�VWXGLHG�LQ�>�@���
7KH� LPSRUWDQFH� RI� GLIIUDFWLRQ� SUREOHPV� IRU� VFDWWHULQJ�
VWUXFWXUHV�PDGH�IURP�VSHFLDO�FRPSRVLWHV�DUH�EDVHG�RQ�WKHLU�
JUHDW� SUDFWLFDO� XWLOLW\� IRU� PDQ\� DSSOLFDWLRQV�� VXFK� DV�
UHIOHFWRU� DQWHQQDV�� WKH� DQDO\VLV� RI� VWUXFWXUHV� LQ� WKH� RSHQ�

VSDFH�� HOHFWURPDJQHWLF� GHIHQFH� RI� VWUXFWXUHV�� KLJK�
IUHTXHQF\� WHOHFRPPXQLFDWLRQV� DQG� LQYLVLELOLW\� FORDNV�
WHFKQRORJ\� >����@�� 7KH� DOJRULWKP� IRU� H[SORULQJ� WKH�
VFDWWHULQJ� SURSHUWLHV� RI� VLQJOH� LVRWURSLF� DQG� EL�LVRWURSLF�
PHWDPDWHULDO� F\OLQGHUV� LV� SURSRVHG� LQ� >�@�� 7KH� HQKDQFHG�
UHVRQDQW� VFDWWHULQJ� DQG� IRFXVLQJ� SURSHUWLHV� ZHUH� IRXQG� LQ�
WKH�ODVW�DUWLFOH��7KH�IXOO�ZDYH�(0�VFDWWHULQJ�WKHRU\�WR�VWXG\�
WKH� VFDWWHULQJ� IURP� LQILQLWHO\� ORQJ� F\OLQGHUV� ZLWK�
F\OLQGULFDOO\�DQLVRWURSLF�FRDWLQJV�LV�JLYHQ�LQ�>�@���
7KH� FKDOOHQJLQJ� QHZ� SKHQRPHQD� DUH� XVXDOO\� GLVFRYHUHG�
ZKHQ�FRPSRVLWHV�FRQWDLQ�PHWDPDWHULDOV�ZLWK�YHU\�ORZ��YHU\�
ODUJH��RU�QHJDWLYH�FRQVWLWXWLYH�SDUDPHWHUV��$W�WKH�PRPHQW�LV�
DQ� LQFUHDVHG� LQWHUHVW� WR� WKH� ]HUR�LQGH[�PHWDPDWHULDOV�� 7KH�
PHWDPDWHULDOV� DUH� DWWUDFWLYH� GXH� WR� WKHLU� XQFRQYHQWLRQDO�
FRQVWLWXWLYH� SDUDPHWHUV� DQG� GLIIHUHQW� DQRPDORXV� HIIHFWV��
=HUR�LQGH[� PHWDPDWHULDO� PD\� KDYH� WKH� HSVLORQ�QHDU�]HUR�
�(1=��RU� �DQG��PX�QHDU�]HUR� �01=�� DW� VRPH� IUHTXHQFLHV��
=HUR� �� LQGH[� PHWDPDWHULDOV� DUH� VWURQJO\� GLVSHUVLYH� PHGLD�
>����@��
+HUH�ZH�JLYH�GHSHQGHQFLHV�RI�WRWDO�VFDWWHUHG�DQG�DEVRUEHG�
PLFURZDYH� SRZHUV� RI� LQILQLWH� PXOWLOD\HUHG� JODVV��
PHWDPDWHULDO�VHPLFRQGXFWRU� F\OLQGHU� RQ� WKH� IUHTXHQF\�
UDQJH�� 7KH� PHWDPDWHULDO� LV� TXDOLILHG� E\� WKH� WHQVRUV� RI�
SHUPLWWLYLW\�DQG�SHUPHDELOLW\��7KH�WHQVRU¶V�FRPSRQHQWV�DUH�
HTXDO�WR�]HUR�DW�FHUWDLQ�IUHTXHQFLHV�DQG�WKH�PDWWHU�FDQ�EH�D�
]HUR�LQGH[�PHWDPDWHULDO���

�� 3UREOHP�IRUPXODWLRQ�DQG�SDUDPHWHUV�
,Q�SUHVHQW�DUWLFOH�ZH�GHPRQVWUDWH�RXU�FDOFXODWLRQ�UHVXOWV�WKDW�
EDVHG� RQ� WKH� ULJRURXV� HOHFWURG\QDPLFDO� VROXWLRQ� RI�
GLIIUDFWLRQ� SUREOHP� DERXW� WKH� PLFURZDYH� VFDWWHULQJ� E\� DQ�
LQILQLWH� PXOWLOD\HUHG� F\OLQGHU�� 7KH� VROXWLRQ� RI� 0D[ZHOO¶V�
HTXDWLRQV�IRU�WKH�PXOWLOD\HU�F\OLQGHU�ZDV�FDUULHG�RXW�E\�WKH�
SDUWLDO� DUHD� PHWKRG� >�����@�� 7KH� FHQWUDO� FRUH� RI�
PXOWLOD\HUHG�F\OLQGHU�PDGH�RI�JODVV�PDWHULDO��7KH�JODVV�FRUH�
LV�FRDWHG�E\�D�VDQGZLFK�VHPLFRQGXFWRU�PHWDPDWHULDO�FRYHU��
7KH� PXOWLOD\HUHG� F\OLQGHU� FRQVLVWV� RI� VHYHQ� FRQFHQWULF�
VXUIDFHV�ZLWK� UDGLL�5M�� M ����������1� �)LJ�� ����7KH� HYHU\� M�WK�
UHJLRQ�LV�ILOOHG�ZLWK�D�PDWHULDO�KDYLQJ�WKH�SHUPLWWLYLW\�İM�DQG�
WKH� SHUPHDELOLW\� ȝM�� 1XPEHULQJ� RI� OD\HUV� LV� JRLQJ� IURP�
RXWVLGH�OD\HU�WR�WKH�LQQHU�RQH��7KXV�5��LV�WKH�RXWVLGH�UDGLXV�
RI�WKH�F\OLQGHU��,Q�RXU�FDOFXODWLRQV�1� ����L�H��WKH�JODVV�FRUH�
ZLWK�UDGLXV�5�� LV�FRDWHG�ZLWK��� OD\HUV�RI�PHWDPDWHULDO�DQG�
Q�6L�DOWHUQDWHO\��7KH�UDGLXV�RI�JODVV�FRUH�LV�5� ����PP��7KH�
ILUVW�OD\HU�WKDW�FRDWHG�WKH�JODVV�FRUH�LV�D�PHWDPDWHULDO�OD\HU��
7KH� WKLFNQHVV� RI� HYHU\� OD\HU� LV� HTXDO� WR� �����PP�DQG� WKH�
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RXWHU� UDGLXV� RI� WKH� PXOWLOD\HUHG� F\OLQGULFDO� VWUXFWXUH� LV�
5� ���PP����

�
)LJXUH� ��� 1�OD\HUHG� JODVV�DQLVRWURSLF�PHWDPDWHULDO�
VHPLFRQGXFWRU�F\OLQGHU�PRGHO�DQG�GHVLJQDWLRQV��

$V� LW� LV� NQRZQ�� D� VHPLFRQGXFWRU� PDWHULDO� ZLWK� VRPH�
UHODWLYHO\� VPDOO� VSHFLILF� UHVLVWLYLW\� LV� WKH� GLVSHUVLYH� ORVV\�
PDWHULDO��7KH�LPDJLQDU\�SDUW�RI�VHPLFRQGXFWRU�SHUPLWWLYLW\�
,P�İV�� GHSHQGV� RQ� WKH� RSHUDWLQJ� IUHTXHQF\� I� DQG� WKH�
VHPLFRQGXFWRU� PDWHULDO� VSHFLILF� UHVLVWLYLW\� ȡ�� 7KH� Q�6L�
SHUPLWWLYLW\�İV�LV�GHWHUPLQHG�E\�WKH�H[SUHVVLRQ��

� İV� ������±�L��Ȧİ�ȡ��� ����

ZKHUH� � I �LV� DQ� DQJXODU� IUHTXHQF\� RI� LQFLGHQW�
PLFURZDYH�� İ�� LV� WKH� HOHFWULF� FRQVWDQW�� 7KH� VHPLFRQGXFWRU�
ORVVHV�GHSHQG�RQ�WKH�IUHTXHQF\�DQG�WKLV�IDFW�VWURQJO\�DIIHFWV�
RQ�WKH�DEVRUEHG�SRZHU�LQWR�VHPLFRQGXFWRU�OD\HUV��7KH�JODVV�
DQG�WKH�Q�6L�SHUPHDELOLWLHV�DUH�HTXDO�WR�ȝJ� �ȝV� �����
7KH�LQFLGHQW�SODQH KDUPRQLF�PRQRFKURPDWLF�PLFURZDYH�

� (�LQ� �(�  H[S L� �W  NU � ����

SURSDJDWHV�LQ�WKH�SODQH�[�]�DQG�WKH�GLUHFWLRQ�RI�PLFURZDYH�
SURSDJDWLRQ�GHVFULEHV�E\�DQ�DQJOH�ș�EHWZHHQ�WKH�]�D[LV�DQG�
WKH�ZDYH�YHFWRU�N��)LJ������+HUH�(��LV�WKH�DPSOLWXGH�RI�WKH�
HOHFWULF� ILHOG� RI� DQ� LQFLGHQW� PLFURZDYH�� 7KH� YHFWRU� (��
GHWHUPLQHV�WKH�SRODUL]DWLRQ�RI�WKH�LQFLGHQW�PLFURZDYH��7KH�
GLUHFWLRQ�RI�YHFWRU�(��GHILQHG�E\�WKH�DQJOH�ȥ�WKDW�LV�EHWZHHQ�
WKH�YHFWRU�(��DQG�WKH�\�D[LV��7KH�(0�ZDYH�KDV�WKH�SDUDOOHO�
SRODUL]DWLRQ�ZKHQ�WKH�DQJOH�ȥ�LV�HTXDO�WR���R��7KH�(0�ZDYH�
KDV� WKH� SHUSHQGLFXODU� SRODUL]DWLRQ� ZKHQ� ȥ� LV� HTXDO� WR� �R��
7KH� PRGXOH� RI� WKH� DPSOLWXGH� RI� LQFLGHQW� PLFURZDYH�
Ň(�Ň ��� +HUH� �(�� N� ș�� �(�� Q\��  � FRVȥ��N�  � N[�Q[�N]�Q]��
ZKHUH�Q[��Q\��Q]�DUH�WKH�XQLW�YHFWRUV��7KH�F\OLQGHU�LV�SODFHG�
LQ�DQ�DLU�PHGLXP�ZLWK�WKH�SHUPLWWLYLW\�DQG�WKH�SHUPHDELOLW\�
İ ȝ ��� %RXQGDU\� FRQGLWLRQV� RQ� DOO� VXUIDFHV� VHSDUDWLQJ�
GLIIHUHQW� PHGLD� DUH� WKH� VWDQGDUG� RQHV�� 7KH� HTXDOLW\� RI�
WDQJHQW� FRPSRQHQWV� RI� WKH� HOHFWULF� DQG�PDJQHWLF� ILHOGV� RQ�
WKH�JODVV��PHWDPDWHULDO��HYHU\�PHWDPDWHULDO±VHPLFRQGXFWRU��
DV�ZHOO�DV�WKH�VHPLFRQGXFWRU±DLU�VXUIDFHV�DUH�UHTXLUHG�>��@��

�� 5HVXOWV�DQG�GLVFXVVLRQV�

7KH� FRPSXWHU� SURJUDP� IRU� FDOFXODWLRQV� KDV� FUHDWHG� LQ�
)2575$1� ODQJXDJH�� 2XU� FRPSXWHU� SURJUDP� DOORZV� WDNH�
LQWR�DFFRXQW�D� ODUJH�PDWHULDO� DWWHQXDWLRQ� >�����@��+HUH� WKH�
FRQVWLWXWLYH� SDUDPHWHUV� RI� WKH� XQLD[LDO� HOHFWULFDOO\� DQG�
PDJQHWLFDOO\�DQLVRWURSLF�PHWDPDWHULDO�ZHUH� WDNHQ�IURP�WKH�

DUWLFOH�>��@��,Q�WKH�ODVW�DUWLFOH�ZDV�FRQVLGHUHG�DQ�DQLVRWURSLF�
ORVVOHVV�PHWDPDWHULDO�VODE��)RU�WKLV�UHDVRQ�WKHUH�ZHUH�JLYHQ�
RQO\� WKH� UHDO� SDUWV� RI� WKH�SHUPLWWLYLW\� İU�LM �İ[[��İ[[��İ]]�� �DQG�
SHUPHDELOLW\� ȝU�LM �ȝ[[�� ȝ[[�� ȝ]]�� WHQVRU� FRPSRQHQWV�� 7KH�
WHQVRU� FRPSRQHQWV� RI� WKH� UHODWLYH� SHUPLWWLYLW\� DQG� WKH�
UHODWLYH� SHUPHDELOLW\� DUH� GHVFULEHG� E\� IROORZLQJ� IRUPXODH�
>��@��

İ[[ ���Ȧ�
HS[[��Ȧ��� İ]] ���Ȧ�

HS]]��Ȧ��������������
ȝ[[ ���Ȧ�

PS[[��Ȧ��� ȝ]] ���Ȧ�
PS]]��Ȧ������������

7KH�YDOXHV�RI�WHQVRUV¶�FRPSRQHQWV�İ[[��İ]]���ȝ[[��ȝ]]�EHFRPH�
HTXDO� WR� ]HUR� DW� WKH� RSHUDWLQJ� IUHTXHQF\� I� HTXDO� WR� WKH�
PHWDPDWHULDO� HOHFWULF� IHS[[ ����� *+]�� IHS]] ���� *+]� DQG�
PDJQHWLF� IPS[[ ����� *+]�� IPS]] �� *+]� SODVPD� UHVRQDQFH�
IUHTXHQFLHV��7KH�FRUH�RI�RXU�PXOWLOD\HUHG�F\OLQGHU�LV�PDGH�
RI�DFU\OLF�JODVV�ZLWK�WKH�SHUPLWWLYLW\�İJODVV �����L��������7KH�
VHPLFRQGXFWRU� OD\HUV�ZHUH�PDGH�RI�HOHFWURQLF� W\SH� VLOLFRQ�
�Q�6L��ZLWK�WKH�VSHFLILF�UHVLVWLYLWLHV�ȡ �������������ȍǜP��:H�
WDNH� LQWR� DFFRXQW� WKH� GLVSHUVLRQ� RI� VHPLFRQGXFWRU� E\�
IRUPXOD� �����7KH�FDOFXODWLRQV�RI� WKH� WRWDO� VFDWWHUHG�:V�DQG�
WRWDO� DEVRUEHG�:D� SRZHUV� ZHUH� IXOILOOHG� XVLQJ� PHWKRG� RI�
DUWLFOH�>��@��8QGHU�WKH�WHUP�³WRWDO�SRZHU´�ZH�PHDQ�WKH�VXP�
SRZHU��VFDWWHUHG�RU�DEVRUEHG��E\�WKH�DOO�OD\HUV�DQG�WKH�FRUH�
RI�PXOWLOD\HUHG�F\OLQGHU��7KH�GHSHQGHQFLHV�RI�WRWDO�:V�DQG�
:D� SRZHUV� WKDW� DUH� QRUPDOL]HG� WR� WKH� XQLW� OHQJWK� RI�
PXOWLOD\HUHG�F\OLQGHU�DQG�WKURXJK�RQH�RVFLOODWLRQ�SHULRG�DUH�
SUHVHQWHG� LQ� )LJV� ����� ��� 'HSHQGHQFLHV� IRU� WKH� LQFLGHQW�
SHUSHQGLFXODU�SRODUL]HG�PLFURZDYH�DUH�VKRZQ�LQ�)LJV���D�����
��D��� 'HSHQGHQFLHV� IRU� WKH� LQFLGHQW� SDUDOOHO� SRODUL]HG�
PLFURZDYH� DUH� JLYHQ� LQ� )LJV� ��E����� ��E��� �HVL JQDWLRQV� LQ�
�LJ V������� �FRUUHVSRQG��FXUYH����OLQH�ZLWK�HPSW\�VTXDUHV��IRU�
ȡ ����ȍǜP�� FXUYH� �� �OLQH� ZLWK� HPSW\� FLUFXODUV� � IRU� ȡ ���
ȍǜP��FXUYH����OLQH�ZLWK�HPSW\�WULDQJXODUV� � IRU�ȡ ����ȍǜP��
:H�H[SORUHG�WKH�GHSHQGHQFLHV�IURP���WLOO����*+]��+HUH�ZH�
SUHVHQW�RXU�FDOFXODWLRQV� LQ� WKH�PRVW� LQWHUHVWLQJ�PLFURZDYH�
UDQJH� ZKHUH� KDSSHQHG� XQLD[LDO� DQLVRWURSLF� PHWDPDWHULDO�
UHVRQDQFHV� IURP��� WLOO� ��*+]��:H�ZRXOG� OLNH� WR�SD\� \RXU�
DWWHQWLRQ�WKDW�WKH�XSSHU�SDUW�RI�WKH�UHVRQDQFH�SHDNV�KDV�EHHQ�
FXW�WR�VHH�EHWWHU�WKH�FKDUDFWHU�RI�GHSHQGHQFLHV�DORQJ�RI�WKH�
PHWDPDWHULDO�UHVRQDQFH�IUHTXHQFLHV��)LJV����������

���� 6FDWWHUHG� SRZHU� LQ� WKH� DQLVRWURSLF� PHWDPDWHULDO�
UHVRQDQFHV¶�IUHTXHQF\�UDQJH��

7KH�VFDWWHUHG�SRZHU�:V�SUHVHQWHG�IRU�WKUHH�YDOXHV�RI�WKH�
Q�6L� VSHFLILF� UHVLVWLYLW\� ȡ� DW� WZR� SRODUL]DWLRQV� DQG� IRXU�
DQJOHV� ș ��R� �)LJ�� ���� ș ��R� �)LJ�� ���� ș ��R� �)LJ�� ��� DQG�
ș �R��)LJ�����RI�PLFURZDYH�LQFLGHQFH��

7KH� VSHFLILF� UHVLVWLYLW\�ȡ�YDULHV�ZLWKLQ� WHQ� WLPHV� LQ�RXU�
FDOFXODWLRQV�� 7KH� LPDJLQDU\� SDUW� RI� WKH� VHPLFRQGXFWRU�
SHUPLWWLYLWLHV�,P��İV��FKDQJHV�IURP������WLOO�����DW�I� ��*+]��
7KH� VFDWWHUHG� SRZHU� GHSHQGV� ZHDNO\� RQ� WKH� VSHFLILF�
UHVLVWLYLW\��)LJV���������LQ�VSLWH�RI�WKH�ODUJH�,P��İV���
$QDO\VLV� RI� WKH� VFDWWHUHG� SRZHU� GHSHQGHQFLHV� RI�
PXOWLOD\HUHG� F\OLQGHU� VKRZV� WKDW� WKHUH� DUH� VWURQJO\�
H[SUHVVHG�UHVRQDQFH�SHDNV��:H�VHH�WKDW�WKHVH�SHDNV�DUH�RQ�
RWKHU� IUHTXHQFLHV� WKDQ� WKH� DQLVRWURSLF� PHWDPDWHULDO�
UHVRQDQFHV�WKDW�LV�FDOFXODWHG�E\�IRUPXODH�����DQG�����EXW�DOO�
UHVRQDQFHV� DUH� LQ� WKH� VDPH� IUHTXHQF\� UDQJH� EHWZHHQ��
��DQG���*+]��
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7KH� FRPSDULVRQ� RI� VFDWWHUHG� SRZHUV� IRU� WKH� PLFURZDYH�
SHUSHQGLFXODU� �)LJ�� ��D��� DQG� SDUDOOHO� �)LJ�� ��E���
SRODUL]DWLRQV� DW� ș ��R� VKRZV� WKH� VLJQLILFDQWO\� GLIIHUHQW�
IHDWXUHV� WKH� RQHV�� :H� VHH� WKUHH� :V� UHVRQDQFHV� IRU� ERWK�
PLFURZDYH� SRODUL]DWLRQV�� 7KH� FHQWUDO� UHVRQDQFH�
IUHTXHQFLHV� RI� WKH� :V� UHVRQDQFHV� IRU� WKH� SHUSHQGLFXODU�
SRODUL]HG�PLFURZDYH� DUH� REVHUYHG� DW� IUHTXHQFLHV� HTXDO� WR�
������ ����� DQG� ����� *+]�� 7KH� FHQWUDO� UHVRQDQFH�
IUHTXHQFLHV� RI� :V� UHVRQDQFHV� IRU� WKH� SDUDOOHO� SRODUL]HG�
PLFURZDYH�DUH�DW�I �����������DQG�����*+]��
7KH� VFDWWHUHG� SRZHU� UHVRQDQFHV� DUH� YHU\� QDUURZ� IRU� WKH�
LQFLGHQW�PLFURZDYH�ZLWK� WKH� SDUDOOHO�SRODUL]DWLRQ��7KH� ODVW�
SURSHUWLHV�FDQ�EH�XVHIXO�IRU�ZRUNLQJ�RXW�RI�SUHFLVLRQ�VHQVRU�
GHYLFHV���
7KH�FRPSDULVRQ�RI�)LJV���D�������D��VKRZV�WKDW�WKH�VPDOOHU�WKH�
DQJOH�ș�LV�WKH�PRUH�FRPSOH[�WKH�:V�UHVRQDQFH�GLVWULEXWLRQV�
DUH�LQ�WKH�IUHTXHQFLHV�EHWZHHQ���DQG���*+]��:H�VHH�WKDW�WKH�
YDOXHV�RI�VFDWWHUHG�SRZHU�PLQLPD�GHFUHDVH�ZLWK�GHFUHDVLQJ�
RI� DQJOH� ș�� 7KLV� GHFUHDVH� LV� WKH� SDUWLFXODUO\� QRWLFHDEOH� DW�
IUHTXHQFLHV�EHWZHHQ���DQG���*+]���
7KHUH� DUH� VL[� UHVRQDQFHV� RI� VFDWWHUHG� SRZHU� IRU� ERWK�
PLFURZDYH� SRODUL]DWLRQV� DW� WKH� REOLTXH� LQFLGHQFH� RI�
PLFURZDYH�� 7KH� FHQWUDO� UHVRQDQFH� IUHTXHQFLHV� RI�
SHUSHQGLFXODU� DQG� SDUDOOHO� SRODUL]HG� PLFURZDYHV� DUH� DW�
IUHTXHQFLHV�HTXDO�WR����������������������������DQG������*+]�
ZKHQ�ș ���������DQG�����)LJV��������
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)LJXUH����6FDWWHUHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RI�LQFLGHQW��D�������SHUSHQGLFXODU�DQG��E�������SDUDOOHO�
SRODUL]HG�PLFURZDYH�DW�ș �����
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)LJXUH����6FDWWHUHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RI�LQFLGHQW��D�������SHUSHQGLFXODU�DQG��E�������SDUDOOHO�
SRODUL]HG�PLFURZDYH�DW�ș �����

:H� FDQ� VHH� WKDW� WKH� FHQWUDO� UHVRQDQFH� IUHTXHQFLHV� DW� WKH�
REOLTXH�PLFURZDYH�LQFLGHQFH�IRU� WKH�HYHU\�RI�SRODUL]DWLRQV�
�)LJV������DUH�HTXDO�WR�WKH�VXP�RI�DOO�UHVRQDQFH�IUHTXHQFLHV�
DW�WKH�QRUPDO�PLFURZDYH�LQFLGHQFH��)LJ������,W�LV�SRVVLEOH�WR�
GHWHUPLQDWH� WKH� YDOXH� ș�� L�H�� WKH� ORFDWLRQ� RI� D� PLFURZDYH�
UDGLDWLRQ� VRXUFH�� WKDQNV� WR� WKH� NQRZOHGJH� RI� VFDWWHUHG�
SRZHU�PLQLPXP�YDOXHV��
7KH�OHVV�ș�LV�WKH�VPDOOHU�VFDWWHUHG�SRZHUV�DUH�DW�WKH�FHUWDLQ�
IUHTXHQFLHV�� $V� DQ� H[DPSOH�� WKH� VFDWWHUHG� SRZHU� LV�
DSSUR[LPDWHO\� ]HUR� DQG� WKH� F\OLQGHU� EHFRPH� LQYLVLEOH� DW�
IUHTXHQFLHV�HTXDO�WR�����DQG�����*+]�ZKHQ��ș �R��)LJ������
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)LJXUH����6FDWWHUHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RQ�WKH�IUHTXHQF\�RI�LQFLGHQW��D�������SHUSHQGLFXODU�
DQG��E�������SDUDOOHO�SRODUL]HG�PLFURZDYH�DW�ș �����
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)LJXUH����6FDWWHUHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RI�LQFLGHQW��D�������SHUSHQGLFXODU�DQG��E�������SDUDOOHO�
SRODUL]HG�PLFURZDYH�DW�ș �����

7KH� VFDWWHUHG� SRZHU� GHSHQGHQFLHV� RQ� WKH� SRODUL]DWLRQ� DQG�
WKH�DQJOH�ș�RI�PLFURZDYH�DUH�JLYHQ�LQ�)LJV���DQG����:H�DOVR�
VHH� WKH� UHVRQDQFH� SHDNV� DUH� QDUURZHU� IRU� WKH� PLFURZDYH�
ZLWK�WKH�SDUDOOHO�SRODUL]DWLRQ�DW�ș� ��R��)LJ������ș� ��R��)LJ��

���� ș�  ��R� �)LJ�� ���� 7KLV� IDFW� FDQ� EH� XVHG� WR� GHWHFW� WKH�
SRODUL]DWLRQ�RI�LQFLGHQW�PLFURZDYH��
:H�ZRXOG�OLNH�WR�SD\�\RXU�DWWHQWLRQ�RQ�DQ�LQWHUHVWLQJ�GHWDLO��
7KH� VFDWWHUHG�SRZHU�GLVWULEXWLRQV�RQ� WKH� IUHTXHQF\� IRU� WKH�
SHUSHQGLFXODU� DQG� SDUDOOHO� SRODUL]DWLRQV� DUH� DSSUR[LPDWHO\�
VLPLODU�DW�VPDOO�DQJOHV�ș��7KLV�FDQ�EH�H[SODLQHG�E\�WKH�IDFW�
WKDW� WKH� FRQILJXUDWLRQ� RI� IDOOLQJ� (0� ILHOGV� EHFRPHV�
LGHQWLFDO��:H� VHH� WKDW� WKH�:V� UHVRQDQFH� SLFWXUHV� IRU� ERWK�
PLFURZDYH�SRODUL]DWLRQV�DUH�YHU\�VLPLODUO\�DW�ș ����)LJ����D��
E����

����$EVRUEHG�SRZHU�LQ�WKH�DQLVRWURSLF�PHWDPDWHULDO�
UHVRQDQFHV¶�IUHTXHQF\�UDQJH�
7KH�DEVRUEHG�SRZHU�:D�SUHVHQWHG�IRU�WKUHH�YDOXHV�RI�WKH�Q�
6L� VSHFLILF� UHVLVWLYLW\� ȡ� DW� WZR� SRODUL]DWLRQV� RI� LQFLGHQW�
PLFURZDYH�DQG� IRXU�DQJOHV�RI� LQFLGHQFH�ș� ��R� �)LJ������ș�
 ��R� �)LJ�� ���� ș�  ��R� �)LJ�� ��� DQG��
ș� �R��)LJ�������
:H� VHH� WKDW� :D� VXEVWDQWLDOO\� GHSHQGV� RQ� WKH� VSHFLILF�
UHVLVWLYLW\� RI� VHPLFRQGXFWRU� PDWHULDO�� 7KLV� GHSHQGHQFH� LV�
IDLUO\� ODUJH� LQ� WKH� IUHTXHQF\� LQWHUYDOV� EHWZHHQ� WKH� :D�
UHVRQDQFH�IUHTXHQFLHV��$V�ZH�H[SORUHG�GHSHQGHQFLHV�WLOO����
*+]�ZH�FDQ�UHPDUN�WKDW�:D�GHSHQGHQFH�RQ�ȡ�LV�DOVR�VWURQJ�
EHWZHHQ� �� DQG� ��� *+]�� :H� VHH� LQ� )LJ�� ��D�� WKH� VPDOOHU�
VSHFLILF� UHVLVWLYLW\� WKH� ZLGHU� UHVRQDQFH� FXUYH� IRU� WKH�
SHUSHQGLFXODU� SRODUL]HG� PLFURZDYH�� 7KH� FRPSDULVRQ� RI�
DEVRUEHG�SRZHU� IRU�ERWK�SRODUL]DWLRQV�ZKHQ�ș� ��R� VKRZV�
WKDW� WKHUH� LV� WKH�QRWLFHDEOH�GLIIHUHQFH� LQ� WKHLU�GLVWULEXWLRQV��
7KH�FHQWUDO�UHVRQDQFH�IUHTXHQFLHV�DUH���������������*+]�IRU�
WKH�LQFLGHQW�PLFURZDYH�ZLWK�WKH�SHUSHQGLFXODU�SRODUL]DWLRQ�
DQG���������������*+]�IRU� WKH� LQFLGHQW�PLFURZDYH�ZLWK� WKH�
SDUDOOHO�SRODUL]DWLRQ��7KH�:D�UHVRQDQFH� IUHTXHQFLHV�GR�QRW�
PRYH�ZLWK� WKH� FKDQJLQJ� RI� YDOXH� ȡ� IRU� ERWK� SRODUL]DWLRQV��
$OO�:D� UHVRQDQFH� FXUYHV� DUH� YHU\� QDUURZ� IRU� WKH� SDUDOOHO�
SRODUL]HG�PLFURZDYH�DW�ș ��R��7KH�DEVRUEHG�SRZHU�IRU�WKH�
PLFURZDYH�ZLWK� WKH� SDUDOOHO� SRODUL]DWLRQ� GHSHQGV� VWURQJHU�
RQ�WKH�Q�6L�VSHFLILF�UHVLVWLYLW\�WKDQ�IRU�PLFURZDYH�ZLWK�WKH�
SHUSHQGLFXODU� RQH� DW� WKH� IUHTXHQF\� LQWHUYDOV� EHWZHHQ� :D�
UHVRQDQFH� IUHTXHQFLHV� �VHH� )LJ�� ��D�� E���� $V� DQ� H[DPSOH��
IUHTXHQFLHV�FDQ�EH�EHWZHHQ�����DQG�����*+]�RU�����DQG�����
*+]��$EVRUEHG�SRZHU�GHSHQGHQFLHV�)LJ����E��FDQ�EH�XVHG�
IRU� WKH� SUHFLVLRQ� GHWHUPLQDWLRQ� RI� VHPLFRQGXFWRU� VSHFLILF�
UHVLVWLYLW\� RI� PXOWLOD\HUHG� F\OLQGHU� ZKHQ� WKH� LQFLGHQW�
SDUDOOHO�SRODUL]HG�PLFURZDYH�LPSLQJHV�DW�ș �����
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)LJXUH����$EVRUEHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RI�LQFLGHQW��D�������SHUSHQGLFXODU�DQG��
�E�������SDUDOOHO�SRODUL]HG�PLFURZDYH�DW�ș �����
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)LJXUH����$EVRUEHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RI�LQFLGHQW��D�������SHUSHQGLFXODU�DQG��
�E�������SDUDOOHO�SRODUL]HG�PLFURZDYH�DW�ș �����

,Q� WKLV� FDVH� ZH� KDYH� WR� NQRZ� WKH� LQFLGHQW� PLFURZDYH�
SRODUL]DWLRQ�� DQJOH� ș�� PDLQ�SDUDPHWHUV� RI� RWKHU� F\OLQGHU�
PDWHULDOV�DQG�JHRPHWULFDO�VL]HV��
,Q�)LJ����DUH� WKUHH�UHVRQDQFHV�ZKLOH� LQ�)LJV��� �����DUH� VL[�
UHVRQDQFHV�� 7KH� YDOXHV� RI� :D� UHVRQDQFH� IUHTXHQFLHV�
PDWFK�ZLWK�WKH�:V�UHVRQDQFH�IUHTXHQFLHV���

1 2 3 4
0.0

5.0x10-8

W
 a , W

/m

f,  GHz

 1
 2
 3

�
�D��

1 2 3 4
0.0

1.0x10-8

2.0x10-8

3.0x10-8

4.0x10-8

5.0x10-8

6.0x10-8

W
 a , W

/m

f,  GHz

 1
 2
 3

�
����������E��

)LJXUH����$EVRUEHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\�RI�LQFLGHQW��D� ������SHUSHQGLFXODU�DQG��
�E�������SDUDOOHO�SRODUL]HG�PLFURZDYH�DW�ș �����

7KH� ODUJHU� YDOXH� RI� VSHFLILF� UHVLVWLYLW\� LV� WKH� ZLGHU�
UHVRQDQFH� FXUYHV� DUH� IRU� WKH� SHUSHQGLFXODU� SRODUL]HG�
PLFURZDYH� DW� GLIIHUHQW� DQJOHV� ș� �)LJV� ��D��� ��D���� 7KH�
ORFDWLRQ� RI� UHVRQDQFH� IUHTXHQFLHV� SUDFWLFDOO\� GR� QRW�
GHSHQGV�RQ� WKH�VHPLFRQGXFWRU�VSHFLILF� UHVLVWLYLW\� IRU� WKH�
SDUDOOHO� SRODUL]HG� PLFURZDYH� �)LJV� ��E�� ��� ��E��� 7KH�
QXPEHUV� RI� DEVRUEHG� SRZHU� UHVRQDQFHV� EHFRPH� ODUJHU�
ZLWK�WKH�UHGXFWLRQ�RI�WKH�LQFLGHQW�DQJOH�ș��
�
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)LJXUH����$EVRUEHG�SRZHU�RI�PXOWLOD\HUHG�F\OLQGHU�RQ�WKH�
IUHTXHQF\� RI� LQFLGHQW� �D�� ��� SHUSHQGLFXODU� DQG��
�E�������SDUDOOHO�SRODUL]HG�PLFURZDYH�DW�ș ����

:H�FDQ� DOVR� VHH� WKDW� WKH�GLVWULEXWLRQ�RI� DEVRUEHG�SRZHU�
IRU� ERWK� SRODUL]DWLRQV� LV� VLPLODU� DW� WKH� VPDOO� LQFLGHQW�
DQJOHV��L�H��ZKHQ�ș� �����)LJ����D��E����7KH�UHDVRQ�RI�WKLV�LV�
WKH�VDPH�DV�IRU�WKH�VFDWWHUHG�SRZHU��)LJ����D��E����L�H��WKH�
LQFLGHQW� (0� ILHOG� FRQILJXUDWLRQV� DUH� VLPLODU� IRU� ERWK�
SRODUL]DWLRQV�ZKHQ�ș�LV�VPDOO��

�� &RQFOXVLRQV�

�� $QDO\VHV�RI�VFDWWHUHG�DQG�DEVRUEHG�PLFURZDYH�SRZHUV�
RI�PXOWLOD\HUHG�F\OLQGHU� WKDW� FRQVLVWV�RI� WKH�JODVV�FRUH�
FRDWHG� ZLWK� VL[� XQLD[LDO� DQLVRWURSLF� PHWDPDWHULDO�
VHPLFRQGXFWRU� OD\HUV� LV� FDUULHG�RXW� RQ� WKH�EDVH�RI� WKH�
ULJRURXV�VROXWLRQ�RI�WKH�ERXQGDU\�GLIIUDFWLRQ�SUREOHP���
�� 5HVRQDQFHV� RI� PXOWLOD\HUHG� PHWDPDWHULDO�
VHPLFRQGXFWRU� F\OLQGHU� DUH� LQ� WKH� VDPH� IUHTXHQF\�
UDQJH� DV� UHVRQDQFHV� RI� WKH� PHWDPDWHULDO�� :H� FDQ�
REVHUYH� WKUHH� DQG� VL[� UHVRQDQFHV� RI� WKH� PXOWLOD\HUHG�
F\OLQGHU�DW�QRUPDO��ș �����DQG�REOLTXH��ș ��������������
PLFURZDYH� LQFLGHQFH� FRUUHVSRQGLQJO\� LQVWHDG� RI� IRXU�
UHVRQDQFHV�RI�WKH�XQLD[LDO�DQLVRWURSLF�PHWDPDWHULDO��

�� 7KH� PLFURZDYH� SRZHU� GHSHQGHQFLHV� RQ� WKH� Q�6L�
VSHFLILF�UHVLVWLYLW\��WKH�LQFLGHQW�PLFURZDYH�SRODUL]DWLRQ�
DQG�WKH�LQFLGHQW�DQJOH�RI�PLFURZDYH�DUH�LPSOHPHQWHG���

�� $�PDJQLWXGH�RI�DEVRUEHG�SRZHU� LV�VWURQJO\�GHSHQGHQW�
RQ�WKH�Q�6L�PDWHULDO�VSHFLILF�UHVLVWLYLW\�DW�WKH�IUHTXHQF\�
LQWHUYDOV� EHWZHHQ� WKH� IUHTXHQFLHV� RI� PXOWLOD\HUHG�
F\OLQGHU�UHVRQDQFHV��7KHVH�GHSHQGHQFLHV�DUH�HVSHFLDOO\�
VWURQJ� IRU� SDUDOOHO� SRODUL]DWLRQ� DW� ș ���� DQG� ����� 7KH�
GHSHQGHQFH� RQ� WKH� VSHFLILF� UHVLVWLYLW\� VKRZV� WKDW� WKLV�
PXOWLOD\HUHG� F\OLQGULFDO� VWUXFWXUH� FDQ� EH� XVHG� IRU�
FUHDWLQJ�RI�PLFURZDYH�VHPLFRQGXFWRU�VHQVRU��

�� 7KHUH� DUH� QDUURZ� UHVRQDQFHV� RI� WKH� VFDWWHUHG� DQG�
DEVRUEHG� SRZHUV� RI� SDUDOOHO� SRODUL]HG� PLFURZDYH� DW�
ș ����� 7KHVH� UHVRQDQFHV� FDQ� EH� XVHG� IRU� WKH�
GHWHUPLQDWLRQ�RI�PLFURZDYH�SRODUL]DWLRQ��
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1HZ��(TXLSPHQW��IRU��6+)��(OHFWULF��)LHOG��9LVXDOL]DWLRQ���

�
,JRU�$��.DUSRY��0LNKDLO�5��7UXQLQ�DQG�(JLO�'��6KRR���

���,QVWLWXWH�RI�6ROLG�6WDWH�3K\VLFV��5$6���������&KHUQRJRORYND��0RVFRZ�GLVWU���NDUSRZ#LVVS�DF�UX���
�
���$EVWUDFW� � :H� SUHVHQW� WKH� RSHUDWLRQ� DQG�
GHVLJQ� RI� QHZO\� GHYHORSHG� IXOO\� DXWRPDWLF�
HTXLSPHQW� IRU� YLVXDOL]DWLRQ� RI� 6+)� HOHFWULF�
ILHOGV�� 7KLV� HTXLSPHQW� HQDEOHV� WR� REWDLQ�
SDWWHUQV� RI� 6+)� ILHOGV� DURXQG� GLIIHUHQW�
REMHFWV� LQFOXGLQJ�PHWDPDWHULDO�SURGXFW�DQG�
WR� VWXG\� ILHOG�SDWWHUQV� RI� YDULRXV�GHYHORSHG�
6+)� DQWHQQDV� DQG� RWKHU� REMHFWV�� ZKLFK�
LQWHUDFW� ZLWK� VXUURXQGLQJ� 6+)�
HOHFWURPDJQHWLF�ILHOG��0RUHRYHU��ZLWK�VFDOHG�
VL]HV� RI� GHYHORSHG� SURGXFWV� ZKRVH�
LQWHUDFWLRQ� ZLWK� HOHFWURPDJQHWLF� ZDYH� LV�
FUXFLDO� IRU� SUDFWLFDO� DSSOLFDWLRQV�� RXU�
HTXLSPHQW� FDQ� EH� XVHG� IRU� WHVWLQJ� RI�
DQWHQQDV� DQG� RWKHU� LQWHUDFWHG� ZLWK�
HOHFWURPDJQHWLF� UDGLDWLRQ� GHYLFHV�� QRW� RQO\�
DW� 6+)�� EXW� DOVR� DW� UDGLR� IUHTXHQFLHV�� 7KH�
SHUIRUPDQFH� RI� RXU� LQQRYDWLYH� HTXLSPHQW�
ZDV� GHPRQVWUDWHG� GXULQJ� WKH� LQYHVWLJDWLRQ�
RI� WKH� PHWDPDWHULDO� FORDN�� 7KH� IUHTXHQF\�
EHKDYLRU� RI� WKH� FORDN� UHYHDO� WKH� IUHTXHQF\�
EDQGV�ZLWK�PD[LPXP�HIILFLHQF\�RI�WKH�PHWD�
PDWHULDO�FORDN����
�
���,QGH[� 7HUPV� � (TXLSPHQW�� 0HWDPDWHULDO��
0LFURZDYH��6+)�ILHOG�SDWWHUQ���
�

,����,1752'8&7,21���
�
���7KH� LQFUHDVLQJ� LQWHUHVW� KDV� EHHQ� PDQLIHVWHG�
UHFHQWO\� E\� PDQ\� UHVHDUFKHUV� WR� LQYHVWLJDWLRQ�
RI� PHWDPDWHULDOV�� ZKLFK� FRPSRVHG� RI� D� JUHDW�
QXPEHU� RI� VWUXFWXUDO� PHWDDWRP� XQLWV� RUGHUHG�
LQWR� D� FU\VWDO�OLNH� SDFNLQJ�� 6XFK� PDWHULDOV�
GLIIHU�IURP�FRPPRQ�FU\VWDOV�E\�WKH�VL]H�RI�WKHLU��
�
0DQXVFULSW�UHFHLYHG����1RYHPEHU�������7KLV�ZRUN�ZDV�VXSSRUWHG�E\�
6WDWH� FRQWUDFW� ��������������� DQG� 3URJUDP� RI� 5XVVLDQ� $FDGHP\� RI�
6FLHQFH�³1HZ�PDWHULDOV´����
���,�� $�� .DUSRY� LV� ZLWK� WKH� ,QVWLWXWH� RI� 6ROLG� 6WDWH� 3K\VLFV� RI� 5$6��
&KHUQRJRORYND�� 0RVFRZ� GLVWULFW�� �������� 5XVVLD� �FRUUHVSRQGLQJ�
DXWKRU�� SKRQH�� ����������������� ID[�� ����������������� H�PDLO��
NDUSRZ#LVVS�DF�UX������
���(�� '�� 6KRR� LV� ZLWK� WKH� ,QVWLWXWH� RI� 6ROLG� 6WDWH� 3K\VLFV� RI� 5$6��
&KHUQRJRORYND�� 0RVFRZ� GLVWULFW�� �������� 5XVVLD� �H�PDLO��
VKRR#LVVS�DF�UX������
�

VWUXFWXUDO� XQLWV� �� PHWDDWRPV�� ZKLFK� LV� PXFK�
ODUJHU� WKDQ� WKH� VWUXFWXUDO� XQLWV� RI� VWDQGDUG�
FU\VWDOOLQH�PDWWHUV�DV�DWRPV��LRQV�RU�PROHFXOHV��
+HQFH��HDFK�PHWDPDWHULDO�PHWDDWRP�FRQVLVWV�RI�
D� ODUJH� QXPEHU� RI� RUGLQDU\� DWRPV� DQG�
PROHFXOHV�� WKRXJK� WKLV� LV� QRW� WKH� RQO\�
GLIIHUHQFH� EHWZHHQ� PHWD�� DQG� RUGLQDU\�
PDWHULDOV��0HWDDWRPV�GR�QRW�QHFHVVDULO\�FRQVLVW�
RI�D� VLQJOH� W\SH�RI�PROHFXOH�RU�DWRP��EXW� WKH\�
FDQ� DOVR� LQFOXGH� VHYHUDO� GLIIHUHQW� PDWHULDOV�
ILOOLQJ� WKH� PHWDDWRP� VSDFH� LQ� D� SUHDUUDQJHG�
ZD\�� 6XFK� PHWDDWRPV� RI� D� VLQJOH� RU� VHYHUDO�
GLIIHUHQW�W\SHV�DUH�IXUWKHU�SDFNHG�LQWR�D�VSHFLILF�
SUHGHWHUPLQHG� VSDWLDO� ODWWLFH� VWUXFWXUH� WR� IRUP�
PHWDPDWHULDO� >�� �� �@�� ,Q� VKRUW��PHWDPDWHULDO� LV�
PDQ�PDGH� PDWHULDO� FRPSRVHG� RI� D� VLQJOH� RU�
PRUH� VXEVWDQFHV� SUHDUUDQJHG� LQ� D� VSHFLILHG�
VHTXHQFH�WR�REWDLQ�WKH�UHTXLUHG�SURSHUWLHV����
���7KH�VL]H�DQG�VWUXFWXUH�RI�WKH�PHWDPDWHULDO�DV�
ZHOO� DV� LWV� PHWDDWRPV� GHSHQG� RQ� WKH�
HOHFWURPDJQHWLF� UDGLDWLRQ�ZDYHOHQJWK�DIIHFWLQJ�
WKH� PHWDPDWHULDO�� 7KH� VKRUWHU� WKH�
HOHFWURPDJQHWLF� UDGLDWLRQ� ZDYHOHQJWK�� WKH�
VPDOOHU� VKRXOG� EH� WKH� VL]H� RI� PHWDPDWHULDO�
PHWDDWRPV�� )RU� WKH� RSWLFDO� UDQJH� WKH� VL]H� RI�
PHWDDWRPV�FDQ�UHDFK��������QP�ZKLFK�LV�IDLUO\�
DFKLHYDEOH� IRU� PRGHUQ� OLWKRJUDSKLF� DQG�
PDWHULDO� SURFHVVLQJ� HTXLSPHQW� XVHG� LQ�
PLFURHOHFWURQLFV� WR� FUHDWH� ODUJH�VFDOH�
LQWHJUDWLRQ� FLUFXLWV�� IRU� LQVWDQFH�� FRPSXWHU�
PLFURSURFHVVRUV��)RU�WKH�6+)�UDQJH�WKH�VL]H�RI�
PHWDDWRPV�LV�DSSUHFLDEO\�ODUJHU��UHDFKLQJ�XQLWV�
DQG� HYHQ� WHQV� RI� PLOOLPHWHUV� >�� ±� �@�� $V� D�
UHVXOW��6+)�PHWDDWRPV�FDQ�EH�REVHUYHG�E\�WKH�
XQDLGHG�H\H����
�

,,����'(6&5,37,21��2)��(48,30(17���
�
���:H� KDYH� GHYHORSHG� D� SLRQHHULQJ�
H[SHULPHQWDO�HTXLSPHQW�IRU�LQYHVWLJDWLRQ�RI�WKH�
SURSHUWLHV� DQG� PHDVXUHPHQW� RI� FKDUDFWHULVWLFV�
RI�6+)�PHWDPDWHULDOV� �)LJ�����7KLV� HTXLSPHQW�
HQDEOHV� XV� LQ� SRODU� FRRUGLQDWHV� WR� REWDLQ� WKH�
FKDUDFWHULVWLFV�RI�6+)�HOHFWURPDJQHWLF� IORZ� LQ�
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WKH� YLFLQLW\� RI� WKH� PHWDPDWHULDO� VDPSOH� DQG�
UHSURGXFH� WKH� SDWWHUQ� RI� LWV� VXUURXQGLQJ�
HOHFWURPDJQHWLF�6+)�ILHOG����
���7KH� PHDVXULQJ� FKDPEHU� RI� WKH� GHYLFH�
FRQVLVWV�RI�WZR�KRUL]RQWDO�SODQH�SDUDOOHO�FRSSHU�
GLVFV�����ZLWK�D�FOHDUDQFH�EHWZHHQ�WKHP�ZKHUH�
WKH�PHWDPDWHULDO�VDPSOH�LV�SODFHG��6+)�SRZHU��
�

�
�
)LJ�����7KH�VFKHPH�FHQWUDO�SDUW�RI�WKH�HTXLSPHQW�IRU�6+)�
HOHFWULF�ILHOG�YLVXDOL]DWLRQ���±7ZR�SDUDOOHO�FRSSHU�GLVNV��
�±6XSSO\�6+)�ZDYHJXLGH����±�0HJDSKRQH���±$QWHQQD�
SUREH���±3ODWH�IRXQGDWLRQ���±6WDQG���±6XSSRUW�D[OH���±
6WHSSLQJ� PRWRU� IRU� FLUFXODU� WUDQVIHUHQFH� RI� DQWHQQD�
SUREH�� �±'LVN� ZLWK� JHDULQJ�� ��±6\VWHP� IRU� UDGLDO�
WUDQVIHUHQFH� RI� DQWHQQD�SUREH�� ��±6WHSSLQJ� PRWRU� IRU�
UDGLDO� WUDQVIHUHQFH� RI� DQWHQQD�SUREH�� ��±
&RXQWHUEDODQFH�� ��±6XSSRUW� RI� XSSHU� GLVN�� ��±:RUP�
DQG�ZRUP� SDLU� IRU� KDQG� YHUWLFDO� WUDQVIHUHQFH� RI� XSSHU�
GLVN����±+DQGOH� IRU� KDQG�YHUWLFDO� WUDQVIHUHQFH�RI� XSSHU�
GLVN����
�
LV� VXSSOLHG� IURP� WKH� JHQHUDWRU� LQWR� WKH�
PHDVXULQJ� FKDPEHU� E\�PHDQV� RI� D� ZDYHJXLGH�
PHJDSKRQH� ���� DLPHG� DW� WKH� PHWDPDWHULDO�
VDPSOH� SODFHG� LQ� WKH� FHQWHU� RI� WKH� PHDVXULQJ�
FKDPEHU�� 7KH� YDOXH� RI� WKH� 6+)� ILHOG� LQ� WKH�
YLFLQLW\�RI�WKH�VDPSOH�FDQ�EH�DQDO\]HG�E\�XVDJH�
RI� DQ� DQWHQQD�SUREH� ���� WKDW� LV� D� FRD[LDO� FDEOH�
HQGLQJ� ZLWK� D� SURPLQHQW� FHQWUDO� ZLUH� EHQW�
XSZDUG��7KLV�EHQW�XSZDUG�ZLUH��URG�DQWHQQD��LV�
PRYHG�E\�WZR�FRPSXWHU�FRQWUROOHG�VWHS�PRWRUV�
���DQG����� DORQJ� WKH� FLUFXODU� DUF� DV�ZHOO� DV� LQ�
WKH� UDGLDO� GLUHFWLRQ� WKDW� DOORZV� WR� GR� VWHS�

GHILQHG�PHDVXUHPHQWV�RI� WKH�6+)�ILHOGV� LQ� WKH�
PHDVXULQJ�FKDPEHU�LQ�SRODU�FRRUGLQDWHV����
���7KH� 6+)� ILHOG� YDOXHV� WDNHQ� E\� WKH� DQWHQQD�
SUREH� DUH� WUDQVIHUUHG� WR� D� FRPSXWHU�FRQQHFWHG�
YHFWRU� QHWZRUN� DQDO\]HU� �)LJ����� 7KH� FRORU�
LPDJH� RI� WKH� HOHFWULFDO� FRPSRQHQW� RI� WKH� 6+)�
HOHFWURPDJQHWLF� ILHOG� LQ� WKH� YLFLQLW\� RI� WKH�
PHWDPDWHULDO�VDPSOH�LV�IRUPHG�RQ�WKH�FRPSXWHU��
�

�
�
)LJ�� ��� 7KH� VFKHPH� RI� SULQFLSDO� FRQQHFWLRQV� EHWZHHQ�
LPSRUWDQW�FRPSRQHQW�RI�HTXLSPHQW����
�
VFUHHQ� E\� D� VSHFLDO� SURFHVVLQJ� SURJUDP�� 7KH�
SLFWXUH� FRORU� FRUUHVSRQGV� WR� WKH� 6+)� ILHOG�
YDOXH�LQ�D�SUHGHILQHG�ZD\����
���7KHUHIRUH�� WKLV�PHDVXULQJ�HTXLSPHQW�HQDEOHV�
XV� WR�JHW� WKH�FRPSXWHU�GLVSOD\�YLVXDOL]DWLRQ�RI�
WKH�VSDWLDO�SDWWHUQ�RI�WKH�6+)�ILHOG�YDOXH�LQ�WKH�
YLFLQLW\� RI� WKH� PHWDPDWHULDO� VDPSOH�� 7KLV�
SDWWHUQ� LV�GHSLFWHG� LQ�SUHDUUDQJHG�FRORXUV�ZLWK�
D� SUHGHILQHG� VWHS�� WKH� YDOXH� RI� ZKLFK� FDQ� EH�
FKDQJHG�EHIRUH�EHJLQQLQJ�RI�HDFK�PHDVXUHPHQW�
ZLWKLQ�D�FHUWDLQ�LQWHUYDO����
�
,,,����0(7$0$7(5,$/��)25��7(67,1*���

�
���7KH� DXWKRUV� RI� >�@� GHVFULEH� WKH� GHVLJQ� RI� D�
PHWDPDWHULDO� SURGXFW� WKDW� DOORZV� WKH�ZDYHV� RI�
WKH� 6+)� HOHFWURPDJQHWLF� ILHOG� WR� WXUQ� URXQG�
WKHLU�FUHDWHG�ULQJ�VKDSHG�PHWDPDWHULDO�REMHFW�DV�
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ZHOO� DV� WKH� REMHFWV� SODFHG� LQVLGH� WKDW� ULQJ�
VKDSHG�FORDN����
���'XH� WR� WKH� DXWKRUV� RI� >�@� VXFK�PHWDPDWHULDO�
GHVLJQ� VKRXOG� LGHDOO\� SUHYHQW� ZDYH� UHIOHFWLRQ�
DQG� VFDWWHULQJ� EHFDXVH� WKH�ZKROH�ZDYH� SDVVHV�
WKURXJK� WKH� FORDN� DV� WKURXJK� DQ� HPSW\�
ZDYHJXLGH��7KHUHIRUH�� LW�DSSHDUV�DV�DQ�³HPSW\�
VSDFH�LOOXVLRQ´�DV�LI�WKHUH�ZDV�QR�REMHFW�RQ�WKH�
ZD\� RI� WKH� 6+)� ZDYH�� 6LQFH� WKH� 6+)� ZDYH�
GRHV� QRW� SHQHWUDWH� LQVLGH� WKH� ULQJ�� DQ\� REMHFWV�
FDQ� EH� SODFHG� WKHUH� DQG� WKHLU� SUHVHQFH� LQVLGH�
WKH� ULQJ�ZLOO� KDYH� QR� HIIHFW� RQ� WKH� 6+)�ZDYH�
SURSDJDWLRQ� SDWWHUQ�� 7KLV� PDVNLQJ� HIIHFW� LV�
GHPRQVWUDWHG� IRU� D� FRSSHU� F\OLQGHU� �� FP� LQ�
GLDPHWHU�DQG���FP�KLJK�SODFHG�LQVLGH�WKH�ULQJ�
VKDSHG� PHWDPDWHULDO� FORDN�� ZKLFK� LV� WRWDOO\�
RSDTXH�IRU�HOHFWURPDJQHWLF�ZDYHV����
���,Q� WKH� FDVH�RI� DQ�XQFORDNHG�F\OLQGHU�ZH�FDQ�
VHH� D� GLVWLQFW� VKDGRZ� EHKLQG� WKH� F\OLQGHU� DQG�
FRORU�LQWHQVLILFDWLRQ�RI�WKH�ILHOG�SDWWHUQ�LQ�IURQW�
RI�WKH�F\OLQGHU�GXH�WR�ZDYH�UHIOHFWLRQ��7KH�PDS�
RI� WKH� 6+)� ILHOG� ZLWK� D� FRSSHU� F\OLQGHU�
VXUURXQGHG� E\� D� PHWDPDWHULDO� ULQJ� VKRZV� D�
VPHDUHG� VKDGRZ� EHKLQG� WKH� REMHFW�� WKH�
UHIOHFWLRQ�LQ�IURQW�RI�WKH�REMHFW�DOVR�GLPLQLVKHV�
LW�ZKLFK�LV�FRQILUPHG�E\�WKH�DWWHQXDWLRQ�RI� WKH�
LQWHQVLW\�RI�WKH�ILHOG�SDWWHUQ�RQ�WKH�VDPH�VLGH�RI�
WKH�REMHFW����
���,Q� WKH� LGHDO� FDVH� WKH� VKDGRZ� RI� FRSSHU�
F\OLQGHU�� ZKLFK� LV� SODFHG� LQ� WKH� FHQWHU� RI�
PHWDPDWHULDO� ULQJ�� KDV� WR� EH� HQWLUHO\�
GLVDSSHDUHG�� +RZHYHU�� LW� GRHV� QRW� RFFXU��
QHYHUWKHOHVV� D� VPHDUHG� VKDGRZ� LV� VHHQ� EHKLQG�
WKH�FORDN�ZLWK� WKH� FRSSHU� F\OLQGHU� LQVLGH��7KH�
DXWKRUV�H[SODLQ�WKLV�E\�D�IHZ�ORVVHV�LQ�WKH�PHWD�
PDWHULDO����
���,QGHHG�� PHWDPDWHULDO� FRQVLVWV� RI� D� JUHDW�
QXPEHU� RI� PHWDDWRPV�� QDPHO\�� VSOLW� ULQJ�
UHVRQDWRUV� �655���PDGH� RI� WKLQ� FRSSHU� IRLO� RI�
��� PLFURPHWHU� WKLFN�� SODFHG� RQ� IOH[LEOH�
GLHOHFWULF� ³'XURLG� ����´� ZKLFK� LV� ����
PLFURPHWHU� WKLFN� SRO\HWK\OHQH� WHUHSKWKDODWH�
ILOP� UHLQIRUFHG� ZLWK� JODVV� ILEHU� SRZGHU�� $V�
FRSSHU� LV� QRW� D� SHUIHFW� FRQGXFWRU� �QRW� D�
VXSHUFRQGXFWRU��DQG�KDV�HOHFWULF�UHVLVWDQFH��WKH�
ODWWHU�FDXVHV�PRVW�RI�WKH�ORVVHV��'LHOHFWULF�LV�QRW�
SHUIHFW�WRR��LWV�GLHOHFWULF�ORVV�WDQJHQW�LV�HTXDO�WR�
������� DW� WKH� ��� *+]� IUHTXHQF\�� 7KHUH� DUH�
RWKHU� W\SLFDO� ORVVHV� IRU� DQ\� LPSHUIHFW� �QRW�

WKHRUHWLFDOO\� FDOFXODWHG�� REMHFW�� DQG� WKLV� LV� LQ�
DJUHHPHQW�ZLWK�WKH�GDWD�RI�ZRUN�>�@����
���6LQFH�WKLV�PHWDPDWHULDO�VDPSOH�VHHPV�WR�EH�D�
IDLUO\� LQWHUHVWLQJ� UHVHDUFK� REMHFW� DQG� LWV� VL]HV�
DQG�SDUDPHWHUV�DUH�FOHDUO\�DQG�XQDPELJXRXVO\�
LQGLFDWHG� LQ� WKH� PHQWLRQHG� DERYH� SDSHU�� ZH�
FKRVH� LW� IRU� WHVWLQJ� RI� RXU� QHZ� HTXLSPHQW�
�)LJ���� WKDW� DOORZV� WR� YLVXDOL]H� 6+)� ZDYHV�
VSDWLDO�H[SDQVLRQ�SDWWHUQV��RU�PRUH�VSHFLILFDOO\��
WKHLU� HOHFWULF� FRPSRQHQW��7KH� H[WHULRU� YLHZ�RI�
FORDN�ZLWK�D�FRSSHU�F\OLQGHU�LQVLGH�LV�VKRZQ�LQ�
)LJ������
�

�
�
)LJ�� ��� 7KH� RXWZDUG� DSSHDUDQFH� RI� RXU� QHZ� HTXLSPHQW�
IRU�6+)�HOHFWULF�ILHOG�YLVXDOL]DWLRQ����
�

�
�
)LJ�����7KH�RXWZDUG�DSSHDUDQFH�RI�ULQJ�OLNH�PHWDPDWHULDO�
FORDN�ZLWK�FRSSHU�F\OLQGHU�LQVLGH����
�

,9����(;3(5,0(17���
�
���:H�PDGH�D�PHWDPDWHULDO�REMHFW�IROORZLQJ�WKH�
GHVFULSWLRQ�JLYHQ�LQ�>�@��7KH�VDPSOH�ZDV�SODFHG�
LQ� WKH� PHDVXULQJ� FKDPEHU� FHQWHU� RI� RXU�
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HTXLSPHQW�IRU�YLVXDOL]DWLRQ�RI�WKH�6+)�HOHFWULF�
ILHOG� SDWWHUQ�� 6+)� SRZHU�ZDV� VXSSOLHG� E\� WKH�
FRD[LDO� FDEOH� �)LJ���� IURP� WKH� ILUVW� SRUW� RI� D�
³3�0���´�9HFWRU�1HWZRUN�$QDO\]HU�WR�WKH�ILUVW�
SRZHU�GLYLGHU��OHIW�SRZHU�GLYLGHU�LQ�)LJ�������
���7KHQ� WKH� SRZHU� GLYLGHU� VSOLWV� WKH� VLJQDO�
EHWZHHQ� WZR� SDUWV�� WKH� UHIHUHQFH� DQG� WKH�
PHDVXULQJ�VLJQDOV��7KH�VLJQDO�RI�WKH�PHDVXULQJ�
FKDQQHO� LV� VXSSOLHG� WKURXJK� D� GRRUNQRE�
WUDQVIRUPHU� DQG� D� ZDYHJXLGH� SLHFH� WR� D� EUDVV�
PHJDSKRQH�ZLWK�DQ�RXWIORZ�IDFH�RI���[����FP��
)URP� WKH� PHJDSKRQH� WKH� 6+)� VLJQDO� ZLWK�
YHUWLFDO� SRODUL]DWLRQ� RI� WKH� HOHFWULF� FRPSRQHQW�
LV�VXSSOLHG�WR�WKH�PHDVXULQJ�FKDPEHU��ZKLFK��
�

�
�
)LJ�����7KH�6+)�FLUFXLW�VFKHPH�RI�RXU�QHZ�HTXLSPHQW����
�
UHSUHVHQWV�WKH���������PP�VSDFLQJ�EHWZHHQ�WZR�
SDUDOOHO�FRSSHU�GLVNV��$IWHU�SDVVLQJ�WKURXJK�WKH�
PHDVXULQJ�FKDPEHU�WKH�6+)�VLJQDO�LV�FROOHFWHG�
E\� D� URG� DQWHQQD� PRYLQJ� DORQJ� WKH� UDGLXV� DV�
ZHOO� DV� WKH� FLUFXODU� DUF� �LQ� WKH� SRODU�
FRRUGLQDWHV��� 7KHQ� WKH� VLJQDO� FROOHFWHG� E\� WKH�
URG� DQWHQQD� LV� WUDQVPLWWHG� E\� WKH� SKDVH�
VWDELOL]HG� FRD[LDO� FDEOH� WR� WKH� VHFRQG� SRZHU�
GLYLGHU� �ULJKW�SRZHU�GLYLGHU� LQ�)LJ����ZKHUH� LW�
LV� VXPPHG� DQG� LQWHUIHUHV� ZLWK� WKH� UHIHUHQFH�
FKDQQHO� VLJQDO�� %\� WKH� FRD[LDO� FDEOH� WKH�
LQWHUIHUHG� VLJQDO� JHWV� WR� WKH� VHFRQG�PHDVXULQJ�
SRUW� RI� WKH� ³3�0���´� 9HFWRU� 1HWZRUN�
$QDO\]HU�WKDW�DQDO\]HV�WKH�VLJQDO�E\�PHDVXULQJ�
LWV�DPSOLWXGH�DQG�SKDVH��2XU� VSHFLDO�FRPSXWHU�

SURJUDP�IRU�WKHVH�PHDVXUHPHQWV�XVLQJ�³9LVXDO�
%DVLF����´�GUDZV�RQ�FRPSXWHU�GLVSOD\�WKH�6+)�
HOHFWULF� ILHOG� SDWWHUQ� LQVLGH� WKH� PHDVXULQJ�
FKDPEHU�LQ�SUHDUUDQJHG�FRORUV��7KH�DXEHUJLQH�
SXUSOH� FRORU� FRUUHVSRQGV� WR� WKH� PLQLPD�
�QHJDWLYH�PD[LPD��RI�WKH�6+)�HOHFWULF�ILHOG�DQG�
WKH�UHG�FRORU�WR� WKH�SRVLWLYH�PD[LPD��7KH�]HUR�
RI� HOHFWULF� ILHOG� VWUHQJWK� LV� UHSUHVHQWHG� E\� WKH�
DTXDPDULQH� H[SHULPHQWDO� SRLQWV� RQ� WKH� 6+)�
HOHFWULF�ILHOG�SDWWHUQ����
���:H� KDYH� VWXGLHG� 6+)� ILHOG� SDWWHUQV� LQ� WKH�
HPSW\�FKDPEHU�DQG�IRU�WKH�FDVH�ZLWK�D�FRSSHU�
F\OLQGHU����PP�LQ�GLDPHWHU�DQG����PP�KLJK��
�

�
�
)LJ�� ��� �&RORXU��� 6+)� HOHFWULF� ILHOG� SDWWHUQV� IRU� HPSW\�
PHDVXULQJ� FKDPEHU� �OHIW�� DQG� IRU� PHDVXULQJ� FKDPEHU�
ZLWK� &X� F\OLQGHU� LQ� WKH� FHQWUH� �ULJKW��� 7KH� 6+)� ILHOG�
IUHTXHQF\�LV����*+]����
�
SODFHG� LQ� WKH�FHQWHU�RI� WKH�PHDVXULQJ�FKDPEHU�
DW����*+]�IUHTXHQF\��)LJ�������
���:H�KDYH�DOVR�UHFHLYHG�D�VHULHV�RI�SDWWHUQV�RI�
WKH�6+)�ILHOG�HOHFWULF�FRPSRQHQW�IRU�WKH�PHWD�
PDWHULDO� FORDN� DW� GLIIHUHQW� IUHTXHQFLHV� DQG� D�
VHULHV�RI�VLPLODU�6+)�ILOHG�SDWWHUQV�DW�WKH�VDPH�
IUHTXHQFLHV� IRU� WKH� FDVH� ZLWK� WKH� FRSSHU�
F\OLQGHU� ���PP� LQ� GLDPHWHU� DQG� ���PP� KLJK�
SODFHG� LQVLGH� WKH� PHWDPDWHULDO� FORDN�� 'XULQJ�
WKH�H[SHULPHQWV�RQ�WKH�ERWK�6+)�ILHOG�SDWWHUQV��
WKH�³HPSW\´�PHWDPDWHULDO�FORDN�DV�ZHOO�DV�WKDW�
ZLWK� WKH�FRSSHU� F\OLQGHU� LQVLGH��ZDV�SODFHG� LQ�
WKH� FHQWHU� RI� WKH� PHDVXULQJ� FKDPEHU� RI� RXU�
HTXLSPHQW�� 7KH� SDWWHUQV� RI� WKH� 6+)� ILHOG�
HOHFWULF�FRPSRQHQW�DUH�VKRZQ�LQ�)LJV���������
���:H� KDYH� DOVR� REWDLQHG� WKH� IUHTXHQF\�
GHSHQGHQFHV�RI� WKH�6+)�HOHFWULF� ILHOG� VWUHQJWK�
LQ�WKH�SRLQWV�DORQJ�WKH����PP�UDGLXV��WKH�UDGLXV�
RI� WKH�LQWHUQDO�SRLQWV�URZ�RQ�WKH�SDWWHUQ�RI� WKH�
6+)� ILHOG� ZLWK� PHWDPDWHULDO� FORDN�� DW� D� ���
GHJUHH�LQWHUYDO��WKH�ILUVW�FXUYH�FRUUHVSRQGLQJ�WR�
WKH� ��� GHJUHH� D]LPXWK� DQG� WKH� ODVW� WR� WKH� ����
GHJUHH�D]LPXWK��7KH�FXUYHV�IRU�WZHQW\�RQH��
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�
)LJ�� ��� �&RORXU��� ,GHDO� DQG� QRW� LGHDO� FDPRXIODJH� FDVHV��
6+)� HOHFWULF� ILHOG� DW� ���� *+]� �DERYH�� DQG� ���� *+]�
�EHORZ��� OHIW� SLFWXUHV� DUH� IRU� PHWDPDWHULDO� ZLWKRXW� &X�
F\OLQGHU�� ULJKW� SLFWXUHV� DUH� IRU� PHWDPDWHULDO� ZLWK� &X�
F\OLQGHU�� $OPRVW� LGHDO� FDPRXIODJH� RI� PHWDPDWHULDO�
VDPSOH� ERWK� ZLWKRXW� &X� F\OLQGHU� DQG� ZLWK� &X� F\OLQGHU�
FDQ� VHH� DW� XSSHU� SLFWXUHV�� 7KH� FDPRXIODJH� DW� ORZHU�
SLFWXUHV�LV�QRW�LGHDO����
�

�
�
)LJ�� ��� �&RORXU��� 1RW� LGHDO� FDVH� RI� FDPRXIODJH� DQG� WKH�
DSSHDUDQFH� RI� 6+)� ILHOG� ORFDO� PLQLPXP�� 6+)� HOHFWULF�
ILHOG� DW� ���� *+]� �DERYH�� DQG� ���� *+]� �EHORZ��� OHIW�
SLFWXUHV� DUH� IRU�PHWDPDWHULDO�ZLWKRXW�&X�F\OLQGHU�� ULJKW�
SLFWXUHV�DUH�IRU�PHWDPDWHULDO�ZLWK�&X�F\OLQGHU��2Q�EHORZ�
SLFWXUHV� FDQ� VHH� WKH� YLROHW� VSRWV� RI� 6+)� ILHOG� ORFDO�
PLQLPXP�EHKLQG�WKH�PHWDPDWHULDO�VDPSOH����
�
�

�
�
)LJ�� ��� �&RORXU��� 7KH� ELIXUFDWLRQ� RI� 6+)� VWUHDP�� 6+)�
HOHFWULF� ILHOG� DW� ����*+]� �DERYH�� DQG�����*+]� �EHORZ���
OHIW� SLFWXUHV� DUH� IRU� PHWDPDWHULDO� ZLWKRXW� &X� F\OLQGHU��
ULJKW�SLFWXUHV�DUH�IRU�PHWDPDWHULDO�ZLWK�&X�F\OLQGHU��6+)�
VWUHDP�GRXEOHV�EHKLQG�PHWDPDWHULDO� VDPSOH�� DW� LQFUHDVH�
RI� IUHTXHQF\� WKH� ELIXUFDWLRQ� EHFRPHV� FOHDUHU� DQG� OHVV�
GHSHQGV� RQ� WKH� SUHVHQFH� RI� &X� F\OLQGHU� ZLWKLQ�
PHWDPDWHULDO�VDPSOH����
�

�
�
)LJ������ �&RORXU���7KH� VSOLWWLQJ�RI�6+)� VWUHDP� LQWR� ILYH�
SDUWV��6+)�HOHFWULF�ILHOG�DW�����*+]��DERYH��DQG�����*+]�
�EHORZ��� OHIW� SLFWXUHV� DUH� IRU� PHWDPDWHULDO� ZLWKRXW� &X�
F\OLQGHU�� ULJKW� SLFWXUHV� DUH� IRU� PHWDPDWHULDO� ZLWK� &X�
F\OLQGHU�� 6+)� VWUHDP� VSOLWV� LQWR� ILYH� SDUWV� EHKLQG� WKH�
PHWDPDWHULDO� VDPSOH�� DW� LQFUHDVH� RI� IUHTXHQF\� WKH�
VSOLWWLQJ�EHFRPHV�FOHDUHU�LQ�WKH�FDVH�ZLWKRXW�&X�F\OLQGHU�
DQG�OHVV�FOHDU�LQ�WKH�FDVH�ZLWK�&X�F\OLQGHU����
�
�
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FRRUGLQDWH�SRLQWV�ZHUH�REWDLQHG�IRU�WKH�FDVH�RI�
³HPSW\´�PHWDPDWHULDO�FORDN�DV�ZHOO�DV�WKDW�ZLWK�
WKH� FRSSHU� F\OLQGHU� LQVLGH�� 3RLQWZLVH�
VXEWUDFWLRQ� RI� FXUYHV� IRU� WKH� FDVHV� RI� PHWD��
PDWHULDO� FORDN� ZLWK� DQG� ZLWKRXW� FRSSHU�
F\OLQGHU� JLYHV� WKH� GLIIHUHQWLDO� FXUYHV� IRU� WKH�
IUHTXHQF\� GHSHQGHQFHV� RI� 6+)� HOHFWULF� ILHOG�
VWUHQJWK� LQ� HDFK� RI� WKH� WZHQW\�RQH� FRRUGLQDWH�
SRLQWV�� 7KH� FXUYHV� DUH� VKRZQ� RQ� WKH� GLDJUDP�
�)LJ��������
�

�
�
)LJ������ �&RORXU���'LDJUDP�RI� WKH�GLIIHUHQWLDO�FXUYHV�IRU�
WKH�IUHTXHQF\�GHSHQGHQFHV�RI�6+)�HOHFWULF�ILHOG�VWUHQJWK�
LQ�HDFK�RI�WKH�WZHQW\�RQH�FRRUGLQDWH�SRLQWV����
�

9����',6&866,21����
�
���,W�LV�ZHOO�VHHQ�IURP�WKH�GLDJUDP��)LJ������WKDW�
DW� VRPH� IUHTXHQFLHV� DOO� WKH� WZHQW\�RQH� FXUYHV�
DSSURDFK� WR� ]HUR�� 7KDW� VLJQLILHV� WKH� PLQLPDO�
GLIIHUHQFH� LQ� 6+)� HOHFWULF� ILHOG� VWUHQJWK�
EHWZHHQ� WKH� FDVH� RI� ³HPSW\´� PHWDPDWHULDO�
FORDN� DQG� WKDW� RI� PHWDPDWHULDO� FORDN� ZLWK� D�
FRSSHU� F\OLQGHU� LQVLGH� DW� WKLV� IUHTXHQF\� UDQJH�
LQ�DOO�WKH�FRRUGLQDWH�SRLQWV�VWXGLHG��$QG�WKLV��LQ�
RQH¶V� WXUQ�� LQGLFDWHV� WKDW� DW� WKH� IUHTXHQFLHV�
ZKHUH� DOO� WKH� FXUYHV� RI� WKH� GLDJUDP� LQ� )LJ����
DSSURDFK�WR�]HUR�YDOXH�RI�WKH�6+)�HOHFWULF�ILHOG�
VWUHQJWK� WKH� PHWDPDWHULDO� FORDN� KDV� WKH�
PD[LPXP� FDPRXIODJH� DELOLW\� ZLWK� UHVSHFW� WR�
FDVH�RI�WKH�FRSSHU�F\OLQGHU�LQVLGH����
���)RU� WKH� LGHDO� PHWDPDWHULDO� FORDN� DW�
IUHTXHQFLHV� ZKHUH� WKH� GLIIHUHQFH� LQ� 6+)�
HOHFWULF� ILHOG� VWUHQJWK� EHWZHHQ� WKH� FDVH� RI�
³HPSW\´�PHWDPDWHULDO� FORDN� DQG� WKDW� RI�PHWD�
PDWHULDO�FORDN�ZLWK�D�FRSSHU�F\OLQGHU� LQVLGH� LV�
FORVH� WR� ]HUR� �)LJ�� ����� WKH� GLIIHUHQFH� LQ� WKH�

6+)�HOHFWULF� ILHOG� VWUHQJWK� VKRXOG�EH� H[SHFWHG�
WR� EHFRPH� ]HUR�� +RZHYHU�� VLQFH� PHWDPDWHULDO�
FORDN� LV� QRW� SHUIHFW� DQG� SRVVHVVHV� ORVVHV�� WKH�
6+)� ILHOG� SDWWHUQV� IRU� WKH� FORDNV� ZLWK� DQG�
ZLWKRXW� D� FRSSHU� F\OLQGHU� GR� QRW� FRLQFLGH� EXW�
H[KLELW�RQO\�VOLJKW�GLIIHUHQFHV��+HQFH��LW�LV�VHHQ�
WKDW� QHLWKHU� RI� WKH� WZHQW\�RQH� IUHTXHQF\�
GHSHQGHQFLHV� WDNHQ� LQ� GLIIHUHQW� FRRUGLQDWH�
SRLQWV� WXUQ� WR� ]HUR� DW� DQ\� IUHTXHQF\�� $OO� WKH�
FXUYHV� RQO\� DSSURDFK� WR� ]HUR� DW� VRPH�
IUHTXHQFLHV�� +RZHYHU�� WKH� HIILFLHQF\� RI� WKH�
PHWDPDWHULDO�FORDN�DW�VRPH�IUHTXHQFLHV�FDQ�EH�
DSSUHFLDWHG�E\�WKH�DSSURDFK�RI�WKH�FXUYHV�WR�WKH�
]HUR� YDOXH� RI� WKH� GLIIHUHQFH� LQ� 6+)� HOHFWULF�
ILHOG� VWUHQJWK� EHWZHHQ� WKH� FDVH� RI� ³HPSW\´�
PHWDPDWHULDO� FORDN� DQG� WKDW� RI� PHWDPDWHULDO�
FORDN�ZLWK� D� FRSSHU� F\OLQGHU� LQVLGH��:KHQ� WKH�
FXUYHV� DUH� QHDUHVW� WKH� ]HUR� YDOXH� RI� WKH�
GLIIHUHQFH� LQ� 6+)� HOHFWULF� ILHOG� VWUHQJWK�� WKH�
FDPRXIODJH� SURSHUWLHV� RI� WKH� FORDN� DUH�
PD[LPDO��ZKHUHDV�DW�WKH�IUHTXHQFLHV�ZKHUH�WKH�
FXUYHV� DUH� IDUWKHVW� IURP� WKH� ]HUR� YDOXH� RI� WKH�
GLIIHUHQFH� LQ� 6+)� HOHFWULF� ILHOG� VWUHQJWK�� WKH�
FDPRXIODJH�SURSHUWLHV�RI�WKH�FORDN�DUH�PLQLPDO����
�

9,����&21&/86,21���
�
���7KXV�� ZH� KDYH� FUHDWHG� QHZ� DXWRPDWL]HG�
HTXLSPHQW� WKDW� HQDEOHV� WR� REWDLQ� VSDWLDO�
SURSDJDWLRQ�SDWWHUQV�RI�6+)�ZDYH�HOHFWULF�ILHOG�
FRPSRQHQWV� LQ� SUHDUUDQJHG� FRORUV� WKDW� DOORZV�
XV� WR� LQYHVWLJDWH� 6+)� ILHOG� SDWWHUQV� DURXQG�
YDULRXV� REMHFWV�� IRU� LQVWDQFH�� PHWDPDWHULDO�
SURGXFW��SKDVHG�JUDWLQJV��YDULRXV�DQWHQQDV��$OO�
WKLV�FDQ�EH�XVHIXO� IRU�GHYHORSPHQW�DQG� WHVWLQJ�
RI�VXFK�REMHFWV����
���:H� KDYH� GHPRQVWUDWHG� WKH� HIILFLHQF\� RI� RXU�
QHZ�HTXLSPHQW�LQ�VWXGLHV�RI�6+)�ILHOG�SDWWHUQV�
DURXQG� PHWDPDWHULDO� FDPRXIODJH� FORDN�
VXJJHVWHG�E\�WKH�$PHULFDQ�DXWKRUV�LQ�>�@����
���8VLQJ� RXU� LQQRYDWLYH� HTXLSPHQW�� ZH� KDYH�
DOVR� GHPRQVWUDWHG� 6+)� ILHOG� SDWWHUQV� DURXQG�
WKH�PHWDPDWHULDO� FORDN� VXJJHVWHG� LQ� >�@� LQ� WKH�
IUHTXHQF\� UDQJH� IURP� �� *+]� WR� ��� *+]� DQG�
UHYHDOHG� WKH� IUHTXHQFLHV� DW� ZKLFK� WKH�
FDPRXIODJH� SURSHUWLHV� RI� WKH� PHWDPDWHULDO�
FORDN�DUH�PD[LPXP����
�
�
�
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Abstract 
In this paper we have considered a magnetic anisotropic 
media in cylindrical coordinate with scalar permittivity and 
diagonal tensor permeability. A PEC (Perfect Electric 
Conductor) boundary condition assumed at the radius ρ =
a . We have solved the Maxwell equations inside the 
medium for radius less than a. Actually this structure is an 
anisotropic cylindrical waveguide. Then, we have extracted 
the characteristic equations for dominant TE and TM modes 
for such a structure. By focusing on these equations we 
have achieved several analytical conditions for different 
situations of wave propagation such as left hand, right hand 
or even evanescent mode depending on different signs of 
cylindrical permeability components. After that, we have 
focused on the left hand property and we achieved 
below/above cutoff dual metamaterial band in cylindrical 
waveguide. Negative effective permittivity and permeability 
are obtained. Moreover the impedances are extracted to 
show that this structure is operating in its dominant TE 
mode. 
Actually the novelty of this work is the design of a single 
mode guided structure with multiple controllable 
metamaterial bands both for below and above the cutoff 
frequency. 

1. Introduction 
Negative refractive index materials basic theories and 
artificial realizations have already been introduced. 
Transmission line models have been proposed for these 
structures by periodic shunt inductance and series 
capacitance [1]. Recently, an intensive study of the 
propagation of electromagnetic waves in media with 
negative permittivity and permeability has been presented in 
the literature [2– 4]. Some unique properties such as a 
negative index of refraction, supporting backward waves, 
and so forth, have been shown. But the main goal in this 
field is to control the metamaterial bands [5]. In this paper 
we tried to achieve a formula that enables us to control and 
design a structure with metamaterial multipassbands. 
In the second section we have supposed a magnetic 
anisotropic guided cylindrical medium with scalar 
permittivity and diagonal tensor permeability. Then we 
have analyzed the wave propagation inside of this structure 
to extract the characteristic equation for TE modes. By 
using this equation it is proved that by changing the signs of 

the components of the permeability tensor we can obtain 
different situations such as backward, forward an even 
evanescent at below and above the cutoff frequency. Then 
we focus on backward case and calculate the real and 
imaginary parts of effective permeability and permittivity to 
prove the left hand property. Actually in this section we 
propose a design formula to control the metamaterial 
passbands for below and above the cutoff frequency. 
In the third section by obtaining the impedances we have 
proved that such a structure supports only the dominant 
. 

2. Analysis of TE and extracting the constitutive 
parameters 

At the first, we consider a magnetic anisotropic medium in 
cylindrical coordinate. The characteristics of such a medium 
is mentioned below 

̿ = 
 0 0
0  0
0 0 

 			&			                                                  (1) 

The permittivity of this structure is a scalar and the 
permeability is a diagonal tensor. By writing down the 
Faraday and Ampere equations and extending them into 
different directions and by considering 	 = (,) , 
we can derive an equation that describes wave propagation 
in cylindrical medium versus H for TE modes. 
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Then we have 
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We shall use the method of separation to solve the Eq. 4 and 
finding the β for TE modes. If we suppose that 	 =
()()  then we can derive some equations that 
describe ()and () . By some algebraic manipulation we 
have 
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We know that  should be periodic corresponding to . So, 
we should have 
 
1


 = −											 ∶ 																																										(6) 

 =  cos +  sin																																																					(7) 
 
By defining the below parameters, we can extract a 
differential equation to describe the . 
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Eq. 9 is the Lommel differential equation [6]. In this 
equation ν is not necessarily an integer, so this equation is 
the generalized form of Bessel equation. The answers of this 
equation are the Lommel functions. The Lommel functions 
are  and .  tends to infinity when the region of solution 
contains the origin of the coordinate and so,  in our problem 
for ρ < a  we should omit this function. By these 
assumptions we have 
 
 = (ℎ)					: 																								(10) 
 
Now, by calculating the different components of the electric 
and magnetic fields for TE mode and exerting the PEC 
boundary conditions at  =   we can find that 
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Which χ  is the n-th zero of the derivative of the ν-th order 
of Lommel function and  is the radius of the waveguide. 
Now by using the Eq. 8 and the ℎ which is defined in Eq. 11 
we can find an expression for propagation constant of TE 
modes. 
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By considering the supposed anisotropic medium as a 
homogenous medium, we can obtain effective permeability 
and effective permittivity. If we define  =  
then we can find some expressions for   and   as 
follow 
 

 =
1
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By looking carefully to Eq. 13 we can conclude that 
different situations of wave propagation (backward, forward 
or evanescent) can be achieved by changing the signs of   
and  for TE modes. If we suppose  < 0 and  > 0, we 
have negative  and , so we have LH passband. If we 
suppose  < 0  and  < 0  we have negative   and 
positive , so we have evanescent mode and at last if we 
suppose  > 0  and  > 0 , we have positive   and 
positive or negative   and as a result we have an 
evanescent or RH propagative mode. Here we focus on the 
case of  < 0  and  > 0  where from Eq. 13 one can 
obtain backward wave propagation. As it is reported in [5], 
when the magnetic field of the incident wave is parallel to 
the axis of MSRRs, they can produce negative permeability 
along the direction of their axis in their resonance 
frequencies. So, by locating MSRRs in the Z-direction of a 
cylindrical waveguide we can obtain negative  because a 
cylindrical waveguide has a magnetic field component along 
the Z direction at its dominant TE  mode and we can 
suppose  =   because there is no MSRRs along the 
radius. MSRRs can resonate both below and above the 
cutoff of a cylindrical waveguide So if we consider the 
illumination of TE mode on MSRRs we can satisfy the 
condition of LH propagation ( < 0  and  > 0 ) at the 
resonance frequencies of MSRRs. We suppose a MSRR 
which comprises two copper rings placed back to back on 
Rogers RT6002 substrate (substrate thickness 0.7 mm) with 
slots oriented in opposite directions. The rings have an outer 
diameter of 4mm with track width of 1 mm and a slit width 
of 0.5 mm. Such a MSRR has two resonance frequencies 
one in 6.7 GHz and the other in 11.4 GHz. If we locate these 
MSRRs in the Z direction of a cylindrical waveguide with 
radius of 9 mm(cutoff frequency of 10 GHz), we can 
achieve negative  both below and above the cutoff of the 
waveguide. As a result, below/above cutoff dual 
metamaterial passband will be realized. We have located 13 
MSRRs along the Z direction of a cylindrical waveguide. 
Such a structure is shown in Fig. 1. 

 
Fig. 1. Perspective view of a MSRR and the waveguide with 
MSRRs inside. 
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In Fig. 1, we have used two bigger waveguide at the ends to 
excite the smaller waveguide under its cutoff frequency 10 
GHz. 
The below and the above cutoff LH passbands are depicted 
in Fig. 2a and 2b. To be sure about the LH property of these 
passbands we have calculated the effective permeability and 
effective permittivity in these bands by the method 
introduced in [7]. Our extraction approach begins by 
introducing composite terms  and  with S-Parameter. 
 
 = +						 = −																																												(14) 
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 + 
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2 																																		(15)  
 
Where the transmission term 
 
 = exp																																																	(16) 
 
Consequently from Eq. 13 
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Note that the expression for  is a complex function with 
multiple branches. The ambiguity can be resolved using the 
condition  > 0 . The combination of Eq. 13 and 14 
yields 
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And we have 
 

 = 
1 + 
1 − 

1 − 
1 + 

= 



																																				(19) 

 = 
ln	()


1 + 
1 − 

1 − 
1 + 

																																																	(20) 

 = 
ln	()


1 − 
1 + 

1 + 
1 − 

																																																(21) 

 
The resulted effective permittivity and permeability are 
shown in Fig. 3. As it is obvious in Fig. 3, the real parts of 
effective permeability and permittivity are negative for 
below and above cutoff passband. So we can conclude that 
by using the Eq. 12 and 13 and tuning the resonance 
frequency of a MSRR, we can achieve the below/above 
cutoff dual metamaterial passband. Actually we can 
introduce Eqs. 12 and 13 as designing equations because by 
using these equations and negation of  by resonances of 
MSRRs we can control our LH bands. Now, there is a 
question. All the above analysis was for TE illumination, but 
how can we be sure about illumination of dominant TE on 
the MSRRs? In the next section of the paper we will answer 
this question.  
 

 
Fig. 2a. . LH Passe at the below cutoff frequency. 

 
Fig. 2b. LH Pass at the above cutoff frequency. 
 

 
 

 

Fig. 3. Real and Imaginary parts of effective permeability 
and permittivity for above and below cutoff passbands. 
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3. Impedances of TM Modes and the Proof of 
Single Mode Operation  

 
To answer this question we will extract the cutoff 
frequencies for TE and TM modes in such an anisotropic 
medium, then we will show that the dominant TE mode is 
TE11 and dominant TM mode is TM01 and at last by 
obtaining the impedances we will show that it is TE11 
mode that illuminates the MSRRs. 
At the first we will find the cutoff frequency for TE mode. 
By setting  = 0 in Eq. 12 we have : 
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When we suppose that  = 0, from Eq. 8 we have  = , 
so the Lommel equation becomes Bessel. Then   will be  
-th zero of the derivative of the -th order Bessel function. 
Among the values of  , the   has the smallest value. So, 
between the   modes,   is the dominant and the next 
TE mode is . By finding the transverse components of 
fields for TE and by using the Maxwell Equations, we can 
find the TE impedance. We shall note that by locating the 
MSRRs along the Z direction we can approximately set the 
 and  equal to . So we have 
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By an analysis similar to section 1, we can extract the 
propagation constant for TM modes. We suppose that 
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Then we have 
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Now, by setting  = 0 in Eq. 10 we have : 
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1
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When we suppose that  = 0, from Eq. 24 we have  =
, so, again the Lommel equation becomes Bessel. Then 
  will be   -th zero of the of the  -th order Bessel 
function. Among the values of , the  has the smallest 
value. So, between the   modes,   is the dominant. 
By finding the transverse components of fields for  and 
by using the Maxwell Equations, we can find the  
impedance. We shall note that by locating the MSRRs along 
the Z direction we can approximately set the   and  
equal to . So we have  
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According to Eq. 27, we can calculate the impedance of 
TM01 mode at the frequencies of passbands in Fig. 2a and 
2b. It is calculated and depicted in Fig. 4. As it is obvious 
the real part of impedances is zero, so we can conclude that 
the TM01 mode does not propagate and as a result non of 
the TM modes does not propagate in the LH passbands. 
 

 
 

 
Fig. 4. Real and Imaginary Parts of impedance of dominant 
TM mode. 
 
Now we shall prove that this structure supports just the 
dominant   mode. As it proved from Eq. 22, the 
dominant mode is   and the next mode is  . The 
cutoff frequency of  is 10 GHz and from Eq. 20 we can 
find that the ratio of the cutoff frequencies of  and  
is  
 



=



 =

3.832
1.841

= 2.08 →  = 20.8								(26) 
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As it is calculated above, the cutoff frequency of   is 
20.8 GHz but our operating frequency is 6.55GHz for below 
cutoff and 11.4 GHz for above cutoff, so, just  
propagates through the structure and the next TE mode 
definitely does not propagate. 

4. Conclusions 
In this paper, we have solved the problem of wave 
propagation in a magnetic anisotropic cylindrical 
waveguide. The characteristic equations for TE and TM 
modes have been extracted. It has been proved that such an 
anisotropic structure can support backward wave 
propagation both at below and above the cutoff frequency. 
To be sure about the backward property of these passbands, 
we have shown that the real parts of the effective 
permeability and permittivity are negative at the desired 
metamaterial bands. In the continuation by obtaining the 
impedances, we have proved that the propagated wave 
inside this supposed medium is actually a guided single 
mode wave. 
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QRUPDOL]HG�ELVWDWLF�HFKR�ZLGWKV��

,,� 7+(25(7,&$/�%$&.*5281'�)25�1250$/,=('�
%,67$7,&�(&+2�:,'7+��

&RQVLGHU� D� SODQH� ZDYH� FRQVLGHU� D� SODQH� ZDYH� REOLTXHO\�
LQFLGHQFH� RQ� DQ� HOHFWULFDOO\� VPDOO� F\OLQGHU� ZLWK� WKH� UDGLXV� D�
DQG� LQILQLWH� OHQJWK��$GRSWLQJ� VLPLODU� SURFHGXUH� DV� LQ� >�@�� WKH�
LQFLGHQW�� WUDQVPLWWHG� DQG� VFDWWHUHG� HOHFWULF� ILHOGV� FDQ� EH�
UHSUHVHQWHG�UHVSHFWLYHO\�DV�IROORZV��
�
𝐸 = 𝐸 𝑠𝑖𝑛𝜃 𝑒 ∑ 𝑗 𝐽 (𝑘 𝜌𝑠𝑖𝑛𝜃 )𝑒 ( )��

���D��
𝐸 = 𝐸 𝑠𝑖𝑛𝜃 𝑒 ∑ 𝑗 𝑎 𝐽 (𝑘 𝜌𝑠𝑖𝑛𝜃 )𝑒 ( )��

���E��
𝐸 = 𝐸 𝑠𝑖𝑛𝜃 𝑒 ∑ 𝑗 𝑐 𝐻( )(𝑘 𝜌𝑠𝑖𝑛𝜃 )𝑒 ( )��

���F��
ZKHUH� 𝑘 = 𝜔 𝜇 𝜀 � LV� WKH� ZDYH� QXPEHU� LQ� WKH�

0HWDPDWHULDOV� RI� WKH� F\OLQGHU�� 7KH� XQNQRZQ� FRHIILFLHQWV�
𝑎 �𝑏 � DQG� 𝑐 � DUH� GHWHUPLQHG� IURP� DSSO\LQJ� ERXQGDU\�
FRQGLWLRQV�� )RU� IDU� ILHOG� ]RQH�� WKH� VFDWWHUHG� HOHFWULF� ILHOG� LV�
REWDLQHG� XVLQJ� WKH� ODUJH� DUJXPHQW� DSSUR[LPDWLRQ� RI�+DQNHOV�
DQG�%HVVHOV�IXQFWLRQV��1RUPDOL]HG�ELVWDWLF�HFKR�ZLGWK�LV�WKHQ�
UHDOL]HG�E\�WKH�IROORZLQJ�H[SUHVVLRQV��

mailto:somayeh@komeylian.com


� ��

=
lim → [2𝜋𝜌 | |

| | ]/ 𝜆 = {|∑ 𝑐 𝑒 ( )|   +
|∑ �̃�   𝑒 ( )| }������������������������������������������������������
/LNHZLVH�� WKH� XQNQRZQ� FRHIILFLHQW�� �̃� � �� DUH� REWDLQHG� E\�

DSSO\LQJ�%&��8QGHU�FRQVLGHUDWLRQ�DW�QRUPDOO\�FRQGLWLRQ����L�H��
𝜑 = 0  𝑜𝑟    𝜃 = 90� WKH� HTXDWLRQ���WR� EHFRPH� FKDQJHG� LQWR�
HTXDWLRQ�����DV�IROORZV���

=   |∑ 𝑐 𝑒 ( )|   ������������������������������������������
ZKHUH�𝑐 ,�LV��
𝑐  ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )
�������������������������������

�

ZKHUH�𝜁 =   
    
�

�

7KH� SURFHGXUH� IRU�𝑇𝐸 � SRODUL]DWLRQ� LV� WKH� VDPH� DV� WKDW� RI�
𝑇𝑀 �SRODUL]DWLRQ��H[FHSW�IRU�KDYLQJ�HOHFWULF�ILHOGV�UHSODFHG�E\�
PDJQHWLF� ILHOGV� DQG� DSSO\LQJ� FRUUHVSRQGLQJ� ERXQGDU\�
FRQGLWLRQV�� 7KXV� WKH� IRUPXODWLRQV� RI� 5&6� UHPDLQ� WKH� VDPH�
H[FHSW�IRU�𝑐 ���ZKLFK�LV�IRXQG�E\�WKH�IROORZLQJ�IRUP��

�

𝑐  ( )J ( ) ( ) ( )
J ( ) ( )( )   ( ) ( )( )

��������������������������

�
)LJXUH�����8QLIRUP�SODQH�ZDYH�REOLTXHO\�LQFLGHQW�RQ�D�0HWDPDWHULDOV�

F\OLQGHU��70]�3RODUL]DWLRQ�

,,,� 75$163$5(1&<�)25�(/(&75,&$//<�60$//�
&</,1'(5�

7KH� WUDQVSDUHQF\� FRQGLWLRQV� IRU� DQ� HOHFWULFDOO\� VPDOO�
F\OLQGULFDO� LV� GHULYHG�� IRU� ERWK� SRODUL]DWLRQV� E\� VHWWLQJ� WKH�
QXPHUDWRU�RI�WKH�VFDWWHULQJ�FRHIILFLHQWV��JLYHQ�LQ�WKH�HTXDWLRQV�
���� �� ���� �� WR� ]HUR�� ,Q� WKH� VXE�ZDYHOHQJWK� OLPLW�� DVVXPLQJ�
_N_D����DQG�NRD����DQG�XWLOL]LQJ�WKH�VPDOO�DUJXPHQW�IRUPV�RI�
%HVVHO� DQG� +DQNHO� IXQFWLRQV�� WKH� IROORZLQJ� WUDQVSDUHQF\�
FRQGLWLRQV�DUH�REWDLQHG�DV�IROORZV��
𝑐 = 0�����������𝜁𝑘 = 𝑘 ����������𝜇 = 𝜇 ����������������������������������
�
𝑐 = 0�����������𝜁𝑘 = 𝑘����������𝜀 = 𝜀 �����������������������������������

(TXDWLRQV�����DQG������REYLRXVO\�VKRZ�WKH�EHVW�FRQGLWLRQV�IRU�
WKH�GUDVWLF�VFDWWHULQJ�UHGXFWLRQ��)RU�70�SRODUL]DWLRQ��LQ�RUGHU�
WR� JHW� UHVXOWV� XVLQJ� RI� WKH� '36� RU� 01*� PDWHULDOV� DUH�
FRQFOXGHG��)XUWKHUHPRUH��IRU��7(�SRODUL]DWLRQ�XWLOL]LQJ�RI�WKH�

'36�RU�(1*�PDWHULDOV�DUH�LQIHUUHG�DV�ZH�KDYH� LQGLFDWHG�WKDW�
LWV�GHULYDWLRQ�LQ�DSSHQGL[�$�DQG�%��

,9� 5(621$17�(/(&75,&$//<�60$//�&</,1'(5�
7KH�UHVRQDQFH�FRQGLWLRQ�IRU�DQ�HOHFWULFDOO\�VPDOO�F\OLQGULFDO�

VFDWWHUHG� LV� GHULYHG�� IRU� ERWK� SRODUL]DWLRQV�� E\� VHWWLQJ� WKH�
GHQRPLQDWRU�RI� WKH� VFDWWHULQJ�FRHIILFLHQWV��JLYHQ� LQ�HTXDWLRQV����
������������WR�]HUR��7KLV�UHVXOWV�LQ�WKH�PD[LPXP�5&6�DQG�\LHOGV�
WKH�IROORZLQJ�UHVRQDQFH�FRQGLWLRQV��
�
𝑐 = ∞�����������−𝜁𝑘 = 𝑘 ����������𝜇 = −𝜇 ���������������������������
��
𝑐 = ∞�����������𝜁𝑘 = −𝑘����������𝜀 = −𝜀 ����������������������������

(TXDWLRQV� ���� DQG� ���� �� H[SOLFLWO\� GHQRWH� WKH� HQRUPRXV�
VFDWWHULQJ� LQ� FRPSDULVRQ� WR� OHQJWK� RI� WKH� JLYHQ� REMHFWV�� � )RU�
70�SRODUL]DWLRQ�� IRU� WKH�EHVW� UHVXOW�HPSOR\LQJ� WKH�01*�DQG�
'1*�PDWHULDOV�DUH�UHDOL]HG��,Q�DGGLWLRQ�WR��IRU�7(�SRODUL]DWLRQ�
DSSO\LQJ�WKH�(1*�DQG�'1*�PDWHULDOV� IRU�WKH�EHVW�UHVXOWV�DUH�
XQGHUVWRRG�DV�ZH�KDYH�FDOFXODWHG�LQ�DSSHQGL[�&�DQG�'��
7KH� PDMRU� UHVWULFWLRQV� RQ� XVLQJ� PHWDOOLF� VWUXFWXUHV� DUH� WKHLU�
FRQGXFWLYLW\� ORVV� DQG� GLIILFXOWLHV� RI� IDEULFDWLRQV�� 0RUHRYHU��
PRVW� RI� WKH� NQRZQ� VXFK� PDWHULDOV� KDYH� LQKHUHQW� DQLVRWURSLF�
SHFXOLDULWLHV�DQG�QDUURZ�EDQG�ZLGWK�UHVRQDQFH���
7KH� PHULWV� RI� HPSOR\LQJ� PHUH� GLHOHFWULF� 0HWDPDWHULDOV� LQ�
FRPSDULVRQ� ZLWK� PHWDOOLF� PDWHULDOV� DUH� IHDVLELOLW\� IRU�
IDEULFDWLRQ�� KDYLQJ�QR�PHWDOOLF� ORVV�� DQG�GHVLJQLQJ�E\�PHDQV�
RI� LVRWURSLF� 0HWDPDWHULDOV�� ,Q� RUGHU� WR� JHW� UHVXOWV� DQG� KLJK�
HIILFLHQF\�� WKH� 0HWDPDWHULDOV� KDYH� UHFHLYHG� D� PDMRULW\� RI�
FDQGLGDWHV���

9� 180(5,&$/�5(68/76�
'XH� WR� JDLQ� IXUWKHU� LQVLJKWV� LQWR� WKHVH� FRQGLWLRQV�� KHUH� VRPH�
QXPHULFDO� UHVXOWV� DUH� IXOILOOHG� E\� PDWODE� VLPXODWLRQV�� 2XU�
QXPHULFDO� FRPSXWDWLRQV� UHO\� RQ� WKH� DQDO\WLFDO� H[WUDFWLRQV�
VKRZV� WKDW� WUDQVSDUHQF\� FRQGLWLRQV� IRU� 7(� SRODUL]DWLRQ� DUH�
DFKLHYHG� XVLQJ� RI� '36� DQG� (1*� PDWHULDOV�� 0RUHRYHU�� WKH�
WUDQVSDUHQF\�FRQGLWLRQV� IRU�70�SRODUL]DWLRQ�DUH�JDLQHG�XVLQJ�
'36�DQG�01*�PDWHULDOV��)LJXUH����
�
D���
�

�
�
�
�

�

�



� ��

E��

�
)LJXUH�����1RUPDOL]HG�PRQRVWDWLF�HFKR�ZLGWK�RI�F\OLQGHU��D �PP��
I �*+]��IRU�WUDQVSDUHQF\�FRQGLWLRQV�RU�5&6�PLQLPL]DWLRQ��

�
D��

�
�
E��

�
)LJXUH�����1RUPDOL]HG�PRQRVWDWLF�HFKR�ZLGWK�RI�0HWDPDWHULDO�
F\OLQGHU��D �PP���I �*+]��IRU�UHVRQDQFH�FRQGLWLRQ�RU�5&6�

PD[LPL]DWLRQ��
�
�

0RUHRYHU�� IRU�7(�SRODUL]DWLRQ� WKH� UHVRQDQFH� FRQGLWLRQ� DUH�
JDLQHG� E\� 0HWDPDWHULDOV� DQG� (1*� PDWHULDOV�� $OVR�� IRU� 70�
SRODUL]DWLRQ� WKH� UHVRQDQFH� FRQGLWLRQV� DUH� REWDLQHG� E\�
0HWDPDWHULDOV�DQG�01*�PDWHULDOV��)LJXUH������

�

)XUWKHUPRUH�� WKH� PRQRVWDWLF� HFKR� ZLGWKV� DUH� SHUIHFWO\�
FRQWLQXRXV�ZKHQ�WKH�PHGLXP�FKDQJHV�WR�(1*�RU�01*�IURP�
'36�RU�'1*��H[FHSW�LQ�D�YHU\�VPDOO�LQWHUYDO�ZKHUH�𝜇�RU��𝜀�DUH�
QHDU�WR�]HUR��

�

)LJXUH� ��� GHSLFWV� WKH� ELVWDWLF� QRUPDOL]HG� HFKR� ZLGWKV�
LQFOXVLYH� RI� WUDQVSDUHQF\� DQG� UHVRQDQFH� FRQGLWLRQV� IRU� 7(�
SRODUL]DWLRQ��8QGHU� WUDQVSDUHQF\�SKHQRPHQD��)LJXUH� ���D�� WKH�
PD[LPXP� 5&6� KDV� RFFXUUHG� GUDPDWLFDOO\� LQ� WKH� LQFLGHQFH�
GLUHFWLRQ�� L�H�� ��� DIWHU� WKDW� LQ� WKH� EDFNVFDWWHULQJ� GLUHFWLRQ��
L�H�� �����+RZHYHU��XQGHU�UHVRQDQFH�FRQGLWLRQ��)LJXUH����E��
WKH� PLQLPXP� 5&6� KDV� KDSSHQHG� LQ� WKH� ERWK� GLUHFWLRQV� DQG�
DOPRVW� DW�  ���� 7KHUHIRUH�� WKH� YDOXHV� RI� 5&6� LV� QRW� RQO\�
GHSHQG� RQ� WKH� EDFNVFDWWHULQJ� GLUHFWLRQ�� EXW� DOVR� RQ� WKH�
LQFLGHQFH�GLUHFWLRQ����
�
�
D��

�
E��

�
)LJXUH�����1RUPDOL]HG�ELVWDWLF�HFKR�ZLGWKV�IRU��D��'36�PDWHULDOV���

�E��0HWDPDWHULDOV��
�

9,� &21&/86,21�
7KH�JRDO�RI�WKLV�SDSHU��DV�ZH�KDYH�HOXFLGDWHG��LV�WR�SURYLGH�

D� FRPSUHKHQVLYH� LQYHVWLJDWLRQ� RI� WKH� JLYHQ� PDWHULDOV� IRU� DQ�
HOHFWULFDOO\� VPDOO�F\OLQGHU� WR�DFKLHYH� WKH�EHVW� LQYLVLELOLW\�DQG�
UHVRQDQFH� FRQGLWLRQV�� )RU� WKH� JLYHQ� REMHFW�� 𝜇 = 𝜇   KDV�
GHULYHG� DV� WKH� WUDQVSDUHQF\� FRQGLWLRQ� IRU� 70� SRODUL]DWLRQ�
ZKLFK� LV� \LHOGHG� WR� XWLOL]H� WKH� 01*� DQG� '36� PDWHULDOV��
)XUWKHUPRUH�� 𝜀 = 𝜀 � KDV� FDOFXODWHG� IRU� WKH� EHVW� UHVXOW� RI�
UHVRQDQFH� FRQGLWLRQ� RI� 7(� SRODUL]DWLRQ�ZKLFK� LV� DFKLHYHG� WR�
XVH� WKH� (1*� DQG� '36� PDWHULDOV�� 2Q� WKH� RWKHU� KDQG�� 𝜇 =
𝜇 KDV� H[WUDFWHG� DV� WKH� UHVXOW� RI� KXJH� VFDWWHULQJ� IRU� 70�
SRODUL]DWLRQ�ZKLFK�DSSO\LQJ�RI� WKH�01*�DQG�'1*�PDWHULDOV�
LV� FRQFOXGHG�� %HVLGHV�� 𝜀 = 𝜀 KDV� FRPSXWHG� IRU� UHVRQDQFH�



� ��

FRQGLWLRQ� RI� 7(� SRODUL]DWLRQ� ZKLFK� HPSOR\LQJ� RI� (1*� DQG�
'1*�PDWHULDOV�DUH�LQIHUUHG���
7KH� ELVWDWLF� HFKR� ZLGWKV� LV� LOOXVWUDWHG� IRU� 7(� SRODUL]DWLRQ�

XQGHU� WUDQVSDUHQF\� DQG� UHVRQDQFH� FRQGLWLRQV� WKURXJK� WKH�
FRPSXWHU� VLPXODWLRQ�� 7KH� FOHDU� LQIHUHQFH� VKRZV� WKH�
GHSHQGHQF\� RI� PD[LPXP� 5&6� RQ� ERWK� LQFLGHQFH� DQG�
EDFNVFDWWHULQJ�GLUHFWLRQV���

9,,� $33(1',;��
��$��7KH�GHULYDWLRQ�RI�WUDQVSDUHQF\�FRQGLWLRQ�IRU�7(�
SRODUL]DWLRQ�LV�DV�IROORZV���
𝑐 = 0   → 𝐽𝑛(𝑘𝑎)J𝑛(𝑘𝑜𝑎) − 𝜁𝐽𝑛(𝑘𝑎)𝐽(𝑘𝑜𝑎) = 0�������������������������
8QGHU�FRQVLGHUDWLRQ�RI�_N_D����DQG�NRD����FRQGLWLRQV�ZH�
FRXOG�XVH�WKH�DSSUR[LPDWLRQ�RI�%HVVHO�IXQFWLRQV�DV�IROORZV���
�

! ×   ( )!    =
  𝜁 ×   ( )!   ( ) × ! ( ) ������������������������������
%\�VLPSOLI\LQJ�WKH�DERYH�HTXDWLRQ�ZH�KDYH�WKH�IRUP���
𝜁𝐾 = 𝐾� � � � � �����������
%\�VXEVWLWXWLQJ�WKH�YDOXHV�RI�.�DQG�𝐾 ZH�FDQ�GHULYDWH�WKH�
EHOORZ�IRUP��
�𝜀 = 𝜀 ��� � � � � �����������
��%��7KH�H[WUDFWLRQ�RI�WUDQVSDUHQF\�FRQGLWLRQ�IRU�70�
SRODUL]DWLRQ�LV���
𝑐 = 0     →     𝜁J𝑛(𝑘𝑎)𝐽𝑛′ (𝑘𝑜𝑎) − 𝐽𝑛′ (𝑘𝑎)𝐽𝑛(𝑘𝑜𝑎) = 0���������
8QGHU�WKH�VLPLODU�DVVXPSWLRQ�LQ�DSSHQGL[�$�DQG�HPSOR\LQJ�
WKH�DSSUR[LPDWLRQ�RI�%HVVHO�IXQFWLRQV�ZH�FDQ�ZULW�WKH�
IROORZLQJ�HTXDWLRQ��

𝜁 × 1
𝑛!     

𝑘𝑎
2

𝑛
× 1

2
1

(𝑛−1)!    (𝑘0𝑎)
𝑛−1

2 � �

( )! ( ) × !  
( )

��������������������������������������������

�
%\�VLPSOLI\LQJ�WKH�ODVW�HTXDWLRQ��WKH�EHOORZ�HTXDWLRQ�ZRXOG�EH�
IRXQG���
𝜁𝑘 = 𝑘0�� � � � � ������������
%\� VXEVWLWXWLQJ� WKH� YDOXHV� RI�.� DQG�.��� WKH� IROORZLQJ� UHVXOW�
ZRXOG�EH�FRQFOXGHG���
𝜇 = 𝜇 �� � � � � ������������
��&��7KH�H[WUDFWLRQ�RI�UHVRQDQFH�FRQGLWLRQ�IRU�7(�SRODUL]DWLRQ�
LV���
𝑐 → ∞ → 𝜁J (𝑘𝑎)𝐻( )(𝑘 𝑎) − 𝐽 (𝑘𝑎)𝐻 ( )(𝑘 𝑎) = 0�������
%DVHG�RQ�WKH�DVVXPSWLRQ�LQ�DSSHQGL[�$�ZH�FRXOG�DSSO\�WKH�
DSSUR[LPDWLRQ�RI�+DQNHO�IXQFWLRQV�DV�IROORZV���

𝜁 × 1
2  

1
(𝑛 − 1)!  

𝑘𝑎
2 × 𝑗 2

𝑘 𝑎   (𝑛 − 1)!
𝜋 =�

! ( ) × (−𝑗)    !
( ) �� ��� �������������������������������

%\�VLPSOLI\LQJ�WKH�DERYH�UHODWLRQVKLSV�ZH�KDYH�WKH�HTXDWLRQV��
𝜁𝐾 = −𝐾� � � � � �����������
%\�VXEVWLWXWLQJ�WKH�YDOXHV�RI�.�DQG�𝐾 �ZH�FDQ�H[WUDFW�WKH�
IROORZLQJ�HTXDWLRQ���
𝜀 = −𝜀 ��� � � � � �����������

��'��7KH�GHULYDWLRQ�RI�UHVRQDQFH�FRQGLWLRQ�IRU�70�LV�DV�IROORZ�
SRODUL]DWLRQ���
𝑐 → ∞ → J (𝑘𝑎)𝐻( )(𝑘 𝑎) − 𝜁𝐽 (𝑘𝑎)𝐻 ( )(𝑘 𝑎) = 0�����������������
�
$FFRUGLQJ�WR�WKH�VXSSRVLWLRQ�LQ�$SSHQGL[�$�DQG�DSSO\LQJ�WKH�
DSSUR[LPDWLRQ� RI� %HVVHO� IXQFWLRQV�� WKH� IROORZLQJ� HTXDWLRQ�
ZRXOG�EH�ZULWWHQ���

× ( )! ( ) × 𝑗 ( )! =
𝜁 !    ( ) (−𝑗) !

( ) ��������������������������������������������
�
%\�WKH�VLPSOLI\LQJ�WKH�ODVW�HTXDWLRQ��WKH�IROORZLQJ�H[SUHVVLRQ�
FRXOG�EH�UHDOL]HG���
𝐾 = −𝜁𝐾� � � � ����� ������������
%\�VXEVWLWXWLQJ�WKH�YDOXHV�RI�.�DQG�𝐾 ��WKH�EHOORZ�UHVXOW�FRXOG�
EH�FRQFOXGHG���
𝜇 = −𝜇 � � � � � ������������
�
�

9,,,� 5()(5(1&(6�
>�@� $�� $O~� DQG� 1�� (QJKHWD�� �$FKLHYLQJ� WUDQVSDUHQF\� ZLWK�
SODVPRQLF�DG�FRDWLQJV����SK\V��5HY��(��YRO�����SS�����������
���-XO\�������
>�@� $�� $O~� DQG� 1�� (QJKHWD�� �&ORDNLQJ� DQG� WUDQVSDUHQF\� IRU�
FROOHFWLRQV� RI� SDUWLFOHV� ZLWK� 0HWDPDWHULDO� DQG� SODVPRQLF���
2SWLFV�([SUHVV�������YRO�,6��1R��������-XQH��������
>�@� (�,UFL� DQG� 9DNXU� %�� (UW�UN��� ,QYHVWLJDWLRQ� RI��
0HWDPDWHULDOV� FRDWHG� FRQGXFWLQJ� F\OLQGHUV� IRU� DFKLHYLQJ�
WUDQVSDUHQF\� DQG� PD[LPL]LQJ� 5DGDU� &URVV� 6HFWLRQ��� ,(((�
;SORUH�����2FWREHU�������
>�@� -RVKXD� $�*URGRQ� DQG� 5LFKDUG� :�=LRONRZVNL�� �&13�
RSWLFDO�0HWDPDWHULDOV�� �237,&6� (;35(66�� YRO����1R���� ���
$SULO��������
>�@�*UGLQF�,UFL���:DYH�SURSDJDWLRQ�LQ�0HWDPDWHULDO�VWUXFWXUHV�
DQG� UHWULHYDO� RI� KRPRJHQL]DWLRQ� SDUDPHWHUV��� $� 7KHVLV�
HQJLQHHULQJ�DQG�VFLHQFHV�RI�ELONHQG�XQLYHUVLW\�LQ�SDUWLDO�IXOILOO�
HQW�RI� WKH�HTXLUHPHQWV� IRU� WKH�GHJUHH�RI�PXVWHU�RI� VFLHQFH�� ��
$XJXVW��������
>�@� $QGUHD� $O~�� 1DGHU� (QJKHWD�� $�� (UHQWRN� DQG� 5LFKDUG�
:�=LRONRZVNL��VLQJOH�QHJDWLYH�� GRXEOH�QHJDWLYH�� DQG� /RZ� ±�
LQGH[� 0HWDPDWHULDOV� DQG� WKHLU� HOHFWURPDJQHWLF�
DSSOLFDWLRQV��,(((�7UDQVDFWLRQV�RQ�$QWHQQDV�DQG�3URSDJDWLRQ�
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Abstract 

The Moment Method is a full-wave analysis with the 
superior validity in practice as well as simplicity in its 
analysis which it would be offered for analyzing 
Frequency Selective Surface. The main advantage of this 
method is that the reflection and transmission coefficient 
could be computed efficiently for any stratified structure.  
In this paper, we aim to model crossed-dipole Frequency 
Selective Surface by the Method of Moments in the 
spectral domain.  
To ascertain the process of the extraction of the total 
reflection coefficient, we exploit the stratified layers in a 
structure which is employed in an antenna reflector. 
Moreover, to show a good estimate of the induced surface 
current density on the Frequency Selective Surface, we 
have expressed the basis functions which are relevant to 
the shape of the patches. 
 

Introduction 
To predict electromagnetic scattering of the periodic 
structures have been studying for over a century now. The 
Method of Moments (MoM) have received the great 
majority of the candidates for the planar periodic 
multilayer structures.  
To elucidate the process of the derivation of the total 
reflection coefficient, here, it is supposed that a single 
layer frequency selective surface which is embedded in the 
stratification of the layers as is depicted in Figure. 1.  

 
 

Name of 
material 

Thickness  
(mm) 

Relative 
permittivity 

Usage 

Kevlar t1=0.05 4.1-j0.024 Protective film 
Kapton t2=0.18 3.2-j0.02 Dielectric substrate 
Kevlar 

honeycomb 
t3=7.5 1.05 Dielectric 

honeycomb structure
Kevlar t4=0.18 4.1-j0.024 2th protective layers 

Figure .1. The configuration of dielectric layers used in FSS. 
 

The shape of patch element is based on controlling the 
frequency response of the surface. We interest in starting 

with the crossed–dipole Frequency Selective Surface 

which is considered to be periodic in the non-orthogonal 

 
Figure.2. Based on the spectral-domain method of moments. 
 

 
 coordinate system, i.e. 1K  and 2K , with the periodicities 

1TK and 2TK respectively. Therefore, this structure consists 

of the periodic, sub-section elements to generate the whole 
of the Frequency Selective Surface which each of them 
name "unit cell".  

 
Figure.3. common geometry of two demintional unit cell.  
Besides, many useful conclusions can be deduced from the 
transformation properties of various observables under 
rotations. Therefore it would be offered the rotation of the 
axes in considerable detail in this article.  
On the other hand, the disadvantage of the MoM is the low 
speed in its convergence in both the basis functions and the 
spectral Green's functions.Hence, we have developed the 
asymptotic behavior of the of the Green's functions.  
Moreover in order that one of the components of the 
scattered electric field  is resulted from the reflected field 
which crossed-dipole elements have removed, it may 
interest you to know that the extraction of the reflection 
coefficient in this situation. Therefore we have maintained 
its derivation. 
Furthermore the current density on the whole of the two-
dimensional Frequency Selective Surface will be expanded 
by a series with a set of complex-valued weight 
coefficient, i.e. ^ `jc   .  

Therefore we have exploited the spectral Galerkin equation 
to gain this set of complex-valued weight coefficient.  
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In this corresponding, we persevere in our efforts to 
ascertain how the modal of Frequency Selective Surface 
will be extracted by Method of Moment in spectral 
domain.  
I. Extraction of the Green's functions  
The approach of this stage relies on the transverse 
equivalent transmission line for a spectral wave.  
It is necessary to rotate through angle I , carrying ou into 
ox, due to following considerations: (1) in order to get the 
satisfaction of phase matching condition at every point on 
the boundary planes, (2) furthermore, in the new system, 
both E and H will maintain merely one tangential 
component at the boundary planes, regardless of 
polarization, (3) when the current sheet uJ  or vJ  is 
appeared at the coordinates, one of its components is on 
the rise to a field which TE-to–W, � �xyw H,E,H , and the 

other component is on the rise to a field which is TM-to-
W, � �yxw H,E,E  . In the other words, xJ  current generates 

exactly the TM field and 
yJ  current produces only the TE 

fields. Figure 4.  
a) 

 
 
 
 
b)   
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Figure .4.Coordinate transformation  
According to the equivalent transmission lines, the 
characteristic impedances in the +Z direction in ith layer 
are determined as follows,  
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4,3,2,1i
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ori
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xTM
oi  

HZH
J

  
'                      (2) 

where 2
0

22 krii HEDJ ��  is the propagation constant in 
+Z direction in the ith layer, i.e. i=1,2,3,4.  
On the other hand, the surface current density 

)Vu(je)sinŷcosx̂(J E�DI�I  could be utilized as 
satisfaction of the following boundary conditions,  

(i) tangential electric field is continuous at z=0, 
> @ 0)0()0(ˆ  �u �� EEz                                                         (3) 

(ii) In order that the presence of the surface current 
density, i.e.J, the tangential magnetic field is 
discontinuous at z=0, 

> @ JHH  �u �� )0()0(ẑ                                                       (4) 
By expansion of the equation (4) in the Cartesian 
coordinate, the following expressions can be obtained,  
Jy= (Hx(0+) – Hx (0-))                                                        (5) 
Jx= -(Hy(0+) – Hy (0-))                              (6) 
Moreover, a shunt current source which is applied in the 
equivalent transmission line models is owing to the 
discontinuity in tangential magnetic field. For TE 
polarization by applying equation and Kirchoff's current 
law at the place of the source will be gained by the 
following equations,  
BC: Jy=Hx(0+)- Hx (0-)                               (7) 
KCL: Is= I (0+) + I (0-)                             (8) 
By comparison the equations (7) and (8) with Isin,  sIJ  

can be realized. On the one hand, v=Is TE
inz and 

TE
y

TE
y EVE ,�l could be obtained as follows, 

Ey
TE= )(sin VujTE

in ez EDI �� = )( VujTE
y eE
o

ED �
                                              (9) 

The same as TE polarization, for TM polarization would 
be found as follows,  
BC: -Jx=Hy(0+)- Hy (0-)                          (10) 
KCL: Is=I(0+)+ I (0-)                               (11) 
In the similar to the procedure of the TE polarization, 

I� cosIs can be gained by comparing the equations 
(10) and (11) with J. since V=Is¯ TM

inz and 
TM
y

TM
x E,VE �l can be computed as follows, 

)Vu(jTM
in

TM
y ecoszE E�DI�            (12) 

 
Figure.5. Equvalent transmission lines subscript 'p' 
signifies that the type of polaritations. 
Now, the TE and TM components should be comprised to 
gained total electric field by the following equations, 
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TE
in ezz EDII ��                       (13-b)   

On the one hand, transform relationship between the 
scattered field and the surface current is defined the form,  
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By substituting the equations of the electric fields and 
surface current into the above definition would be 
computed the following equations,  

� �II 22 cossin~
~~ TM

in
TE
in

u

u
uu zz

J
EG ��                              (15-a) 

� � II cossin~
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in
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u
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Vu zz

J
EG ��                             (15-b) 
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~~ TM

in
TE
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V

u
uV zz

J
E

G ��                              (15-c) 

� �II 22 sincos~
~~ TM

in
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V

V
VV zz

J
EG ��                  (15-d) 

where: 
o

TE
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TE
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jzzz
J
ZP

2
||                               (16-a) 

            
o

oTM
oo

TM
oo

TE
in j

zzz
ZH
J

2
||                     (16-b) 

and TM
oo

TE
oo zandz  are the characteristic impedances for 

TE and TM polarizations of the plane wave fields in free 
space with propagation constant 

oJ , i.e. 1 rH . 

Note: the impedances  �
Pz and  �

Pz , in Figure 5., could be 
determined with regarding to the Transmission Line theory 
by the following expressions,  

1101

1101
01 coth

coth
tzz
tzz

zz PP
oo

P
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P J
J

�
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 �                        (17-a) 

2202

2202
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tzz
tzz

zz PP
oo

P
oo

P
P

P J
J

�
�

 �                                     (17-b) 

The total input impedance seen by source, in Figure. 5, 
could be obtained by combining the �

Pz  with �
Pz , 

parallely. 
II. Gaining the asymptotic behavior of the Green's 
functions  
The asymptotic expressions for characteristic impedances 
which are based on Transmission Line theory can be 
computed under the following considerations, i.e. 

22 || orip KHJ !!  and SJ !ipt  for each finite thickness of 
layer. These considerations result in the forms,  

pi JJ o                            (18) 

Coth 1oiitJ                            (19) 
Therefore, 

UJ
ZPjzTEoi o                    (20) 

ori

pTM
oi j
z

HZH
J

o           (21) 

The input impedances resulted from (20) and (21) as 
follows, 

UJ
ZP

2
jzTMin o               (22) 

)( �� �
o

rro

TM
in j
z

HHZH
J U                         (23) 

where �rH and �r
H are the relative permittivities of two 

layers. 
By substituting the asymptotic expressions (22) and (23) 
into the equations (15) the asymptotic behavior of the 
Green's functions are obtained as follows, 
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The asymptotic expansions of the Green's functions are 
necessary to ascertain the total reflection coefficient. The 
merits of the usage of the asymptotic behavior of the 
Green's functions, instead of � �mnn ,G ED , are both 
accuracy and speed to its convergence.  
III. Computations of the reflected field 

 
Figure.6. reflected fields from the surface whose the 
crossed dipoles are  removed. 
As the Figure. 6 shows the incident fields for both 
polarizations are exposed by the following expressions,  
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= rk.)sinˆsincosˆcoscosˆ( j
iiiiii ezyxE TTTIT ��                         (26) 

The unit vectors for both polarizations, TE and TM, are 
ascertained as follows: 

AA � ir ee ˆ                      (27) 

ir ê).Iẑẑ2(ê �                 (28) 

Where I  is the three-dimensional unit dyadic,i.e. 

zzyyxxI ˆˆˆˆˆˆ �� 
'

 , The reflected fields result from the 
equations (27) and (28) the forms,  

rkrE .)cosˆsinˆ()( rjTE
iyixo

TE
r eaaE *�� II                      (29) 

rkrE .)sinˆsincosˆˆ()( rjTM
iziiyiixo

TM
r eaacincinaE *��� TITIT      (30) 

The wave propagation in the reflected direction is defined 
as follows, 

kk ).ˆˆ2( zzIr � 
'                           (31) 
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where k is the wave vector of the incident plane wave, 
)cosˆsinsinˆcossinˆ( TITIT zyxKo �� k and

oooK HPZ 

, and P*  is the reflection coefficient of the structure which 
is shown in Figure.6. It could be determined by the Theory 
Transmission Line.  
IV. Fourier Transform of the current density 
surface  
Based on Figure.7 the induced current density on  the 
whole Frequency Selective Surface, i.e. J(x,y), would be 
written in the following expression,  
where ),( yxoJ  is the current density on a single patch of 
Frequency Selective Surface and ,  

iiox kk IT cossin                     (33-a) 

iioy kk IT sinsin                                 (33-b) 
According to the definition of Fourier transform which is 
given by the following equation,  

dxdyeyxf yxj³³
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The Fourier transform of J(x,y) is gained as follows,  
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2
K
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yPq k
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 cot2
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2

12 KK
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Figure.7. A two dimensional periodic FSS 
Therefore, if a plane wave field is impinged on the 
Frequency Selective surface, the scattered field is 
including the infinite numbers of the discrete plane waves 
with the wave numbers UD  and 

pqE  which are transverse 

phase constants.  
V. The spectral-Galerkin equation  
The spectra domain Method of the Moments procedure 
have utilized as the solution in this stage.  
First of all, ),( EDoJ  could be extended by choosing the 
proper series of linearly independent functions, i.e.{

jj }, in 
the following expression: 
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By substituting the equation (38) into the equation (14) the 
scattered electric field is determined as follows, 

EDED
S

ED dde
j

j

GG

GG
c

E

E Vuj

yj

xjI

j yyyx

xyxx
jS

y

S
x )(

1
2 ),(~

~

~~

~~

4
1 �

 

f�

f�

f�

f�
3
»
»
¼

º

«
«
¬

ª

»
»
¼

º

«
«
¬

ª
 

»
»
¼

º

«
«
¬

ª
¦ ³ ³

 

(39) 
In order that the frequency selective surface is finite in two 
dimensions, the value of  3 ),( ED  is equal to one.  
Moreover, an inner product for two dimensional elements 
would defined in the form,  

³ ³
�f
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f�
! � dxdyyxgyxfgf T ),(),(.

                                     (40) 

where the superscript "T" indicates that transpose. Now, 
we intend to employ the inner product on the scattered 
electric field in the equation (39), therefore,  
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where ³ � dxdyeyxj yxj

i
)(† ),( ED  is the Fourier transform of 

),(† yxji , therefore, the equation (41 ) can be simplified to 
this form, 
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In other words, the transform relationship between the 
scattered field and the surface current density has indicated 
in the equation (14) would be applied in the last equation.  
The spectral-Galerkin equation results from  this 
substitution as follows,  
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where the superscript ''†'' signifies that complex conjugate 
transpose and M is the number of the crossed-dipole 
elements where are etched on the dielectric medium.  
VI. Gaining the expression of the transverse 
electric field, i.e.x-y components  
According to the spectral-domain of moment analysis 
relationship between the electric field at the surface z=t1 
and induced current at the surface z=0 is given by,  
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Under consideration the equations (44), (43) and (34), the 
expression (45) can be obtained as follows,  

¦

¦

f�

�f KK

�f

�f 

J�

E�EGD�DG
:

SS
ED 

E�EGD�DGS

q,p
pqpq

21
pqpq

pqpq
2

q,p

1tpq
pqt

)()(
sinT
2

T
2),(G~

)()(4eE

   (45) 



 5 

By comparing two sides of the equation (45) the transverse 
electric field, i.e. x-y components, would be realized in the 
form,  
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                       (46) 

where subscript "t" , signifies that transverse component.  
VII. Basis functions  
Basis functions are employed to show the approximation 
of the induced surface current density on the Frequency 
Selective Surface. According to the crossed-dipole shape, 
Figure. 3, the basis functions can be realized in these 
forms,  
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Based on the Fourier transform, the currents equations 
would be found as follows,  
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Therefore, the Fourier transform can be determined in the 
following form,  
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where ^ `jc  is a set of a complex–valued weight coefficient.  

VIII. Computation of the total reflection 
coefficient of the frequency selective surface  
The goal of this stage is to derivate the reflection 
coefficient for the Frequency Selective Surface which for 
the Frequency Selective Surface has illustrated in figure.1. 
The magnetic and electric vector potential for this structure 
are defined by this form,  
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Furthermore, the whole scattered electric field will be fund 
in a discrete spectrum form as follows,  
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Based on the equation (51) the scattered field consists of 
two parts: (1) pqE , is relevanted to the scattered field 

which is resulted from the induced current on the etched 
screen in the presence of the dielectric medium, (2) ,Eref00  
the scattered field component is arisen from the reflected 
field f dielectric medium whose crossed-dipole elements, 
have removed as has clarified in the third stage.  
If the scattered field splits into the its TE and TM 
components, z-direction electric and magnetic vector 
potentials will define in these expressions, 
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On the other hand, an expression for the scattered field 
defines in the form,  
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By substituting equations (46) and (47) into equation (48) 
in Cartesian coordinates, we can maintain the following 
expressions, 

ref
pq

qp

TM
pq

o

pqpqTE
pqpq

S
x R

j
j

RjE \
ZH
JD

E¦ »
¼

º
«
¬

ª
�� 

,

                   (54-a)

    
ref
pq

qp

TM
pq

o

pqpqTE
pqpq

S
y R

j
j

RjE \
ZH
JE

D¦ »
¼

º
«
¬

ª
�� 

,

         

                      (54-b) 
ref
pq

TM
pq

qp o

pqS
z Rj

j
E \ZP

ZH
J

¦ »
¼

º
«
¬

ª
� 

,

                           (54-c) 

Therefore, the entire scattered field is the form: 
S
z

S
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S
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Now, we must set two equations (50) and (45) equally and 
the expression of the reflection coefficients would be 
resulted as follows, 
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Conclusion 
In conclusion, we have employed to the Method of 
Moment in spectral domain to model the crossed-dipole 
Frequency Selective Surface which is involve in the 
following stages: (1) extraction of the Green's functions, 
(2) gaining the asymptotic behavior of the green's 
functions, (3) computations of the reflected field, (4) 
applying Fourier transform of  the current density surface, 
(5) using the spectral-Galerkin equation, (6) gaining the 
expression of the transverse electric field, (7) employing 
expressions of the basis current functions, (8) computation 
of the total reflection coefficient of the Frequency 
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Selective Surface. In order to get results we have fulfilled 
all these stages explicitly. 
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Abstract
Contrary to popular belief, conventional wisdom states that
light bends away from the normal when it passes from high
to low refractive index media, here we demonstrate that the
electromagnetic power can bend to the normal in nearly par-
allel for all angles of incidence when passing from arbitrary
high refractive index medium (or air) to !-near-zero (ENZ)
metamaterial. This counterintuitive to conventional Snell’s
law refraction is resulted from the interplay between ENZ
and material loss, which switches the transmission angle
from the grazing to the normal. Moreover, the material loss
can increase the transmission at the air-ENZ interface. For
an ideal loss configuration, the collimated beam can travel
indefinitely without decay in anisotropic ENZ media when
the material loss approaches infinity.

1. Introduction
Metamaterials have gained a lot of attention due to their
intriguing properties, such as negative refraction [1], elec-
tromagnetic cloaking [2, 3] and shielding [4], ultrathin
waveguides [5, 6], beam shaping [7]–[10], and self-
collimation [11]–[13]. Wave refraction at the interface, a
fundamental phenomenon in optics, is described by Snell’s
law which dictates light bends towards the normal when
passing from low to high refractive index media. As a
manifestation of this effect, directive emission into air by
a source placed inside the material with vanishingly small
permittivity, known as epsilon-near-zero (ENZ) metamate-
rials, was demonstrated recently [14]. From the reciprocal
theorem, for radiation from high refractive index medium to
ENZ material, the transmitted beam should spread out into
grazing angles. Contrary to this conventional behavior, we
will show that the electromagnetic (EM) power can bend to
the normal when light passes from arbitrary high (!1 ! 1)
to low (!2 " 0) refractive index media as shown in Fig. 1a
– anti-Snell’s law refraction. Moreover, the direction of the
transmission is close to the normal for all incidence angles.
Unlike negative refraction, this anti-Snell’s law refraction
is induced by material loss. The interplay between ENZ
and loss leads to unusual wave behavior that switches the
transmission angle from the grazing to the normal for all
angles of incidence. In the lossless case, the air-ENZ inter-
face, in the limit of ! # 0, acts as a mirror due to highly
mismatched impedance. However, EM properties in lossy

ENZ media are unconventional and counterintuitive. Mate-
rial loss can switch a broadband reflection to a broadband
transmission, meanwhile bend all spatial components to the
normal. Moreover, the transmission at the air-ENZ inter-
face can increase with the increase of loss. Furthermore,
for a certain loss design, the propagation loss in anisotropic
ENZ media decreases with increasing the material loss.

The refraction and propagation anomaly can be used to
project EM power into one direction as shown in Fig. 1b,
where the waves coming from all directions are bent to
the normal upon entering the ENZ. A plasmonic coating
is superimposed on the ENZ to enhance the transmission
through structural resonances. Regardless of the incidence
angles, the transmitted powers can impinge normally to the
receptors or photocells embedded in the ENZ medium, in-
creasing the acceptance angle and energy transfer.

Figure 1: (a) A plane wave is incident from an arbitrary
high permittivity (!1 ! 1) medium to ENZ (!2 " 0) meta-
material. (b) Incoming waves from different directions in
air are bent to the normal upon entering the ENZ medium.
A plasmonic thin film is superimposed on the ENZ mate-
rial to enhance the transmission. Receptors or photocells
are embedded in the ENZ metamaterial.

2. Anti-Snell’s law refraction
2.1. Angular switching

Our derivation is based on anisotropic media. Results can
be applied to isotropic media. Assuming a harmonic time
dependence exp($i"t) for the EM field, from Maxwell’s
equations, we have

%&
!
¯̄µ!1
n ·%&E

"
= k20

!
¯̄!n ·E

"
,

%&
!
¯̄!!1
n ·%&H

"
= k20

!
¯̄µn ·H

"
,

(1)

where k0 = "/c; and the ¯̄!n and ¯̄µn are, respectively, the
permittivity and permeability tensors for each uniform area



(n = 1, 2, · · · ), which in the principal coordinates can be
described by

¯̄!n = !nxx̂x̂+ !nyŷŷ + !nzẑẑ ,
¯̄µn = µnxx̂x̂+ µnyŷŷ + µnzẑẑ . (2)

Consider transverse magnetic (TM) modes, corresponding
to non-zero field components Hy , Ex, and Ez . The mag-
netic field Hy satisfies the following wave equation:

1

!z

#2Hy

#x2
+

1

!x

#2Hy

#z2
+ k20µyHy = 0 , (3)

which permits solutions of the form $(z) exp(i%x). Here
the transverse wave number % is determined by the incident
wave, and is conserved across the interface,

%2 = k20!nzµny $ &2
n
!nz
!nx

, (n = 1, 2, · · · ) , (4)

where &n is the wave number in the z direction. The
functional form of $(z) is either a simple exponential
exp(i&nz) for the semi-infinite regions or a superposition
of cos(&nz) and sin(&nz) terms for the bounded regions
along the z direction. The other two components Ex and
Ez can be solved from Hy using Maxwell’s equations. By
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Figure 2: TA of the Poynting vector vs. AOI when !2z =
0.001 + i!i2z . Left and middle panels: anisotropic ENZ
with !2x = 1. Right panels: isotropic ENZ with !2x =
!2z . Top panels: !i2z = 0. Bottom panels: !i2z = 0.6.
Left panels: !1 = 1. Middle and right panels: !1 = 100.
A good agreement between the numerical (blue-solid) and
analytical (green-circles) results. Material loss switches the
TA from the grazing angle 90" (top panels) to the near-zero
angle (bottom panels) for all AOI.

matching boundary conditions at the interfaces, i.e., the
continuity of Hy and Ex, the EM field can be derived in
each region; and then the Poynting vector S can be com-
puted from S = '(E & H#). In anisotropic materials,
the direction of the Poynting vector is different from that
of the phase front of the field. Here, only the direction
of the Poynting vector is considered since it is associated
with the energy transport. The angle ('S) of the Poynting

vector is measured from the Poynting vector to the surface
normal, and is given by 'S = tan!1(Sx/Sz). Assume
non-magnetic materials µj = 1 (j = 1, 2). In Fig. 1a,
the input side is isotropic material with permittivity !1; the
output side is ENZ material (!2 " 0). In the following,
both anisotropic (!2x (= !2z) and isotropic (!2x = !2z) ENZ
media will be considered. Figure 2 illustrates the effect of
ENZ-material loss on the transmission angle (TA) plotted
against angle of incidence (AOI) with and without loss for
different permittivity (!1) of the input medium. In the top
panels, when the loss is zero

!
)(!2z) = 0

"
, the TA is 90"

(grazing angle) except for the normal incidence, which is
complied with Snell’s law. In the bottom panels, with a
moderate loss )(!2z) = 0.6, the TA switches to near zero
(normal direction) for all AOI. This switching phenomenon
persists even for the much higher permittivity (!1 = 100)
of the input medium (middle and right panels).

2.2. Analysis

To understand this loss-induced switching phenomenon, we
analyze the transmission angle ('S), which is given by

tan('S) =
Sx

Sz
=

'
#
%̄

!2z

$

'

%

&

'
µ2y

!2x
$

!
%̄
"2

!2x!2z

(

)

, (5)

where %̄ * %/k0, and %̄ (real) is given by incidence angle.
The transmission angle of the Poynting vector depends only
on the input and output media. In the case of !2x # 0 and
!2z finite, Eq. (5) indicates 'S # 0" (normal direction). For
the case of !2z # 0 and !2x finite and the case of isotropic
ENZ material with !2x = !2z # 0, the analysis is more
involved. The numerator of Eq. (5) can be written as

'
#
%̄

!2z

$
=
%̄ !r2z
|!2z|2

, (6)

where !r2z * '(!2z). Assuming µ2y is real, the denomina-
tor of Eq. (5) becomes
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where

a2 =
1

2

!
A!r2x +B|!2x|$ !r2x!

r
2z + !i2x!

i
2z

"
, (8)

where !i2z * )(!2z), !r2x * '(!2x), !i2x * )(!2x), and

A * |!2z|2µ2y!
%̄
"2 , B =

*
|!2z|2 $ 2A!r2z +A2 . (9)

Thus, the transmission angle ('S) becomes

tan('S) =
|!2x|!r2z
a |!2z|

. (10)
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The loss-induced angular switch in Fig. 2 can be explained
from Eq. (10). For the anisotropic medium !2x (= !2z and
!2x is finite, if !i2z = 0, when !r2z # 0, !r2z/|!2z| # 1
and a # 0, thus 'S # 90". If !i2z (= 0, when !r2z # 0,
!r2z/|!2z| # 0 and a is finite, thus 'S # 0". On the other
hand, if !2z is finite, when !2x # 0, a # +

!2x, and thus
'S # 0". For the isotropic case, let !2x = !2z * !r2 + i!i2.
If !i2 = 0, when !r2 # 0, !r2z/|!2z| # 1 and a # (!r2)

3/2,
thus 'S # 90". If !i2 (= 0, when !r2 # 0, !r2z/|!2z| # 0
and a is finite, therefore 'S # 0". Equation (10) indicates
when !2z is finite, both the real and imaginary of !2x should
approach zero in order for 'S # 0". To validate Eq. (10),
in Fig. 2 the TA calculated from Eq. (10) (green-circles)
are compared to those computed numerically (blue-solid),
showing a perfect agreement.

2.3. Angular width

To validate the loss-induced switching behavior is a robust
feature, in Fig. 3 the transmission angle vs. AOI is plotted
for different real parts of !2z and !2x and loss. In essence,
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Figure 3: TA vs. AOI when '(!2z) = 0.001 (blue-solid)
and '(!2z) = 0.01 (green-dashed). Top panels: )(!2z) =
1.5. Bottom panels: )(!2z) = 3.2. The ENZ material
is anisotropic with !2x = 1.0 (left panels) and !2x = 2.0
(middle panels), and isotropic (right panels). The permit-
tivity of the input medium !1 = 36.

the transmission angle decreases with increasing the loss
)(!2z) and decreasing '(!2z). When '(!2z) # 0, angular
width of the transmission can be estimated from
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+
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, (11)

where ( * |!z|µy

!1µ1
, and the subscript 2 in !x, !z , and µy

was omitted in above equation. Figure 4 demonstrates how
rapidly the transmission angle converges to zero as the loss
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Figure 4: TA vs. )(!2z) when AOI = 0.1" (blue-solid)
and AOI = 89" (green-dashed). Top panels: '(!2z) =
0.001. Bottom panels: '(!2z) = 0.01. Left and middle
panels: anisotropic ENZ material with !2x = 1.0 (left) and
!2x = 2.0 (middle). Right panels: isotropic ENZ material.
The permittivity of the input medium !1 = 36. TA quickly
converges to zero in all the scenarios.

)(!2z) increases for different '(!2z) and !2x. The blue-
solid curves represent the transmission angles for the near-
zero angle of incidence, while the green-dashed curves for
the grazing angle of incidence. The difference of these
two curves represents to the transmission angular width,
which is narrower in the isotropic ENZ media (right panels)
than that in the anisotropic media (left and middle panels).
Hence, the omnidirectionally collimated transmission can
occur when )(!2z) ! '(!2z) and '(!2z) # 0.

3. Loss-assisted transmission
Not only can the loss switch the transmission angle from the
grazing to the normal, but also it can increase the transmis-
sion amplitude. The transmission and reflection coefficients
of the power at the interface can be calculated from

T =
'(Z2)

'(Z1)

4
00Z1

002
00Z1 + Z2

002
, R =

0000
Z1 $ Z2

Z1 + Z2

0000
2

, (12)

where Z1 and Z2 are, respectively, the input and output
impedances generalized for oblique incidence, given by
Zj = &j/!jx (j = 1, 2). Without loss, the mismatched
impedance prevents EM waves from entering the medium.
With loss this picture changes dramatically. In fact, the
loss can mitigate the mismatch and increases the transmis-
sion. Figure 5 shows the transmittance and reflectance (top
and middle panels) of a plane wave incident from air to the
ENZ material, as well as the TA (bottom panels). To con-
firm our results, the numerically computed transmittance
(blue-solid) and reflectance (green-dashed) using scattering
matrix method are compared to the analytical calculation
(circles) using Eq. (12). The TA in the right bottom panel
spreads out from 0" to 90" since both '(!2z) and |!2x| (= 0
(see Eq. (10) and the analysis). The flat transmission and
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Figure 5: Transmittance (blue) and reflectance (green) vs.
AOI without loss (top panels) and with loss (middle panels),
showing perfect agreement between the numerical (solid &
dashed curves) and analytical results (circles). Bottom pan-
els: TA corresponding to the middle panels. The middle
panels have the same permittivities as those in the corre-
sponding bottom panels.

Figure 6: Transmittance vs. AOI and loss when incident
from air to the ENZ medium. Left panel: '(!2x) = 0.001
and !2z = 1. Middle panel: !2x = 1 and '(!2z) = 0.001.
Right panel: !2x = !2z = !2 and '(!2) = 0.001. Note the
transmission is zero without loss.

reflection in the right panels is a special case where the an-
gular dependent term in the denominator and numerator of
Eq. (12) happens to cancel each other when !2z = 1 and
!1 = 1 . Zj = cos '/

+
!j (j = 1, 2). Figure 6 presents

the transmittance as a function of AOI and loss. The angular
independence in the left panel is the special case. Clearly,
material loss provides a mechanism for the EM power to
enter the “door”, and switches the broadband total reflec-
tion to the broadband transmission.

4. Loss-assisted propagation
Some material loss can increase the propagation distance in
anisotropic ENZ materials. The propagation constant in the
z-direction, from Eq. (4), is given by

kz * & =

1
k20!xµy $

!x
!z
% 2 . (13)

For the fixed !x, a higher loss in !z means a smaller )(kz),
and thus a longer propagation distance since waves inside
the ENZ medium propagate in the z-direction according to
above analysis. Thus, if the loss in !x can be kept small,
the loss in !z is, in fact, favored for propagation. Assume
µy = 1, it is straight forward to derive the imaginary of kz:

2
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32
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(14)

where ) *
#

%

k0|!z|

$2

. Figure 7 demonstrates the effect of

the loss on the propagation in the anisotropic ENZ medium.
The left panels show the propagation loss )(k2z) versus
the material loss )(!2z) at different AOI and !2x. When
the loss )(!2z) # /, the propagation loss exponentially
decays to the limit determined by the )(!2x). The right
panels present the normalized transmission versus AOI at
different propagation distances inside the anisotropic ENZ
medium with different loss )(!z). The right-bottom panel
indicates the transmission increases with the increase of
the loss )(!2z) and is eventually saturated (the curves for
)(!2z) = 3 and )(!2z) = 20 are on top of each other).
A broadband spatial frequency can enter the ENZ medium
with more than 90% transmission for the angular bandwidth
up to 50 degree and more than 50% for up to 75 degree. As
the wave propagates inside the ENZ medium, the power
from the non-zero AOI is gradually absorbed except for the
normal incidence (right-middle and right-top panels). This
process is in fact quite opposite to what occurs in the loss-
less ENZ slab which, in the limit of ! # 0, only allow the
normal incidence for a total transmission and reject non-
zero spatial components by the mismatched interface [10].
Therefore, a lossless ENZ slab acts as a spatial filter [10],
not a collimator. Whereas a lossy air-ENZ interface be-
haves as a collimator since a broadband spatial frequency
can pass the interface in parallel. Ideally, the EM wave can
propagate forever without decay if the loss )(!z) # /
and the loss )(!x) = 0. Physically, it can be understood
that !z is important for matching at the interface, but once
the wave enters the material it propagates mostly along the
normal, so the electric field ’feels’ only the x-component
of the permittivity. In essence, when the |!z| increases, the
influence of the !z on wave propagation diminishes as the
result of reducing transmission angle (see Fig. 4). Figure 8
shows the propagation of the normalized total power in the
ENZ medium at different losses. When )(!2z) = 20 (right
panel), the power reduces to 60% after a propagation of
5*. Note that the flat wavefront occurs only inside the ENZ
medium. When the power comes out of the medium into
air, the wavefront will return to the original form due to the
conservation of the parallel wave vector %. This result is
different from the lossless ENZ slab where the wavefront
keeps flat in air [10] since in their case the tilted wavefronts
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Figure 7: Left panels: )(k2z) vs. )(!2z) when !2x = 1 +
0.2i (top) and !2x = 2 + 4i (bottom) at the AOI = 0"

(blue-dots), 30" (green-solid), and 90" (red-dashed). Right
panels: transmitted power (normalized by the input power
at each AOI) in the ENZ medium vs. AOI at the air-ENZ
interface (z = 0, bottom), at the propagation distance z = *
(middle), and z = 5* (top). !2x = 1. Blue-solid: )(!2z) =
0.6. Green-dashed: )(!2z) = 3. Red-dots: )(!2z) = 20.
No propagation decay for the normal beam since % = 0 in
Eq. (13). '(!2z) = 0.001 for all plots.

Figure 8: Normalized total transmitted power (integrated
over AOI) inside the ENZ material. '(!2z) = 0.001 and
!2x = 1. Left: )(!2z) = 0.6. Middle: )(!2z) = 3. Right:
)(!2z) = 20. Color bars represent the magnitude of the
power. The higher the loss )(!2z), the slower the propaga-
tion decay.

can never get into the material in the first place. It is well-
known that many fascinating effects are diminished due to
the high loss of metamaterials. However, the material loss
here can play a positive role, which collimates the beam and
increases the transmission and propagation inside the ENZ
medium.

5. Applications
Above unconventional phenomena may have applications,
such as directive antennas. Instead of radiation, here we
explore them from a receiving perspective, i.e., redirect the
EM power coming from different directions to the direction
of the receivers to enhance the acquisition power, as shown
in Fig. 1b, where a matching coating is deposited on the sur-
face of the ENZ medium to make the effective impedance of

the overall structure matched to that of air. For simplicity,
we used a dielectric-metal-dielectric thin film as the coat-
ing. With proper thicknesses, this sandwich structure can
possess nearly-flat dispersion curve [15, 16] due to coupled
surface plasmon from closely spaced two dielectric-metal
interfaces. By varying the thicknesses of the layers, the
resonant frequency can be tuned. In our simulation, the
dielectric and metallic layers are amorphous polycarbonate
(APC) and silver (Ag), respectively. The refractive index of
the APC is given by [17]

np = 1.5567 + 8.0797& 10!3/*2 + 3.5971& 10!4/*4,

where * is the wavelength in µm. The loss of APC is very
small and neglected. The Ag absorption is included via the
complex permittivity from Palik [18].
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Figure 9: Top panels: Transmittance (blue-solid) and re-
flectance (green-dashed) of the APC-Ag-APC film vs. AOI
when the back of the film is ENZ medium with !2x = 1 (left
panels) and !2x = !2z (right panels). !2z = 0.001 + 0.6i.
Bottom panels: corresponding TA computed numerically
(blue-solid) and analytically (green-circles), showing a per-
fect agreement. The thickness of the Ag layer is 10 nm.

Figure 10: Transmittance of the APC-Ag-APC coating ver-
sus AOI and wavelength when the medium at the back of
the coating is the anisotropic (left panel) and isotropic (right
panel) ENZ materials. Color-bars represent the magnitude
of the transmittance. Simulation parameters are the same as
those in Fig. 9. In both cases, a wide-angle 90% transmis-
sion is observed.

Figure 9 shows the transmittance and reflectance (top
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panels) of a plane wave incident from air to the APC-Ag-
APC structure, as well as the corresponding TA (bottom
panels). At the resonance, the thickness of the APC layer
d = 100 nm and the resonant wavelength * = 0.95µm
for the anisotropic ENZ (left panels), and d = 80 nm and
* = 0.64µm for the isotropic ENZ (right panels) media.
About 90% transmission is achieved for the AOI up to 70"

with a nearly-collimated beam propagating in the normal
direction. Compared with the one without the coating (see
the right-bottom panel of Fig. 7), the angular bandwith is
increased by 40%. A 2D view showing the transmittance
of the APC-Ag-APC as a function of AOI and wavelength
is presented in Fig. 10. Note the loss of the ENZ medium
was not included in the transmission, which was computed
right after the film, i.e., before traveling through the ENZ
medium. If the receptors are embedded close to the back
of the film, the propagation loss in the ENZ medium can be
minimized. On the other hand, by designing the anisotropic
loss, )(!x) " 0 and )(!z) ! 0, the propagation distance
can be increased. With the recent advances in fabrication,
it seems plausible to precisely control the permittivity and
permeability of metamaterials.

6. Conclusions
In conclusions, we have demonstrated the counterintuitive
anti-Snell’s law refraction and loss-improved transmission
and propagation in the ENZ materials. These results are
generally sensitive to polarization and narrow band due to
frequency dispersion. Nevertheless, these unconventional
phenomena may find applications in antennas, detectors,
and sensors to increase the angular bandwidth and the EM
power without using optical lenses and mechanical gimbals.
The concept of designing the anisotropic loss to control the
direction and transmission of EM power brings a positive
perspective to material loss and may open up a new avenue
for metamaterial designs.
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[10] A. Alù, M. G. Silveirinha, A. Salandrino, and N. En-
gheta, Epsilon-near-zero metamaterials and electro-
magnetic sources: Tailoring the radiation phase pat-
tern, Phys. Rev. B 75: 155410, 2007.

[11] S. Feng and J. M. Elson, Diffraction-suppressed
high-resolution imaging through metallodielectric
nanofilms, Opt. Express 14: 216–221, 2006.

[12] V. Mocella, S. Cabrini, A. S. P. Chang, P. Dardano,
L. Moretti, I. Rendina, D. Olynick, B. Harteneck, and
S. Dhuey, Self-Collimation of Light over Millimeter-
Scale Distance in a Quasi-Zero-Average-Index Meta-
material, Phys. Rev. Lett. 102: 133902, 2009.

[13] R. Pollès, E. Centeno, J. Arlandis, and A. Moreau,
Self-collimation and focusing effects in zero-average
index metamaterials, Opt. Express 19: 6149–6154,
2011.

[14] S. Enoch, G. Tayeb, P. Sabouroux, N. Gueŕin, and
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GHWHUPLQH� WKH� HTXLYDOHQW� SHUPLWWLYLW\� İHT� IURP� HTXDWLRQ� ����
DQG������
�

ORFH[WH[WH[WHT (91(
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�
)LJXUH����6FKHPDWLF�RI�D�SDUWLFOH�SODFHG�RQ�D�VXEVWUDWH�DQG�LWV�
LPDJH�GLSROH��
�
�
$FWXDOO\��

ORF(


FDQ�EH�FDOFXODWHG�E\�FRQVLGHULQJ�WKH�SDUWLFOH�
DV�D�SRLQW�GLSROH���7KH�LPDJH�GLSROH�IRUPDOLVP�LV�WKHQ�XVHG�
WR� DFFRXQW� IRU� WKH�SUHVHQFH�RI� D� VXEVWUDWH� WKDW� LV� SUHVHQWO\�
DVVXPHG� WR� EH� LVRWURSLF� DQG� QRQ�PDJQHWLF� �ILJ�� ���� 7KH�
LPDJH� GLSROH 
S DVVRFLDWHG� WR� WKH� GLSROH�PRPHQW S FDUULHG�
E\� WKH� SDUWLFOH� DW� WKH� LQWHUIDFH� EHWZHHQ� WKH� VXEVWUDWH� �İVXE��
DQG�WKH�H[WHUQDO�PHGLXP��İH[W���LV�ZULWWHQ�>��@��
�

VXEH[W

H[WVXESS
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�
7KH�ORFDO�¿HOG�LQ�2�WKHQ�UHVXOWV�IURP�WZR�FRQWULEXWLRQV��WKH�
DSSOLHG�H[WHUQDO�¿HOG� H[W(


DQG�WKH�¿HOG�FUHDWHG�E\�WKH�LPDJH�

GLSROH
LPJ(

 � �LPJH[WORF (((


 �7KH�HOHFWURVWDWLF�SRWHQWLDO�
FUHDWHG� DW� DQ\� SRLQW� RI� VSDFH� LV� WKH� VXP� RI� WKH� SRWHQWLDOV�
FUHDWHG� E\� GLSROH S DQG� LPDJH� GLSROH 
S �� UHVSHFWLYHO\��
8VLQJ�WKH�TXDVL�VWDWLF�DSSUR[LPDWLRQ��WKH�JHQHUDO�H[SUHVVLRQ�
RI�WKH�ILHOG�FUDWHG�E\�D�GLSROH S DW�D�GLVWDQFH�U��SRLQW�0��LQ�D�
PHGLXP�ZLWK�D�GLHOHFWULF�İH[W�LV���
�
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�
ZKHUH� XU5 

� �ZLWK� X �WKH� XQLW� YHFWRU� ERUQ� E\�20 ��
8VLQJ� WKH� JHQHUDO� H[SUHVVLRQ� ����� WKH� ¿HOG� FUHDWHG� E\� WKH�
LPDJH�GLSROH 
S ORFDWHG�LQ�2¶�DW�SRLQW�2�LV�JLYHQ�E\��
�
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�
6LQFH� WKH� LPDJH� GLSROH 
S LV� RULHQWHG� SHUSHQGLFXODUO\�

WR 22
 �� WKHQ� ��

� 22S %\� GHQRWLQJ� +22 
 DQG�

XVLQJ�(T�������WKH�H[SUHVVLRQ�RI�ILHOG�
LPJ(


FDQ�EH�UH�ZULWWHQ�

DV��
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VXEH[W
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7KLV�OHDGV�WR�WKH�IROORZLQJ�H[SUHVVLRQ

ORF(
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:KHUH� ���� ORFH[W (913
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�
7KH�HTXLYDOHQW�SHUPLWWLYLW\� İHT� LV� WKHQ�GHWHUPLQHG�E\�XVLQJ�
WKH�(TV�����������DQG�������$IWHU�VWUDLJKWIRUZDUG�FDOFXODWLRQV��
ZH�REWDLQ��
�
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��
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�

7KH� H[SUHVVLRQ� IRU� İHT� �RU� UDWKHU�� WKDW� RI� HTHTQ a �� LV�

WKHQ�XVHG�LQ�WKH�FRXSOHG�PRGH�WKHRU\�WR�DFFRXQW�IRU�WKH�/63�
UHVRQDQFH� LQ� WKH� %UDJJ� JUDWLQJ�� +HUH� LW� LV� ZRUWKZKLOH�
UHFDOOLQJ�WKDW�WKH�³RQH�SDUWLFOH´�PRGHO�XVHG�WR�GHULYH�İHT�QRW�
RQO\�DVVXPHV�XQFRXSOHG�SDUWLFOHV��EXW�DOVR�QHJOHFWV�UDGLDWLRQ�
ORVVHV�LQ�WKH�V\VWHP��$V�ZLOO�EH�VHHQ�LQ�6HFWLRQ����WKLV�OHDGV�
WR�D�QRQ�V\PPHWULF�SODVPRQ�DEVRUSWLRQ�OLQH�ZKRVH�ZLGWK�LV�
QDUURZHU� WKDQ� LQ�PHDVXUHPHQWV�� ,Q� WXUQ�� EDVLF�PHFKDQLVPV�
RI�/63�%UDJJ�JUDWLQJ�DUH�FRUUHFWO\�GHVFULEHG���

���� &RXSOHG�PRGH�WKHRU\�ZLWK�/63�UHVRQDQFH�

,Q�RUGHU�WR�DGDSW�&07�>��@�WR�/63�%UDJJ�JUDWLQJV��
ZH� XVH� WKH� VLPSOLILHG� VFKHPH� RI� D� SHULRGLFDOO\� VWUXFWXUHG�
ZDYHJXLGH�VKRZQ�LQ�ILJ����F���,Q�ZDYHJXLGH�UHJLRQV�FORVH�WR�
SDUWLFOHV�� WKH� ZDYHJXLGH� UHIUDFWLYH� LQGH[� LV� WDNHQ� WR� EH�
HTXDO�WR

HTQa ��,Q�RWKHU�UHJLRQV��WKH�HIIHFWLYH�LQGH[�RI�WKH�EDUH�

ZDYHJXLGH��
62,HIIQ �LV� NHSW�� 7KLV� LPSOLFLWO\� DVVXPHV� WKDW� LQ�

ZDYHJXLGH� UHJLRQV� FORVH� WR� SDUWLFOHV�� WKH� HOHFWURPDJQHWLF�
HQHUJ\�RI�WKH�7(�JXLGHG�PRGH�LV�DOPRVW�WRWDOO\�WUDQVIHUUHG�
WR� WKH� SDUWLFOHV� WKHPVHOYHV�� )'7'� VLPXODWLRQV� UHSRUWHG� LQ�
6HFWLRQ���VXSSRUWV�WKLV�DVVXPSWLRQ��

�7KH�SHULRGLF�PRGXODWLRQ�WKXV�VLPXODWHG�DORQJ�WKH�
ZDYHJXLGH� VLPXOWDQHRXVO\� LQFOXGHV� D� ³SXUH´� UHIUDFWLYH�
LQGH[� PRGXODWLRQ� �UHDO� SDUW� RI� WKH� LQGH[�� DQG� D� ORVV�
PRGXODWLRQ� GXH� WR� QDQRSDUWLFOHV� �LPDJLQDU\� SDUW� RI� WKH�
LQGH[���8VLQJ� WKH�JHQHUDO�H[SUHVVLRQ�RI� WKH�FRPSOH[� LQGH[�
RI� UHIUDFWLRQ� IRU� D� PDWHULDO� ZLWK� JDLQ� �RU� ORVV���

HTQa LV�

ZULWWHQ���

�

a
N
LQQ HT
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�
ZKHUH�N� �ʌ�Ȝ��Ȝ�LV�WKH�ZDYHOHQJWK��QHT�WKH�UHIUDFWLYH�LQGH[�
DQG� ȖHT� WKH� PDWHULDO� JDLQ� �RU� ORVVHV� LI� Ȗ� �� ��� FRQVWDQW� LQ�
LQWHQVLW\�� )RU� WKH� VDNH� RI� VLPSOLFLW\�� ZH� FRQVLGHU� D�
VLQXVRLGDO� PRGXODWLRQ� DORQJ� WKH� ZDYHJXLGH� ZLWK� UHDO� SDUW�

RVFLOODWLQJ� EHWZHHQ� QHIIVRL� DQG� QHT� DQG� WKH� LPDJLQDU\� SDUW�
RVFLOODWLQJ�EHWZHHQ���DQG�ȖHT�N���)RU�VXFK�D�PRGXODWLRQ��WKH�
VSDWLDO� HYROXWLRQV� RI� WKH� UHDO� DQG� LPDJLQDU\� SDUWV� RI� WKH�
RSWLFDO�LQGH[�LQ�WKH�SURSDJDWLRQ�GLUHFWLRQ�HTXDO���
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�
ZHUH� WKH� YDOXH� RI� Q��� Q��� Ȗ�� DQG� Ȗ�� DUH� GHWHUPLQHG� IURP�
LQLWLDO�FRQGLWLRQV��6HWWLQJ�WKH�RULJLQ�DW� WKH�ILUVW�SDUWLFOH��ZH�
REWDLQ��
�

��

�

�

�

�

�

�

�

�

�

�

NN

NN

QQ
Q

QQ
Q

HT

HIIHT

HIIHT

62,

62,















� � � � �����

�
7KH� &07� PRGHO� WKHQ� OHDGV� WR� WKH� IROORZLQJ� FRXSOHG�
GLIIHUHQWLDO�V\VWHP�>��@��
�
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�
ZKHUH�$�[��DQG�%�[��UHSUHVHQW�WKH�SURSDJDWLYH�DQG�FRQWUD�
SURSDJDWLYH�PRGHV�� UHVSHFWLYHO\��7KH�FRXSOLQJ�FRQVWDQW��ț��
LV�JLYHQ�E\��
�
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�
7KH�SKDVH�PLVPDWFK��ȕ�LV�JLYHQ�E\��
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7KH�UHVROXWLRQ�RI�FRXSOHG�GLffHUHQWLDO�HTXDWLRQV������DOORZV�
XV� WR� FDOFXODWH� WKH� QRUPDOL]HG� WUDQVPLVVLRQ� DQG� UHIOHFWLRQ�
FRHIILFLHQWV�IRU�WKH�ZDYHJXLGH�ZLWK�/63�%UDJJ�JUDWLQJ��
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�
/HW� XV� UHFDOO� KHUH� WKDW� WKH� VSHFLILF� SDUDPHWHUV� RI�
QDQRSDUWLFOHV�DUH�LQFOXGHG�LQ�WKH�PRGHO�YLD�(T�������,Q�ZKDW�
IROORZV�� WKH�SDUWLFOH� VL]H� LV� XVHG�DV�D� YDULDEOH�SDUDPHWHU� WR�
LQYHVWLJDWH�WKH�GLIIHUHQW�EHKDYLRUV�RI�/63�%UDJJ�JUDWLQJ��



��
�

�� /63�%UDJJ�JUDWLQJ�EHKDYLRUV�

:H�FRQVLGHU�D�%UDJJ�JUDWLQJ�PDGH�RI����SDUWLFOHV�ZLWK�
WKH� %UDJJ� UHVRQDQFH� DW� Ȝ ����� QP�� ,Q� SULQFLSOH�� SDUWLFOHV�
VKRXOG� EH� VSDFHG� E\� ���� QP� WR� RSHUDWH� LQ� WKH� ILUVW� %UDJJ�
RUGHU��+RZHYHU�� WKLV�ZRXOG� OHDG� LQ� WXUQ� WR� VWURQJ� FRXSOLQJ�
EHWZHHQ� SDUWLFOHV� ZLWK� WKH� FRQVHTXHQFHV� WKDW� 013� FKDLQ�
LWVHOI� ZRXOG� EHKDYH� DV� D� ZDYHJXLGH� >�@� DQG� WKH� %UDJJ�
JUDWLQJ� PHFKDQLVP� ZRXOG� EH� VWURQJO\� SHUWXUEHG�� )RU� WKLV�
UHDVRQ�� D� ���� QP� VSDFLQJ� LV� IL[HG� EHWZHHQ� SDUWLFOHV�
FRUUHVSRQGLQJ� WR� D� VHFRQG�RUGHU� JUDWLQJ�� )LJ�� �� VKRZV� WKH�
FDOFXODWHG� ZDYHJXLGH� WUDQVPLVVLRQ� DQG� UHIOHFWLRQ� IRU� /63�
%UDJJ� JUDWLQJV� ZLWK� GLIIHUHQW� 013� VL]HV�� 7KUHH� VLWXDWLRQV�
DUH� IRXQG� GHSHQGLQJ� RQ� WKH� VSHFWUDO� SRVLWLRQ� RI� WKH� /63��
:KHQ�/63�UHVRQDQFH�RFFXUV�DW�VKRUWHU�ZDYHOHQJWK�WKDQ�WKH�
%UDJJ� UHVRQDQFH� �ILJ�� ��D���� WKH� ZDYHJXLGH� WUDQVPLVVLRQ�
H[KLELWV� D� PLQLPXP� DW� WKH� %UDJJ� ZDYHOHQJWK� DV� H[SHFWHG��
:KHQ�WKH�/63�UHVRQDQFH�FRLQFLGHV�ZLWK�WKH�%UDJJ�UHVRQDQFH��
WKH� WUDQVPLVVLRQ� GLS� LV� UHSODFHG� E\� D� VPDOO� WUDQVPLVVLRQ�
SHDN��$W�WKH�VDPH�WLPH��WKH�%UDJJ�UHIOHFWLRQ�LV�VLJQLILFDQWO\�
DWWHQXDWHG� �ILJ�� ��E���� :KHQ� WKH� SODVPRQ� UHVRQDQFH�
ZDYHOHQJWK� LV� ORQJHU� WKDQ� WKH� %UDJJ� ZDYHOHQJWK� Ȝ%UDJJ�� D�
ZHDN�EXW� TXLWH�GHWHFWDEOH�SHDN� DSSHDUV� LQ� WKH� WUDQVPLVVLRQ�
VSHFWUXP��ILJ����F����&DOFXODWHG�FXUYHV�VKRZLQJ�WKH�UHDO��QHT��
DQG�LPDJLQDU\��NHT ȖHT�N���SDUWV�RI�WKH�HTXLYDOHQW�OD\HU�LQGH[�
�ULJKW� FROXPQ� LQ� ILJ����� KHOS� XV� WR� H[SODLQ� WKH� GLffHUHQW�
EHKDYLRUV�� )RU� D� SODVPRQ� UHVRQDQFH� DW� VKRUW� ZDYHOHQJWK�
�ILJ����D���� WKH� UHDO� SDUW� RI� WKH� UHIUDFWLYH� LQGH[� GRPLQDWHV��
DQG� WKH� GHYLFH� EHKDYHV� DV� D� VWDQGDUG�%UDJJ� JUDWLQJ�� )RU� D�
SODVPRQ� UHVRQDQFH� DW� D� ORQJHU� ZDYHOHQJWK� WKDQ� Ȝ%UDJJ� �ILJ��
��F���� WKH� LPDJLQDU\�SDUW� RI� WKH� UHIUDFWLYH� LQGH[�GRPLQDWHV��
DQG� WKH� WUDQVPLVVLRQ� FXUYH� FRUUHVSRQGV� WR� D�%UDJJ� JUDWLQJ�
PRGXODWHG� E\� ORVVHV� >��@�� )LJ����E�� UHSUHVHQWV� DQ�
LQWHUPHGLDWH�VLWXDWLRQ���

�

)LJXUH����/HIW�FROXPQ��FDOFXODWHG�WUDQVPLVVLRQ�DQG�UHÀHFWLRQ�
VSHFWUD�RI�DQ�62,�ZDYHJXLGH�ZLWK�/63�%UDJJ�JUDWLQJ��5LJKW�
FROXPQ��UHDO��QHT��DQG�LPDJLQDU\��NHT��SDUWV�RI�WKH�HTXLYDOHQW�
OD\HU� UHIUDFWLYH� LQGH[�� 7KH� YHUWLFDO� GDVKHG� OLQH� VKRZV� WKH�
VSHFWUDO� SRVLWLRQ� RI� WKH�%UDJJ� UHVRQDQFH�� 7KH� ORQJ� D[LV� RI�
JROG�HOOLSVRLGV�LV�'�� ����������DQG�����QP�LQ�D���E��DQG�F���
UHVSHFWLYHO\��7KHLU�VKRUW�D[LV�DQG�KHLJKW�DUH�LGHQWLFDO�LQ�WKH�
WKUHH�FDVHV��'�� ����QP��K� ����QP��

�� )'7'�FDOFXODWLRQV�

�)'7'� FDOFXODWLRQV� ZHUH� SHUIRUPHG� WR� YDOLGDWH� WKH�
DQDO\WLFDO� PRGHO�� $� FRPPHUFLDO� VRIWZDUH� IURP� /XPHULFDO��
)'7'� 6ROXWLRQV� ZDV� XVHG� IRU� WKLV� SXUSRVH�� %HFDXVH� D�
SUHFLVH� PRGHOLQJ� RI� !�����P� ORQJ� VWUXFWXUHV� ���� JROG�
QDQRSDUWLFOHV�� ZLWK� ��QP� DFFXUDF\� QHHGHG� WLPH�FRQVXPLQJ�
VLPXODWLRQV�� ZH� WKHUHIRUH� OLPLWHG� RXUVHOYHV� WR� VWUXFWXUHV�
FRPSULVHG�RI�RQO\� ILYH�QDQRSDUWLFOHV�� IXUWKHU� UHIHUUHG� WR� DV�
³QDWLYH´�%UDJJ�JUDWLQJV��7KH�VSDFLQJ�EHWZHHQ�SDUWLFOHV�ZDV�
FKRVHQ� WR� EH� ���� QP�� FORVH� WR� WKDW�PHDVXUHG� LQ� IDEULFDWHG�
VWUXFWXUHV� �VHH� 6HFWLRQ� ���� &RUUHVSRQGLQJO\�� WKH� JUDWLQJ�
VHFRQG�RUGHU�ZDV�FDOFXODWHG�WR�RFFXU�QHDU�O� �����QP��7KH�
VKRUW�D[LV�DQG�KHLJKW�RI�JROG�HOOLSVRLGV�ZHUH�WDNHQ�WR�EH�'��
 � ��� QP� DQG� K�  � ��� QP� LQ� DOO� FDOFXODWLRQV�� 7KH� ORQJ�
HOOLSVRLG�D[LV��'���ZDV�YDULHG�IURP�����WR�����QP��

�)LJXUH� �� VKRZV� )'7'� UHVXOWV� IRU� D� ³QDWLYH´� %UDJJ�
JUDWLQJ�FRPSULVHG�RI�ILYH�SDUWLFOHV�ZLWK�'�� �����QP��,Q�WKLV�
FDVH�� WKH�SODVPRQ�UHVRQDQFH�RFFXUV�DW�D�ZDYHOHQJWK�VKRUWHU�
WKDQ� WKH� %UDJJ� UHVRQDQFH�� ,Q� DJUHHPHQW� ZLWK� WKHRUHWLFDO�
SUHGLFWLRQV� IURP� WKH� DQDO\WLFDO� PRGHO� �ILJ����D���� WKH�
ZDYHJXLGH� WUDQVPLVVLRQ� H[KLELWV� D� PLQLPXP� DW� WKH� %UDJJ�
ZDYHOHQJWK�ZKLOH�D�PD[LPXP�LV�REWDLQHG�IRU�WKH�ZDYHJXLGH�
UHIOHFWLRQ� �ILJ����D���� 7KH� ILHOG� PDSV� VKRZ� WKDW� WKH�
SURSDJDWLRQ�RI�WKH�7(�ZDYHJXLGH�PRGH�LV�VWURQJO\�SHUWXUEHG�
E\� SDUWLFOHV�� 7KLV� SHUWXUEDWLRQ� LV� VWURQJHU� DW� VKRUW�
ZDYHOHQJWKV��ILJ����E��� WKDQ�DW� ORQJ�ZDYHOHQJWKV��ILJ����G����
$W� �����QP�� WKH� FOHDU� HYLGHQFH� RI� WZR� ILHOG� PD[LPD�
EHWZHHQ� QHLJKERULQJ� SDUWLFOHV� �ILJ����F��� FRQILUPV� WKDW� WKH�
%UDJJ�JUDWLQJ� LV�RSHUDWHG�RQ� LWV�VHFRQG�RUGHU�� ,QWHUIHUHQFHV�
EHWZHHQ� WKH� WZR� FRXQWHU�SURSDJDWLQJ� ZDYHV� DUH� ZHOO�
UHVROYHG� LQ� WKH� ILUVW� SDUW� RI� WKH� ZDYHJXLGH�� $� GHWDLOHG�
LQVSHFWLRQ�RI� WKH�ILHOG�GLVWULEXWLRQ� LQ� WKH�FHQWUDO�SDUW�RI� WKH�
ZDYHJXLGH� VKRZV� WKDW� WKH�ILHOG� LQWHQVLW\� LV�ZHDN�EHORZ� WKH�
SDUWLFOHV� ZKLOH� LW� LV� VWURQJ� EHWZHHQ� SDUWLFOHV�� $� YHU\� KLJK�
LQWHQVLW\�LV�DOVR�FDOFXODWHG�LQ�WKH�YHU\�SUR[LPLW\�RI�SDUWLFOHV�
WKHPVHOYHV� �GRWWHG� VTXDUHV� LQ� E��� F�� DQG� G���� 7KHVH� UHVXOWV�
MXVWLI\� WKH� DSSUR[LPDWLRQV� XVHG� WR� HVWDEOLVK� FRXSOHG� PRGH�
HTXDWLRQV�LQ�6HFWLRQ�������������������������������������

�

�

)LJXUH� ��� )'7'� VLPXODWLRQV� RI� D� ³QDWLYH´� /63� %UDJJ�
JUDWLQJ� FRQVLVWLQJ� RI� �� JROG� HOOLSVRLGV� ZLWK� '� ���� QP��
'�� ����QP�DQG�K� ����QP��D���ZDYHJXLGH�WUDQVPLVVLRQ�DQG�
UHIOHFWLRQ� VSHFWUD� FDOFXODWHG� DURXQG� WKH� %UDJJ� ZDYHOHQJWK�
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�a�����QP���E���F��DQG�G���PDSSLQJ�RI�WKH�ILHOG�LQWHQVLW\�_(_ð�
DORQJ�D� ORQJLWXGLQDO�ZDYHJXLGH�FURVV�VHFWLRQ� IRU�� �������
����� DQG� ����� QP�� UHVSHFWLYHO\�� :KLWH� GRWWHG� VTXDUHV�
LQGLFDWH�WKH�SRVLWLRQV�RI�WKH�SDUWLFOHV��

)LJXUH� �� VKRZV� )'7'� FDOFXODWLRQV� IRU�'� ���� QP��
7KH� SODVPRQ� UHVRQDQFH� ZDYHOHQJWK� FRLQFLGHV� ZLWK� WKH�
%UDJJ� ZDYHOHQJWK� LQ� WKLV� FDVH�� ,Q� DJUHHPHQW� ZLWK�
SUHGLFWLRQV� IURP� WKH� DQDO\WLFDO� PRGHO� �ILJ����E���� D�
WUDQVPLVVLRQ�SHDN� LV�QRZ�REVHUYHG�DW� WKH�%UDJJ� UHVRQDQFH�
�ILJ����D���� 7KH� FDOFXODWHG� ILHOG� PDSV� �ILJV����E�� F�� G��� DUH�
VLPLODU�WR�WKRVH�RI�ILJ������

�

�

)LJXUH����6DPH�DV�ILJ����H[FHSW�IRU�'�� �����QP�

)RU� JROG� HOOLSVRLGV� ZLWK� D� ORQJ� D[LV� '��  � ���� QP�
�ILJ������ WKH� SODVPRQ� UHVRQDQFH� LV� VKLIWHG� WR� WKH� ORQJ�
ZDYHOHQJWK� VLGH� RI� WKH� %UDJJ� UHVRQDQFH�� $JDLQ� LQ�
DJUHHPHQW� ZLWK� WKH� UHVXOWV� RI� WKH� DQDO\WLFDO� PRGHO�
�ILJ����F���� WKH�ZDYHJXLGH� WUDQVPLVVLRQ�VSHFWUXP�H[KLELWV� D�
VPDOO�SHDN�QHDU�WKH�%UDJJ�UHVRQDQFH��7KH�H[DFW�ORFDWLRQ�RI�
WKLV� SHDN� DOVR� GHSHQGV� RQ� WKH� VKDSH� RI� WKH� SODVPRQ�
DEVRUSWLRQ�FXUYH��7KH�FDOFXODWHG�ILHOG�PDSV��ILJV����E��F��G���
DUH�VLPLODU�WR�WKRVH�RI�ILJ�����

�

)LJXUH����6DPH�DV�ILJ����H[FHSW�IRU�'�� �����QP��
�

�� ([SHULPHQWV�

7KUHH� VHULHV� RI� /63�%UDJJ� JUDWLQJV� DV� VFKHPDWLFDOO\�
VKRZQ� LQ� ILJ����ZHUH� IDEULFDWHG�RQ�VLQJOH�PRGH�VLOLFRQ� �6L��
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Abstract 
We are studying arrays composed of a periodic arrangement 
of sub-wavelength resonators. An analytical model is 
developed inside an array of 4 by 4 multi-gap split ring 
resonators. To describe the frequency splitting of the single 
fundamental resonance, we propose a simple model based 
on the approximation of each resonator as an electrical 
dipole and a magnetic dipole that are driven by the same 
complex amplitude. We show that the relative strength of 
the two dipoles strongly depends on cell symmetry. With 
this approximation, the dispersion relation can be obtained 
for an infinite size array. A simple matrix diagonalization 
provides a powerful way to deduce the resonant frequencies 
for finite size array. These results are comforted by 
numerical simulations. Finally, an experimental 
demonstration of a tunable antenna based on this study is 
presented. 

1. Introduction 
Behavior of electromagnetic waves in periodic medium in 
which the lattice is much smaller than the wavelength is a 
challenging field. Metamaterials are such composite 
structures, which involves periodic arrays of sub 
wavelength inclusions. By designing the elementary cell 
and controlling some parameters like a given permittivity 
and/or permeability, metamaterials can make up global 
mediums with interesting properties, like a negative 
refractive index.[1] 
 
Most of the time, the resonant cell of a metamaterial are 
designed to minimize the coupling between cells. 
Consequently, all the metamaterial resonates at the same 
frequency. This condition is required to apply theory of 
homogenization and assume the metamaterial as a 
continuous material. Nevertheless, coupling effect always 
occurs and its preponderance is only a question of relative 
weight with the self-resonance of the cell.  
 
The coupling between an array of half wavelength long rods 
that are only spaced by less a tenth of a wavelength have 
been studied in ref.2. It has been shown that the coupling 
induces a strong splitting of the resonance frequencies. This 

phenomenon is analogous to Kronig-Penney potential wells 
in solid state physics [3].  
In this paper, we investigate the behavior of a finite array of 
split ring resonators (SRR) popularized by Pendry et al.[4].. 
We develop a dipolar model based on near-field effects. We 
use this model to describe the nature and the origin of the 
coupling between the resonators. Finally, we study the far-
field radiation of the finite structure. 
 
Two types of array are studied. Both consist of 4 by 4 split 
ring resonators. For the first one, we use an asymmetric 
square SRR with 3 gaps at the center of 3 sides. For the 
second one, we use a symmetric square SRR with 4 gaps at 
the center of the 4 sides. In Fig.1, a small loop placed above 
one SRR of the first array provides a near field excitation of 
the structure. It shows the splitting of the main resonance. 
This splitting is the result of the coupling effect between the 
resonators. When the small loop antenna is placed above the 
second structure, the splitting phenomenon remains but 
fewer resonances are observed (Fig.2). We propose here to 
use a dipolar model to investigate these phenomena. 
 

 
 
Figure 1:  (a) Reflection coefficient of a small loop antenna. 
The M1 to M7 gray level maps show the normal magnetic 
field for 7 resonant frequencies. (b) the 4 by 4 array of 3-
gaps SRR. In red, the small loop antenna. 
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Figure 2 : Reflection coefficient of a small loop antenna of a 
4 by 4 array of 4-gaps SRR 

2. A dipolar model 
We propose an original coupling model which is a 

generalization of the work published in Ref [5][6]. It is well 
known that the current distribution of the fundamental mode 
depends mainly on frequency. Moreover we assume that this 
current distribution can be approximated only by an 
electrical and a magnetic dipole. This approximation have 
been done with a Langrangian approach in [7].The 
expression of these dipoles  are given by the geometry of the 
elementary cell: 
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where d and S are respectively a characteristic distance and 
an effective surface of the resonator. 

 
 
 
 
 

 
Figure 3: The dipolar model for a 3 gaps and an 4 gaps SRR 

 
A 3 gaps SRR provides a magnetic and a electric dipoles 

disposed as shown in Fig.3 While, because of its geometrical 
symmetry, the 4 gaps SRR is only associated with a 
magnetic dipole.  

Near-field radiations of the electric and magnetic 
dipoles at a distance r are given in Eq.2. 
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With this approximation, an analytic expression of the 
coupling between two cells is obtained. We choose to 
describe the coupling in terms of electrical impedance, i.e., 
the FEM induced on a cell when a current flows through 
another one. 
 

³³³ �� 2121 .. lESB ddiemf Z                                       (3) 

 
To describe the interaction between all the cells of the 

array, we introduce the mutual coupling matrix Zm. 
Moreover, we have to introduce the diagonal self-impedance 
matrix Zs. Because, we deal with simple resonators, we 
assume that the electrical behavior of each resonator is well 
described by a simple RLC (resistance, inductance, 
capacitive) system. 

3. Currents determination  
From the self (Zs) and mutual impedance (Zm) matrices 

resulting from the near-field radiation of a magnetic and an 
electric dipole, we deduce a set of N equations, where N is 
the number of cells, between the complex amplitude of the 
currents on the cells and the excitation FEM on each cell. 
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An implicit dispersion relation is deduced from (4) when 
N is very large. Limiting the coupling to the closest 
neighbors, an explicit and simple can be worked out for a 3 
gaps SRR (see Fig.4(a)) and 4 gaps structure (see Fig.4(b)). 
From this relation, we can derive the span of the frequency 
splitting of the fundamental resonance. Those two curves 
reflect the magnetic and electric coupling for the first 
structure and the magnetic coupling for a second one. 

 
Figure 4: Dispersion relations for two arrays of 3-gap cells 
(a) and of 4-gap cells (b). The dispersion relation is plotted 
on the 4 major axis of the Brillouin zone. The dashed lines 
show the minimum and maximum values. 
 

 
For finite size system, the complex amplitude on each 

resonator is deduced from the inversion of the mutual 
coupling matrix which is the sum of the self and mutual 
impedance matrices (Z=Zm+Zs) 

1( )m s
� �I Z Z S , 

 where S is the fem induces on each cell by the source. 
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We show that the resonances occurs when the imaginary 
part of the eigen-values of Z are equal to zero. Because Zs is 
equal to the identity matrix time the self impedance for an 
individual cell, a resonance appears when the imaginary part 
of the self impedance is opposite in sign to the self 
impedance.   Fig.5 shows the calculated resonant modes for 
the 3 gaps structure. As expected, we observe that frequency 
position and the amplitude of the modes depend on both the 
mutual and the self impedance of the resonators. For 4 gaps 
structure, we have shown theoretically that only one 
resonance is observed because the coupling effect is too 
weak to induce a mode splitting effect. Actually, as shown 
by [8], even with SRR, the electric coupling can completely 
dominate the magnetic one.  

 
Figure 5: Frequency dependence of : the self 
impedance versus frequency (dash-dotted line), the 
imaginary part of the eigen-values of the mutual 
impedance times minus one (Continuous line shows) 
and the current of one particular cell. These results 
are obtained with an array of 4 by 4 3-gap cells. 

4. A dynamic antenna tuning and beamforming 
The eigen-modes of finite size arrays are poor radiators 

because the spatial oscillations of the mode patterns are 
smaller than a wavelength and sub-wavelength modes hardly 
couple to propagative waves. However the Purcell’s effect 
can mitigate this limitation. Indeed, the strong resonance 
effect significantly enhances the radiated power and 
compensates for the low coupling. 

The studied structure can thereby be used as an antenna 
radiating at these frequencies. With the impedance 
formalism, the antenna pattern is simply worked out from 
the current distribution of the array. On Fig. 6, instead of 
tuning the fundamental frequency of the single cells, we 
electrically tune the resonance frequency of the cells thanks 
to diodes which has a variable capacitance that is a function 
of the voltage applied on its terminals (varicaps). Fig. 7 
shows the pattern of the radiated field for different voltages 
impressed to the diodes. The different patterns correspond to 
different splitted modes.  

 
Figure 6: Measured reflection coefficient of a small 
loop antenna for different voltage applied. 

 
Thus, a tunable directive antenna can be realized by 
adjusting the working frequency. This main advantages of 
this antenna is to show a small form factor, a tunable 
radiation directivity and a good matching. 

 
Figure 7: Measured radiation pattern of a small array of 3 
gaps SRR for different applied voltage on the Varicaps for 
the same frequency. 

5. Conclusions 
We developed a model based on impedance formalism for 
infinite and finite size array of electric and magnetic 
resonators that are separated by less than fraction of a 
wavelength.  Based on this approach, the electromagnetic 
behavior of such a structure is explained. The 
electromagnetic coupling induces a frequency splitting of 
the fundamental mode a single cell. The dispersion relation 
leads to estimate frequency span of the modes. 
Diagonalization of the mutual impedance matrix explains 
why the fundamental mode is splitted into N modes where 
N is the number of cells of the array. Finally an application 
to a tunable directive antenna is proposed. This small 
antenna shows good radiation efficiency. 
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Abstract 
A metamaterial-inspired compact patch antenna resonating 
at 5.5 GHz for the 5.5 GHz Wi-MAX range application is 
proposed. The antenna is fed using a coplanar-waveguide 
(CPW) feedline that has been designed to have a 
characteristic impedance of 50Ω. The compact antenna is 
also a wideband antenna with a bandwidth (below -10 dB) 
of 1.3 GHz in the said frequency range, with a gain of 2.2 
dB. The size of the patch in terms of the free-space 
wavelength is λ0/15 x λ0/9 x λ0/29. The wide bandwidth of 
the antenna is achieved through reactively loading the 
single patch through the incorporation of the slot.  

1. Introduction 
Lately, the electromagnetic metamaterial (MTM) has drawn 
considerable attention amongst engineers due to the 
potential applications arising from the newly proposed 
electromagnetic concepts. Electromagnetic MTM can be 
achieved through resonant structures such as the split-ring 
resonator-thin wire (SRR-TW) or non-resonant structures 
which are transmission line-based [1]. The transmission line 
(TL) approach towards a MTM structure has led towards 
the proposed general structure/ model known as the 
composite right/left-handed transmission line (CRLH-TL) 
[2]. The CRLH-TL MTM structure is achieved by 
incorporating series capacitances and shunt inductances into 
a transmission line. The incorporated elements are termed 
left-handed since they contribute towards the left-
handedness characteristic of the propagation within the 
CRLH-TL. The series capacitance and shunt inductance can 
be achieved through discrete or distributed components. 
Amongst famous techniques by which the series 
capacitance and shunt inductance are achieved are through 
the metal-insulator-metal (MIM) capacitors and vias, 
respectively [3]. It is good to note that the loading of the 
capacitors and inductors into the planar structure, are in 
essence a reactive loading mechanism. 

Most of the proposed MTM structures are bulk 
structures, which are structures that are achieved through 
array arrangement of MTM unit cells that would finally 
form an MTM. However, bulk MTM structures have 
several shortcomings such as cumulative unit cell losses and 
difficulty in the overall fabrication process [4]. Recently, 
structures known as metamaterial-inspired antennas were 
proposed [4]-[6]. Metamaterial-inspired antennas are 

designed using the MTM paradigm, understanding and 
parameters derived from MTM equivalent-circuit models in 
order to achieve new structures or improve the performance 
of existing structures [7]. Proposed metamaterial-inspired 
antennas have no more than a few unit-cells, which helps in 
circumventing the current limitations of bulk MTM 
structures.  

Reactive loading is one form of using the MTM 
paradigm into antenna designs [5]. By reactively loading a 
planar antenna, the equivalent-circuit parameters of the 
antenna can be modified. This gives rise to different 
antenna design and performance measurement. In this 
paper, the reactive loading idea was used to improve the 
performance of a coplanar-waveguide (CPW) fed patch 
antenna working at the 5.5 GHz Wi-MAX frequency, while 
maintaining the compact structure of the initial antenna.  

2. Antenna Design  
The geometry and configuration of the proposed antenna is 
shown in Fig. 1. The antenna was designed on a substrate 
that has a dielectric permittivity, εr of 10.2 with a thickness 
of 1.905 mm. The antenna is in the form of a single patch 
which has a single T-like slot incorporated onto it, and is 
fed by a coplanar waveguide (CPW) transmission line that 
has 50Ω characteristic impedance. The proposed antenna 
structure has no ground plane on the bottom side. The 
length, L and width, W of the entire antenna structure are 25 
mm and 32 mm respectively. The length of the patch, Lp, 
and its width, Wp are 5.7 mm and 6.2 mm respectively. This 
corresponds to λ0/15 x λ0/9 x λ0/29 at the resonant 
frequency, where λ0 is the free-space wavelength. The slots 
have width, Ws, and length, Ls, which are 0.5 mm and 4.2 
mm respectively. The single patch antenna without the slots 
being incorporated is a single patch antenna that resonates 
at the Wi-MAX 5.5 GHz frequency.  

At the resonant frequency, the surface currents 
throughout the surface of the radiating patch are in-phase as 
shown in Fig. 2a. The introduction of the slot onto the 
single patch antenna is inspired by the reactive loading of 
planar MTM structures. The slot introduced a series 
capacitive loading to the single patch antenna through the 
gaps within the slots. The introduction of the slot did not 
change the phase of the surface current distribution when 
compared to the single patch antenna’s surface current 
shown in Fig. 2a. The path of the current was only slightly 
increased, corresponding to a slight increase in the series 
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inductance. The gaps produced by the slots provided for 
series capacitances. The surface current of the proposed 
slotted antenna is shown in Fig. 2b. 
 

 
Figure 1: The geometry of the proposed antenna structure. 

 
 

      
       (a)             (b) 
 
Figure 2 (a) Surface current distribution of the monopole 
antenna at 5.5 GHz (b) Surface current distribution of the 
slotted monopole antenna at 5.5 GHz 

3. Results and Discussion 
The antenna structure was analyzed using the Finite 
Integration Technique (FIT) based software, CST. The 
return loss, S11 of both the single patch and the proposed 
slotted patch antenna is shown in Fig. 3. The series 
capacitance which was introduced by the slot was seen to 
have enhanced the bandwidth of the single patch at the 
resonant frequency of 5.5 GHz. Before the slots were 
incorporated, the antenna had a -10dB bandwidth of 23%. 
The slots were able to increase this bandwidth to 33% at the 
same resonant frequency, giving a bandwidth (at -10dB) of 
1.8 GHz. This enables the antenna to be categorized as an 
ultra wideband (UWB) antenna.  
 The gain of the slotted antenna was also improved 
as compared to the single patch antenna. The gain of the 
slotted antenna is 2.2 dB, while the single patch antenna had 
a gain of 2.1 dB. The simulated radiation pattern of the 
proposed slotted antenna is shown in Fig. 4. Fig 4a shows 

the radiation pattern of the antenna of the E plane (xy-plane, 
θ=900) and Fig 4b the H plane (yz-plane, φ=900).   
 

 
 

Figure 3 The return losses, S11 of the single patch antenna 
and the proposed slotted antenna 
 

 
 

(a) 
 

 
 

(b) 
 
Figure 4 Simulated radiation patterns of the proposed 
slotted antenna at 5.5 GHz (a) E plane (xy-plane, θ=900) 
and (b) H plane (yz-plane, φ=900)  

 
 

4. Conclusions 
A bandwidth and gain enhanced slotted patch antenna was 
designed for the 5.5 GHz Wi-MAX application. The slot 
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that was introduced onto the single patch configuration 
served as a capacitive loading for the antenna design, which 
was able to improve the bandwidth and gain of the initial 
antenna. The proposed slotted patch antenna has a -10dB 
bandwidth of 33% and gain of 2.2dB. The size of the 
antenna at resonant frequency, in terms of the free-space 
wavelength is λ0/15 x λ0/9 x λ0/29. 
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Abstract 
In this paper, a novel reconfigurable unit-cell structure for 
planar Double Negative (DNG) metamaterials is presented. 
DNG metamaterials are materials having both ȝ and İ less 
than zero. The presented structure is first simulated with 
CST Microwave Studio and then, the results of CST are 
used in a parameter extraction algorithm using a MATLAB 
code and the constitutive parameters of the structure are 
extracted. According to the simulation results, this structure 
has a wider bandwidth and smaller size compared to other 
conventional structures. 

1. Introduction 
Double Negative (DNG) Metamaterials are amongst the 

most interesting subjects during the recent years, the first 
appearance of this concept was in the famous paper of 
Veselago in 1968 [1], where it has been proved that an 
electromagnetic wave can propagate in a material having 
both relative permeability and permittivity less than zero. 
According to Veselago, in DNG metamaterials, unlike the 
conventional materials, the direction of the Poynting vector 
is antiparallel to the direction of the phase velocity. He also 
showed that DNG materials have a negative index of 
refraction.  

The first physical realization of negative permittivity 
was in 1990s. Pendry et al. used an array of thin wires to 
realize an epsilon-negative (ENG) media [2]. A structure 
with negative permeability by using periodical Split Ring 
Resonators (SRR) has been developed in [3]. Smith et al 
were the first group who developed a double negative media 
in 2000 [4]. They used an array of SRRs and thin metallic 
wires to realize a structure with negative permittivity and 
permeability at the same time. Since then, many different 
applications have been found for DNG metamaterials in the 
field of antennas and propagation. For example, DNG 
metamaterials can be used as a cover to improve the antenna 
performance [5] or to increase the antenna directivity [6] or 
in the substrate of patch antennas [7]. 

The idea of designing a spiral resonator was first 
introduced by J.D. Baena et al in 2004 [8]. They showed 
that spiral structures can have some advantages over the 
conventional split-ring resonators. According to Baena et al, 

spiral resonators can provide a reduction of size in a DNG 
unit-cell. Here, in order to propose a structure with a better 
bandwidth, we use the same technique used in broadband 
antennas that is gradually changing the dimensions of the 
structure [9]. In this paper, we combine these two key 
techniques to design a novel compact DNG unit-cell with an 
enhanced bandwidth. In addition, in order to obtain a 
reconfigurable structure, two PIN diodes are embedded in 
the proposed structure. When the diodes are on, the unit-cell 
is a modified shape three-turn spiral, but when the diodes 
are off, the unit-cell behaves like three open rings with 
gradually changing dimensions inside each other. Each of 
these structures has certain characteristics and we discuss 
them in the following sections. 

2. The unit-cell layout 
Fig. 1 shows the structure of the unit cell. This structure 
consists of a three-turn spiral resonator, printed on a slab of 
dielectric, but the line width of the rings of the spiral is not 
constant and is gradually changing from a maximum in 
center to zero in the edge. 

 
Figure 1- The unit-cell structure. 

The two vertical lines in Fig. 1 are in fact a part of the 
modified spiral. These lines are used for connecting the 
rings of the spiral together and completing the structure of 
the spiral. Two PIN diodes are embedded in these lines, so 
when the diodes are on, the unit cell is in fact a modified 
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shape spiral, but when the diodes are off, the unit cell acts as 
a structure with three rings inside each other with gradually 
changing dimensions, so we can switch between these two 
different configurations by setting the diodes on or off. 
These two different structures i.e. modified shape three-turn 
spiral and three rings inside each other are shown in Fig. 2 
(a) and (b) respectively. 

 

 
(a) 

 
(b) 

Figure 2- Two different configurations of the unit-cell (a) 
when the diodes are on (b) when the diodes are off. 

 

The structures are simulated as the unit-cells of a planar 
DNG metamaterials and the scattering parameters are 
obtained.  

3. Simulation results 
The simulation S parameters for Fig. 2 are shown in Fig. 3 
(a) to (d). The simulation is done using CST Microwave 
Studio and the unit-cell boundary conditions are applied. 
 

 

(a) Magnitude of S11 and S21 when the diodes are ON. 
 

 
(b) Phase of S11 and S21 when the diodes are ON. 

 
(c) Magnitude of S11 and S21 when the diodes are OFF. 

 

 
(d) Phase of S11 and S21 when the diodes are OFF. 

 
 

Figure 3- The simulated S parameters for the unit-cell in two 
different configurations. 

 
Comparing the results of the two different configurations in 
Fig. 3 shows that the structure is reconfigurable. 

4. Parameter extraction 
The constitutive parameters of the media can be related to 
the magnitude and phase of S11 and S21 using the method 
described in [10]. In this method, we consider the 
parameters of S11 and S21 as the reflection and transmission 
coefficients. Therefore, for the impedance Z and the 
refractive index n we have 
 
 

(1) 
 
 
 

(2) 
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where k0 and d are the wave number in free space and the 
unit-cell thickness, respectively, and m is an integer number 
which is related to the branch index of the logarithm 
function. The sign for Z in the equation (1) is chosen by this 
requirement that the real part of Z should be positive in 
order to have a passive medium. Permeability and 
permittivity can be calculated from 
 
 

(3) 
 

(4) 
 
Applying the above algorithm to the S parameters of the 
unit-cell, we can extract ȝ and İ for this structure. The 
results are shown in Fig. 4. 

 
(a) 

 

 
(b) 

 
Figure 4- The extracted constitutive parameters of the unit-cell 
in two different configurations (a) when the diodes are on (b) 

when the diodes are off. 
 

5. Modeling the structure 
As shown in Fig. 5, a Double Split Ring Resonator (DSR), 
which is widely used as a unit-cell of conventional DNG 
metamaterials, can be modeled as an LC resonant circuit [8]. 
 

 
Figure 5- RLC model of a conventional DSR. 

C0 is the capacitance between the half rings and CS is the 
capacitance of the resonator. 

 
According to this model, the resonance frequency of DSR 
can be calculated as below 
 
 

(5) 
 
According to Baena et al, a 3 turn spiral resonator can be 
modeled as below [8]. 

 
Figure 6- RLC model of a three-turn spiral. 

 
Fig. 6 shows that the capacitance of the model is increased 
compared to Fig. 5. In the three-turn spiral, the current 
distribution is uniform in the middle ring but not uniform in 
the outer and inner rings [8]. For the outer ring, the current 
density starts from zero at Ɏ=0 and goes to a maximum at 
Ɏ=2ʌ. For the inner ring, the current density is exactly 
reversed and starts from a maximum at Ɏ=0 and goes to 
zero at Ɏ=2ʌ. So, the capacitance of the three turn spiral is 
larger than the conventional DSR. The difference between 
our three-turn resonator and the Banea's is the graduate 
change of the line width from zero at Ɏ=0, 2ʌ to a 
maximum at Ɏ=ʌ. Fig. 7 shows the geometry of the 
modified shape spiral. This new geometry causes some 
changes in the current distribution. Firstly, the current 
distribution is not anymore uniform in the middle ring. Since 
the width of the line is maximum at Ɏ=ʌ, the current should 
be larger at center (Ɏ=ʌ) than the edges (Ɏ=0, 2ʌ), and there 
is a maximum in the current distribution of the middle ring 
at Ɏ=ʌ. For the outer and inner rings, there is also a 
maximum at Ɏ=ʌ, but for the outer the current is zero at 
Ɏ=0 while for the inner, the current is zero at Ɏ=2ʌ. 

sLC
f

S2
1

0  
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Figure 7- The modified shape three turn spiral. 

 
Therefore, we can say that the capacitance of the modified 
shape spiral is larger than that of the Baena’s spiral, while 
the inductances of both of the structures are roughly the 
same. So, having a larger capacitance and the same 
inductance, our spiral structure can presents smaller 
electrical size compared to Baena's. 

6. Comparing with conventional SRRs 
In order to show the advantages of the structure proposed in 
this paper over a conventional SRR and also over Baena’s 
three-turn spiral structure, we compare the results of the 
proposed unit-cell with those two structures. Fig. 8 (a), (b) 
and (c) show the extracted relative permittivity and 
permeability for a conventional SRR, a three-turn spiral and 
our structure, respectively. In order to better understand the 
performance of each structure, horizontal lines showing 
zeros of İ and ȝ are plotted in each graph. Comparing these 
graphs reveals that the bandwidth of negativity for our 
structure for ȝ is roughly from 5 GHz to 10 GHz while for 
the three turn spiral the bandwidth is from 4.9 GHz to 6 GHz 
and for SRR the bandwidth is from 4.8 GHz to 5.3 GHz. It 
means that the bandwidth is at least 3 times better than the 
other structure. There is also a down frequency shift in the 
first resonance of permittivity and permeability of the 
structure. The vertical arrows in Fig. 8 (a), (b) and (c) show 
the place of the first resonance for ȝ and İ. The down 
frequency shift means that the electrical size of the structure 
is larger than that of the other structures while the physical 
dimensions are the same. Therefore, we can miniaturize the 
physical size of the structure while keeping the electrical 
dimensions smaller than the other structures. According to 
Fig. 8, the miniaturization factor is 0.66. 
 

 
(a) 

 
(b) 

 
(c) 
 

Figure 8- The relative permittivity and permeability for (a) 
conventional DSR, (b) three turn spiral with constant line 

width (c) the structure presented in this paper. 
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7. Conclusions 
In this paper, a novel reconfigurable unit-cell structure for 
planar Double Negative (DNG) metamaterials has been 
presented. This unit-cell is based on the concepts of spiral 
resonators and gradually changing dimension structures. 
These two key features allow the unit-cell to have smaller 
electrical dimensions and a wider bandwidth compared to 
conventional unit-cell structures. Putting two diodes in this 
structure, the unit-cell can switch between a spiral 
configuration and three open rings, leading to change the 
parameters of the structure. 
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Abstract 

In this paper, spurious passband suppression in waveguide 
bandpass filter by means of split ring resonators (SRRs) is 
proposed. The bandpass waveguide filter is designed using 
complementary split ring resonators (CSRRs). Then, the 
split ring resonator (SRR) arrays are loaded in the 
waveguide to reject multiple spurious passbands. 
Simulation results show that for a 3rd order bandpass filter, 
a rejection level exceeding 35dB is obtained in the first 
three spurious passbands, while the desired passband is 
maintained unaltered.  
  

1. Introduction 

Split Ring Resonators (SRRs) and Complementary Split-
Ring Resonators (CSRRs) are widely used in 
electromagnetic applications [1-8]. SRRs and CSRRs can 
be used to design slow wave transmission lines, phase 
shifters, various kinds of microstrip filters, etc [9-11]. 
Considering each propagation mode of the waveguide as a 
transmission line, SRR and CSRR structures can be used as 
resonance elements to design waveguide filters [12-16]. 
 The circuit model of the SRR elements in the waveguide is 
a parallel capacitance and inductance, placed in series in the 
transmission line, therefore, these elements can be used to 
design bandstop filters [12,13]. On the other hand, using the 
duality theorem and Babinet’s principle, the CSRRs can be 
used to design bandpass filters [14-16]. 
 In this paper, the CSRR array ZLWK� D� SHULRG� HTXDO� WR� Ȝ���
�Ȝ ȜZDYHJXLGH#�I0=8.5 GHz) is used to design a 3rd order 
bandpass waveguide filter. Then, multispurious passbands 
of filter are suppressed using the SRR array pairs.   
The bandpass filter, considered here, is a 3rd order filter 
with 500MHz Bandwidth around operating frequency 8.5 
GHz (5.88% bandwidth) implemented in a WR90 
waveguide. RT/Duroid 5880 substrate is used to design the 
CSRR and SRR elements.  
Simulation results show that for a 3rd order bandpass filter 
a rejection level exceeding 35 dB is obtained in the first 
three spurious passbands, while the desired passband is kept 
unaltered.  
All the filter designs have been validated by simulation 
using the CST software. 

2. Design of CSRR 

The structure of a CSRR in waveguide as proposed by [15] 
is shown in Figure 1. The CSRR considered as an electric 
dipole that cab be excited by an axial electric field.   By 
locating the CSRR transversally in the waveguide, good 
interaction with the electromagnetic fields can be achieved 
[14].  
 

 
Figure 1: CSRR configuration in waveguide 
 
The transmission responses for the presented unit cell are 
simulated by means of CST microwave studio software 
package. Figure 2 illustrates frequency response for a CSRR 
loaded waveguide with geometrical parameters d1=5.4mm, 
d2=2.4mm, c=0.8mm and p=2.5mm. 
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Figure 2: Frequency response for a CSRR loaded 
waveguide 
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The resonance frequency and bandwidth of CSRR are 
adjusted by properly choosing the geometrical parameters 
of CSRR. the various geometrical parameters  and their 
effect on the resonance frequency (frequency in which the 
S12 is maximum) and the relative bandwidth of frequency 
response of CSRR, are shown in Table 1. 
 
Table 1. Variation of resonance frequency (f0) and relative 

bandwidth (BW) of CSRR structure versus geometrical 
parameters (   increase,    decrease). 

 
parameter f0 BW 

d1   
d2   
c   
p   

 
The CSRR element can be modeled by a parallel LC circuit 
placed in parallel form across the transmission line [14]. 
The values of the L and C components are related to the 
geometrical parameters of the CSRR and these elements can 
be used to design bandpass filters. The equivalent circuit 
model of a CSRR in the waveguide is depicted in Figure. 3. 
 

 
 
Figure 3: Circuit model of a CSRR in waveguide. 
 

3. Design of SRR 

SRRs behave as a resonant magnetic dipole so an external 
magnetic flux can excite it, exhibiting a strong 
diamagnetism above their first resonance. Figure 4 shows 
the topology of the SRR structure. The SRR is placed 
longitudinally in the waveguide. 
 

 
 
 
Figure 4: SRR configuration in waveguide. 
 
The scattering parameters simulated in the SRR loaded 
waveguide is depicted in Figure 5.The waveguide is excited 
by its fundamental TE10 mode. The SRR were placed 
longitudinally in the waveguide and they were excited by 
the magnetic field perpendicular to the SRR element.  
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Figure 5: Scattering parameters of the SRR loaded 
waveguide. 
 
Geometrical parameters such as ring length, gap and the 
metal width affect the resonant frequency and bandwidth. 
The effect of the geometrical parameters on frequency 
response of CSRR is shown in Table 2. 
 
Table 2. Variation of resonance frequency (f0) and relative 

bandwidth (BW) of SRR structure versus different 
parameters. 

 
parameter f0 BW 

d2   
d1   
c   
p   

 
The SRR element can be modeled by a parallel LC circuit 
placed in series form across a transmission line. The circuit 
model of SRR loaded waveguide is depicted in Figure 6. 
 

 
 
Figure 6: Circuit model of SRR loaded waveguide 
 
The stopband attenuation and bandwidth depends on the 
number of SRRs. To achieve desired bandwidth and 
attenuation, the SRR array pairs are used. The triad array 
pairs of SRR and simulated results are shown in Figure 7.  
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Figure 7: (a) SRR array pair configuration (b) simulated 
results 
 

4. 3rd order Bandpass Filter using CSRR Array 

 
Using the classic procedure of designing filter a 3rd order 
Chebyshev  bandpass waveguide filter in the X-band, using 
tKUHH� &655V� SODFHG� ZLWK� D� SHULRG� HTXDO� WR� Ȝ���
�Ȝ ȜZDYHJXLGH#� I0=8.5 GHz), is designed. The center 
frequency of filter is 8.5GHz. The final waveguide filter is 
GHVLJQHG�XVLQJ�WKH�Ȝ���WUDQVPLVVLRQ�OLQH�DV�WUDQVIRUPHU��,W�LV�
realized with CSRR structures and the simulated results of 
the filter are depicted in Figure. 8. 
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Figure 8: (a) 3rd order bandpass waveguide filter 
configuration (b) S-parameters simulation 
 

5. Spurious Passbands Suppression 

The common problem of the bandpass filters is spurious 
passbands. The elimination of harmonic bands by means of 
SRR arrays, will be applied to a third-order bandpass filter. 
Thus, by the use of two SRR array pairs the first three 
spurious passbands is suppressed. The structure must be 
designed so that it most affects the higher order response 
and least affects the fundamental response. By shifting 
longitudinal arrays of SRRs from the center of the 
waveguide to the side walls, the interaction between the 
arrays and the fundamental response becomes less. 
The bandwidth and attenuation of stopband are specified by 
the geometrical parameters of the SRR in the array 
(summarized in Table 2), number of unit cells and offset of 
the arrays from center of the waveguide. It is found that the 
attenuation is increasing with the number of unit cells. From 
the simulation, more than 35dB suppression in the first 
three spurious passband has been obtained for this design 
while the desired passband is maintained unaltered. 
The final designed filter and simulated results are depicted 
in Figure 9. 
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Figure 9: (a) Final filter structure (b) Simulated S21 
parameter  for the conventional (dotted line) and the 
multispurious rejection (solid line) bandpass filters. 
 

6. Conclusions 

A new approach for the rejection of undesired bands in 
waveguide filter, based on SRRs, has been proposed. We 
designed a 3rd order Chebyshev bandpass filter in the X-
band using three CSRR located  Ȝ���DZD\�IURP�HDFK�RWKHU��



 

4 
 

then by placing longitudinal SRR arrays shifted from center, 
the spurious responses has been suppressed. We have 
shown a 35 dB rejection level for the first three spurious 
passbands leaving the passband of the structure unaltered. 
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Abstract

Superluminal transmission of electromagnetic waves is
usually observed in a narrow bandwidth range and the ve-
locity outside this range is subluminal. In this paper, it
is shown that the transmission coefficient for superluminal
propagation though a periodic metamaterial structure satis-
fies a sum rule. The sum rule and its corresponding phys-
ical bound relate wavelength regions with a phase velocity
above an arbitrary threshold with the thickness of the slab.
The theoretical results are illustrated with numerical exam-
ples.

1. Introduction

Superluminal propagation of electromagnetic waves refers
to propagation faster than the speed of light in free
space [1–6]. It is common to distinguish between group
and phase velocity. The phase velocity of electromagnetic
waves in waveguides and periodic structures can exceed the
speed of light in free space. Material that supports super-
luminal propagation are dispersive [4–6]. In this paper, su-
perluminal propagation through arbitrary synthesized meta-
material slabs are analyzed by comparison with an ideal-
ized superluminal slab. It is shown that the bandwidth is
inversely proportional to 1 � n

m

, where n

m

< 1 is the
refractive index of the desired ideal homogeneous superlu-
minal slab.

The bounds are based on integral identities for Herglotz
functions and follow the general approach introduced in [7].
Similar approaches have previously been successfully ap-
plied to derive bounds on lossless matching networks [8],
radar absorbers [9], high impedance surfaces [10], scatter-
ing and absorption of electromagnetic waves [11–13], an-
tennas [14], extra ordinary transmission [15, 16], and tem-
poral dispersion of metamaterials [17].

This paper is organized as follows. Superluminal trans-
mission through periodic slabs are analyzed in sec. 2. Nu-
merical examples of a homogeneous Drude dispersive slab
and a periodic wire medium are presented in Sec. 3. Two
appendices follow the conclusions in Sec. 4. First, sum
rules for Herglotz functions and the Herglotz pulse func-
tion are reviewed in Sec. A. Transmission coefficients are
analyzed in Sec. B.

z
z=-d z=0

E

E

E

(i)

(r)

(t)

´ ,nbb ´ ,nbb

periodic structure

Figure 1: Transmission through a periodic structure in z 2
[�d, 0] immersed between two half spaces with impedance
⌘

b

and refractive index n

b

.

2. Superluminal transmission

Consider the synthesis of a periodic metamaterial with de-
sired refractive index n(k) ⇡ n

m

< 1 and impedance
⌘(k) ⇡ ⌘

m

in the wavenumber range k 2 B = [k
1

, k

2

]. The
metamaterial is placed between two slabs made from loss-
less non-dispersive materials with refractive index n(k) =
n

b

� 1 and impedance ⌘(k) = ⌘

b

= ⌘

m

. Here, we assume
that these materials exist. Note that they can be synthesized
from ordinary materials with ✏

r

� 1 and µ

r

� 1 over a
sufficiently large bandwidth.

The transmitted field E(t)(k, r) is expanded in a
Fourier series (Floquet modes) [18]. It is only the lowest
order mode that propagates for low frequencies. Let T de-
note the co-polarized component of the lowest order mode
of the transmission dyadic [13]. Use that the periodic struc-
ture is composed of ordinary materials where the wavefront
velocity is limited by the speed of light c

0

. This means that
the transmitted field depends causally with respect to the
incident field, i.e., the transmitted field cannot precede the
incident field. The transmission coefficient is hence a holo-
morphic function of k in Im k > 0. Moreover passivity
imply that |T (k)|  1 for Im k � 0. This gives the rep-
resentation T (k) = B

p

(k)eih(k) where h(k) is a Herglotz
function with the high-frequency asymptotic h(k) ⇠ ↵kd

as k!̂1 for some ↵ � 0, see App. A.
The transmission coefficient for the desired homoge-



neous superluminal slab is

T

m

(k) =
(1� r

2

0

)ei(nm�1)kd

1� r

2

0

e2inmkd

= ei(nm�1)kd (1)

as the impedance mismatch, r
0

= (⌘
b

�⌘
m

)/(⌘
b

+⌘
m

) = 0.
Note that the transmission coefficient has a reversed phase,
n

m

�1 < 0, compared to ordinary materials with refractive
index n � 1.

It is desired to have T (k) ⇡ T

m

(k) for k 2 B. Consider
the quotient

T (k)/T
m

(k) = B

p

(k)ei(h(k)+kd(1�nm))

, (2)

where the bandwidth with T (k)/T
m

(k) ⇡ 1 is determined
from compositions with a pulse Herglotz function see
App. A. The asymptotic low- and high-frequency expan-
sions of the argument are

h(k)+kd(1�n

m

) ⇠
(
O(k�1) as k!̂0

(↵+ 1� n

m

)kd as k!̂1 (3)

giving the bound (30)

max
k2B

|T (k)� T

m

(k)|

� (1� n

m

)Bk

0

d

4

(
1 lossy
2 lossless

for B ⌧ 1 (4)

or equivalently a bound on the fractional bandwidth

B  B

bound

= 2
max

k2B |T (k)� T

m

(k)|
(1� n

m

)k
0

d

(
2 lossy
1 lossless.

(5)
It is illustrative to compare the bound (4) with the re-

sults in [17], where it is shown that the temporal dispersion
of the refractive index satisfies

max
k2B

|k(n(k)� 1)| � (1� n

m

)Bk

0

2

(
1 lossy
2 lossless

(6)

for superluminal phase velocities. Using an arbitrary small
impedance mismatch, r

0

= 0, and |k(n� 1)| ⌧ 1 gives

max
k2B

|T (k)�T

m

(k)| � (1� n

m

)Bk

0

d

2

(
1 lossy
2 lossless

(7)

for B ⌧ 1. The results (4) and (7) differ by a factor of
two. This is explained by the fact that the transmission co-
efficients of homogeneous slabs have no transmission ze-
ros, i.e., there are no Blaschke product in the representation
T (k) = eih(k). The bound is hence reduced to the analysis
of |h(k)|  � over a bandwidth B. This is the case ana-
lyzed in [17] using the pulse Herglotz function. Note that
|h(k) + n2⇡| < � also adds a factor of two to the bound if
n 6= 0.
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Figure 2: Drude dispersive model (8) with !

p

= 1 and
!

r

= 0.1. b) difference |T (k) � T

m

(k)| with n

m

= 0.75
giving B ⇡ 0.49 and B/B

bound

⇡ 0.50 where the thresh-
old max

k2B |T (k)� T

m

(k)| = 0.25 is used.

3. Numerical examples
3.1. Drude dispersive slab

A homogeneous slab with Drude models for the permit-
tivity and permeability is used to illustrate the bounds (4)
and (7). Let

✏(!) = µ(!) = 1 +
!

2

p

�i!(�i! + !

r

)
, (8)

where dimensionless units are used for the thickness
d/c

0

= 1, plasma frequency !

p

= 1 and the reso-
nance frequency !

r

= 0.1, see Fig. 2a. The difference
|T (!) � T

m

(!)| is depicted in Fig. 2b for the refractive
index n

m

= 0.75. It is observed that T (!) ⇡ T

m

(!) and
n(!) ⇡ n

m

for ! = !

0

⇡ 2. The fractional bandwidth is
B ⇡ 0.49 that is comparable to the bound (7) and a factor
of two below (4), where the lossless cases are used. Note,
that the bound (4) overestimates the bandwidth for the ho-
mogeneous slab since is has no transmission zeros and that
it is used for |h| ⌧ 1.

3.2. Periodic wire medium

The transmission is also illustrated with a periodic struc-
ture composed of a wire medium, i.e., infinite strips in the
y-direction, see Fig. 3a. This is a classical structure that
emulate a plasma [20] with a low-frequency permittivity of
the form (8). The strips are aligned with the y-direction

2
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Figure 3: Transmission through a periodic wire medium. a)
geometry. b) reconstructed refractive index, n, and relative
impedance, ⌘ using an equivalent homogeneous slab [19].

and periodic in the x-direction with the unit cell length
d

x

= 10mm. Five strips with width 1mm are placed in the
z-direction at distances 10mm. The strips are embedded in
a non-magnetic homogeneous slab with permittivity ✏

b

= 4
and thickness d = 50mm. This means that the speed of the
wave front is limited by c

0

/n1, where n1 =
p
✏

b

= 2 is
the index if refraction for high frequencies.

The transmission and reflection coefficient are com-
puted for f  8GHz using the F-solver in CST Microwave
studio. The relative impedance ⌘ and refractive index n

of an equivalent homogeneous slab [19] are depicted in
Fig. 3b. The low-frequency results resembles the permit-
tivity from a non-magnetic Drude model (8). It is observed
that ⌘ ⇡ 1 and Imn ⇡ 0 for 4GHz < f < 7.5GHz giving
a transmission |T (!)| ⇡ 1. The refractive index increases
from 0 to 2 = n1 in this frequency range giving a phase ve-
locity below c

0

/n1. The difference |T (!) � T

m

(!)| with
n

m

= 1.5 < n1 is depicted in Fig. 4a. Here, it is ob-
served that T (!) ⇡ T

m

(!) for !/(2⇡) = f

0

= 5.5GHz
in agreement with the reconstruction in Fig. 3b, where
n(f

0

) ⇡ 1.5 and ⌘(f
0

) ⇡ 1. The bound (4) is determined
for max |T � T

m

| = 0.25 giving

B  B

bound

=
2max

k2B |T � T

m

|
(n1 � n

m

)k
0

d

=
1

2(n1 � n

m

)k
0

d

. (9)

The result is B ⇡ 6% and B/B

bound

⇡ 0.36. This is
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Figure 4: Transmission through a periodic wire medium.
a) difference |T (k) � T

m

(k)| with n

m

= 1.5, B ⇡ 6%,
and B/B

bound

⇡ 0.36. b) difference |T (k)� T

m

(k)| with
n

m

= �1.5, B ⇡ 2%, and B/B

bound

⇡ 0.81.

close to the result for the homogeneous slab (7). Also
the reconstructed refractive index in Fig. 3b satisfies the
Kramers-Kronig relations with a high-frequency response
n(!) ! n1 = 2 as !!̂1. The results are hence restricted
by the sharper bound in (7).

The bound (4) does not rely on the existence of a re-
fractive index and is valid for arbitrary periodic structures.
As an example the difference from T

m

= eikd(nm�n1)

with n

m

= �1.5 is depicted in Fig. 4b. It is observed
that T ⇡ T

m

for f ⇡ GHz. The fractional bandwidth
for f ⇡ 5GHz is B ⇡ 1.8% giving the performance
B/B

bound

⇡ 0.81 that is seen to be above the correspond-
ing bound of material models in (7).

4. Conclusions
Bandwidth constraints on superluminal wave propagation
through passive metamaterial slabs are analyzed in this pa-
per. It is shown that the bandwidth is inversely propor-
tional to 1 � n

m

, where n

m

is the refractive index of the
desired superluminal slab. The derivation follows the ap-
proach in [7], where Herglotz functions are used to con-
struct sum rules and physical bounds. Passivity is essential
as it offers energy conservation used to bound the transmis-
sion coefficients by unity. It is also known that the temporal
dispersion of causal but active material models is not very
restrictive [21].
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A. Pulse Herglotz function
Herglotz functions, h(z), are holomorphic in the upper half
plane Im z > 0 and map the upper half plane into itself, i.e.,
Imh(z) � 0, see [7, 22]. Here, we also restrict the analysis
to symmetric Herglotz function h(z) = �h

⇤(�z

⇤). They
have at most linear growth as z!̂1 and at most a sim-
ple pole as z!̂0, where !̂ denotes limits for 0 < ↵ 
arg(z)  ⇡ � ↵. Their asymptotic expansions are hence of
the form

h(z) =

N0X

n=0

a

2n�1

z

2n�1 + o(z2N0�1) as z!̂0 (10)

and

h(z) =

N1X

n=0

b

1�2n

z

1�2n + o(z1�2N1) as z!̂1 (11)

for some N

0

� 0 and N1 � 0, see [7]. The expan-
sions (10) and (11) guarantees that Im(x) satisfy the in-
tegral identities

2

⇡

Z 1

0

Im{h(x)}
x

2n

dx =

8
>>><

>>>:

�b

2n�1

n < 0

a�1

� b�1

n = 0

a

1

� b

1

n = 1

a

2n�1

n > 1,

(12)

where n = 1 � N1, ..., N

0

, see [7] for details. Note that
a simplified notation is used in this paper where the limits
in (12) are dropped, i.e., the integrand is the limit h(x+ iy)
as y ! 0.

Composition of Herglotz functions is a powerful
method to construct new Herglotz functions and integral
identities (12). The pulse function

h

�

(z) =
1

⇡

Z

|⇠|�

1

⇠ � z

d⇠

=
1

⇡

ln
z ��

z +�

⇠
(
i as z ! 0

� 2

⇡

�

z

as z ! 1 (13)

is used in [7, 17] to bound the amplitude of Herglotz func-
tions. Here, the pulse function is generalized to bound the
variation of Herglotz functions from a constant. Consider
the Herglotz function generated by a constant Imh(x) in
|x⌥ x

0

| < �, i.e.,

h

x0,�(z) =
1

⇡

Z

|⇠±x0|�

1

⇠ � z

d⇠

=
1

⇡

ln
z � x

0

��

z � x

0

+�

+
1

⇡

ln
z + x

0

��

z + x

0

+�

=
1

⇡

ln
(z ��)2 � x

2

0

(z +�)2 � x

2

0

⇠
(

4

⇡

�

x

2
0��2 z as z ! 0

� 4

⇡

�

z

as z ! 1,

(14)
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Figure 5: The generalized pulse Herglotz function h

3/2,1/2

with x

0

= 3/2 and � = 1/2. a) real and imaginary parts
of h

3/2,1/2

(x). b) contour plot of the imaginary part as
function of z = x+ iy.

where x

0

> �, see Fig. 5. The generalized pulse function
has the properties

8
>>><

>>>:

Imh

x0,�(z)  1

Imh

x0,�(x) = 1 for |x⌥ x

0

| < �

Imh

x0,�(x) = 0 for |x⌥ x

0

| > �

Imh

x0,�(z) � 1/2 for |z ⌥ x

0

| < �.

(15)

Note that the case x

0

< � reduces to the pulse Herglotz
function (13) with � ! x

0

+ �. It has similar properties
as in (15) but the high-frequency asymptotic is smaller as
seen in (13), i.e., 2(x

0

+�) < 4�.

B. Passive transmission and reflection
coefficients

Passive transmission (and reflection) coefficients can be de-
composed as

T (k) = B

p

(k)eih(k), (16)

where B

p

(k) is a Blaschke product and h(k) is a Herglotz
function [7]. The symmetry T (k) = T

⇤(�k

⇤) implies the
symmetries B

p

(k) = B

⇤
p

(�k

⇤) and h(k) = �h

⇤(�k

⇤).
Blaschke products have the amplitude |B

p

(k)| = 1 for k 2
R and can be constructed from the zeros, k

n

, of T (k) in
Im k > 0, i.e., T (k

n

) = 0. They have the representation

B

p

(k) =
Y

n

k � k

n

k � k

⇤
n

, Im k

n

> 0, (17)

where the symmetry B

⇤
p

(�k

⇤) = B

p

(k) implies that if k
n

is a zero than so is �k

⇤
n

.
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Blaschke products can also be written as functions
B

p

(k) = ei�(k), where the argument �(k) = �

⇤(k⇤) is
an odd function for k 2 R, i.e., �(�k) = ��(k). The
argument is determined from

�(k) = �i

Z
k

0

B

0
p

()

B

p

()
d (18)

that shows that the argument is monotone for k 2 R, i.e.,

�

0(k) = �i
B

0
p

(k)

B

p

(k)
=

X

n

2 Im k

n

(k � k

⇤
n

)2
k � k

⇤
n

k � k

n

=
X

n

2 Im k

n

(k � Re k
n

)2 + (Im k

n

)2
� 0. (19)

The function �(k) is not holomorphic in the entire upper
half plane, Im k > 0, but it is holomorphic in a region
around k 2 R. Its Taylor series expansion around a point
k

0

2 R is

�(k) =

1X

n=0

↵

n

(k � k

0

)n, (20)

where the convergence radius is related to the distance
min

n

|k
n

� ei�(k0)|. The inequality (19) ensures that the
linear term ↵

1

� 0. This expresses the transmission coeffi-
cient T (k) = B

p

(k)eih(k) as

T (k) = ei(h(k)+↵0+↵1k�↵1k0)ei
P1

m=2 ↵m(k�k0)
m

(21)

for Im k > 0 and |k � k

0

| < Im k

n

. It has a similar expan-
sion around k = �k

0

.
The results in this paper rely on the analysis of trans-

mission coefficients that have T (k) ⇡ 1 around k = ±k

0

and are generated by Herglotz functions h(k) having the
high-frequency asymptotic h(k) ⇠ b

1

k as k!̂1. Consider
the difference 1� T (k) around k = k

0

. Use (21), to get

1�T (k) =
�
1�ei(h(k)+↵1k+↵0�↵1k0)

��
1+O(B2)

�
(22)

as B ! 0. The difference is hence governed by the varia-
tion of  (k) = h(k) + ↵

1

k + ↵

0

� ↵

1

k

0

around k = k

0

,

i.e., one needs to have a function

h(k) + ↵

1

k ⇡
(
�↵

0

+ ↵

1

k

0

for k ⇡ k

0

+↵
0

� ↵

1

k

0

for k ⇡ �k

0

.

(23)

This is a Herglotz function and its minimal variation can be
determined by composition of h(k) + ↵

1

k with the pulse
Herglotz function h�↵0+↵1k0,�. This new Herglotz func-
tion has the asymptotic expansions

h�↵0+↵1k0,�

�
h(k) + ↵

1

k

� ⇠
(
O(1) as k!̂0

� 4�

⇡k(b1+↵1)
as k!̂1

(24)
that follows from the expansion h(k) + ↵

1

k ⇠ (b
1

+ ↵

1

)k
as k!̂1. It satisfies the n = 0 sum rule (12)

Z 1

0

Im{h�↵0+↵1k0,�

�
h(k) + ↵

1

k

�} dk =
2�

b

1

+ ↵

1

.

(25)
The integral is bounded from below by its minimum value
over a bandwidth B = [k

1

, k

2

] times the bandwidth, i.e.,

Bk

0

min
k2B

Im{h�↵0+↵1k0,�

�
h(k) + ↵

1

k

�}

 2�

b

1

+ ↵

1

 2�

b

1

, (26)

where B = (k
2

� k

1

)/k
0

is the fractional bandwidth and
k

0

= (k
1

+k

2

)/2 is the center wavenumber. Now, consider
a bandwidth such that

max
k2B

|h(k) + ↵

1

k + ↵

0

� ↵

1

k

0

| = �. (27)

Use (26) and the properties (15) to get

max
k2B

|h(k)+↵
1

k+↵
0

�↵
1

k

0

| � b

1

Bk

0

2

(
1/2 lossy case
1 lossless case,

(28)
where Imh(k) = 0 in the lossless case.

For the superluminal case, we consider |1� T (k)|. Set
 =  

r

+ i 
i

= h(k) + ↵

1

k + ↵

0

� ↵

1

k

0

and use

|1� ei | ⇡ | |+O(| |2) as | | ! 0 (29)

as | | ! 0. This gives the final estimates

max
k2B

|1� T (k)|
= max

k2B
|1� ei(h(k)+↵1k+↵0�↵1k0)|�1 +O(B2)

�

� |h(k) + ↵

1

k + ↵

0

� ↵

1

k

0

|�1 +O(B2)
�

� b

1

Bk

0

4
+O(B3) (30)

as B ! 0, where the lossy case in (28) is used in (30).
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Abstract 
In this paper, we design a µ-Negative metamaterial (MNG), 
to be inserted between two substrates, in order to efficiently 
suppress the electromagnetic coupling to achieve the full 
potential of using MIMO antenna array at about 13.4GHz. 
The performance of a rectangular patch antenna array with 
MNG between two substrates was evaluated relative to a 
similar array constructed on an only Teflon substrate. 

1. Introduction 
The MIMO (Multi-Input Multi-Output) system has received 
a great attention in wireless communications. In fact, it can 
increase the capacity of a communication channel without 
requiring additional power or spectrum, unlike other systems 
[1]. Furthermore, MIMO techniques combine signals from 
multiple antennas to exploit the multipath in wireless 
channel and enable higher capacity, better coverage and 
increased reliability. However, High coupling coefficient 
between two antennas introduces higher correlation thus 
worse performance and the implementation of multi-antenna 
structures is challenging in the very limited space provided 
by the multi-system small terminal. Many researchers have 
investigated different methods to overcome these 
constraints. Metamaterials have been extensively applied for 
antenna applications recently to achieve mutual coupling 
reduction [2]. Indeed, Metamaterial structures have the 
property to significantly reduce the circuit size and improve 
the isolation between each antenna. On the other hand, 
negative permittivity materials usually can be obtained by 
using MNG which is composed by C-SRR. The resonance 
frequency is determined by the capacitance and inductance 
of its structure [3].Furthermore, in [4], the MNG is inserted 
between the two antennas (back to back) and it consists of 
Edge-Coupled Split Ring Resonator (EC-SRR) and a 
Broadside-Coupled Square Ring Resonator (BC-SRR). 

In this paper, we use only C-SRR to design the MNG 
structure and it will be inserted between two substrates. 
Details of the antenna design and experimental results are 
presented and discussed. 
Ansoft HFSS simulator is used in this paper to simulate a 
2x2 MIMO antennas system. 

2. Antenna and MNG designs  
Initially, The MIMO system consists of two rectangular 
patch antennas, the ground plane and the substrate. As 
shown in Fig.1, each rectangular patch element is assumed 
as a Finite conductivity and has a dimensions of Lp =7mm 
and Wp =6.5 mm. It was fed by a 50 Ω microstrip line 
which consists of two branches with values of wide =0.8 
mm and 0.3 mm. The perfect conductor ground plane has a 
dimension of 30.94×27.5 mm2.They are deposited on a 
0.6mm thick Teflon substrate (εr = 2.2). The spacing 
between the two elements is λ/2 where λ is the free space 
wavelength. 

 
Figure 1: Dimensions of the antenna (in millimeter) 
 
In order to reduce the size of each antenna and enhance the 
mutual coupling, we have used the MNG structure between 
two Teflon substrates with a 0.5 mm as thickness and have 
dimensions of 29.04* 19.17mm2 for each. First, The MNG 
consists of a group of 4 sets of C-SRR. Each set consists of 
8 unit cells. The separation distance between the slabs is 
5.31mm.Moreover, the effective permeability characteristics 
of the C-SRR unit cell can be determined using the method 
described in [5] and it was -0.5 at 13.4 GHz as mentioned in 
Fig.2. Second, we have designed two rectangular patch 
antennas which assumed as a Finite conductivity with a 
dimension of Lp =6mm and Wp = 6mm. We have conserved 
the dimensions of the microstrip line. According this 
situation, we have achieved more than 47% reduction in size 
of each antenna. The dimensions of the used C-SRR are 



2 
 

shown in Fig. 3.The Perspective view of the two antennas 
with MNG and the same spacing (λ/2) is shown in Fig.4. 
 

 
Figure 2: Simulated effective permeability 
 

 
Figure 3: Dimensions (in millimeter) of the proposed C-
SRR 

 
Figure 4: Perspective view of the two antennas with C-SRR 

3. Analysis of Results 

3.1. S-parameters 

The simulated S-parameters with and without C-SRR 
structure are illustrated in Fig. 5. 
When the two radiating elements were excited, we have a 
return loss of -12.65dB compared to -24.12 dB after the C-
SRR structure was inserted as proposed above. On the other 
hand, a reduction in mutual coupling of 3 dB was achieved 
for the antenna system with C-SRR. Otherwise, the isolation 

measured in terms of S12 is -16dB compared to -19 dB 
thanks to MNG structure. 

 
Figure 5: Measured S-parameters with and without C-
SRR. 

3.2. Bandwidth and gain 

Fig .5 shows also that the 10 -dB bandwidth of the proposed 
2*2 MIMO system without MNG is approximately 
290MHz. This bandwidth is compared to that with MNG 
and it was 1.14 GHz. Therefore, we note a significant 
increase in bandwidth of 850MHZ. 
The radiation pattern in Fig.6 shows a peak gain of 2.12dB 
(H-plane) and 2.03dB (E-plane) respectively compared to 
1.22 dB and 1.06 dB for the design without C-SRR. 
Thus, we also note that the gain was clearly fructified. 

 

Figure 6: Measured gain with and without C-SRR (E-Plane 
and H-plane) 

4. Conclusion 
In this study, we have proposed and evaluated a method to 
enhance the isolation characteristic of 2*2 MIMO system 
using C-SRR. Indeed, The C-SRR array structure was 
inserted between two Teflon substrates. Besides, the 
miniaturization of the two antennas was successfully 
accomplished with a percentage of 47.25% as compared as 
the initial system without C-SRR. Additionally, we have 
improved the mutual coupling, the bandwidth and the gain. 
Thus, we can confirm that the MNG structure based on C-
SRR can be used in MIMO antennas system to fructify its 
performances. 
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Abstract

It is shown that one can explore the optical conductiv-
ity of graphene, together with the ability of controlling
its electronic density by an applied gate voltage, in order
to achieve resonant coupling between an external electro-
magnetic radiation and surface plasmon-polaritons in the
graphene layer. This phenomenon can be achieved either in
the attenuated total reflection structure or in diffraction grat-
ing. This opens the possibility of electrical control of the
intensity of light, reflected from the graphene, by switching
between the regimes of total reflection and total absorption.
The predicted effect can be used to build graphene-based
optoelectronic switches.

1. Introduction

Coupling of light to the surface charges at metal-dielectric
interface gives rise to the special kind of electromagnetic
waves – surface plasmon-polaritons (SPPs) [1]. The spe-
cific properties of SPPs allow their using in variety of prac-
tical applications, like, e.g., plasmon sensors [2], or high-
resolution image [3].

At the same time diffraction of light on periodical struc-
tures leads to the series of interesting phenomena. Thus,
the spectrum of nanostructure photonic crystal is character-
ized by its band-gap structure [4]. The ability of light to
propagate in such photonic crystal depends upon the fact,
whether its wavelength belongs to the allowed band, or to
the photonic band gap. From the other side, diffraction of
p-polarized light on the metal surface with periodical sur-
face grating is characterized by the presence of so-called
Wood and Rayleigh anomalies [5], first one occurring due
to the resonant excitation of the SPPs on the metal surface.
Transmission gratings, operating on the same resonant light
diffraction mechanism, are known to exhibit an unusual
property: this kind of structures can be highly transmitting
at certain frequencies. As an example, a transmittancy of
light through a flat, optically thick metal film, perforated
with the subwavelength hole 2D array can be much larger
than that expected from the standard aperture theory [6].

Nowadays a two-dimensional carbon material graphene
attracts strong attention of researches in different areas
[7, 8, 9] due to its unique and unusual properties. In plas-
monics interest to graphene arises from the fact, that mobil-
ity of electrons in graphene (due to their Dirac-cone spec-
trum shape) is much higher compared with that in conven-

tional two-dimensional electron gas (for review see, e.g.,
[10]). At the same time the charge-carrier density (and, as a
consequence, the spectrum of SPPs) in graphene can be eas-
ily controlled through electrostatic doping by applying ex-
ternal gate voltage to the graphene layer [11]. Latter gives
an opportunity to elaborate graphene-based terahertz meta-
materials and optoelectronic devices (like graphene-ribbon
array [12] or attenuated total reflection (ATR) scheme [13]),
where plasmon absorption peak frequency can be electro-
statically tuned. One more interesting property of graphene
is the existence of s-polarized SPP mode [14], this fact al-
lows creation a broadband graphene polarizer [15].

The aim of the present paper is to demonstrate the pos-
sibility of the attenuation of the microwave range electro-
magnetic waves by partial transforming the incident wave
energy into the energy of SPPs in graphene monolayer. We
achieve this using either the ATR scheme, or diffraction
grating. We show, that by applying the gate voltage to
graphene layer it is possible to tune the attenuation coeffi-
cient in wide range - from almost total absorption till almost
total reflectance of electromagnetic waves.

2. Excitation of surface plasmon-polaritons

in attenuated total reflection scheme with

graphene layer

In this section we consider the ATR structure for coupling
SPPs to external electromagnetic wave in so called Otto
geometry (Fig. 1). Thus, the p-polarized electromagnetic
wave with frequency ! falls on the interface between the
prism (with dielectric constant "

3

) and dielectric film char-
acterized by the dielectric constant "

2

. This film is consid-
ered to be deposited on top of single graphene layer, which
in its turn being deposited on the substrate with dielectric
constant "

1

. Further in the paper we suppose, that all di-
electric constants are real. If the angle of incidence ⇥ is
bigger than the critical angle of total internal reflection ⇥

c

(determined as sin⇥
c

= max("
1

, "
2

)/"
3

), then the electro-
magnetic wave in the gap between prism and graphene will
be evanescent in the direction z. Further two scenarios of
its interaction with graphene layer are possible, which can
be described in the following simplified manner: (i) if the
x-component of the incident wave wavevector

k
x

= 
p
"
3

sin⇥ (1)



Figure 1: ATR scheme in Otto geometry, containing the
graphene layer on the substrate, and dielectric prism sepa-
rated from graphene by a dielectric film of thickness d.

(here  = !/c) does not coincide with the eigen wavevec-
tor of SPPs in graphene k

SPP

(!) at frequency of inci-
dent wave, the interaction between external electromagnetic
wave and SPPs is off-resonant and low efficient, and, hence,
the incident wave is almost totally reflected at the prism-
dielectric interface (the reflectivity of ATR structure is close
to unity); (ii) in opposite situation, when k

x

= k
SPP

(!)1,
the incident electromagnetic wave–SPP resonant coupling
is highly efficient, and energy of electromagnetic wave can
be transformed into the energy of excited SPP in graphene.
Latter results in drastic decrease of the ATR structure re-
flectivity in the vicinity of SPP resonance.

In order to describe the above-mentioned mechanism
quantitatively, we solve Maxwell equations rotE(m) =
iH(m), rotH(m) = �i"

m

E(m) separately in each of
three media m = 1, 2, 3. Since our problem is uniform
in direction y, components of p-polarized electromagnetic
field E(m) = {E(m)

x

, 0, E(m)

z

} and H(m) = {0, H(m)

y

, 0}
in the semi-infinite medium m = 3 (inside the prism, which
occupies a half-space z < �d) will have form

H(3)

y

(x, z) = �
p
"
3

sin⇥
E(3)

z

(x, z) = exp(ik
x

x)⇥ (2)

{H
i

exp[ik
z

(z + d)] +H
r

exp[�ik
z

(z + d)]} ,

E(3)

x

(x, z) = exp(ik
x

x)
cos⇥
p
"
3

⇥ (3)

{H
i

exp[ik
z

(z + d)]�H
r

exp[�ik
z

(z + d)]} ,

where k
z

= 
p
"
3

cos⇥ is z-component of the wavevec-
tor. Eqs.(2)–(3) represent a superposition of incident wave
(with magnetic field amplitude H

i

), and the reflected wave,
propagating in the positive and negative direction of axis z,
respectively.

In the dielectric film between prism and
graphene(�d < z < 0, medium m = 2) solutions

1below it will be shown, that this equality is valid only for infinite
distance d ! 1 between graphene and prism surface, in other case a
certain correction to this condition should be introduced.

of Maxwell equations

H(2)

y

(x, z) = � "
2p

"
3

sin⇥
E(2)

z

(x, z) = exp(ik
x

x)⇥ (4)
n

B
(2)

+

exp[p
2

(z + d)] +B
(2)

� exp[�p
2

(z + d)]
o

,

E(2)

x

(x, z) = �i
p
2

"
2

exp(ik
x

x)⇥ (5)
n

B
(2)

+

exp[p
2

(z + d)]�B
(2)

� exp[�p
2

(z + d)]
o

,

describe the superpositions of two evanescent waves, while
in the graphene substrate (z > 0, medium m = 1)

H(1)

y

(x, z) = � "
1p

"
3

sin⇥
E(1)

z

(x, z) = (6)

exp(ik
x

x)B(1)

� exp[�p
1

z],

E(1)

x

(x, z) = i
p
1

"
1

exp(ik
x

x)B(1)

� exp[�p
1

z], (7)

solutions represent one evanescent wave, which amplitude
decreases in positive direction of axis z. In Eqs.(4)–(7)
p
m

= 
p

"
3

sin2 ⇥� "
m

� 0.
Boundary conditions at z = �d and z = 0 are slightly

different. So, at the interface z = �d (between prism
and dielectric film) boundary conditions imply the conti-
nuity of the tangential components of the electric and mag-
netic field, E(3)

x

(x,�d) = E
(2)

x

(x,�d), H(3)

y

(x,�d) =

H
(2)

y

(x,�d)]. Meanwhile, at the interface z = 0 situ-
ation is changed due to presence of graphene layer: the
tangential component of the electric field is still continu-
ous E(1)

x

(x, 0) = E
(2)

x

(x, 0), while the discontinuity of the
tangential component of the magnetic field, H(1)

y

(x, 0) �
H

(2)

y

(x, 0) = �(4⇡/c)j
x

= �(4⇡/c)�(!)E
x

(x, 0) stems
from the presence of surface currents in the graphene layer.
Matching these boundary conditions, we obtain an explicit
expression for the amplitude of the reflected field, namely

H
r

= �H
i

n

"1
p1

+i

4⇡
c�(!)

o

�1+
"2
p2

�2
n

"1
p1

+i

4⇡
c�(!)

o

�1+
"2
p2

�2

, (8)

where

�
1

= tanh[p
2

d]� i"2 cos⇥

p2
p
"3

,

�
2

= 1� i"2 cos⇥

p2
p
"3

tanh[p
2

d],

and overbar stands for complex conjugation.
To analyze properties of Eq.(8) we notice, that in the

limit of infinitely thick dielectric film d ! 1 the equality
of its denominator to zero gives

"
1

p
1

+
"
2

p
2

+ i
4⇡

c
�(!) = 0. (9)

Formal substitution of k
SPP

= 
p
"
3

sin⇥ into
Eq.(9) transforms this equation into dispersion relations
!(k

SPP

) = 0 for the p–polarized SPPs in graphene sur-
rounded by two semi-infinite media ("

1

and "
2

). Here we
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solve the dispersion relation Eq.(9) for the graphene on
SiO

2

substrate (with "
1

= 3.9), neglecting real part of con-
ductivity Real(�(!)) = 0 (dispersion curves in the case
of nonzero real part of conductivity can be seen, e.g., in
Ref.[13]). From Fig.2(a) we can see that as eigen wavevec-
tor k

SPP

increases the eigenfrequency ! of SPPs increases
monotonically as well. Hence, SPPs possess a positive
group velocity, which is smaller than speed of light in ei-
ther of the surrounding dielectrics, that is @!/@k

SPP

<
c/
p

max("
1

, "
2

). At the same time increasing of the chem-
ical potential of graphene results in growing of the SPP
group velocity [compare two dispersion curves for V =
25V and V = 50V in Fig.2(a)]. From other side, gate-
controlled graphene conductivity originates another inter-
esting phenomenon. Since in the ATR structure the exci-
tation of SPP occurs, when the ATR scanline (1) crosses
the SPP dispersion curve !(k

SPP

), the resonance can be
tuned by changing the gate voltage applied to the graphene
layer. If the parameters of incident electromagnetic wave
(frequency and angle of incidence) and gate voltage V are
adjusted in order to excite SPPs at frequency ! = ⌦ [cross-
ing point in Fig.2(a)], the excitation of SPP will correspond
to the minimum of reflectivity of ATR structure. Then, if
the parameters of incident wave are kept unchanged, while
gate voltage is varied to V 0 , the condition for the SPP ex-
citation at frequency ! = ⌦ is not met any more (these
conditions will be met at frequency ⌦0). Thus, the reflection
coefficient, corresponding to frequency ⌦ will be increased,
this opens a possibility to construct a microwave attenuator,
where the power of reflected electromagnetic wave is tuned
through the gate voltage.

The reflectivity R = |H
r

/H
i

|2of ATR structure, cal-
culated according to Eq.(8), is depicted in Fig.2(b), which
shows the minimum value of R at particular values of inci-
dent wave parameters ⇥ and ! (that can be controlled in-
dependently). Comparison of Fig.2(a) and Fig.2(b) demon-
strates good correspondence between exact calculation of
position of reflectivity minimum and its estimation, which
comes from crossing point of the dispersion relation and
ATR scanline (in both cases ⌦ ⇡ 5.2meV). It is clear
that the value of R can be made very small and even zero
by an appropriate choice of ⇥ and !. For the fixed ⇥ the
value of ! at which reflectivity minimum occurs, and the
value of this minimum R, can be read off from Figs.2(c)
and 2(d). At the same time for any value of gate voltage it
is possible to find such pair of (⇥,!), at which reflectivity
of ATR structure will be R = 0 (in a particular case, de-
picted in Figs.2(b)–(d), these parameters are ⇥ ⇡ 34.4�and
! = 2.95meV). In other words, in this case the whole en-
ergy of incident wave is transformed into energy of excited
SPPs in graphene. In Figs.2(e) the pair of these parame-
ters (⇥,!) at which total absorption of p-polarized incident
wave is achieved is shown as function of gate voltage.

From Fig.2(f) we can see that indeed it is possible
to tune externally the resonance absorption condition by
changing the external gate voltage. Fig.2(f) demonstrates
the possibility of changing the ATR structure’s reflectivity

Figure 2: (a) SPP eigenfrequency ! versus eigen wavevec-
tor k

SPP

, calculated for a single graphene layer with the
following parameters: µ ' 0.16 eV, µ ' 0.22 eV, which
can be achieved by applying the gate voltage V = 25V
or V = 50V (indicated in panel), correspondingly, to
graphene layer deposited on SiO

2

substrate with thickness
300 nm [11]; dispersion curves are combined with the ATR
scanline (1) [dashed line] for angle of incidence ⇥ = 60�.
(b) Reflectivity R versus angle of incidence ⇥ and fre-
quency ! for the ATR structure with µ ' 0.16 eV (cor-
responding to V = 25V of gate voltage), where blue and
red colors correspond to low and high reflectivities, corre-
spondingly. (c) Reflectivity R versus angle of incidence
⇥, corresponding to the minimal value of R(!,⇥), de-
picted in panel (a). (d) Frequency ! at which for given
⇥ the minimum of R in panel (a) occurs. (e) Angle of
incidence ⇥, and frequency !, corresponding to zero re-
flectivity of the ATR structure versus gate voltage V . (f)
Reflectivity R versus gate voltage V for ATR structure with
⇥ = 34.40 �, ! = 2.894meV [dashed line] or ⇥ = 34.35�,
! = 3.044meV [solid line]. In all panels other parameters
are "

1

= 3.9, "
2

= 1, "
3

= 16, d = 40µm.

from zero to almost unity (full reflectance) by varying the
gate voltage within a range of �V ⇠ 10V . As a result, the
ATR structure with graphene layer can operate as an atten-

uator of electromagnetic waves operating in the terahertz

range, where the intensity of the reflected electromagnetic
wave can be tuned by the gate voltage, applied to graphene.

3. Excitation of surface plasmon–polaritons

in graphene by incident wave diffraction on

periodic grating

Another possibility to excite SPPs is to use some kind of
periodic grating in the system (this can be either period-
icity of substrate, or that of graphene conductivity). In
this case SPPs can be excited by the incident propagating
electromagnetic wave, falling directly on graphene; exci-
tation of SPPs occurs as the result of diffraction of this
wave on periodicity. To realize this phenomenon, we con-
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sider the structure, similar to that depicted in Fig.1, but
without using prism ("

3

= "
2

), and the dielectric per-
meability of graphene substrate being periodically modu-
lated along direction x with the modulation period D as
"
1

(x) = "
1

(x + D) = "0[1 + a cos(gx)]. Here a is the
modulation depth (which is considered to be small a ⌧ 1),
g = 2⇡/D is the periodicity constant, "0 is the average di-
electric permeability of substrate.

In the case of coordinate-dependent dielectric perme-
ability the magnetic field of the p-polarized wave is gov-
erned by the wave equation (which is obtained from the
Maxwell equations)

�d [log "
m

(x)]

dx

@H
(m)

y

(x, z)

@x
+

@2H
(m)

y

(x, z)

@x2

+

@2H
(m)

y

(x, z)

@z2
+ 2"

m

(x)H(m)

y

(x, z) = 0. (10)

Here m = 1, 2 is the index of the medium (similar to that,
introduced in Sec.2). Since the dielectric permeability is
periodic, the solution of Eq.(10) can be given in the form of
Fourier–Floquet series

H(m)

y

= exp(ik
x

x)
1
X

n=�1
h(m)

n

(z) exp(ingx), (11)

where h
(m)

n

(z) is the amplitudes of n-th spatial harmon-
ics of magnetic field in medium m, and k

x

is determined
as Eq.(1). In medium m = 2 dielectric permeability is
coordinate-independent, and, as a result, spatial harmonics
are independent and can be represented as

h(2)

n

(z) = �
n,0

H
i

exp(�p(2)
n

z) +H(r)

n

exp(p(2)
n

z), (12)

where p
(2)

n

=
h

(k
x

+ ng)2 � 2"
2

i

1/2

, such that

Real(p(2)
n

) � 0, Imag(p(2)
n

)  0. Notice that for ze-
roth harmonic p

(2)

0

= �ik
z

, and it corresponds to the su-
perposition of forward-propagating incident wave with am-
plitude H

i

and backward-propagating reflected wave with
amplitude H

(r)

0

, while for n 6= 0 Eq.(12) describes either
backward-propagating diffracted wave (if Real(p(2)

n

) = 0)
with amplitude H

(r)

n

, or evanescent wave (if Imag(p(2)
n

) =

0). In latter case H
(r)

n

corresponds to its amplitude at
boundary z = 0.

In medium m = 1 situation is more complicated: here
spatial harmonics of transmitted wave are coupled due to
spatial periodicity. Namely, they are described by system
of equations

d2h
(1)

n

(z)

dz2
�
⇣

p(1)
n
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2
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n

(z)�
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where q
n,n

0 = (n0 � n) g (k
x

+ ng) � 2"0, p
(1)

n

=
h

(k
x

+ ng)2 � 2"0
i

1/2

. The system of Eqs.(13) possesses
a solution (for details see, e.g., [16])
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Here �
n

0 are the eigenvalues of tridiagonal matrix T̂ (which
elements are T

n,n

0 = (a/2) [�
n,n

0
+1

+ �
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0�1

] q
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0 +

�
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p
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n
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), and '
n,n

0 is the n-th element of matrix T̂

eigenvector, corresponding to n0 eigenvalue. The boundary
conditions at z = 0, similar to that of Sec.2, imply
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from which we obtain linear system of equations for ampli-
tudes of reflected H

(r)
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and transmitted H
(t)

n

harmonics
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.

Qualitatively the process of SPP excitation in periodic
structure can be described in the following manner. The
incident wave falling on graphene, upon the diffraction on
the periodical modulation of the substrate excites a series of
spatial harmonics (here evanescent harmonics correspond
to SPPs). The coupling between harmonics during the
diffraction process can clearly be seen from (and mathe-
matically described by) the coupled Eqs.(13). The excita-
tion of n-th harmonic occurs with maximal efficiency, when
parameters of incident wave (angle of incidence ⇥ and fre-
quency !) correspond to the crossing point between the
SPP dispersion curve !(k

SPP

) and line

k
x

= "
1/2

2

sin⇥+ ng (16)

[similar to the ATR case (1)]. This situation is depicted
in Fig.3(a) for n = ±1 (notice, that excitation of harmon-
ics with higher numbers |n| � 2 is less effective), where
for given parameters SPPs can be excited at frequencies
⌦�1

⇡ 9.5meV and ⌦
1

⇡ 10meV. The excited SPP har-
monic (through the above-mentioned coupling) makes an
influence on the zeroth reflected harmonics, giving rise to
some anomaly in the reflection spectrum. At the same time,
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Figure 3: (a) SPP eigenfrequency ! versus eigen wavevec-
tor k

SPP

, calculated for gate voltage V = 50V [same as
in Fig.2(a)], but combined with lines (16) for n = 1 and
n = �1 (right and left dashed line, respectively). (b) Re-

flection coefficient of zero harmonic
�

�

�

H
(r)

0

/H
i

�

�

�

2

(red solid

line) and relative square amplitudes
�

�

�

H
(r)

n

/H
i

�

�

�

2

of n = 1

(black dashed lines) and n = �1 (blue dashed lines) har-
monics vs frequency !. For the comparison the reflectiv-
ity of the graphene, deposited on nonmodulated substrate
is depicted by solid green line. (c) Reflection coefficient of

zero harmonic
�

�

�

H
(r)

0

/H
i

�

�

�

2

versus frequency ! and angle
of incidence ⇥ for direct excitation of SPPs in graphene by
incident electromagnetic wave. (d) Reflection coefficient

of zero harmonic
�

�

�

H
(r)

0

/H
i

�

�

�

2

vs gate voltage V at fixed
frequency ! = 10meV. Other parameters are: gate volt-
age V = 50V (panels a,b,c), angle of incidence ⇥ = 20�

(panels a,b,d), modulation depth a = 0.2 (panels b,c,d),
"0 = 3.9, "

2

= 1, D = 20.67µm.

when SPP excitation conditions are not met, the reflectivity
of the graphene on modulated substrate does not differ sig-
nificantly from that of the graphene on nonmodulated one.
This fact is confirmed by Fig.3(b), where reflection coef-
ficient of zeroth harmonics (red solid line) possesses two
maxima (which frequencies coincide with ⌦±1

, predicted
in Fig.3(a)], these maxima correspond to the excitation of
SPPs on n = ±1 harmonics (dashed lines). Here reflection
coefficients was obtained from Eqs.(14)–(15). Notice, that
this situation is completely opposite to the ATR structure,
where SPP excitation revealed in the reflectivity minima.
The angular dependence demonstrates, that frequency split-
ting between two reflectivity maxima, being zero at normal
incidence ⇥ = 0, then monotonically increases with an in-
crease of ⇥. At the same time, similar to the ATR structure,
in the graphene deposited on modulated substrate it is also
possible to tune its reflectivity by changing the gate volt-
age V [see Fig.3(d)], this dependence exposes two max-
ima. Nevertheless variation range is not too wide (between

�

�

�

H
(r)

0

/H
i

�

�

�

2

⇡ 0.15 and
�

�

�

H
(r)

0

/H
i

�

�

�

2

⇡ 0.25), if compared
to that of ATR structure (where it can be varied from to-
tal reflection to total absorption). In order to increase the
reflectivity one should use gratings with larger modulation
depth a.

4. Conclusions

To conclude, we have demonstrated that both the ATR
structure and periodic grating incorporating a monolayer
graphene sheet can operate as THz attenuator where the re-
flectance of an electromagnetic wave can be switched from
nearly unity to nearly zero (in ATR structure) by applying
an external gate voltage to the graphene layer. Since the
typical frequencies are ⇠ 5meV (or ⇠ 1.2THz), this struc-
ture can operate in the submillimeter range. The frequency
of excited SPPs can be increased by using a prism material
with a higher dielectric permeability "

3

in ATR structure, or
smaller grating period in periodic gratings. The proposed
device can also be used for spectroscopy of the graphene
optical conductivity through measuring the characteristics
of the excited SPPs.
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Abstract
Elastic wave propagation in functionally graded periodi-
cally layered and damaged composites is investigated using
the extended transfer matrix method and the boundary inte-
gral equation method. Two different models are developed
to approximate the damaged layer, namely, a periodic array
of cracks and continuously distributed springs in the layer.
The focus of this analysis is on the wave transmission and
reflection, band-gaps, localization and resonance phenom-
ena due to the influences of functionally graded properties
and crack-like damages.

1. Introduction
In recent years, an increasing research interest on a new
class of functional composites, the so-called phononic crys-
tals (PCs), arises in the research community from many dif-
ferent disciplines. PCs consist of two or more different con-
stituent materials with a periodic arrangement, and many
anomalous wave propagation phenomena may arise in such
periodic structures. PCs may show some surprising effects,
which have potential applications such as in the design and
functional optimization of novel multi-functional compos-
ites, development of new acoustic and ultrasonic devices
(wave detectors, wave filters, acoustic lenses, etc.), noise
reduction and vibration isolation in high-precision mechan-
ical systems and many others [1]. Usually the interface is
assumed to be continuous in the stress and displacement
components in the simulation, while an interface in a real
situation is much more complicated. The reason could arise
from micro level due to misfits at the grain boundaries, or
on a macro scale where a thin interface layer connects the
two solids. Various methods have been developed to model
such imperfect interfaces [2, 3, 4]. Another possible ap-
proach to deal with this mismatch between two different
materials is to impose a layer of a functionally graded ma-
terial between the two homogeneous solids.

Elastic wave guides are susceptible to damages like
cracks during the manufacturing or in service. In par-
ticular, the delamination at imperfect interfaces between
the constituents and interior cracks in the individual lay-
ers can occur. Such interface or interior damages may
change the dynamic properties of the periodic composites
and correspondingly cause noticeable alterations in band-
gaps and wave transmission spectra. To simplify the analy-

sis, imperfect interfaces are usually approximated by a peri-
odic/stochastic distribution of interface cracks or by spring
boundary conditions [5], where the latter in a limiting case
corresponds to a crack. Several analytical and numerical
approaches have been developed so far for wave propaga-
tion analysis in periodic structures [6] including the transfer
matrix method employed in the present work. Wave propa-
gation and diffraction by a crack in multilayered composite
structures can be efficiently investigated by using boundary
integral representations and Green’s functions in conjunc-
tion with the integral-transform technique [7].

The present study is a continuation of our previous re-
search works [8, 9, 10]. Here a special type of PCs is
considered, namely, the one-dimensional PCs consisting of
unit-cells composed of two different elastic materials with
a periodicity in the thickness direction, where functionally
graded (FG) interlayers are placed between the two neigh-
boring homogeneous layers with a single crack or a distri-
bution of cracks.

2. Characterization of wave motion in
phononic crystals

In order to investigate wave phenomena in periodic layered
structures, several problems are studied (see Figures 1, 5).
In the following sections, numerical results for the propaga-
tion characteristics of P- and SV-waves in a periodic com-
posite with crack-like damages are presented. Numerical
calculations are carried out for the same material parame-
ters as in [10]. The structure is composed of N unit-cells
with periodically spaced Alumina and Aluminium, which
are denoted as Materials A and B correspondingly.

Material Density Young’s Poisson’s
modulus ratio

[kg/m3] [GPa]
A Alumina 4000 400 0.231
B Aluminium 2700 70 0.33

Table 1: Elastic moduli and densities of materials A and B.

The two half-planes i = 0, i = N + 1 (the surrounding
media) are assumed to have the same elastic properties as
material A. The material parameters (density !1, Young’s
modulus and Poisson’s ratio) are given in Table 1.



2.1. Energy flow

The transport of the elastic wave energy corresponding to
the time-harmonic displacement field ue!i!t with the cir-
cular frequency " can be visualized by the energy stream-
lines, which show the trajectories of the time-averaged en-
ergy fluxes [11]. At every point energy streamlines are
tangential to the power density vector e = (ex, ez) =
(e1, e2) introduced by Umov [12] for elastodynamic wave
fields in the 19th century. Its components are expressed
via the displacement and stress vectors u and !n: en =
!!

2 Im (u, !n), where !n is the amplitude of the stress vec-
tor on an elementary area orthogonal to the n-th coordinate
axis.

2.2. Transmission and reflection coefficients

The displacement vector u = {u1, u2} = {ux, uz} in the
elastic media is governed by the equations of motion

#ij,j + !"2ui = 0, i, j = 1, 2 (1)

where the stress tensor #ij can be expressed in terms of the
derivatives of the displacement components ui by

#ij = $(u1,1 + u2,2)%ij + µ(ui,j + uj,i). (2)

Here %ij is the Kronecker symbol; $ and µ are the Lamé
coefficients.

In the multilayered media the elastic constants $ and µ
are piecewise continuous functions with jumps on the layer
interfaces z = zn. On the interfaces, the following conti-
nuity conditions for the displacement and the stress compo-
nents should be satisfied

[ui]zn = 0, [#2i]zn = 0.

Here [f ]zn denotes the jump of the function f(z) at z = zn.
In order to demonstrate the scheme, the simplest case

of plane SH wave propagation is considered. The displace-
ment fields in both half-planes are plane waves and can be
expressed in the following form

u1(z) = eikA sin "x

!
eikA cos "z +A! e!ikA cos "z, z " 0
A+ eikA cos "(z!d), z # NH

while the component u2 = 0. Here & is the incidence an-
gle, A+ and A! are the amplitudes of the transmitted and
reflected plane waves, kA is the wavenumber of the SH-
waves in the lower and upper half-planes [13].

The generalized state vector v(z) composed of the dis-
placement u1 and the stress component #12 can be ex-
pressed in terms of the propagator or transfer matrix (T-
matrix) [14] by

v(d) = T · v(0).

The amplitudes A+ and A! of the transmitted and reflected
plane waves should satisfy the energy conservation law.
The total transfer matrix T is a multiplication of the transfer
matrices Ti of all the sublayers, e.g. [10].

The amplitudes of the reflected and transmitted waves
do not give sufficient information needed for the analysis,
so the energy transmission coefficient '+ and the energy
reflection coefficient '! are introduced. The energy trans-
mission coefficient '+ = E+/E0 is defined as the ratio
of the time-averaged energy flow transmitted through the
layered stack E+ to the energy transferable by the plane
wave E0, and analogously for the reflection coefficient
'! = E!/E0. Obviously the energy conservation law
must be satisfied, i.e. '+ + '! = 1.

2.3. Pass-bands and band-gaps

The transmission coefficient '± is a suitable characteris-
tic quantity to describe pass-bands and band-gaps, see [10].
Band-gaps are frequency ranges in which the transmission
coefficient is zero, i.e., no wave propagation is possible in
band-gaps. In general, band-gaps are dependent on the type
and the incidence angle & of the incoming waves. For the
demonstration of the wave propagation phenomena related
to a periodically layered composite structure, it is often suf-
ficient to consider the first band-gap only, because similar
wave propagation phenomena are also expected at medium
and high frequencies.

3. Functionally graded phononic crystals
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Figure 1: Geometry of the undamaged functionally graded
periodic laminate.
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Figure 2: Variation of the material parameters.

The phononic crystals (PCs) under consideration are
composed of finite periodically spaced unit-cells in the
thickness direction made of both functionally graded (FG)
and isotropic materials (Figure 1). The FG interlayers are
composites consisting of two material phases with their
composition varying in the thickness direction leading to
continuous functions for the elastic constants $(z), µ(z)
and the density !(z).

Two models for the FG layers are developed. The first
model is the so-called explicit FG model, in which the
transfer matrix is derived by the numerical solution of the
equations of motion with variable coefficients. The second
model is the multilayer model, where a number of homo-
geneous isotropic sublayers of piecewise constant material
properties is used to approximate the FG interlayers. In this
case the transfer matrix TF of the functionally graded layer
is approximated by a multiplication of the transfer matrices
of all the isotropic sublayers [10]. The correctness and the
accuracy of both models are verified by comparing the com-
puted wave transmission coefficient and band-gaps.
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Figure 3: Influences of the interlayer thickness hF /H on
band-gaps for hA/hB = 1 and incident P-wave. (a) Law I;
(b) Law II; (Darker and lighter domains denote band-gaps
with and without FG interlayers respectively).
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Figure 4: Influences of the interlayer thickness hF /H on
band-gaps for hA/hB = 1 and incident SV-wave. (a) Law
I; (b) Law II; (Darker and lighter domains denote band-gaps
with and without FG interlayers respectively).

The location and the width of the band-gaps are in gen-
eral dependent on the material gradation law describing the
FG interlayers and the geometrical parameters of the pe-
riodic laminates. Here, we first analyze the effects of the
FG interlayers on the band-gaps for the power-law mate-
rial gradation. An example for the variation of the material
parameters in the power-law I and power-law II within the
unit-cell is presented in Figure 2.

The band-gaps are presented in Figures 3 and 4, which
show the influences of the relative thickness of the FG in-
terlayers hF /H on the band-gaps. Figure 3 presents the nu-
merical results for the incident plane time-harmonic P-wave
and different power-laws of the material gradation while
Figure 4 stands for the plane time-harmonic SV-wave at the
incidence angle & = 0" for both case. The presence of the
FG interlayers in a PC and the material gradation law have
essential influences on the band-gaps (their form and loca-
tion) in comparison with that without FG interlayers (case
of hF = 0) in the medium and high frequency ranges.

4. Damaged phononic crystals
Now we consider time-harmonic wave propagation in a PC
with a damaged layer, see Figure 5. The damage is assumed
to be in the M -th unit-cell at a distance d from the inter-
face z = aM!1. Different kinds of damages are consid-
ered, namely, a single crack, a distribution of cracks, and
spring-like boundary conditions, see Figure 6. In order to
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verify the analysis, the thickness of the FG interlayers for
the damaged PC is assumed to be zero, i.e., hF = 0 and
only homogeneous sublayers are present.
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Figure 5: Geometry of the damaged functionally graded
periodic laminate.
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4.1. A single crack

The total displacement field u = uin + usc in the peri-
odic laminate with a strip-like crack of length 2l is continu-
ous everywhere except on the crack-faces, where ! (x, z) =
{(xz(x, z), (zz(x, z)} = 0. The scattered wave field in the
composite media is considered separately for the two lay-

ered half-planes

usc(x, z) =

!
u!(x, z), z < 0,
u+(x, z), z > 0,

(3)

and the corresponding integral representations for each
half-plane are applied in a similar manner as in [8]. On
the top surface of both half-planes an unknown load p(x)
is introduced, and an integral representation for the scat-
tered displacement field is then employed [7]. For a large
number of layers the method is time consuming, thus the
technique developed in [7] is applied. The explicit descrip-
tion of the numerical construction of the Fourier-transform
of the Green’s matrix for multilayered elastic half-planes
can be found [15]. The load p(x) is determined from
the solution of the integral equation for the crack-opening-
displacements using a Galerkin method.
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Figure 7: The displacement amplitude |u(x, z)| and related
energy streamlines for P-wave propagation at an angle & =
0"; hA/hB = 1; l/H = 1.0; d/H = 0.25; " = 2.713.
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The presence of a single crack does not change the
band-gaps and the pass-bands. However, a single crack
changes the local wave pattern in its surroundings. Thus,
some localization and resonance phenomena can be ob-
served, which are especially important to the failure of the
material from the practical point of view. The presence of
a crack may cause noticeably large amplitudes of the wave
motion, i.e., wave localization, in the vicinity of the crack.
In addition, very large stress and displacement amplitudes
are observed at resonance frequencies, and the localization
exhibits also in the occurrence of the energy vortices near
the cracks, for more details see [16].

In order to demonstrate the wave localization effect, the
parameters l, d and " corresponding to the strongest res-
onances have been found after the analysis of the average
CODs and the stress intensity factors (SIFs). The corre-
sponding wave pattern is shown in Figure 7 via the dis-
placement amplitudes u and the energy streamlines, where
the crack is depicted by the green prolongated rounded rect-
angle. The wave pattern is symmetrical with respect to the
x = 0 axis due to the normal wave incidence (& = 0"). The
energy flow is sufficiently reflected by the crack and goes
like a channel wave in the two layers over and below the
damaged layer. Pairs of the energy vortices are observed
near the crack, where in the centers of the energy vortices
|e| = 0. The maximum energy flow is concentrated near
the crack seen as dark zones in Figure 7.

4.2. Distributed damages

Two different models are developed to approximate the
damaged layer with a distribution of cracks, namely, a peri-
odic array of cracks of length 2l and spacing s and continu-
ously distributed springs in the layer. In the first model, the
total wave field in the stack of elastic layers with cracks
is described by a sum of incident wave field determined
by the transfer matrix method and the scattered wave field
governed by a boundary integral representation [7] in terms
of the crack-opening-displacements (CODs) on the crack-
faces. The problems for a single crack and for a periodic ar-
ray of cracks are solved by using a boundary integral equa-
tion method in combination with a Galerkin method. In the
second model, the damaged layer is approximated by the
spring boundary conditions which allows us to use the T-
matrix method with an approximate estimation of the spring
stiffness [5]. To this end, the following spring boundary
conditions are introduced

#+
iz = #!

iz =

"
$+ + 2µ+

($+ + µ+)µ+
+

$! + 2µ!

($! + µ!)µ!

#!1

$

$ 4s

)l2
$ (u+

i ! u!
i ), (4)

which relate the stresses and the displacements above and
below the line of the cracks denoted by the signs ±. The
constant in Equation (4) is given for distributed cracks of
length 2l with a density 2l/s, see [5] for more details.

The numerical results presented in Figures 8 and 9 il-
lustrate the wave energy transmission through the period-
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Figure 8: Transmission coefficient '+(", l/H) in the dam-
aged PC modeled by a periodic array of cracks in the
M = 15th layer. P-wave propagation at an angle & = 0";
hA/hB = 1; d/H = 0.25.
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Figure 9: Transmission coefficient '+(", l/H) in the dam-
aged PC modeled by the spring boundary conditions in the
M = 15th layer. P-wave propagation at an angle & = 0";
hA/hB = 1; d/H = 0.25.

ically layered composite weakened by a damaged layer.
The transmission coefficients '+(", l/H) calculated by the
model of periodic collinear cracks and the spring model
are shown in Figures 8 and 9 respectively for a normal
incidence of a plane time P-wave (& = 0"). The energy
transmission coefficients obtained by both models are in a
good agreement in the low-frequency range. In the second
and third pass-bands, obvious differences in the transmis-
sion coefficients from both models are observed. Since the
spring model is based on an averaging technique [17] and
the low-frequency assumption, the model is inadequate for
medium and high frequencies, and for predicting the wave
localization, resonance peaks of '+(", l/H) in the pass-
bands and stress concentration phenomena near crack-tips.
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5. Conclusions
• The location and the width of the band-gaps are de-

pendent on the law describing the material gradation,
the thickness of the FG interlayers, the relative thick-
ness of the homogeneous layers, and the incidence
angle of plane time-harmonic waves.

• The size and the position of the band-gaps are not in-
fluenced by the position and the size of a single crack,
while the presence of a single crack may lead to wave
resonances in its vicinity.

• The band-gaps may be significantly affected by a dis-
tribution of cracks in a layer, and they are depen-
dent on the crack-size, the crack-spacing, and crack-
distance to the interface.

• The dynamic loading on a periodic composite struc-
ture with a crack may cause wave localization be-
tween the crack-faces and the closest interfaces, and
it may become stronger when they are closer.

• The spring model is a simple and efficient model
for predicting low-frequency band-gaps. However,
it cannot predict the wave localization and resonance
phenomena.

• Interface cracks do not exhibit strong resonances
within the band-gaps and the corresponding dynamic
stress intensity factors have small magnitudes in the
band-gaps.
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$EVWUDFW�
7KH� DFRXVWLF� WUDQVPLWWDQFH� RI� WZR� FORVHO\� VSDFHG� ULJLG�
SODWHV� SHUIRUDWHG� ZLWK� D� VTXDUH� DUUD\� RI� FLUFXODU� KROHV� LV�
VWXGLHG� ERWK� H[SHULPHQWDOO\� DQG� QXPHULFDOO\�� 7KH� V\VWHP�
H[KLELWV� D� EDQG� RI� DFRXVWLF� DWWHQXDWLRQ� RULJLQDWLQJ� IURP�
K\EULGL]DWLRQ� EHWZHHQ� D� WZR�GLPHQVLRQDO� UHVRQDQFH� LQ� WKH�
JDS� EHWZHHQ� WKH� SODWHV�� DQG� SLSH� PRGHV� LQ� WKH� KROHV��
0LVDOLJQPHQW� RI� WKH� KROHV� LQ� HLWKHU� RQH� RU� ERWK� ODWHUDO�
GLPHQVLRQV� VKLIWV� WKH� FHQWUH� IUHTXHQF\�RI� WKH� VWRS�EDQG� WR�
PDLQWDLQ�WKH�FRQGLWLRQV�UHTXLUHG�IRU�]HUR�WUDQVPLVVLRQ��

�� ,QWURGXFWLRQ�

7KH�DFRXVWLF�GRXEOH�ILVKQHW��$')��VWUXFWXUH�FRPSULVHV�WZR�
ULJLG�SODWHV��HDFK�SHUIRUDWHG�ZLWK�D�VTXDUH�DUUD\�RI�FLUFXODU�
KROHV��ZLWK�WKH�KROHV�RQ�RQH�SODWH�SHUIHFWO\�DOLJQHG�ZLWK�WKH�
KROHV�RQ�WKH�RWKHU��3UHYLRXV�VWXGLHV�KDYH�VKRZQ�KRZ�ZKHQ�
WKH� WZR� SODWHV� DUH� VHSDUDWHG� E\� D� VXE�ZDYHOHQJWK� JDS�� WKH�
V\VWHP�H[KLELWV�D�EDQG�RI�QHDU�SHUIHFW�DFRXVWLF�DWWHQXDWLRQ�
>���@��7KH�SUHVHQW� VWXG\� LQYHVWLJDWHV� WKH� LQIOXHQFH�RI�SODWH�
PLVDOLJQPHQW�RQ�WKH�DFRXVWLF�WUDQVPLWWDQFH��)LJXUH���VKRZV�
D�VFKHPDWLF�RI�WKH�PLVDOLJQHG�$')�VWUXFWXUH��

 
)LJXUH� ��� 6FKHPDWLF� GLDJUDP� RI� $')� VWUXFWXUH�� ZLWK� SODWH�
WKLFNQHVV�KP��DQG�JDS�VL]H�KJ��7KH�FLUFXODU�KROHV��RI�GLDPHWHU�
G�� DUH� DUUDQJHG� LQ� D� VTXDUH� DUUD\� ZLWK� SLWFK� ȁ�� 7KH� ODWHUDO�
GLVSODFHPHQW�EHWZHHQ� WKH�SODWHV� LV�KRII��7KH�ULJKW�VLGH� LQVHW�
LOOXVWUDWHV� D� FURVV� VHFWLRQ� RI� D� XQLW� FHOO� �VKRZQ� ZLWK� QR�
ODWHUDO�GLVSODFHPHQW��WDNHQ�DORQJ�WKH�GDVKHG�ZKLWH�OLQH��
 

7KH� SUHVHQFH� RI� D� VPDOO� JDS� EHWZHHQ� WKH� WZR� SODWHV�
OHDGV�WR�WKH�K\EULGLVDWLRQ�RI�WKH�WZR�GLPHQVLRQDO�UHVRQDQFH�
LQ� WKH� JDS� EHWZHHQ� WKH� SODWHV� ZLWK� WKH� SLSH� PRGHV� LQ� WKH�
KROHV� OHDGLQJ� WR� IUHTXHQF\� VKLIWV� RI� WKH� UHVXOWLQJ�
WUDQVPLVVLRQ�SHDNV��0RUHRYHU��WKH�SUHVHQFH�RI�WKH�JDS�DOVR�

OHDGV� WR� QHDU�SHUIHFW� VXSSUHVVLRQ� RI� VRXQG� WUDQVPLVVLRQ�
DFURVV�D�IUHTXHQF\�EDQG�GLFWDWHG�E\�WKH�SLWFK�ȁ���

:KHQ� WKH�KROHV� LQ� WKH� WZR�SODWHV�DUH�DOLJQHG� �L�H�� HDFK�
SDLU�RI�DOLJQHG�KROHV�EHKDYH�DV�D�ORQJ�SLSH�ZLWK�D�WKH�JDS�DW�
LWV� PLG�OHQJWK��� RGG�RUGHU� PRGHV� �H[KLELWLQJ� D� SUHVVXUH�
DQWLQRGH�LQ�WKH�UHJLRQ�RI�WKH�JDS��DUH�VWURQJO\�SHUWXUEHG�LQ�
IUHTXHQF\�� GXH� WR� YROXPH� IORZ� OHDNDJH� LQWR� WKH� JDS��
ZKHUHDV� HYHQ�RUGHU� PRGHV� �H[KLELWLQJ� D� SUHVVXUH� QRGH� LQ�
WKH�UHJLRQ�RI�WKH�JDS��DUH�ODUJHO\�XQDIIHFWHG��7KH�IUHTXHQF\�
DW� ZKLFK� VRXQG� EORFNDJH� RFFXUV� FRUUHVSRQGV� ZLWK� D�
UHVRQDQFH� RI� WKH� WZR�GLPHQVLRQDO� PRGH� LQ� WKH� JDS��
&RQVLGHULQJ�D�V\PPHWULFDO�XQLW�FHOO�FHQWUHG�RYHU�RQH�RI�WKH�
KROHV�� WKH� SUHVVXUH� PXVW� EH� PD[LPDO� DORQJ� WKH� �VTXDUH��
ERXQGDU\� LQ� WKH� JDS� DW� WKH� IUHTXHQF\� RI� WKH� ³JDS�
UHVRQDQFH´��$V� WKH�SODWHV�DUH�PLVDOLJQHG�� WKH�FRQGLWLRQ� IRU�
]HUR� WUDQVPLVVLRQ� FKDQJHV�� 8VLQJ� V\PPHWU\� DUJXPHQWV��
WKHUH�PXVW�VWLOO�EH�D�SUHVVXUH�DQWLQRGH�DW�WKH�ERXQGDU\�RI�D�
VTXDUH� XQLW� FHOO� ORFDWHG� FHQWUDOO\� RYHU� WKH� LQSXW� KROH��
KRZHYHU� IRU� QR� VRXQG� WR� EH� WUDQVPLWWHG� WKHUH� PXVW� EH� D�
SUHVVXUH�QRGH�ORFDWHG�DW� WKH�RXWSXW�KROH�� ,Q�WKLV�FDVH�� WKHUH�
LV�QR�SUHVVXUH�YDULDWLRQ�DW� WKH�RXWSXW� KROH�DQG�WKHUHIRUH�QR�
FRXSOLQJ� EHWZHHQ� WKH� KROHV� LQ� WKH� WZR� SODWHV�� DQG� WKXV� QR�
WUDQVPLVVLRQ�RI� VRXQG��:KHQ�WKH�SUHVVXUH�ZDYH� LQ� WKH�JDS�
VDWLVILHV� WKHVH� FRQGLWLRQV�� WKH� VRXQG� ILHOG� LV� QR� ORQJHU� D�
VLPSOH�UHVRQDQFH�RI�WKH�JDS��,W�IROORZV�WKDW�WKH�IUHTXHQF\�RI�
VRXQG� EORFNDJH� VKRXOG� LQFUHDVH� ZLWK� PLVDOLJQPHQW� RI� WKH�
SODWHV�� DV� WKH� SUHVVXUH� QRGH� LQ� WKH� JDS� DW� WKH� RXWSXW� KROH�
VSDWLDOO\� DSSURDFKHV� D� SUHVVXUH� DQWLQRGH� DW� WKH� XQLW� FHOO�
ERXQGDU\��HIIHFWLYHO\�IRUFLQJ�D�TXDUWHU�ZDYH�LQWR�D�VPDOOHU�
GLVWDQFH��,W�LV�FOHDU�WKDW�WKH�FDVH�ZKHQ�WKH�KROHV�DUH�DOLJQHG�
LV� D� VSHFLDO� FDVH� WKDW� VDWLVILHV� WKH� FRQGLWLRQV� IRU� ]HUR�
WUDQVPLVVLRQ��

�� �0RGHOOLQJ�

)LJXUH� �� �D�� DQG� �E�� VKRZ� WKHRUHWLFDO� WUDQVPLVVLRQ� VSHFWUD�
PRGHOOHG� ZLWK� D� PRGDO� PDWFKLQJ� WHFKQLTXH� �GHVFULEHG� LQ�
5HI�� ��� IRU� WKH� FDVHV� RI� ODWHUDO� DQG� GLDJRQDO�PLVDOLJQPHQW�
UHVSHFWLYHO\��7KH� WHFKQLTXH� LQYROYHV�PDWFKLQJ� WKH�DFRXVWLF�
SUHVVXUH�DQG�YHORFLW\�IXQFWLRQV�DW�WKH�HDFK�RI�WKH�LQWHUIDFHV�
WKURXJK� WKH� VWUXFWXUH��%RWK�SORWV�FOHDUO\� VKRZ� WKH� LQFUHDVH�
LQ� IUHTXHQF\�RI� WKH�VWRS�EDQG�DV� WKH�SODWHV�DUH�PLVDOLJQHG��
3UHOLPLQDU\� UHVXOWV� IURP� DQ� DQDO\WLFDO� PRGHO� �WR� EH�
GHVFULEHG� LQ� D� IXWXUH� DUWLFOH�� DOVR� DJUHH� ZHOO� ZLWK� WKHVH�
ILQGLQJV�



0(7$¶���&21)(5(1&(��������$35,/�������3$5,6���)5$1&(�
 

 
)LJXUH������D��3UHGLFWHG�WUDQVPLVVLRQ�VSHFWUD�XVLQJ�D�PRGDO�PDWFKLQJ�WHFKQLTXH�>�@��VKRZLQJ�WKH�UHVRQDQW�PRGHV�RI�WZR�KP� �
���PP�WKLFN�SHUVSH[�SODWHV� VHSDUDWHG�E\�KJ� ������PP�DW� LQFUHDVLQJ� ODWHUDO�SODWH�RIIVHWV��5HG�VKDGLQJ� LQGLFDWHV� UHJLRQV�RI�
VWURQJ� WUDQVPLVVLRQ�� DQG�EODFN� LQGLFDWHV� WUDQVPLVVLRQ� DPSOLWXGHV�RI� OHVV� WKDQ������� �E��6LPLOLDU� WUDQVPLVVLRQ� VSHFWUD� DV� �D��
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�� ([SHULPHQW�

7KH� H[SHULPHQWDO� VDPSOH� FRQVLVWV� RI� WZR� SHUVSH[� �/XFLWH��
SODWHV�� ZLWK� WKLFNQHVV� KP�  � ��� PP� DQG� SHUIRUDWHG� ZLWK�
FLUFXODU�KROHV�RI�GLDPHWHU�G� �����PP�LQ�D�VTXDUH�DUUD\�RI�
SLWFK�ȁ� ���PP��7KH�VTXDUH�SODWHV�KDYH�VLGHV�RI�OHQJWK�����
PP� �FRUUHVSRQGLQJ� WR� D� ��î��� DUUD\� RI� KROHV��� DQG� DUH�
VHSDUDWHG�E\�DQ�DLU�ILOOHG�JDS�ZLWK�KJ� ������PP��$�SODQH�
VRXQG� ZDV� QRUPDOO\� LQFLGHQW� LQ� DLU� RQ� WR� WKH� VDPSOH�� 7KH�
H[SHULPHQWV� ZHUH� XQGHUWDNHQ� ZLWK� IUHTXHQFLHV� UDQJLQJ�
EHWZHHQ����DQG����N+]��$�VHULHV�RI�VDPSOH�JHRPHWULHV�ZHUH�
VWXGLHG�ZLWK���PP�LQFUHPHQWDO�RIIVHWV�RI�WKH�SODWHV�DQG�DQ�
DGGLWLRQDO� GDWD� VHW� REWDLQHG� DW� DQ� RIIVHW� RI� ����� PP� WR�
GHPRQVWUDWH� WKH� VWURQJ� VXSSUHVVLRQ� RI� D� WUDQVPLVVLRQ�
UHVRQDQFH� �)LJXUH� ���� 7KH� H[SHULPHQWV� XWLOLVHG� D� SDLU� RI�
SDUDEROLF�PLUURUV��RQH�WR�SURGXFH�WKH�SODQH�ZDYH�IURP�SRLQW�
VRXUFH� DQG� WKH� RWKHU� WR� IRFXV� WKH� WUDQVPLWWHG� VRXQG� ZDYH��
LQWR�WKH�GHWHFWRU���

�� 'LVFXVVLRQ�
7KH�GDWD�SUHVHQWHG��)LJ�����VKRZV�JHQHUDOO\�JRRG�DJUHHPHQW�
ZLWK� WKH� WKHRUHWLFDOO\� SUHGLFWHG� WUDQVPLWWDQFH� RI� WKH� $')�
VWUXFWXUH�� 1RWH�� WKDW� LQ� FRPSDULVRQ� ZLWK� WKH� PRGHO�� WKH�
H[SHULPHQWDO� UHVXOWV� H[KLELW� QRQ�XQLW\� WUDQVPLWWDQFH� RQ�
UHVRQDQFH��DQG�LPSHUIHFW�VRXQG�EORFNDJH��,W�LV�SURSRVHG�WKDW�
WKLV� HUURU� LV� DVVRFLDWHG�ZLWK� WKH� IDLOXUH� WR� IXOO\� DFFRXQW� IRU�
YLVFRXV� ORVVHV� ZLWKLQ� WKH� QDUURZ� SLSHV� LQ� WKH� V\VWHP�� $V�
VKRZQ�LQ�%HOO�HW�DO��>�@�WKH�PDJQLWXGH�RI�VRXQG�VXSSUHVVLRQ�
LV�VLJQLILFDQWO\�JUHDWHU� WKDQ� WKDW�SURYLGHG�E\�D�VLQJOH�KROH\�
SODWH� RI� HTXLYDOHQW� WRWDO� WKLFNQHVV�� 2IIVHWWLQJ� WKH� SODWHV�
SURYLGHV�D�UHDVRQDEO\�VLPSOH�PHWKRG�RI�WXQLQJ�WKH�ORFDWLRQ�
RI�WKH�VWRS�EDQG�DQG�DV�VKRZQ�LQ�)LJXUH����I���WKH�VWRS�EDQG�
FDQ� EH� XVHG� WR� VLJQLILFDQWO\� UHGXFH� WKH� VWUHQJWK� RI�
WUDQVPLVVLRQ� UHVRQDQFHV� WKDW� DUH� RWKHUZLVH� SUHVHQW�� WKXV�
SURGXFLQJ�D�EURDGHU� IUHTXHQF\�EDQG�ZLWK� VLJQLILFDQW� VRXQG�
VXSSUHVVLRQ��

�
)LJXUH� ���([SHULPHQWDO� �UHG� OLQH�� DQG� WKHRUHWLFDO�PRGHOOHG�
�EODFN� OLQH�� WUDQVPLVVLRQ�UHVXOWV� WKURXJK� WKH�$')�VWUXFWXUH�
LQ�DLU��*UDSKV��D���H��VKRZ�WKH�WUDQVPLVVLRQ�IRU�KRII� ���PP��
�� PP�� �� PP�� �� PP�� DQG� �� PP� UHVSHFWLYHO\�� *UDSK� �I��
VKRZV�WKH�WUDQVPLVVLRQ�IRU�KRII� ������PP��

$FNQRZOHGJHPHQWV�

7KH� DXWKRUV� DFNQRZOHGJH� IXQGLQJ� E\� WKH� (365&� DQG�
6RQDUG\QH�,QWHUQDWLRQDO��DQG�WKDQN�1��&ROH��0��:HDUV�DQG�
.��:KLWH�IRU�WKHLU�WHFKQLFDO�VXSSRUW��

�� 5HIHUHQFHV�
>�@ )��/LX��)��&DL��<��'LQJ�DQG�=��/LX��$SSO��3K\V��/HWW�������

���������������
>�@ -�� &KULVWHQVHQ�� /�� 0DUWLQ�0RUHQR�� DQG� )�� -�� *DUFLD�

9LGDO��$SSO��3K\V��/HWW����������������������
>�@ %HOO�HW�DO���XQGHU�UHYLHZ��
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1DQR�6LJQDWXUH�RI�6XUIDFH�&KDUJH�6SDWLDO�'LVWULEXWLRQ�RI�0HWDO�
1DQRSDUWLFOHV�,UUDGLDWHG�2II�5HVRQDQFH�

�
;XDQ�=KRX���&ODLUH�'HHE�����'DY\�*pUDUG���$OH[DQGUH�%RXKHOLHU���3UDVKDQW�.��-DLQ���-pU{PH�3ODLQ���
2OLYLHU�6RSSHUD���/DYLQLD�%DODQ���3DVFDO��5R\HU���*DU\�3��:LHGHUUHFKW���DQG�5HQDXG�%DFKHORW��

�
�/DERUDWRLUH�GH�1DQRWHFKQRORJLH�HW�G¶LQVWUXPHQWDWLRQ�2SWLTXH��8QLYHUVLWp�GH�7HFKQRORJLH�GH�7UR\HV��)UDQFH�

�&HQWHU�IRU�1DQRVFDOH�0DWHULDOV��$UJRQQH�1DWLRQDO�/DERUDWRU\��$UJRQQH��,OOLQRLV��������86$�
�/DERUDWRLUH�,QWHUGLVFLSOLQDLUH�&DUQRW�GH�%RXUJRJQH��'LMRQ��)UDQFH�
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$EVWUDFW�
:H� UHSRUW� RQ� WKH� LPDJLQJ� RI� ORFDOL]HG� HOHFWULF� ILHOG� RQ� D�
PHWDO�GLHOHFWULF� LQWHUIDFH�RI�JROG�QDQRSDUWLFOHV�RXW� RI� WKHLU�
SODVPRQ�UHVRQDQFH��7KH�VXUIDFH�SRODUL]DWLRQ�FKDUJHV�FDXVHG�
E\� WKH�GLVFRQWLQXLW\�RI� WKH� HOHFWULF� ILHOG� DW� HPWDO�GLHOHFWULF�
VXUIDFH� SURYLGH� D� WLQ\� ORFDO� ILHOG� HQKDQFHPHQW�� $W� VRPH�
SUHFLVH� SRVLWLRQV� RQ� WKH� VXUIDFH� RI� QDQRSDUWLFOHV�� WKH�
UHVXOWLQJ�HIIHFWLYH�ORFDO�ILHOG�LQWHQVLW\�EHFRPHV�KLJK�HQRXJK�
WR� RYHUFRPH� WKH� WKUHVKROG� GRVH� RI� D� SKRWR�VHQVLWLYH�
IRUPXODWLRQ�� DQG� KHQFH� WKH� SRO\PHUL]DWLRQ� SURFHVV� LV�
LQLWLDWHG��:H�ILQDOO\�HQG�XS�ZLWK�D�FURVV�OLQNHG��'�SRO\PHU�
VWUXFWXUH� WKDW� LV�DFWXDOO\�PROGLQJ� WKH�VSDWLDO�GLVWULEXWLRQ�RI�
WKH�VXUIDFH�FKDUJHV�KHOG�RQ�WKH�PHWDO�GLHOHFWULF�LQWHUIDFH��

�� ,QWURGXFWLRQ�
7KH� DSSOLFDWLRQV� RI� VXUIDFH� SODVPRQV� LQ� VXFK� ILHOGV� DV�
IOXRUHVFHQFH� HQKDQFHPHQW� >��� �@�� VXUIDFH� HQKDQFHG�5DPDQ�
VSHFWURVFRS\� >�@�� QHDU�ILHOG� PLFURVFRS\� >�@� DQG�
QDQRVHQVLQJ� >��� �@� DUH� FXUUHQWO\� WKH� IRFXV� RI� UHVHDUFKHV��
8QOLNH� QXPHURXV� VWXGLHV� WKDW� KDYH� UHSRUWHG� WKH� RQ�
UHVRQDQFH�H[FLWDWLRQ�RI�SODVPRQV�RI�D�PHWDOOLF�QDQRSDUWLFOH�
�013���WKH�RII�UHVRQDQFH�H[FLWDWLRQ�LV�VHOGRP�VWDWHG�H[FHSW�
IRU�WKH�OLJKWQLQJ�URG�HIIHFW�>�@��7KLV�LV�PRVWO\�GXH�WR�WKH�IDFW�
WKDW� ZKHQ� H[FLWHG� RXW� RI� LWV� UHVRQDQFH�� 013� JHQHUDWHV� D�
ORFDOL]HG�ILHOG�WKDW�LV�H[WUHPHO\�ZHDN��DQG�WKXV�LW�FDQ�KDUGO\�
EH�PHDVXUHG��,Q�WKLV�DUWLFOH��ZH�UHSRUW�RQ�LPDJLQJ��ZLWK�DQ�
XQSUHFHGHQWHG� UHVROXWLRQ� RI� �QP� WKH� SRODUL]DWLRQ� VXUIDFH�
FKDUJH� GLVWULEXWLRQ� RQ� JROG� QDQRURGV� �*15V�� DQG� JROG�
QDQRWULDQJOHV��*17V��H[FLWHG�RXW�RI�WKHLU�UHVRQDQFH��

2XU� H[SHULPHQW� LV� EDVHG� RQ� QDQRVFDOH�
SKRWRSRO\PHUL]DWLRQ� LQGXFHG� E\� WKH� ORFDO� RSWLFDO� ILHOG�
LQWHQVLW\�LQ�WKH�YLFLQLW\�RI�013V�>����@��$W�WKH�LQWHUIDFH�RI�
PHWDO� DQG� GLHOHFWULF�� WKH� EHKDYLRU� RI� HOHFWULF� ILHOG�PHGLXP�
IROORZV�WKH�ERXQGDU\�FRQGLWLRQV�RI�HOHFWURPDJQHWLF�ILHOGV��

𝐸 − 𝐸 = = 𝜒𝒏 ∙ 𝜠𝟎������������������������������

:KHUH� Ǽ�Q� DQG� Ǽ�Q� DUH� WKH� QRUPDO� FRPSOHPHQWV� RI�
HOHFWULF� ILHOG� LQVLGH� DQG� RXWVLGH� WKH� QDQRSDUWLFOH�� ıV� LV� WKH�

VXUIDFH�FKDUJH�GHQVLW\��İ��LV�WKH�YDFXXP�SHUPLWWLYLW\��Ȥ�LV�WKH�
PHWDO�HOHFWULF�VXVFHSWLELOLW\��Q�LV�WKH�QRUPDO�YHFWRU�DW�D�JLYHQ�
SRLQW�RQ�WKH�VXUIDFH�RI�013��DQG�(��LV�WKH�LQFLGHQW�HOHFWULF�
ILHOG��7KH� ORFDO�HOHFWULF� ILHOG�DW�013�VXUIDFH� LV� WKH� VXP�RI�
LQFLGHQW� ILHOG� (�� DQG� WKH� ILHOG� Ȥn·∙E��� ZKLFK� LV� JHQHUDWHG�
IURP� WKH� H[FLWHG� VXUIDFH� FKDUJHV� WKDW� FRUUHVSRQGLQJ� WR� WKH�
GLVFRQWLQXLW\� RI� HOHFWULF� ILHOG� DW� WKH� PHWDO�GLHOHFWULF�
LQWHUIDFH�� $� WLQ\� HQKDQFHPHQW� RI� WKH� HOHFWULF� ILHOG� LV�
WKHUHIRUH�LQWURGXFHG�LQ�WKH�YLFLQLW\�RI�013V��%\�LUUDGLDWLQJ�
WKH� QDQRSDUWLFOHV�� FRDWHG� E\� D� GURS� RI� SKRWRSRO\PHUL]DEOH�
IRUPXODWLRQ���� ZLWK� D� SRODUL]HG� SODQH� ZDYH� ZKRVH� GRVH� LV�
EHORZ� WKH� WKUHVKROG�� SRO\PHUV� IRUPHG� RQO\� LQ� WKH� SODFHV�
ZKHUH� WKH� ORFDO� HOHFWULF� ILHOG� LV� HQKDQFHG� WR� RYHUFRPH� WKH�
WKUHVKROG����7KLV� ILQDOO\� LPSULQWV� WKH�GLVWULEXWLRQ�RI� VXUIDFH�
FKDUJHV�DW�WKH�YLFLQLW\�RI�013V��

�� ([SHULPHQWV�
�7KH� SKRWRSRO\PHUL]DEOH� IRUPXODWLRQ� LV� FRQVWLWXWHG� E\�

SHQWDHU\WKULWRO� WUL�WHWUDDFU\ODWH� PRQRPHU� �3(7,$�� ���ZW��
PHWK\OGLHWKDQRODPLQH��0'($����ZW��DQG�(RVLQ�<�����ZW��
:KHQ� DEVRUELQJ� SKRWRQV�� WKH� PROHFXOHV� RI� (RVLQ� <� DUH�
H[FLWHG� WR� WULSOHW� VWDWH�� ZKLFK� WKHQ� LQWHUDFWV� ZLWK� DPLQH� WR�
IRUP�WKH�UDGLFDO��3RO\PHUL]DWLRQ�LV�LQLWLDWHG�E\�UDGLFDOV�WKDW�
UHDFW� ZLWK� PRQRPHU� WR� HQG� XS� ZLWK� D� �'� FURVV�OLQNHG�
SRO\PHU�VWUXFWXUH�>������@��

$V�LV�VKRZQ�LQ�)LJXUH����GLIIHUHQWO\�RULHQWHG�*15V�ZHUH�
IDEULFDWHG� RQ� D� JODVV� VXEVWUDWH� XVLQJ� HOHFWURQ� EHDP�
OLWKRJUDSK\��7KH�RULHQWDWLRQ�RI�D�QDQRURG� LV�GHILQHG�E\� WKH�
DQJOH��ș��RI�LWV�PDMRU�D[LV�ZLWK�UHVSHFW�WR�WKH�LQFLGHQW�ODVHU�
SRODUL]DWLRQ�� ZKLFK� LV� DORQJ� WKH� <� D[LV� �)LJXUH� �D��� 7KH�
PDMRU� DQG� PLQRU� D[HV� RI� *15V� ZHUH� ���QP� DQG� ��QP�
UHVSHFWLYHO\�� ZKLFK� FRUUHVSRQG� WR� D� SODVPRQ� UHVRQDQFH� RI�
����QP� IRU� WKH�PDMRU� D[LV�� DQG� ���QP� IRU� WKH�PLQRU� D[LV�
�)LJXUH��E���7KH�VSHFWUXP�ZDV�FDOFXODWHG�IRU�D�VLQJOH�*15�
HPEHGGHG�LQ�WKH�SKRWRSRO\PHUL]DEOH�IRUPXODWLRQ�RI�D�������
UHIUDFWLYH�LQGH[��



��
�

�
)LJXUH�����D��6(0�LPDJH�RI�*15V�ZLWK�GLIIHUHQW�RULHQWDWLRQ�
IURP� ș�  � ��� WR�  � ����� �E�� &DOFXODWHG� IDU�ILHOG� VFDWWHULQJ�
VSHFWUXP� IRU� D� VLQJOH� QDQRURG� HPEHGGHG� LQ� D� ������
UHIUDFWLYH�LQGH[�PHGLXP��

$IWHU�$)0�FKDUDFWHUL]DWLRQ��WKH�VDPSOH�ZDV�FRDWHG�ZLWK�
D�GURS�RI�SRO\PHUL]DEOH�IRUPXODWLRQ�DQG�ZDV�LUUDGLDWHG�³RII�
UHVRQDQFH´�E\�D�OLQHDUO\�SRODUL]HG�ODVHU�EHDP�DW�Ȝ� ����QP��
7KH�GRVH�RI�LQFLGHQW�ODVHU�ZDV�����RI�WKH�WKUHVKROG�GRVH�WR�
SUHYHQW� WKH� IRUPXODWLRQ� IURP� SRO\PHUL]LQJ� XQGHU� IDU� ILHOG�
H[SRVXUH�� 2QO\� QHDU�ILHOG� HQKDQFHG� H[WUD�LQWHQVLW\� DOORZV�
WKH� WKUHVKROG� WR� EH� H[FHHGHG�� �$IWHU� WKH� ULQVLQJ� SURFHGXUH��
$)0� VFDQ� ZDV� FDUULHG� RQ� H[DFWO\� WKH� VDPH� *15V�� 7KH�
GLIIHUHQWLDO�LPDJH��ZKLFK�LV�WKH�UHVXOW�RI�VXEWUDFWLQJ�SL[HO�WR�
SL[HO�WKH�$)0�LPDJH�EHIRUH�SRO\PHUL]DWLRQ�IURP�WKDW�WDNHQ�
DIWHU�WKH�SURFHGXUH��LQGLFDWHV�WKH�SRO\PHU�WKDW�ZDV�IRUPHG�LQ�
WKH�YLFLQLW\�RI�*15V��DQG�KHQFH�LW�FOHDUO\�UHYHDOV�WKH�]RQHV�
ZKHUH�WKH�WKUHVKROG�GRVH�KDV�EHHQ�RYHUFRPH��)LJXUH������

�
)LJXUH����&KDUDFWHUL]DWLRQV�RI�*15V�RULHQWHG��D��ș� �����E��
ș� �������DQG��F��ș� �����ZLWK�UHVSHFW�WR�WKH�LQFLGHQW�ODVHU�
SRODUL]DWLRQ��$)0�LPDJHV��D����E����F���EHIRUH�DQG��D����E���
�F��� DIWHU� SRO\PHUL]DWLRQ�� �D��� �E��� �F��� FRUUHVSRQGLQJ�
GLIIHUHQWLDO� LPDJHV�DQG� �D��� �E��� �F���)'7'�FDOFXODWLRQV�RI�
ILHOG� HQKDQFHPHQW� DURXQG� *15V� HPEHGGHG� LQ� D� PHGLXP�
ZLWK� D� UHIUDFWLYH� LQGH[� RI� ������� 6FDOH� EDUV� FRUUHVSRQG� WR�
��QP��

�� 5HVXOWV�DQG�'LVFXVVLRQV�
,W� WXUQV� RXW� WKDW� ZKHQ� WKH� XQLW� QRUPDO� YHFWRU� Q� RQ� WKH�

*15�VXUIDFH�LV�SDUDOOHO�WR�WKH�SRODUL]DWLRQ�RI�LQFLGHQW�OLJKW��
WKH� SRO\PHU� H[WHQVLRQ� UHDFKHV� LWV� PD[LPXP�� &RQYHUVHO\��
WKH�HORQJDWLRQ�RI�*15�LV�PLQLPXP�ZKHQ�Q�LV�SHUSHQGLFXODU�
WR� WKH� LQFLGHQW�SRODUL]DWLRQ��DV�SRLQWHG�RXW�E\�ZKLWH�DUURZV�

LQ� )LJXUH� �E��� $� �'�)'7'� FDOFXODWLRQ� RI� WKH� QHDU� ILHOG�
HQKDQFHPHQW� ZDV� SHUIRUPHG� IRU� DOO� WKH� WKUHH� GLIIHUHQW�
RULHQWHG�SDUWLFOHV� �)LJXUH�� D��� E�� DQG� F����([SHULPHQWDO� DQG�
FDOFXODWHG�UHVXOWV�PDWFK�TXLWH�ZHOO��

7R� EHWWHU� OHDUQ� DERXW� WKH� EHKDYLRU� RI� WKH� SRODUL]HG�
VXUIDFH�FKDUJHV�DW�WKH�YLFLQLW\�RI�*15V��D�TXDQWLWDWLYH�VWXG\�
KDV� EHHQ� FDUULHG� RXW� RQ� ��� QDQRURGV� ZLWK� ��� GLIIHUHQW�
RULHQWDWLRQV�IURP����WR������

)LJXUH� �� VKRZV� WKH� GHSHQGHQFH� RI� *15V� H[WHQVLRQV�
DORQJ� PDMRU� DQG� PLQRU� D[HV� RQ� WKH� RULHQWDWLRQ� RI�
QDQRSDUWLFOHV�� ,W� WXUQV� RXW� WKDW� WKH� HORQJDWLRQ� DORQJ� PDMRU�
D[LV�LV�DW�LWV�PD[LPXP�ZKHQ�WKH�*15�PDMRU�D[LV�LV�SDUDOOHO�
WR�WKH�ODVHU�SRODUL]DWLRQ��ș� ����LQ�)LJXUH��D���WKHQ�GHFUHDVHV�
ZLWK� WKH� LQFOLQDWLRQ� RI� WKH� SDUWLFOH� WR� ILQDOO\� UHDFKHV� LWV�
PLQLPXP� ZKHQ� WKH� PDMRU� D[LV� LV� SHUSHQGLFXODU� WR� WKH�
LQFLGHQW� ODVHU� SRODUL]DWLRQ� �ș�  � ������ )RU� WKH� PLQRU� D[LV�
H[WHQVLRQ�� PD[LPXP� RFFXUV� ZKHQ� WKH� *15� PDMRU� D[LV� LV�
SHUSHQGLFXODU�WR�WKH�LQFLGHQW�SRODUL]DWLRQ��ș� �������ZKLOH�QR�
HORQJDWLRQ�H[LVWV�ZKHQ�WKLV�D[LV�LV�SDUDOOHO�WR�WKH�SRODUL]DWLRQ�
�ș� �������

�
)LJXUH� ��� (ORQJDWLRQV� RI� *15V� DORQJ� �D�� PDMRU� DQG� �E��
PLQRU�D[HV�DV�D�IXQFWLRQ�RI�13�RULHQWDWLRQ��ș����

2QFH�DERYH� WKH� WKUHVKROG�GRVH�� WKH�SRO\PHU�HORQJDWLRQ�
�𝑙�� LV� DVVXPHG� WR� EH� SURSRUWLRQDO� WR� WKH� ORFDO� HOHFWULF� ILHOG�
LQWHQVLW\��,VXUI���

𝑙 = 𝛼𝐼 �����������������������������������������

ZKHUH�α�LV�D�FRHIILFLHQW�FRUUHVSRQGLQJ�WR�WKH�SKRWR�SK\VLFDO�
SURSHUWLHV� RI� WKH� SRO\PHU�� $V� LV� VWDWHG� DERYH�� WKH� ORFDO�
HOHFWULF� ILHOG� RI� D� 013� LV� WKH� VXP� RI� LQFLGHQW� ILHOG� DQG�
LQGXFHG� GLSROH� ILHOG�� 2Q� WKH� VXUIDFH� RI� D� *15�� WKH� ILHOG�
LQWHQVLW\�FDQ�WKHUHIRUH�EH�LQGXFHG���

𝐼 = (𝑬𝟎 +   𝜒𝒏 ∙ 𝜠𝟎) = 𝐼 (1 + 𝜒𝒏 ∙ 𝜠𝟎) ��������������������

ZKHUH�𝜠𝟎�LV� WKH�XQLW� YHFWRU�RI� LQFLGHQW�HOHFWULF� ILHOG��$ORQJ�
PDMRU� �0��DQG�PLQRU� �P��D[LV�� WKH� ORFDO� ILHOG� LQWHQVLW\�FDQ�
EH�H[SUHVVHG�UHVSHFWLYHO\�DV�

𝐼 = 𝐼 (1 + 𝜒 cos 𝜃 + 2𝜒 cos 𝜃 cos𝛷)�����������������D��

𝐼 = 𝐼 (1 + 𝜒 sin 𝜃 + 2𝜒 sin 𝜃 cos𝛷)�����������������E��

ZKHUH�𝛷�LV�WKH�SKDVH�GLIIHUHQFH�EHWZHHQ�WKH�LQFLGHQW�DQG�
WKH� LQGXFHG� HOHFWURQLF� ILHOGV��$VVXPLQJ� WKDW� WKH� WZR� ILHOGV�
DUH�LQ�VDPH�SKDVH�EHFDXVH�RI�WKH�TXDVLVWDWLF�DSSUR[LPDWLRQ��
WKH�SRO\PHU�HORQJDWLRQ�RQ�ERWK�D[HV�FDQ�EH�ZULWWHQ�DV�

𝑙 = 𝑙 (1 + 𝜒 cos 𝜃 + 2𝜒 cos 𝜃)������������������������D��

𝑙 = 𝑙 (1 + 𝜒 sin 𝜃 + 2𝜒 sin 𝜃)������������������������E��



��
�

)RU�WKH�HORQJDWLRQ�DORQJ�PDMRU�D[LV��(TXDWLRQ��D�LV�XVHG�WR�
ILW� WKH� H[SHULPHQWDO� UHVXOWV� �EODFN� VROLG� OLQH� LQ� )LJXUH� �D���
:H� REWDLQHG�𝜒 = −5.2 ± 0.1 �� 𝑙 = 𝛼𝛪 �LV� VHW� WR� EH� �QP��
ZKLFK� FRUUHVSRQGV� WR� WKH� UHVROXWLRQ� RI� PHDVXUHPHQW� RQ�
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Abstract 
It is empirically shown by numerical modeling that a single 
metafilm formed by an array of cut wires on a Silicon 
substrate behaves like a homogeneous layer for normal or 
oblique incidence. 

1. Introduction 
Metamaterials (MMs) have generated a lot of interest 
during the last decade due to their ability to provide unusual 
electromagnetic behavior, not encountered in natural 
materials [1,2]. They are commonly obtained by an 
implementation of a periodical arrangement of resonant 
elements, called also meta-atoms. Both the periodicity and 
the size of resonant elements are typically much smaller 
than the wavelength. This feature makes it possible to 
model their properties using an approach similar to that 
used for continuous media in classical electrodynamics or 
optics.  
In this approach, MMs are treated as bulk effective media 
with a certain thickness and associated dielectric 
permittivity ! and magnetic permeability µ that are 
anisotropic in the most general case. 

This approach proved to be valid, but essentially in the 
microwave domain [3]. Difficulties arise in the optical 
domain, in particular for the most common case of a single 
metafilm on a dielectric substrate. As mentioned by several 
authors [3-7], it is not clear whether the effective medium 
approach is valid for describing single metafilm behavior 
and what thickness should be assigned to the MMs in this 
case. 

A few attempts to provide an answer to this question 
were done in [8,9]. In [9] the behavior of a metafilm formed 
by gold nanowires and split ring resonators (SRRs) was 
investigated by Fourier transform infrared (FTIR) 
experiments in the mid IR domain. By exploiting the 
interferogram of the asymmetric cavity formed by the 
metafilm and the silicon substrate and the zero order of 
transmission of the silicon/metamaterial phase mask, it was 

shown that an effective index of refraction could be indeed 
assigned to the metafilm around the first plasmonic 
resonance of SRRs. However since this kind of 
interferometric measurements is sensitive to the optical 
length difference, the question of unambiguous 
determination of a metafilm effective index and thickness 
remains still open. 

This paper aims at providing an answer to this question 
and to demonstrate that in the limit of Maxwell-Garnett (M-
G) effective medium model, the behavior of a single 
metafilm on a substrate can be approximated by that of a 
homogeneous layer with a thickness equal to that of the 
deposited metal. 

2. Single metafilm modeling and effective medium 
behavior validity criteria 

For our study we consider the example of an array of gold 
cut wires (CWs) on a Silicon substrate. It represents 
probably the most elementary type of MMs used for 
building more complex geometry MMs. Its greatest 
advantage is the essentially non-magnetic behavior with 
µ"1 due to the absence of notable coupling between the 
electrical and magnetic resonances. 

To prove that such a CW meta-surface can be indeed 
described as a homogeneous layer, it is necessary to verify 
that its behavior meets the following conditions: 

• Effective magnetic permeability µ"1, except near the 
resonance region (non-magnetic behavior). 

• Linearity of the dielectric permittivity variation with 
MMs surface filling factor  (validity of (M-G) 
approximation). 

• Linearity of the optical length variation with respect to 
the deposited metal thickness). 

• Invariance of the MMs layer dielectric permittivity 
with respect to the incidence angle variation 

The phase and amplitude transmission and reflection 
modeling of an array of gold cut wires (CWs) on a Silicon 
substrate is performed by means of HFSS software from 
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Ansoft [10] and finite difference time domain (FDTD) 
modeling [11]. The dielectric permittivity of Au used for 
numerical modeling is that given by Palik [12]. For the sake 
of simplicity we consider a substrate with a refractive index 
of 3.45 that doesn’t vary with the wavelength. This index 
value is that of the silicon at 1.5µm. To calculate the 
metafilm effective permittivity !eff and permeability µeff 
from the complex reflection and transmission coefficients r 
and t, respectively, we use the retrieval method detailed in 
[13], derived in much the same way as in [6]. 

The refraction index of a metafilm of thickness h is: 
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is the medium characteristic admittance, i.e. the inverse of 
the medium impedance z for polarization perpendicular to 
the incidence plane. The index 1 and l designate first and 
last semi-infinite media. The metafilm layer impedance zeff 
is used for calculating !eff=neff/zeff and µeff=neff·zeff: 
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The obtained results were used to verify the introduced 
above effective medium validity criteria. For this the 
numerical modeling detailed below was performed. 

2.1. Metafilm thickness determination 

The first point of our analysis concerns the determination 
of the thickness to be assigned to the metafilm. As 
mentioned, outside the resonance region, the effective 
permeability obtained by the retrieval procedure must be 
consistent with the condition µ"1 [14].  

In the (M-G) approximation the MMs layer represents a 
mixture of CWs and air. Here we make the hypothesis that 
its thickness h equals that of the deposited metal. To verify 
this assertion, HFSS numerical modeling was performed for 
CWs with several metal thicknesses ranging from 20nm to 
100nm. The length of the CWs is fixed to 200nm and its 
width to 50nm. The separation distance between adjacent 
CWs in transverse and longitudinal directions is 250nm and 
100nm, respectively. The related filling factor (, defined as 
the fraction of the surface occupied by the MMs is 11% and 

corresponds to the case of a weak coupling interaction 
between the CWs. 

 
Figure 1: Real and imaginary parts of magnetic permeability 
µ obtained for different metal thickness CW array. 

The results obtained for normal incidence with electric 
field orientation along the longitudinal CWs axis are 
displayed Fig. 1. It can be seen that outside the resonance 
region the condition µ"1 is well satisfied in the whole range 
of metal thickness variation, thus validating our hypothesis 
about the thickness of the effective layer. The region where 
µ differs from unity corresponds to the well-known 
magnetic antiresonance that is always concomitant with the 
electric resonance [15].  

The shift toward higher frequencies of the resonance 
when metal thickness is increased is likely to be related to 
the decrease of the asymmetric bound supermode effective 
index [16,17] for higher metal thickness. The gold material 
dispersion also brings contribution to the effective 
supermode index variation. 

2.2. Dielectric permittivity variation with filling factor 

The previous example has shown the validity of the (M-G) 
effective medium model for the case of a low filling factor 
MMs layer. Increasing the filling factor would obviously 
result in an adjacent CWs interaction enhancement that 
could alter the validity of M-G approximation. To verify the 
M-G approximation validity for higher filling factors, we 
vary the separation distance between CWs along both the 
longitudinal and transverse direction.  

The results obtained at normal incidence for 
200)50)10nm CWs with electric field orientation along the 
longitudinal axis are shown Fig. 2. In this example the 
filling factor variation is obtained by changing the 
transverse separation between adjacent CWs. For better 
viewing the displayed results represent the effective 
permittivity normalized by the filling factor: !norm=!eff/(.  

As it can be seen, the normalized permittivity is little 
dependent on the filling factor. For both real and imaginary 
part the maximal variation of permittivity is less than 16%, 
while the filling factor variation attains 450%. The shift of 
the resonance toward higher frequencies with the increase 
of the filling factor is in agreement with similar MMs 
structures reported in [18]. This shift is due to the 
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enhancement of coupling between CWs by dipolar 
interaction. As it will be shown in the following, the 
variation of the normalized permittivity would be even 
lower without the frequency shift. 

 
Figure 2: Real and imaginary parts of normalized MMs 
permittivity spectral characteristics for different filling 
factors. Metal thickness 10nm. 

 
The relative independence of the normalized permittivity 

is conserved when the variation of the filling factor is 
performed in a different manner. This point was verified for 
filling factor variation obtained by changing the 
longitudinal separation distance or the width of the CWs, 
the rest of parameters being fixed. Similar behavior holds 
also for higher metafilm thicknesses. Note also the high 
values of normalized permittivity exceeding 1000. Even for 
a filling factor of 10% this means an effective index around 
10 at resonance. 

2.3. Single metafilm optical length study 

Genuine MMs effective parameters have to be independent 
of the MMs thickness. For the microwave domain this 
condition is readily verified by varying the number of MMs 
layers. A convergence of the retrieved MMs effective 
parameters is expected with the increase of the number of 
layers. In the case of a single metafilm layer this means that 
effective parameters have to be independent of the metal 
thickness. The equivalent condition is to have a linear 
variation of the optical length with h. 
As for the previous examples CWs length is 200nm and 
width is 50nm while normal incident light electric field 
orientation is along the longitudinal axis. The refractive 
index used to calculate the optical length corresponds to the 
maximal value of the effective index at the resonance 
frequency. As for the permittivity, its value is also 
normalized by the filling factor. 
The variation of the optical length (normalized by the filling 
factor) as a function of the thickness h for different CWs 
densities is shown Fig. 3a. The displayed results show that 
the variation of the optical length with metal thickness is 
approximately linear for a thin metal. Strong deviations 
from linearity occur for metal thicknesses above 50nm, 
especially for higher filling factors. 

 

 
Figure 3: (a) Normalized by filling factor optical length for 
different CWs densities. b) Same as (a) for 148THz fixed 
resonance frequency using tuned CWs. 

 
To understand the deviation from linear dependence we 

compare the spectral characteristics of the normalized 
permittivity for different MMs thickness. The results 
corresponding to 10, 25 and 50nm MMs thickness are 
represented Fig. 4a. The shift of the resonance frequency 
and permittivity variation are much more important as 
compared to the case of filling factor variation shown Fig. 
3. 

To separate thickness and frequency contributions, the 
length and width of 10 and 50nm thick CWs was tuned to 
shift the resonance to 148THz while keeping the same 
filling factor. For 10nm thick CWs this was achieved by 
changing the length to 138nm, the width to 72nm and 
having same unit cell size of 300)300nm. A similar 
procedure was applied to the 50nm thick MMs. For this 
case the CWs length and width are 245)41nm for a 
300)300nm unit cell. 

The normalized permittivities for CWs having a 
resonance at 148THz are represented Fig. 4b. The variation 
of the normalized permittivity is less than 12% in this case, 
while it attains 248% for the case corresponding to Fig. 4a. 
It thus appears that a frequency shift brings a significant 
contribution in the change of the metafim effective 
parameters. 
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Figure 4: (a) Real and imaginary parts of normalized MMs 
permittivity spectral characteristics for different metafilm 
thickness. (b) Same as (a) for 148THz fixed resonance 
frequency using tuned CWs. 

 
The optical length determined for the case of a resonance 

frequency fixed to 148THz using CWs tuning procedure is 
shown Fig. 4b. The dependence is much more linear in this 
case, especially when the filling factor is low. This result 
further proves the validity of the M-G effective medium 
model applied to a single metafilm layer.  

2.4. Metafilm oblique incidence s polarization behavior 

The last point of our analysis concerns the metafilm 
effective medium behavior under oblique incidence. For p 
polarization the homogeneous layer approximation is not 
valid because of the anisotropy of the CW properties with 
respect to the electric field orientation. For the time being 
there is no reliable analytical anisotropy retrieval procedure 
that would allow an appropriate treatment of this case. For 
this reason our analysis is mainly limited to the case of s 
polarization, while some discussion concerning the possible 
implementation of the retrieval procedure for p polarization 
is presented in the next section. For the s polarization the 
electric field orientation along the CWs longitudinal axis 
doesn’t vary with the incidence angle. The configuration 
corresponding to this case is sketched Fig. 5.  

 

Figure 5: Sketch of s polarization oblique incidence 
configuration. 

The reflection and transmission spectra computed for 
different angles of incidence are shown in Fig. 6a. 

 

 
Figure 6: a) Reflection and transmission spectra of single 
metafilm layer for s polarization different incidence angles. 
b) Real and imaginary parts of effective MMs permittivity 
spectral characteristics for s polarization different incidence 
angles. 

 
The plotted results correspond to 200)50)25nm CWs 

with 11% filling factor. It can be observed that in 
accordance with Fresnel reflection coefficients, the 
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reflectivity increases with the incidence angle. At the same 
time an apparent decrease of the resonance variation for 
high incidence angles is observed in transmission and 
reflection. 

To extract the metafilm effective parameters we use the 
described retrieval procedure. The obtained results 
represented in Fig 6b show that permittivity and 
permeability are independent of the incidence angle. It 
should be noted also that outside the resonance region the 
effective permittivity and respectively the effective index 
are not too high for low filling factors. As it can be inferred 
from the Fig. 6b, at low frequency neff"3.8, that is not too 
much higher as compared to Silicon. So at high incidence 
angles, as those showed in our example, the refraction angle 
inside the metafilm should substantially deviate from the 
normal axis. It follows from that the independence of the 
metafilm effective parameters of the incident angle can not 
be attributed to the near normal axis propagation as it was 
suggested in [19] were split ring resonators (SRRs) single 
metafilm was investigated for different incidence angles in 
the THz spectral domain. 

The presented results show that for the particular 
investigated geometry, when the electric field is oriented 
along the main MMs symmetry axis, the metafilm behavior 
is fully analogous to that of a homogeneous layer. The 
thickness of this layer is that of the deposited metal. 

 

2.5. Full anisotropic characterization 

While there is no reliable analytical way to perform a 
retrieval of the anisotropic dielectric tensor in the case of 
the p polarization (Fig. 7), another approach can be 
followed, in which the full permittivity and permeability 
tensors are retrieved either through brute-force search or 
heuristic methods. 

 
Figure 7: Sketch of p polarization oblique incidence 
configuration. 

 
To do this, one only needs to know how to solve the 

direct problem, which is the optical response of an 
anisotropic slab [20] with known dielectric and permittivity 
tensors. The inverse problem – retrieving the tensors from 
known reflection and transmission coefficients – can be 

solved by trial and error, through the implementation of an 
evolutionary search algorithm. 

If the tensors are assumed to be diagonal – which is 
reasonable given the geometry of the structure presented 
here – the retrieval can be done in two steps: first the 
components of the tensors which are parallel the substrate 
are retrieved from result computed for normal incidence, 
then the tensor components perpendicular to the substrate 
are retrieved from results computed for oblique incidence. It 
is one of the future directions of our work. 

In the case where the tensors are not diagonal, a similar 
procedure can be applied, first by retrieving only the 
components related to the plane parallel to the substrate, 
and then by computing the remaining components using 
several different angles of incidence and several 
polarization. In this case, the retrieval of the optical 
parameters of the material can be seen as a constrained 
multi-objective optimization problem. 
 

3. Summary and conclusions 
The aim of the present work was to investigate the 

possibility to describe single metafilm layer behavior 
formed by an array of CWs as an effective medium. It has 
been shown that for the particular investigated geometry, 
when the electric field is oriented along the main MMs 
symmetry axis, the metafilm behavior is indeed analogous 
to that of a homogeneous layer. The thickness of this layer 
is that of the deposited metal. The validity of this 
conclusion was verified with respect to a number of criteria 
consistent with the Maxwell-Garnett effective medium 
model. 

It was shown namely that outside the resonance region 
the magnetic permeability µ"1 and that in accordance with 
the M-G approximation  the effective permittivity is 
proportional to the filling factor of the MMs. It was found 
that for small metal thickness and filling factors the 
metafilm optical length is proportional to the metal 
thickness. The linearity of the optical length with metal 
thickness turns to be greatly improved when considering 
tuned MMs having the same resonance frequency. 

Finally, for the polarization perpendicular to the 
incidence plane the metafilm permittivity is independent of 
the incident angle. 

The generalization of this approach to the case of in-
plane polarization was considered, and a study of this case 
is soon to be submitted [21]. 
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Abstract

Surface plasmon-polaritons (SPPs) in a multilayer struc-
ture consisting of a metallic film and one or more lay-
ers of nanocrystal (NC) quantum dots (QDs) are studied.
It is shown that there is resonance coupling between the
plasmon-polaritons propagating along the metal/NC-layer
interface and excitons confined in the dots, which produces
a considerable effect on the optical properties of the struc-
ture unless the dispersion of the QD size is too large. Us-
ing a transfer matrix formalism, multilayer structures con-
sisting of NC composite and metallic films are considered
and it is demonstrated that the coupling extends over sev-
eral layers of different type. It can be explored in order to
selectively excite QDs of different size by making a layer-
by layer assembled NC planar structure and using an at-
tenuated total reflection (ATR) configuration for the SPP-
enhanced excitation of the dots. It opens the possibility to
control the relative intensity of light of different color, emit-
ted by the QDs of different size.

1. Introduction

Colloidal chemistry techniques have proved the ability to
synthesize high quality nanocrystals (NCs) of II-VI semi-
conductors, possessing the properties of quantum dots
(QDs). With these NCs, a broad variety of nanostructures
can be prepared, including multilayer structures of QDs of
different average size, deposited on different substrates [1].
Combining such structures with other materials, such as or-
ganic dielectrics [2] or graphene [3], can result in new inter-
esting physics and applications related to the energy trans-
fer from photoexcited NCs to these materials.

Recent experiments [4] demostrated the possibility of
strong coupling between excitons confined in nanocrystal
quantum dots (QDs) and surface plasmon-polaritons (SPPs)
propagating along the interface of a silver film and the QD
layer deposited on top of it. The observation was achieved
by measuring attenuated total reflection (ATR) spectra of
the structure. In this work we develop the theory of the
observed effect taking into account the QD size dispersion.
We will show that the resonance SPP coupling to excitons
confined in QDs can be considerable unless the dispersion
of the QD size is too large or the dots are too far from the
metal/dielectric interface. The resonance coupling can be
used for controllable pumping the dots in order to explore
their uncomparable luminescence properties [1]. Based on

the calculated results, we will discuss possible applications
of ATR structures containing, beyond the silver film, sev-
eral layers of NCs of different average size.

The paper is organized as follows. First, we introduce
the complex dielectric function for a composite medium
containing semiconductor NCs and exemplify it for the case
of CdSe QDs embedded in PMMA. Next, we obtain and
illustrate the SPP dispersion relations and, finally, present
and discuss the calculated results for the reflectivity of ATR
structures containing several QDs and metallic layers ar-
ranged in a number of different ways.

2. Dielectric function of a composite material

containing quantum dots

A single QD can be described by a bare electronic suscep-
tibility that takes into account inter-band transitions 1:
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where the sum runs over confined exciton states with en-
ergies E
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(i = 0 denotes exciton vacuum), d
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is the tran-
sition dipole moment matrix element between valence and
conduction bands of the underlying semiconductor mate-
rial, V is the QD volume and
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) denoting the degeneracy factor and
the wavefunction of the corresponding exciton states.

The quantity

✏
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(!) = ✏

1
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can be regarded as a QD dielectric function, where ✏

1
s

is
the high-frequency dielectric constant of the QD material.
However, it can be more convenient to define the QD polar-
izability (assuming spherical shape of the dot),
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3
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where a is the QD radius and ✏

h

is the dielectric constant
of the host material. Using these quantities (2), (3), one can

1It relates the QD polarization to the electric field inside the dot.



calculate an effective dielectric function, ✏?, of the compos-
ite material containing uniform size QDs embedded in the
host matrix using one of the following schemes:

(i) Maxwell-Garnett approximation (MGA) valid in the
low QD concentration limit [5],

✏

? � ✏

h

✏

?

+ 2✏

h

=

4⇡

3

N↵ ; (4)

(ii) Bruggemann mean field approximation (BA) [6],
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h
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where f =

4⇡
3 Na

3 is the volume fraction of QDs. BA is
valid when f ⇠ 0.5. MGA can be extended up to f ⇠ 0.1

using a renormalized polarizability which takes into ac-
count dipole-dipole interactions between QDs as explained
in Ref.[7].

The modified MGA (MMGA) proposed in Refs. [7, 8]
allows for taking into account the QD radius dispersion. Let
F (a) denote the radius distribution function. The renormal-
ized polarizability, ↵?, can be calculated by the following
equations,
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where ↵(a) is the polarizability of a QD of radius a. For
uniform-size QDs Eqs. (6) and (7) reduce to

↵

?
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where ↵̃ = ↵/a

3. ↵? replaces ↵ in Eq. (4) [notice that for
small QD volume fraction f we get ↵?

= ↵].
Using the mean-field idea of absence of scattering ”‘on

average”’ in a composite where its constituents are present
in comparable fractions [9], we can generalize BA by tak-
ing into account the QD radius dispersion. Thus, we intro-
duce the modified BA (MBA) for ✏? through the following
equation,
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3. The case of CdSe spherical QDs

Within the simplest model neglecting the Coulomb inter-
action between the electron and hole (strong confinement
limit) and multiple sub-band structure of the valence band,
the QD exciton spectrum is given by [10]

E

i

= E

g

+

~2⇠2
i

2µa

2
(9)

where E

g

is the band gap energy (=1.75 eV for CdSe), µ
is the electron-hole reduced mass and ⇠1 = ⇡, ⇠2 ⇡ 4.49,

⇠3 ⇡ 5.76, . . . are the roots of the spherical Bessel func-
tions. Within this model, �

i

= 2 for all i � 1. 2 The dipole
moment matrix element can be expressed as

d

cv
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where m0 is the free electron mass and 2p

2
cv

/m0 ⇡20 eV
[12]. We take ✏

h

= 1.5 for PMMA matrix and assume a
Gaussian distribution of QD radius,
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where the mean, ā, and the variance, �
a

, describe QD’s
average radius and size dispersion, respectively. The real
and imaginary parts of the effective dielectric function of
the QD/PMMA composite calculated for f = 0.1 and 0.3
is shown in Fig. 1. A small imaginary part, � = 1 meV,
was introduced in the denominators of Eq. (1).

As it can be seen from Fig. 1, the imaginary part of the
effective dielectric function has a resonance at the exciton
frequency, with the broadening depending on the QD con-
centration and size dispersion. The real part of ✏? can reach
negative values in the vicinity of the exciton frequency only
for vanishing dispersion [Fig. 1(a)], while for larger disper-
sion it always remains positive [compare with Figs. 1(b)
and 1(c)]. For higher f [Fig. 1(d)] the difference in the real
part of "

? in the vicinity of the resonance becomes more
pronounced. At the same time, increasing the filling fac-
tor results in an increase and the proportional broadening
of the peaks of the imaginary part of the effective dielectric
function [compare Figs. 1(c) and 1(d)]. This is in quali-
tative agreement with the experimentally measured absorp-
tion spectra of dilute dispersions and close-packed films of
nanocrystal QDs [13].

4. SPP’s at metal/NC-layer interface

In order to demonstrate the involved physics, we shall
first discuss the dispersion relation for surface plasmon-
polaritons in a simplified structure. Let us consider an
electromagneic wave in the vicinity of a plane interface be-
tween two semi-infinite media, a metal and a QD/dielectric
composite, and assume that the wave is p�polarized. We
choose x axis along the direction of propagation of the
electromagnetic wave within the interface plane and z axis
perpendicular to the interface. Assuming electromagnetic
field’s time and x-coordinate dependence to be of the form
exp (ikx� i!t) (where k and ! are the wavenumber and
frequency, respectively), we can write down the SPP dis-
persion relation in the form: [14]

"

M

(!)

p

M

+

"

⇤
(!)

p

⇤ = 0, (10)

2We use this model for the sake of simplicity. Generalization to the
more realistic one [11, 12] taking into account complex valence band struc-
ture of the underlying material and fine structure of the confined hole states
is straightforward.
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Figure 1: (color online) Real (solid lines) and imaginary
(dashed lines) parts of the CdSe QD - PMMA composite
dielectric function for average QD radius ā = 3 nm, calcu-
lated using either MMGA with filling factor f = 0.1 and
QD radius dispersion �

a

= 0 (panel a), �
a

= 0.005ā

(panel b), and �
a

= 0.1ā (panel c), or MBA with filling
factor f = 0.3 and QD radius dispersion�

a

= 0.1ā (panel
d).
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(!) is the Drude-type dielectric function
of the metal. Eq. (10) can be solved for the wavenumber k,
yielding
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The amplitude of the electromagnetic wave decays expo-
nentially at both sides of the interface, ⇠ exp (�p

⇤
z) for

z > 0 and ⇠ exp (p

M

z) for z < 0.
The frequency dependence of the real and imaginary

parts of k for an Ag/QD–PMMA interface is shown in Figs.
2(a), 2(c), 2(e) and 2(g). Im(k) increases drastically in the
vicinity of QD exciton transition frequencies. It reflects the
resonant coupling between SPPs and QD excitons. Again,
the resonance peak broadens with the increase of the QD
size dispersion [compare Figs.2(a), 2(c), 2(e)] because of
the weaker coupling involving fewer QDs for each given
!. Notice that the strengthening and relative narrowing of
the resonance peak can be achieved by increasing of filling
factor f [compare Figs. 2(e) and 2(g)].

As known, SPPs can be probed in the ATR geometry
schematically shown in Fig. 3. The system consists of a
prism, an Ag film 3, and one or more layers of CdSe QD–
PMMA composites. Qualitatively the mechanism of SPPs
probing can be expressed in the following manner. The fre-
quency and the x-projection of the wavevector of an exter-
nal electromagnetic wave, connected by the relation known
as ”ATR scanline”,

k

x

=

!

c

p
✏

g

sin ✓ . (12)

3For the dielectric function of silver we used the expression and pa-
rameters given in Ref. [15].

Figure 2: (color online) Panels (a, c, e, g): Real (solid lines)
and imaginary (dashed lines) parts of the SPP wavevec-
tor versus frequency, calculated for the interface between
semiinfinite CdSe QD - PMMA composite and silver; Pan-
els (b, d, f, h): reflectivity R versus angle of incidence ✓,
and frequency ! for the ATR structure with a glass prism
("

g

= 2.9584), a silver film of thickness d = 53.3 nm, and
a semiinfinite composite medium. The composite dielectric
function was calculated for average QD radius ā = 3 nm us-
ing MMGA with filling factor f = 0.1, and�

a

= 0 (panels
a, b), �

a

= 0.005ā (panels c, d), and �
a

= 0.1ā (panels
e, f) or MBA with filling factor f = 0.3 and �

a

= 0.1ā

(panels g, h).

should match ! and Re(k) of the surface polaritons [?]. In
Eq. (12) ✏

g

is the dielectric constant of the prism and ✓ is
the angle of incidence. In other words, the ATR scanline
should intersect the SPP dispersion curve given by Eq. (11)
in the case of a single interface. The matching is achieved
by adjusting ! and/or ✓ and is detected by measuring the
reflectance, R, which shows characteristic dips correspond-
ing to the resonance transfer of the electromagnetic energy
into surface polaritons.

The reflectivity of the general structure consisting of
N finite layers (each layer being characterized by a com-
plex dielectric function "

n

(!) and occupies the spatial do-
main z

n�1 < z < z

n

, n = 1, 2, . . . , N ), and cladded
by two semiinfinte media (which occupy half-spaces z <

3



Figure 3: ATR structure composed of a glass prism, a silver
plate, and two composite layers containing semiconductor
NCs of different average size

z0 = 0 and z > z

N

and have dielectric constants "0(!) and
"

N+1(!), respectively) can be obtained by transfer-matrix
formalism and be represented as

r = �T12

T11
, (13)

where T11 and T12 are the elements of the transfer matrix
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is the transfer matrix of the n-th layer. In the relation (14)
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The reflectivity R = |r|2 of the structure depicted in Fig. 3
can be obtained from Eq.(13), putting N = 4, the interface
coordinates are z0 = 0, z1 = d, z2 = d+d1, z3 = d+d1+

d2, and the dielectric functions of the layers and cladding
media are "0 = ✏

g

, "1 = "

M

, "2 = "

⇤
1, "3 = "

⇤
2, and

"4 = 1 ("⇤1,2 denotes the dielectric function of the CdSe
QD–PMMA composite with the QD mean size a1,2).

The minima in the ATR spectra shown in Figs. 2(b),
2(d), 2(f), and 2(h) correspond to the intersections of the
dispersion curves with the ATR scanline and resemble the
structure of the corresponding Re(k) versus ! dependen-
cies [Figs. 2(a), 2(c), 2(e), and 2(g)].

5. Results and discussion

Let us consider the structure of the SPP-exciton resonance
in more detail. In the case of semiinfinite composite with

Figure 4: (color online) Reflectivity versus angle of inci-
dence ✓ and frequency ! [panels (a, d, g)]; reflectivity ver-

sus frequency ! for a fixed ✓ [panels (b, e, h)]; minimal
reflectivity R

min

(dashed lines) and corresponding angle
of incidence ✓

min

(solid lines) for a given ! [panels (c, f,

i)] for the ATR structure with glass prism "

g

= 2.9584, sil-
ver film of thickness d = 53.3 nm, and CdSe QD–PMMA
composite layer of different thickness: semiinfinite (a–c),
d1 = 53.3 nm (d–f) and d1 = 19.78 nm (g–i). In the case
of finite d1, the medium at z < �d1 is vacuum. The com-
posite dielectric function was calculated using MMGA with
f = 0.1, ā = 3 nm and�

a

= 0.1ā.

CdSe NCs [Figs. 4(a)–(c)] the resonant interaction of
modes occurs at ✓ ⇡ 50

o for the chosen set of parame-
ters. In the vicinity of this angle the dependence R(!) ex-
hibits two minima with approximately equal depth, while
for other angles of incidence one of the minima is signifi-
cantly deeper than the other [see Fig. 4(b)]. This is char-
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acteristic of mode anticrossing and corresponds to the ex-
perimental observation of Ref. [4]. The positions of these
minima (i.e., the angles of incidence, ✓

min

, at which the
reflectance reaches its minimum, R

min

, for a given fre-
quency) are depicted in Fig. 4(c), where one can clearly see
the resonant SPP-exciton interaction, or mode anticross-
ing. At the same time, the depth of the resonant minima
of R

min

(!) at the corresponding angles ✓
min

demonstrates
that there are at least three points (! ⇡ 2.2 eV, ! ⇡ 2.47 eV,
! ⇡ 2.7 eV) where the reflectivity of the ATR structure
reaches zero, R

min

= 0.
How does the CdSe QD–PMMA layer thickness influ-

ence the ATR spectrum? First, the ATR resonance minima
are shifted to lower angles of incidence [compare Figs. 4(a)
and 4(d)]. Secondly, the anticrossing of modes becomes
weaker as manifested by the smaller separation of the re-
flectance minima in Fig. 4(e) for ✓ ⇡ 42.5

o, as well as in
Fig. 4(f)]. Thirdly, the values of R

min

far from the exciton
resonance frequency are higher than in the case of semi-
infinite composite medium. Further decrease of the CdSe
QD–PMMA layer thickness [Figs. 4 (g)–(i)] leads to the
damping of the SPP-exciton interaction. For example, in
the case of Fig. 4(g) the resonance is hardly distinguish-
able (it is confirmed also by Fig. 4(i) where the positions
of resonant minima are shown explicitly). The change in
the reflectivity spectrum when the angle ✓ is tuned into res-
onance, shown in Fig. 4(i), can be compared to the experi-
mental data of Ref. [4] showing a good agrement with Fig.
3 of that article.

Now let us turn to the structures with the same silver
film and two composite layers, one of thickness d1 contain-
ing QDs of average radius a1 and the other (semi-infinite)
with QDs of radius a2 (Fig. 3 with d2 ! 1). In the ATR
spectrum of this structure [Figs. 5(a), 5(d)], one can ob-
serve resonances corresponding to both a1 [! ⇡ 2.12 eV,
! ⇡ 2.5 eV and ! ⇡ 2.95 eV in Figs. 5(a), 5(d)] and a2

QDs [! ⇡ 2.3 eV and ! ⇡ 2.85 eV in Figs. 5 (a), 5(d)].
Increasing d1 results in a stronger anticrossing between the
SPP and the a1 QD exciton modes, and in a weakening of
the a2 resonance [compare Figs. 5(a) and 5(d)]. Never-
theless, choosing an appropriate composite layer thickness,
one can achieve SPP coupling to QD excitons localized in
the composite layer which is not adjacent to the metallic
film.

ATR minima correspond to some particular values of
! and ✓ for which the energy of the incident electromag-
netic wave is most efficiently transferred to SPP and, con-
sequently, to the QD excitons. This is shown in Figs.
5(b),(c),(e) and (f), where the squared average amplitude of
the electric field is plotted for each of the CdSe QD–PMMA
layers. It represents the intensity of excitation of QD lu-
minescence, whose characteristic colour is determined by
the QD size. Therefore one can adjust the relative intensity
of light of different colours emitted by two or more com-
posite layers containing QDs of different average radii. It
opens the possibility of building a lighting device based on
a planar strucrure of multiple NC layers, similar to that pre-

Figure 5: (color online) Reflectivity (a, d), and relative elec-
tric field square amplitude |E

x

(z)/E

i

|2 at z = d (b, e) and
z = d+d1 (c, f) versus angle of incidence and frequency for
the ATR structure consisting of glass prism "

g

= 2.9584,
Ag film of thickness d = 53.3 nm and two CdSe QD–
PMMA composite layers, one of thickness d1 = 19.78

nm (a–c) or d1 = 53.3 nm (d–e) and average QD radius
a1 = 3.7 nm, and the other semi-infinite, with average QD
radius a2 = 3 nm. The dielectric functions for both com-
posite layers were calculated using MMGA with f = 0.1

and QD radius dispersion�
a

= 0.1ā in all cases.

sented in Ref. [16], with colour characteristics which can
be controlled either by the excitation frequency or by the
ATR incidence angle.

Finally, we considered several other types of potentially
interesting sandwich-type structures containing two [Fig.
6(a)], or three [Fig. 6(b)] interfaces between silver and
CdSe QD–PMMA composite. For the structures of Fig. 6,
the calculated reflectivity spectra contain two or three min-
ima (at different ✓ for a given frequency), respectively. In
these plots one can observe a rather sophisticated ”bunch-
ing” of modes in the vicinity of the excitonic resonance.

6. Conclusion

In summary, we have shown that the resonance coupling
between the plasmon-polaritons propagating along the
metal/NC-layer interface and excitons confined in chemi-
cally synthesized semiconductor NCs, experimentally ob-
served in Ref. [4], can be nicely described theoretically
using the appropriate effective dielectric function for the
NC composite layer and standard multilayer optics. The
SPP-exciton interaction produces a considerable effect on
the optical properties of the structure if the dispersion of the

5



Figure 6: (color online) Panels (a, b): Reflectivity ver-

sus angle of incidence and frequency for the ATR struc-
ture consisting of glass prism, one silver film of thickness
d = 53.3 nm, one CdSe QD–PMMA composite layer with
average QD radius a1 = 3 nm and thickness d⇤ = 300 nm,
and a semiinfinite silver layer (a) or a second silver film of
thickness d

M

= 69.23 nm and a semi-infinite CdSe QD–
PMMA composite with average QD radius a1 (b).

NC size in the composite layer is not too large. In particu-
lar, it can be used for obtaining the metal-enhanced fluores-
cence of QDs[17]. Moreover, we have shown that combin-
ing several composite layers with appropriately sized quan-
tum dots and/or more than one metallic films can result in
interesting interactions between the various SPP and exci-
ton modes. Owing to these interactions, the energy of an
incident electromagnetic wave can be distributed, by means
of surface plasmons, between the different QD species, as
it has been suggested for molecules adsorbed on a metal-
lic surface [18]. It can provide the possibility to control
the relative intensity of light of different colors, emitted by
the QDs of different sizes layer-by-layer assembled into a
planar structure.

Acknowledgement

The work was supported by the FCT (Portugal) under the

grant PTDC/FIS/113199/2009.

References

[1] A. L. Rogach (ed.), Semiconductor Nanocrystal

Quantum Dots, Springer-Verlag, Wien, 2008.

[2] D. M. Basko, V. M. Agranovich, F. Bassani, G. C. La
Rocca, Energy transfer from a semiconductor quan-
tum dot to an organic matrix, Eur. Phys. J. B 13: 653–
659, 2000.

[3] Zheyuan Chen, S. Berciaud, C. Nuckolls, T. F. Heinz,
L. E. Brus, Energy Transfer from Individual Semicon-
ductor Nanocrystals to Graphene, ACS Nano 4: 2964–
2964, 2010.

[4] D. E. Gomez, R. C. Vernon, P. Mulvaney, T. J. Davis,
Surface plasmon mediated strong exciton-photon cou-
pling in semiconductor nanocrystals, Nano Lett. 10:
274–278, 2010.

[5] J. C. Maxwell–Garnett, Colours in Metal Glasses and
in Metallic Films, Philos. Trans. R. Soc. London 203:
385–420, 1904.

[6] D. A. G. Bruggeman, Berechnung verschiedener
physikalischer Konstanten von heterogenen Sub-
stanzen, Ann. Physik (Leipzig) 24: 636–679, 1935.

[7] M. I. Vasilevskiy and E. V. Anda, Effective dielectric
response of semiconductor composites, Phys. Rev. B

54: 5844-5851, 1996.

[8] M. I. Vasilevskiy, Effective Dielectric Response of
Composites Containing Uniaxial Inclusions, phys.

stat. sol. (b) 219: 197–204, 2000.

[9] R. Landauer, Electrical Conductivity In Inhomoge-
neous Media, AIP Proc. 40: 2–45, 1978.

[10] L. E. Brus, Electronelectron and electron-hole inter-
actions in small semiconductor crystallites: The size
dependence of the lowest excited electronic state, J.

Chem. Phys. 80: 4403–4409 (1984).

[11] P. C. Sercel and K. J. Vahala, Analytical formalism
for determining quantum-wire and quantum-dot band
structure in the multiband envelope-function approxi-
mation, Phys. Rev. B 42: 3690–3710 (1990).

[12] Al. L. Efros, Luminescence polarization of CdSe mi-
crocrystals, Phys. Rev. B 46: 7448–7458, 1992; Al. L.
Efros, M. Rosen, M. Kuno, M. Nirmal, D. J. Norris,
and M. Bawendi, Band-edge exciton in quantum dots
of semiconductors with a degenerate valence band:
Dark and bright exciton states, Phys. Rev. B 54: 4843–
4856, 1996.

[13] C. A. Leatherdale and M. Bawendi, Observation of
solvatochromism in CdSe colloidal quantum dots,
Phys. Rev. B 63: 165315, 2001.

[14] H. Raether, Surface Plasmons on Smooth and Rough

Surfaces and on Gratings, Springer-Verlag, Berlin,
1988.

[15] P. B. Johnson and R. W. Christy, Optical Constants of
the Noble Metals, Phys. Rev. B 6: 4370–4379, 1972.

[16] T. Franzl, T. A. Klar, S. Scheitinger, A. L. Rogach,
and J. Feldmann, Exciton Recycling in Graded Gap
Nanocrystal Structures, Nano Lett. 4: 1599–1603,
2004.

[17] P. P. Pompa, L. Martiradonna, A. Della Torre, F. Della
Sala, L. Manna, M. De Vittorio, F. Calabi, R. Cin-
golani, R. Rinaldi, Metal-enhanced fluorescence of
colloidal nanocrystals with nanoscale control, Nature

Nanotechnology 1: 126–130, 2006).

[18] G. P. Weiderrecht, J. E. Hall, and A. Boutheiler, Con-
trol of Molecular Energy Redistribution Pathways via
Surface Plasmon Gating, Phys. Rev. Lett. 98: 083001,
2007.

6



�

�

0(7$¶���&21)(5(1&(�����±����$35,/�������3$5,6���)5$1&(�

��

8OWUDVPDOO�SODVPRQLF�FDYLW\�IRU�UHIUDFWLYH�LQGH[�VHQVRU�
�

6RRQ�+RQJ�.ZRQ���+RQJ�*\X�3DUN��
�

����� �� �� �� ��� ��� � � � ����� � � � � � �$� � ��� �� �� � ��� ����� � ����� ���� ���� � �� ��
�'HSDUWPHQW�RI�3K\VLFV��.RUHD�8QLYHUVLW\��6HRXO����������.RUHDFRUUHVSRQGLQJ�DXWKRU��(�PDLO��

soonhong.kwon@gmail.com 
 
 

$EVWUDFW�
:H� SURSRVH� DQ� XOWUDVPDOO� SODVPRQLF� FDYLW\� IRU� UHIUDFWLYH�
LQGH[� VHQVRU� EDVHG� RQ� FKDQQHO�ZDYHJXLGHV� RI� GLIIHUHQW�
ZLGWKV�� 3ODVPRQLF� PRGH�JDS� GXH� WR� FXWRII� IUHTXHQF\�
HQDEOHV� VWURQJ� RSWLFDO� FRQILQHPHQW� LQ� D� VXEZDYHOHQJWK�
YROXPH� DQG� DOVR� VXSSUHVVLRQ� RI� UDGLDWLRQ� ORVV��%HFDXVH� RI�
VWURQJ� ILHOG� RYHUODS� RI� WKH� 633�PRGH� ZLWK� HQYLURQPHQWDO�
PDWHULDO� DQG� VPDOO� FDYLW\� VL]H�� WKH� SURSRVHG� SODVPRQLF�
FDYLW\� LV� DQ� LGHDO� EXLOGLQJ� EORFN� IRU� VHQVLWLYH� UHIUDFWLYH�
LQGH[�VHQVRU��/DUJH�VHQVLWLYLW\��6� ������QP�5,8��DQG�WKH�
ILJXUH� RI� PHULW� �)20�  � ����� DUH� DFKLHYHG� LQ� WKH� VPDOO�
FDYLW\�VL]H������QP�î�����QP�î������QP���7KLV�RSHQ�W\SH�
FKDQQHO�ZDYHJXLGH� SODVPRQLF� FDYLW\� FDQ� RSHQ� XS� EURDG�
UDQJH� RI� DSSOLFDWLRQV� LQFOXGLQJ� ELRFKHPLFDO� VHQVLQJ� DQG�
VWURQJ�OLJKW�PDWWHU�LQWHUDFWLRQV��
�

�� ,QWURGXFWLRQ�
,Q� WKH� ELRFKHPLFDO� VHQVRUV�� WKH� UHVRQDQW� IUHTXHQF\� VKLIW�
LQGXFHG�E\�WKH�FKDQJH�RI� WKH�LQGH[�RI�UHIUDFWLRQ�LV�XVHG�WR�
DQDO\]H� VDPSOHV�� 2ZLQJ� WR� WKH� FRPSDFWQHVV� RI� WKH�
PLFURFDYLWLHV�� WKH� VHQVRUV� KDYH� EHHQ� UHDOL]HG� E\� XVLQJ�
YDULRXV� VWUXFWXUHV� VXFK� DV� SKRWRQLF� FU\VWDO� FDYLWLHV� >���@���
PLFURGLVNV� >�@�� DQG� PLFURULQJV� >�@�� +RZHYHU�� GLHOHFWULF�
FDYLWLHV� VXFK� DV� SKRWRQLF� FU\VWDO� FDYLWLHV� IDFH� D� OLPLW� RI�
VHQVLWLYLW\�VLQFH�SDUW�RI�HOHFWULF�ILHOG�RI�FDYLW\�PRGH�DOZD\V�
H[LVW� LQ� WKH�GLHOHFWULF�PDWHULDO� DV�ZHOO� DV� LQ� HQYLURQPHQWDO�
PDWHULDO� WR� EH� DQDO\]HG�� &RPSDUHG� ZLWK� VXFK� GLHOHFWULF�
FDYLW\��VXUIDFH�SODVPRQ�SRODULWRQ��633��KDV�ODUJH�DPRXQW�RI�
HQHUJ\�LQ�WKH�HQYLURQPHQWDO�PDWHULDO�DQG�FDQ�EH�VHQVLWLYH�WR�
VPDOO�UHIUDFWLYH�LQGH[�FKDQJH��

,Q� WKLV� SDSHU�� ZH� GHPRQVWUDWH� D� KHWHURVWUXFWXUH�
SODVPRQLF�FDYLW\�FRQVLVWLQJ�RI� WZR�GLIIHUHQW�ZLGWK�FKDQQHO�
ZDYHJXLGHV�IRU�DQ�XOWUDVPDOO�DQG�VHQVLWLYH�UHIUDFWLYH�LQGH[�
VHQVRU�� 633� PRGH�JDS� PHFKDQLVP� >���@� EDVHG� RQ� ZLGWK�
PRGXODWLRQ�DQG�PHWDOOLF�ZDOO�PLUURUV�VXSSUHVVHV�WKH�RSWLFDO�
VFDWWHULQJ�ORVV�DQG�HQDEOHV�VWURQJ�FRQILQHPHQW�RI�WKH�FDYLW\�
PRGH� ZLWK� UHVRQDQW� ZDYHOHQJWK� RI� ����� QP� LQ� WKH� WLQ\�
FDYLW\� UHJLRQ� RI� ���� QP� î� ���� QP�î� ����� QP��2ZLQJ� WR�
VWURQJ� ILHOG� RYHUODSSLQJ� ZLWK� WKH� HQYLURQPHQWDO� PDWHULDO��
WKH� ODUJH� ZDYHOHQJWK� VKLIW� SHU� UHIUDFWLYH� LQGH[� XQLW�� 6�� RI�
����� QP�5,8� LV� FDOFXODWHG� RYHU� EURDG� UDQJH� RI� UHIUDFWLYH�
LQGH[�FKDQJH��5HODWLYHO\� ODUJH�4�IDFWRU� ������DQG�6�RI� WKH�
SODVPRQLF�FDYLW\�JLYHV�UHODWLYHO\�ODUJH�)20�RI������

�� 5HVXOWV�DQG�GLVFXVVLRQ�

�
)LJXUH� ��� 6FKHPDWLF� GLDJUDP� RI� WKH� SURSRVHG� 633�
KHWHURVWUXFWXUH� FKDQQHO� ZDYHJXLGH� FDYLW\�� 633� PRGH� LV�
FRQILQHG� LQ� WKH� FDYLW\� UHJLRQ� �ZLGWK�� GF�� OHQJWK�� /F��
VDQGZLFKHG� E\� WZR� PLUURU� ZDYHJXLGHV� ZLWK� ZLGWK� RI� GP��
,QVHW� VKRZV� WKH� FURVV�VHFWLRQ� DORQJ� WKH� \�GLUHFWLRQ��
LQGLFDWLQJ�WKH�GHSWK�RI�WKH�FKDQQHO�ZDYHJXLGH�DV�+��
�

:H�SURSRVH� WKH�SODVPRQLF�FDYLW\�EDVHG�RQ� WKH�FKDQQHO�
ZDYHJXLGHV� RI� GLIIHUHQW� ZLGWKV� ZKHUH� DQ� DLU� VORW� ZLWK� D�
UHFWDQJXODU�FURVV�VHFWLRQ�LV�IRUPHG�LQ�WKH�PHWDO�OD\HU�>���@��
7KH�KHWHURVWUXFWXUH�FDYLW\�LV�FRQVLVWLQJ�RI�WKH�FDYLW\�UHJLRQ�
RI�WKH�ZLGH��ZLGWK�GF��ZDYHJXLGH�DQG�WZR�PLUURU�UHJLRQV�RI�
WKH�QDUURZ��ZLGWK�GP��ZDYHJXLGHV��DV�VKRZQ�LQ�)LJ�����7KH�
QDUURZ� FKDQQHO� ZDYHJXLGHV� DW� ERWK� VLGHV� RI� WKH� FDYLW\�
UHJLRQ��OHQJWK��/F��SUHYHQW�WKH�SURSDJDWLRQ�RI�633�PRGHV�LQ�
WKH� \�GLUHFWLRQ�� 7KH� GHSWK� RI� ERWK� FKDQQHO� ZDYHJXLGHV� LV�
LQGLFDWHG�E\�+�LQ�WKH�LQVHW�RI�)LJ�����+HUH��VLOYHU�LV�DVVXPHG�
EHFDXVH�RI�ORZ�DEVRUSWLRQ�ORVV���

,Q� RUGHU� WR� DSSO\� DV� UHIUDFWLYH� LQGH[� VHQVRU�� WKH�
WUDQVPLVVLRQ� VLJQDO� RI� WKH� FDYLW\� UHVRQDQW� PRGH� FDQ� EH�
PHDVXUHG� XVLQJ� WKLV� FDYLW\� VWUXFWXUH� E\� FRQQHFWLQJ�
LQSXW�RXWSXW� ZDYHJXLGHV� LQWR� WKH� PLUURU� UHJLRQV�� +HQFH��
EURDG� EDQG� OLJKW� VRXUFH� RU� WXQDEOH� ODVHU� ZRXOG� HIILFLHQWO\�
H[FLWH� 633V� IURP� WKH� LQSXW� ZDYHJXLGH� DQG� GHOLYHU�
UHVRQDQFH� LQIRUPDWLRQ� LQWR� WKH� RXWSXW� ZDYHJXLGH�� :H�
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DVVXPH�WKDW�WKH�DLU�VORW�LV�ILOOHG�E\�WKH�OLTXLG�WR�EH�DQDO\]HG��
7KH� SURSRVH� SODVPRQLF� FDYLW\� FDQ� EH� HDVLO\� IDEULFDWHG� E\�
VWULSSLQJ� WHFKQLTXH� XVLQJ� WHPSODWH� VWUXFWXUH� >���@��
'HSRVLWLQJ� PHWDO� FDUHIXOO\� RQ� WKH� WHPSODWH� VWUXFWXUH� ZLWK�
VPRRWK� VXUIDFH� DQG� VWULSSLQJ� RII� WKH� GHSRVLWHG� PHWDO�
VWUXFWXUH�FDQ�JXDUDQWHH�WKH�VXE�QDQRPHWHU�URXJKQHVV�RI�WKH�
SODVPRQLF� FDYLW\�� ZKLFK� FDQ� EH� DSSOLHG� WR� FRQVWUXFW� WKH�
SURSRVHG� FDYLW\� WR� PLQLPL]H� WKH� VFDWWHULQJ� ORVV� IURP� WKH�
PHWDO�URXJKQHVV��

7R�XQGHUVWDQG�TXDQWLWDWLYHO\�KRZ�633V�DUH�FRQILQHG� LQ�
WKLV� VWUXFWXUH�� WKH� GLVSHUVLRQ� FXUYHV� RI� WKH� 633� PRGH�
H[FLWHG�LQ�WKH�FKDQQHO�ZDYHJXLGHV�DUH�FDOFXODWHG�E\�WKH��'�
ILQLWH�GLIIHUHQFH� WLPH�GRPDLQ� �)'7'�� VLPXODWLRQ�� 7KH�
ZDYHJXLGH� LV� DVVXPHG� DV� DQ� LQILQLWHO\� ORQJ� VLOYHU�DLU�
FKDQQHO�ZDYHJXLGH�RI�ZLGWK�G��LQVHW�RI�)LJ������7ZR�YDOXHV�
RI� G� �����QP�DQG� ����QP��ZHUH� XVHG��ZKHUH�����QP�DQG�
���� QP� FRUUHVSRQGV� WR� WKH� ZLGWK� RI� WKH� PLUURU� �GP�� DQG�
FDYLW\��GF��ZDYHJXLGHV��UHVSHFWLYHO\��7KH�UHIUDFWLYH�LQGH[�RI�
WKH�OLTXLG�ILOOHG�LQVLGH�DLU�VORW�ZDV�VHW�WR��������WKH�LQGH[�RI�
WKH� ZDWHU� DW� WHOHFRPPXQLFDWLRQ� ZDYHOHQJWK�� 7KH� VLOYHU� LV�
GHVFULEHG�E\�WKH�'UXGH�PRGHO����� �∞���S

���������L���
+HUH�� WKH� EDFNJURXQG� GLHOHFWULF� FRQVWDQW�� ∞�� WKH� SODVPD�
IUHTXHQF\�� S�� DQG� WKH� FROOLVLRQ� IUHTXHQF\�� �� DW� URRP�
WHPSHUDWXUH�ZHUH�VHW�WR����������î������V����DQG�����î������V����
UHVSHFWLYHO\�� E\� ILWWLQJ� WKH� H[SHULPHQWDOO\� GHWHUPLQHG�
GLHOHFWULF�IXQFWLRQ�RI�VLOYHU�>������@���

�

�
)LJXUH� ��� 'LVSHUVLRQ� FXUYHV� RI� WKH� 633� PRGHV� IRU�
ZDYHJXLGHV�RI�GLIIHUHQW�ZLGWKV������QP��EOXH��DQG�����QP�
�RUDQJH���7KH�LQVHW�VKRZV�WKH�HOHFWULF�ILHOG�LQWHQVLW\�SURILOH�
RI�WKH�633�ZDYHJXLGH�PRGH��
�

7KH�633�ZDYHJXLGH�PRGH�ZKLFK�LV�VWURQJO\�FRQILQHG�DW�
WKH�ERWWRP�VLOYHU�VXUIDFH�FDQ�EH�H[FLWHG�LQ�WKH�VLPXODWLRQ��DV�
VKRZQ� LQ� WKH� LQVHW� RI�)LJ�� ���� ,Q� WKH�SODVPRQLF�ZDYHJXLGH�
ZLWK� PHWDOOLF� ZDOO� ORFDOL]LQJ� WKH� 633� PRGH�� WKH� FXWRII�
IUHTXHQF\� DW� ]HUR� ZDYHYHFWRU� DSSHDUV� GXH� WR� WKH� ILQLWH�
ZDYHJXLGH� ZLGWK�� 7KH� FXWRII� IUHTXHQF\� GHFUHDVHV� ZLWK�
LQFUHDVLQJ�WKH�ZDYHJXLGH�ZLGWK�G�DV�633�PRGH�ZLWK�ORQJHU�
ZDYHOHQJWK�FDQ�EH�DOORZHG�>���@��)RU�WKH�ZDYHJXLGH�ZLWK�G�
 � ���� QP�� FRUUHVSRQGLQJ� WR� WKH� FDYLW\� UHJLRQ�� WKH� FXWRII�
IUHTXHQF\�LV������7+]�������QP��VPDOOHU�WKDQ�WKDW�ZKHQ�G�
 �����QP�������7+]�������QP���,Q�WKLV�FKDQQHO�ZDYHJXLGH��
LW� LV� SRVVLEOH� WKDW� RQO\� 633� PRGH� ZLWK� KLJKHU� IUHTXHQF\�
�VKRUWHU� ZDYHOHQJWK�� WKDQ� WKH� FXWRII� IUHTXHQF\� LV�
WUDQVPLWWHG� WKURXJK� WKH� ZDYHJXLGH�� 7KHUHIRUH�� YDU\LQJ�

ZDYHJXLGH�ZLGWK�FDQ�DOORZ�RU�IRUELGGHQ�WKH�WUDQVPLVVLRQ�RI�
WKH�633�PRGH�ZLWK�FHUWDLQ�ZDYHOHQJWK��)RU�H[DPSOH��ZKHQ�
WKH� IUHTXHQF\� RI� WKH� PRGH� LV� H[LVWLQJ� LQ� WKH� UHJLRQ� IURP�
�����DQG������7+]��EHWZHHQ�WKH�FXWRII�IUHTXHQFLHV�RI�WZR�
ZDYHJXLGHV�ZLWK�G� �����QP�DQG�G �����QP��WKH�633�PRGH�
H[FLWHG� LQ� WKH� ZLGHU� ZDYHJXLGH� FDQQRW� SURSDJDWH� LQWR� WKH�
QDUURZHU� ZDYHJXLGH�� +HQFH�� WKH� QDUURZHU� ZDYHJXLGH� FDQ�
EH�FRQVLGHUHG�DV�D�PLUURU�IRU�WKH�633�ZDYHJXLGH�PRGH�ZLWK�
WKH� IUHTXHQF\� LQ� WKH� PRGH�JDS�� ZKLFK� FRUUHVSRQGV� WR� WKH�
UDQJH�EHWZHHQ�WKH�FXWRII�IUHTXHQFLHV���

�
)LJXUH� ��� 7KH� HOHFWULF� ILHOG� LQWHQVLW\� PRGH� SURILOHV� RI� WKH�
633�FDYLW\�PRGH�REWDLQHG�DW�WKH��D��WRS�DQG��E��VLGH�FURVV�
VHFWLRQV��7KH�WRS��VLGH��YLHZ�LV�REWDLQHG�DW�WKH�ZKLWH�GRWWHG�
VXUIDFH�PDUNHG�LQ�WKH�VLGH��WRS��YLHZ��
�

8VLQJ� WKLV� PRGH�JDS� PLUURU�� D� FKDQQHO� ZDYHJXLGH�
KHWHURVWUXFWXUH�633�FDYLW\�FDQ�EH�FRQVWUXFWHG��FRPSULVLQJ�D�
ZLGHU� ZDYHJXLGH�ZLWK� ILQLWH� OHQJWK� EHWZHHQ� WZR� QDUURZHU�
ZDYHJXLGHV� OLNH� WKH� VFKHPDWLF� GLDJUDP� LQ� )LJ�� �� >�@��:H�
LQYHVWLJDWHG� WKH� FRQILQHPHQW� RI� WKH� 633� FDYLW\� PRGH� LQ�
VXFK� D� FDYLW\� WKURXJK� �'� )'7'� �VHH� )LJ�� ���� 7KH�
GLPHQVLRQV� RI� WKH� FDYLW\� UHJLRQ� �ZLGHU� ZDYHJXLGH�� DUH�
DVVXPHG�GF� �����QP�DQG�/F� �����QP��7KH�PLUURU�UHJLRQV�
�QDUURZHU�ZDYHJXLGH��DUH�GHILQHG�E\�GP� �����QP�DQG�/P� �
�����QP��7KH�GHSWK��+��RI�WKH�ZDYHJXLGH�LV�VHW�WR������QP��
,Q�RUGHU� WR�PDLQWDLQ� VWURQJ� FRQILQHPHQW�RI� WKH�633�PRGH��
/P�DQG�+�ZHUH�VHW�ODUJH�HQRXJK���

,Q� WKLV� SODVPRQLF� FDYLW\�� WKH� 633� FDYLW\� PRGH� ZLWK� D�
����� QP� ������ 7+]�� FRXOG� EH� IRXQG� LQVLGH� WKH� FDYLW\�
UHJLRQ������QP�î�����QP��� ,W� LV�VKRZQ�WKDW� WKH�633�PRGH�
H[FLWHG� LQ� WKLV� FDYLW\� VWUXFWXUH� LV� VWURQJO\� FRQILQHG� DW� WKH�
ERWWRP� VXUIDFH� �VLOYHU�ZDWHU� LQWHUIDFH�� RI� WKH� FKDQQHO�
ZDYHJXLGH� WKURXJK� WKH� HOHFWULF� ILHOG� LQWHQVLW\� SURILOHV� LQ�
)LJV����D��DQG��E���$V�H[SHFWHG�LQ�WKH�SURSHUW\�RI�WKH�PRGH�
JDS�LQ�)LJ�����WKH�633�FDYLW\�PRGH�LV�FRQILQHG�EHWZHHQ�WZR�
PLUURU�ZDYHJXLGH�DORQJ�WKH�\�D[LV�E\�WKH�PRGH�JDS�������±�
����7+]��� ,Q� DGGLWLRQ�� PHWDOOLF� ZDOOV� DOVR� FRQILQH� WKH�
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FDYLW\�PRGH�DORQJ�[�D[LV��,W�VKRXOG�EH�QRWHG�WKDW�WKH�HOHFWULF�
ILHOG� RI� WKH� SURSRVHG� FDYLW\�PRGH� LV�PRVWO\� SODFHG� LQ� WKH�
ZDWHU� DQG� KHQFH� LW� LV� H[SHFWHG� WKDW� WKH� FKDQJH� RI� WKH�
UHIUDFWLYH�LQGH[�LQ�WKH�ZDWHU�FDQ�DIIHFW�WKH�SURSHUWLHV�RI�WKH�
FDYLW\�PRGH�VHULRXVO\��

$PRQJ� WZR� ORVVHV�� PHWDOOLF� DEVRUSWLRQ� ORVV� DQG�
VFDWWHULQJ�ORVV�� LQ�WKH�SODVPRQLF�FDYLW\��VFDWWHULQJ� ORVV�LQWR�
WKH�IUHH�VSDFH�QHDU�WKH�LQWHUIDFHV�EHWZHHQ�FDYLW\�DQG�PLUURU�
ZDYHJXLGHV�� ZKLFK� LV� GRPLQDQW� RSWLFDO� ORVV� IDFWRU� LQ� WZR�
GLPHQVLRQDO� SKRWRQLF� FU\VWDO� FDYLWLHV� >��@�� LV� QHJOLJLEOH� LQ�
WKLV� FDYLW\� HYHQ� WKRXJK� WKH� FDYLW\� VWUXFWXUH� FKDQJHV�
DEUXSWO\�� %HFDXVH� WKH� GRPLQDQW� HOHFWULF� ILHOG� RI� WKH� 633�
PRGHV�LV�GLUHFWHG�QRUPDO�WR�WKH�VLOYHU�VXUIDFH��WKH�VFDWWHUHG�
OLJKWV� WHQGV� WR� UDGLDWH� WKURXJK� WKH� VXUIDFH� ZKLFK� FDQ� EH�
VXSSUHVVHG� E\� WKH� PRGH�JDS� PLUURUV� DQG� PHWDOOLF� ZDOO�
PLUURUV��,QGHHG��WKH�XOWUD�KLJK�RSWLFDO�4�IDFWRU�RI�����î�����
ZDV� HVWLPDWHG� E\� QHJOHFWLQJ� PHWDOOLF� DEVRUSWLRQ� �WKH�
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Abstract 
Electrically small configurations consisting of resonant 
active coated nano-particles of a circularly cylindrical shape 
are considered in the case of a magnetic line source 
excitation at optical frequencies. The active particles are 
comprised of a canonical gain-impregnated silica nano-core 
covered concentrically with a silver, gold, or copper nano-
shell. Particular attention is devoted to both the direction 
and the magnitude of the power flow density inside and 
outside of such particles. The results for the active coated 
nano-particles are related to those of the corresponding 
passive designs at optical frequencies, and are further 
contrasted to the results for the electrically small structures 
based on epsilon-negative materials at radio frequencies.  

1. Introduction 
Numerous potential applications exploiting metamaterials 
(MTMs), as well as plasmonic materials, have been 
proposed [1, 2], with particular attention devoted to sub-
wavelength MTM-based [3]-[5] and plasmonic-based [6]-
[10] particles. The gain inclusion in the active designs was 
found to lead to the so-called super-resonant states, which 
for a plane wave incidence resulted in scattering cross-
sections vastly surpassing values predicted by the 
geometrical size of the CNPs [6], [10]. Similarly, 
enormously large radiated powers were obtained in the case 
of localized excitation sources [8], [9]. These are all 
desirable features which make the plasmonic-based CNPs 
attractive candidates for nano-sensing, -lasing and -
amplifying applications; see e.g., a recent review [11] and 
the works references therein for an excellent overview of 
applications and potentials of plasmonic-based devices.   

To better understand the interaction between the 
localized sources and plasmonic-based particles, and their 
overall radiation process, the present work investigates the 
power flow associated with various types of circularly 
cylindrical active coated nano-particles (CNPs) excited by a 
magnetic line source (MLS) at optical frequencies. 
Specifically, the active particles are comprised of a gain-
impregnated silica nano-core covered concentrically with a 
silver, gold, or copper nano-shell where the size-dependency 
of the permittivity of this nano-shell is taken into account. 
The gain model for the active CNPs is a canonical, constant 

frequency, gain model. The previously reported super-
resonant states of the proposed active CNPs in [9], and the 
associated large levels of the radiated power, are correlated 
with the correspondingly large localizations of the power 
density near specific parts of the shell-interfaces and its 
corresponding large magnitude inside the gain region. The 
resulting interactions with the gain material lead to a strong 
and distinct dipolar power radiation in all of these 
electrically small, active super-resonant CNP designs. These 
active CNP power flow results are compared to those 
obtained for the corresponding passive structures at optical 
frequencies, and are further contrasted to epsilon-negative 
(ENG) sub-wavelength resonator designs at radio 
frequencies. The latter sheds further light on important 
differences between the optical and radio frequency cases. 
We note that interesting power flow results were reported in 
[5] for MTM-based cylindrical configurations for a finite 
radius line source excitation, as well as in [10] for active, 
and [11], [12] for passive nano-particles of spherical shape, 
against which the present findings for the cylindrical active 
CNPs will be displayed. Throughout the work, the time 
factor )exp( tjZ , with Z  being the angular frequency, and 
t being the time, is assumed and suppressed. 

2. Configuration and methods of analysis 
We consider the CNP configuration depicted in Figure 1; it 
consists of an infinite circular cylindrical nano-core (Region 
1) covered concentrically with an infinite cylindrical nano-
shell (Region 2). The inner and outer radii of the nano-shell 
are denoted by 1U and 2U , respectively, and the CNP is 
imbedded in free-space (region 3) with the permittivity, 0H , 

permeability, 0P , and wave number OSPHZ /2000   k , 
with O being the free-space wavelength. The CNP is 
illuminated by the field provided by an arbitrarily located 
and infinitely long magnetic line source (MLS) possessing a 
constant magnetic current 

m
I [V/m]. The nano-core and 

nano-shell regions of the CNP may, in general, contain an 
arbitrary simple, lossy and dispersive material. However, for 
the present purposes, specific materials are chosen for these 
two regions, as explained later in Section 3 of this 
manuscript.   
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A circular cylindrical coordinate system ( z,,IU ) and an 
associated rectangular coordinate system ( zyx ,, ) are 
introduced such that their origins coincide with the cross-
sectional center of the CNP, and such that the entire CNP-
MLS configuration is infinite in the z-direction, with the 
MLS being parallel to the axis of the cylinders. The 
coordinates of the observation point are ( IU , ), while those 
of the MLS are (

ss
IU , ). 

 

     
 
Figure 1: The MLS-excited CNP. 
 
The analytical solution for the problem in Figure 1 has been 
derived in [4], and only its main features will be outlined in 
here. For the MLS excitation case, the magnetic field in all 
regions (incident and scattered fields in the region 
containing the MLS, and total fields in the remaining 
regions) contains only a z-component, i.e., 

z
Hẑ H , while 

the electric field in all regions has the form 
of IU IU EE ˆˆ � E , where UE and IE  are its U - and I - 
components. The unknown field components are expanded 
in cylindrical wave functions, and thus contain a number of 
unknown expansion coefficients. The latter follow in a 
straightforward manner from the application of the 
electromagnetic boundary conditions at the two interfaces of 
the CNP. These field solutions were used in [4] to perform 
an extensive study of electrically small passive MTM-based 
particles of cylindrical shape. To account for the near- and 
far-field properties of a number of cylindrical active 
plasmonic-based CNP configurations, the necessary gain 
levels for the so-called super-resonant state were determined 
recently [9]. To further address the intriguing 
electromagnetic properties of these particles, the field 
solutions from [4] are presently used to explore the flow of 
electromagnetic power inside and outside the CNP. This is 
done in terms of the Poynting vector S, which is given by 

^ `
yx

SySx ˆˆRe)2/1( � u *HES
 

    > @ > @IIII IUIU cossinˆsincosˆ SSySSx ���  ,      (1)  

where
x

S and 
y

S are the x- and y-components of S , while 

^ ` 2/Re *
z

HES IU  and ^ ` 2/Re *
z

HES UI �  are its U - and 
I -components. The asterix * designates complex 

conjugation. In Section 3, attention will be devoted to both 
the amplitude and the direction of the Poynting vector 
determined with (1).  

3. Results and discussions 

As reported in [6], [8]-[10], highly resonant sub-wavelength 
CNPs can be designed by including gain in their interiors, 
e.g., their nano-cores. As to the cylindrical CNPs considered 
in [9], the nano-core was in all cases made of silica, had a 
radius of 24 nm, and was coated with a 6 nm thick 
plasmonic (silver, gold, or copper) nano-shell. The 
permittivity of the silica nano-core was expressed as 

0
22

1 )2( HNNH jnn ��  and was comprised of two 
contributions: a contribution from its refractive index in the 
considered frequency region ( 05.2 n ) and a contribution 
from the canonical gain model. The parameterN (termed the 
optical loss or gain constant) determines the nature of the 
nano-core: lossless (and passive) for 0 N , lossy and 
passive for 0!N (optical loss constant) and active for 

0�N  (optical gain constant). As to the plasmonic nano-
shell permittivity, its empirical values, which account for its 
size-dependence and were used successfully in [6], were 
employed. In particular, for the silver-based CNP 
configuration excited by a MLS, the so-called super-
resonant state, with a large total radiated power, was 
identified for 175.0� N and the free-space excitation 
wavelength 70.577 O nm [9]. This total radiated power 
enhancement is shown in Figure 2 in terms of the 
normalized radiation resistance (NRR) as a function of the 
wavelength when the MLS is located at 12 nm along the 
positive x-axis and has the current amplitude: 1 

m
I [V/m].  

 

 
 
Figure 1: The NRR of a silver-based passive and super-
resonant active CNP. 
 
Note that the NRR equals the total power radiated by the 
MLS in the presence of the CNP normalized with the power 
radiated by the MLS alone in free-space. As can be seen in 
the figure, a peak value of the NRR §���G%�LV�IRXQG�IRU�WKH�
super-resonant active CNP at 577.70 nm. This should be 
FRPSDUHG� WR� D�155�RI� DURXQG� �� G%� IRU� WKH� FRUUHVSRQGLQJ�
lossless and passive CNP ( 0 N ), which also is included in 
the figure. As explained in [9] in terms of the near-field 
distributions of the magnetic field, the super-resonance 
behavior reported in Figure 2 for the active silver-based 
CNP is due to a strong excitation of the resonant dipole 
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mode inside the CNP. The existence of the resonant dipole 
mode inside an electrically small CNP (diameter size of 
approximately 10/O ) is a result of juxtaposing of two 
materials, one with positive permittivity (silica nano-core) 
and the other with a negative permittivity (silver nano-shell) 
[1]. The strong excitation of this dipole mode is heavily 
assisted by the gain-impregnation of the silica-nano core; its 
presence overcomes the plasmonic material losses [6].  
 
The super-resonant state of the active Ag-based CNP is next 
illustrated in Figure 3a). The magnitude (color) and direction 
(arrows) of the Poynting vector (1) is shown when the MLS 
is located at 12 nm along the positive x-axis.  
 

 
(a) 

 
(b) 

Figure 3: The magnitude (color) and direction (arrows) of 
the power flow density for the super-resonant active Ag-
based CNP (a) and for the corresponding passive Ag-based 
CNP (b). In both cases, the radius of the silica nano-core is 
24 nm, the thickness of the plasmonic nano-shell is 6 nm, 
and the MLS is located at 12 nm along the positive x-axis. 
Note that the dynamic range in (a) is larger than that in (b). 
The curves representing the cylindrical surfaces of the CNP 
are included in the figure. 

 
A very clear and strong dipolar pattern, as though it is being 
produced by a dipolar source of radiation centered at the 
origin of the CNP, is observed in this figure. The power 
density is rather strong and homogeneous in strength and 

direction inside the CNP. It is mainly directed along the 
negative and positive x-direction in the left and right halves, 
respectively, of the nano-core. This is particularly true near 
the inner surface of the nano-shell, where one witnesses a 
profound localization of the power density within the CNP. 
The interaction of the large fields in the electrically small 
resonant CNP with the canonical gain inside the nano-core 
leads to a clear and strong dipolar radiated power pattern. 
This radiated power behavior is illustrated with by an 
outward-propagating Poynting vector from the surface of the 
CNP in Figure 3a). While the magnitude of the Poynting 
vector suggests the pattern is symmetric, its direction reveals 
a slight asymmetry which is attributed to the off-set MLS 
location in this case. In contrast to the super-resonant Ag-
based CNP results, Figure 3b) shows the magnitude and the 
direction of the corresponding passive Ag-based CNP. No 
excitation of a resonant dipole mode is in evidence; this is 
consistent with the very low radiated power levels observed, 
e.g., in Figure 2.  
 

 
(a) 

 
(b) 

Figure 4: The magnitude (color) and direction (arrows) of 
the power flow density for the super-resonant active Au-
based CNP (a) and Cu-based CNP (b). In both cases, the 
radius of the silica nano-core is 24 nm, the thickness of the 
plasmonic nano-shell is 6 nm, and the MLS is located at 12 
nm along the positive x-axis. The curves representing the 
cylindrical surfaces of the CNP are included in the figure. 

%HVLGHV�WKH�$J-based CNP configuration considered above, 



 

4 
 

the corresponding super-resonant CNPs with their nano-
shell composed of either gold or copper have also been 
studied [9]. For the Au-based CNP, the super-resonance was 
identified for 262.0� N and 39.669 O nm, with a 
resulting NRR §� ��G%�� )RU� WKH� &X-based CNP, it was 
identified for 310.0� N and 19.662 O nm, with a 
resulting NRR §���G%��7KH�EHKDYLRU�RI�WKH�ODWWHU�WZR�&13V�
with the MLS located at 12 nm along the positive x-axis is 
illustrated further with the power flow density results 
reported for the Au-based CNP in Figure 4a) and for the Cu-
based CNP in Figure 4b). Again, the power flow clearly has 
a dipolar form. However, its magnitude for the Au-based 
CNP surpasses the values for the other two CNPs given in 
Figures 3a) and 4b��� %HFDXVH� LW� KDV� WKH� KLJKHVW� ORVVHV�� WKH�
corresponding value for the super-resonant Cu-based CNP is 
the lowest of all of the super-resonant cases. The large levels 
of the power flow density for the Au-based CNP correspond 
to a strong localization of the power density within the CNP, 
which in turn leads to the largest NRR values of the three 
super-resonant CNP cases. The relatively low levels for the 
Cu-based CNP are perfectly in line with the correspondingly 
lowest NRR values.  
 
We note that for all super-resonant CNPs cases considered 
above, the power flow has also been observed in an 
extended range up to 200 nm in both the x- and y-directions. 
Throughout such a range, a clear dipolar pattern, suggesting 
an outwardly propagating power flow density away from the 
CNP, was observed. Moreover, power flow results were 
obtained for super-resonant CNPs ( 175.0� N ) for 
wavelengths shorter ( 70.567 O ) and longer ( 70.587 O ) 
than the super-resonant state wavelength ( 70.577 O ). 
Although they are not included here, these results still show 
dipolar patterns with an outwardly propagating power flow 
density similar to those found in Figures 3a) and 4, but with 
a lower strength. Thus, contrary to power flows for active 
[10] and passive [13] nano-particles of spherical shape, 
which were found to exhibit specific vortices near their 
plasmon resonances, this is not the case for the (infinite and, 
hence, effectively two-dimensional) active super-resonant 
CNPs of cylindrical shape investigated here. 
 
The above results for the electrically small super-resonant 
cylindrical CNPs, which employ the naturally occurring 
ENG-based metals at optical frequencies, are next contrasted 
to the analogous electrically small structures at radio 
frequencies which must utilize ENG metamaterials. To this 
end, Figure 5a) shows the NRR as a function of frequency, f, 
for a resonant sub-wavelength ENG shell with an inner 
radius of 6 mm and an outer radius of 10.03 mm. The ENG 
shell is modeled by a lossless Drude dispersion model [1] 
adjusted to select the relative permittivity of the shell to be -
3.0 at the design frequency of 300 MHz (giving the diameter 
of the particle to be 50/O ). The so-selected geometrical and 
electrical parameters of the shell are in compliance with the 
well-known resonance conditions in electrically small 
structures of cylindrical shape [3], [4]. Figure 5a), which 
was obtained when the MLS was located along the x-axis at 
3mm, shows a resonance phenomenon with the NRR §� ���

G%� DW� ���� 0+]�� 7KH� DVVRFLDWHG� SRZHU� IORZ� GHQVLW\�
(magnitude and direction) is depicted in Figure 5b). It is 
found to differ significantly from any of the super-resonant 
active CNP cases. In this case, the power flow lines are seen 
to exhibit an interesting behavior, including vortices, at the 
three “deep-blue” spots – one to the left of the particle and 
two inside the shell-region. In fact, the power flow outside 
of the resonant ENG-based particle resembles the one for the 
lossless and passive CNP in Figure 3b), rather than that of 
the super-resonant active CNP. In the latter, the significantly 
smaller physical size of the particle, as well as the gain 
inclusion, are the driving factors behind the clear and strong 
outward power flow and the dipolar shape of the response.  

 

 
(a) 

 
(b) 

Figure 5: (a) The NRR as a function of frequency, f, for an 
ENG shell. (b) The magnitude (color) and direction (arrows) 
of the power flow density for the resonant ENG-shell at 300 
MHz. In (a) and (b), the MLS is at 3 mm along the positive 
x-axis. Note that the curves representing the cylindrical 
surfaces of the ENG shell are also included in (b). 
 

4. Summary and conclusions 
The power flow density (magnitude and direction) in the 
interior and exterior of electrically small configurations 
consisting of resonant active coated nano-particles (CNPs) 
of a circularly cylindrical shape was examined. The source 
of excitation was taken to be an infinitely long magnetic line 
source (MLS) at optical frequencies. The active particles 
were comprised of a canonical gain-impregnated silica nano-
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core covered concentrically with a silver, gold, or copper 
nano-shell. The previously reported super-resonant states, 
excited in silver-, gold-, and copper-based CNPs and leading 
to large powers extracted from the MLS for a given value of 
the current along it, were confirmed with the power flow 
density results. For all cases, the power density was found to 
be rather strong and homogeneous in strength and direction 
inside the CNP; this being particularly so near the inner 
surface of the nano-shell, where a profound localization of 
the power density within the CNP was observed. The 
interaction of such large fields with the canonical gain inside 
the nano-core was found to lead to a clear and strong dipolar 
power pattern, with an outwardly propagating power flow 
density. These effects were found to be most notable for the 
gold-based CNP, as it is the least lossy case of all at the 
resonance wavelength. Moreover, no peculiar behavior in 
terms of certain vortices was found for the cylindrical active 

and super-resonant active CNPs at specific wavelengths that 
are shorter or longer than the resonant wavelength, this 
appearing in contrast to the observations for spherical 
particles [10], [13]. The results for the active CNPs at 
optical frequencies were furthermore contrasted to those 
obtained at radio frequencies for the corresponding epsilon-
negative based particles. The latter resulted in power flow 
behavior significantly different from any of the super-
resonant active optical CNP cases. In fact, the power flow 
lines in the radio frequency case were found to exhibit an 
interesting behavior including vortices at specific locations 
in the interior and exterior of the particle. 
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Abstract 
The directivities of the fields radiated by a variety of 
cylindrical and spherical active coated nano-particles, which 
are excited by their respective sources of illumination at 
optical frequencies, are investigated. Particular attention is 
devoted to the influence of the source location and optical 
gain constant on the directivities. While significant 
variations in the directivities are realized in the cylindrical 
cases for different source locations within and slightly 
outside the nano-particles and values of the optical gain 
constant, the corresponding spherical cases exhibit 
negligible differences.  

1. Introduction 
The performance of electrically small antennas (ESAs) is 
constrained by certain conventional limitations. For 
instance, if not matched properly, they are very inefficient 
radiators of electromagnetic energy, due to their intrinsic 
non-resonant nature, with accompanying low directivities 
[1]. While a variety of traditional matching techniques exist, 
the recent advent in metamaterial (MTM) research has, 
among other things, fostered truly novel means of matching 
ESAs [2]. In particular, the use of double-negative (DNG), 
epsilon-negative (ENG), and/or mu-negative (MNG) MTMs 
was found to lead to interesting and highly resonant 
properties in sub-wavelength configurations when properly 
combined with ordinary double-positive (DPS) materials 
[2]-[5]. These resonances were exploited in [6] and [7], 
where efficient MTM-based ESAs were proposed, and in [8] 
where MTM-inspired electrically small near-field parasitic 
resonators were used as impedance transformers to realize 
matching of the overall antenna system to its source and to 
the wave impedance of the medium in which it radiates. 
While the above works focused on radio and microwave 
frequencies, similar highly resonant properties, for potential 
use in nano-sensing, -amplifying and -antenna applications, 
were reported for passive plasmonic-based configurations at 
optical frequencies, see e.g., [9], [10] and the works 
referenced therein, as well as active plasmonic-based 
configurations, see e.g., [11] and the works referenced 
therein, as well as [12] and [13]. In particular, interesting 
enhancements of directivity patterns for higher order mode 
sub-wavelength radiators made of DPS materials in 

conjunction with passive MTMs or plasmonic materials, 
were reported in [10], this providing an alternate route 
towards sub-wavelength radiators with high directivities.  

The present work examines the directivity properties of 
nano-antennas consisting of active coated nano-particles 
(CNPs) of cylindrical and spherical shape excited by their 
respective sources of illumination at optical frequencies. For 
spherical CNPs, the source of excitation is an electric 
Hertzian dipole, which is taken to be normal as well as 
tangential to surfaces of the CNP, while for cylindrical 
CNPs, the source of excitation is an infinitely long magnetic 
line source (MLS). The CNPs emphasized inhere are all 
made of a silica nano-core and are layered with a concentric 
silver nano-shell; however, other variations in the materials 
of the CNP can be easily accounted for. The gain is 
introduced inside the dielectric part of the CNP, i.e., the 
nano-core, via the so-called canonical, constant frequency, 
gain model. This work constitutes an extension of [12] and 
[13] where detailed near-field studies have revealed super-
resonant properties of the examined active CNPs despite 
their very small electrical sizes. Particular attention is 
devoted to the influence of the source location and the 
optical gain constant on the resulting directivity patterns. In 
the cylindrical case, it is shown how the directivity of a 
super-resonant CNP can be re-shaped by either changing the 
location of the MLS or adjusting the value of the optical 
gain constant. As to the spherical CNPs, the resulting 
directivity patterns are shown to be unaffected by the 
presence of the CNP - even in its super-resonant state for 
which large amounts of the radiated power are extracted 
from the source – and they largely correspond to the pattern 
of an isolated dipole. Thus, as in the passive spherical case 
[10], the dipolar resonance excited inside the examined 
active spherical CNPs does not modify the directivity 
pattern of the exciting Hertzian dipole, but rather enhances 
its total radiated power.  

This paper is organized as follows. Section 2 presents 
the configurations to be discussed, while the methods of 
their analysis and the associated analytical results are 
summarized in Section 3. The numerical results are 
presented in Section 4, and the entire work is summarized 
and concluded in Section 5. Throughout the work, the time 
factor )exp( tjZ , with Z  being the angular frequency, and 

t being the time, is assumed and suppressed. 
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2. Configurations 
We consider both cylindrical (Figure 1a)) and spherical 
(Figure 1b)) CNPs.  
 

 

                                             (a) 

 
 
 
 
 
 
 
 
 
 
 
 
 
                                              (b) 

Figure 1: The cylindrical (a), and spherical (b) CNP 
configurations. 
 
 
In both cases, they are comprised of a dielectric nano-core 
covered concentrically with a plasmonic nano-shell, and are 
immersed in free-space, which has the permittivity, 0H , 

permeability, 0P , and thus the intrinsic impedance 

000 / HPK  and wave number OSPHZ /2000   k , 

where O  denotes the free-space wavelength. 
For the cylindrical CNP, the inner and outer radii of the 

nano-shell are denoted by 1U  and 2U , respectively. The 
CNP is illuminated by the field generated by an arbitrarily 
located infinitely long magnetic line source (MLS) 
possessing a constant magnetic current mI [V/m]. A circular 

cylindrical coordinate system, with the coordinates ( z,,IU ) 
and an associated rectangular coordinate system ( zyx ,, ) 
are introduced such that their origins coincide with the 
cross-sectional center of the CNP. Furthermore, the entire 
CNP-MLS configuration is infinite in the z-direction, with 
the MLS being parallel to the axis of the cylinders. The 
coordinates of the observation point are ( IU , ), and those of 

the MLS are ( ss IU , ). 

For the spherical CNP, the inner and outer radii of the 
nano-shell are denoted by 1r  and 2r , respectively. The CNP 
is illuminated by the field generated by an arbitrarily 
oriented and located electric Hertzian dipole (EHD) with the 
dipole moment ss ppp ˆ 

&
, where sp̂ is its orientation and 

sp [Am] is its complex amplitude. A spherical coordinate 
system ( IT ,,r ) and the associated rectangular coordinate 
system ( zyx ,, ) are introduced such that the origin of these 
coincide with the center of the CNP. The coordinates of the 
observation point are ( IT ,,r ), and those of the EHD are 

( sssr IT ,, ).  

3. Analytical results 
The analytical solutions for the problems shown in Figure 1 
have been derived in [4] and [5], and are used here to study 
the directivity of these configurations.   

For the cylindrical CNP configurations, the solution 
procedure is as follows. The field due to the MLS, which 
constitutes the known incident field, is expanded in terms of 
cylindrical wave functions. This is likewise the case with the 
unknown scattered fields due to the CNP in the three 
regions. The fields due to the CNP involve the unknown 
expansion coefficients niC , , where 1 i for the field in 

region 1, 2 i and 3  for the field in region 2, and 4 i for 
the field in region 3, and where the symbol n  is the mode 
number ( 0 n is the monopole mode in the 
expansion, 1 n is the dipole mode, etc. for the other 
modes). The unknown expansion coefficients depend on the 
location of the MLS and are obtained by enforcing the 
boundary conditions at the two cylindrical interfaces, 

1UU   and 2UU  . With the exact field solutions at hand, 
the directivity, D, defined as the ratio of the radiation 
intensity to the total average power per unit angle, can be 
expressed as [4] 
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where nn C ,4 D for the MLS inside the CNP, 

and nsnn CkJ ,40 )( � UD for the MLS outside the CNP. In 

these results, the function )(�nJ  
is the Bessel function of 

order n , nW  is the Neumann number ( 1 nW for the 

0 n mode and 2 nW  otherwise), while maxN is the 
truncation limit in the implementation of the exact infinite 
summation chosen to ensure the convergence of the 
expansion in (1). The expression in (1) was used to study the 
directivity properties of sub-wavelength passive MTM-
based particles in [4], and of super-resonant active CNPs in 
[13] for a variety of MLS locations. 

For the spherical CNP configuration, the solution 
procedure is as follows. The field due to the EHD, which 
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constitutes the known incident field, is expanded in terms of 
transverse magnetic (TM) and transverse electric (TE) 

spherical waves with the known expansion coefficients )(c
nma  

(TM coefficients), and )(c
nmb , (TE coefficients), where the 

index c denotes the region in which the field is determined. 
The unknown scattered fields due to the CNP in the three 
regions are likewise expanded in terms of TM and TE 
spherical waves; these expansions involve the unknown TM 
and TE expansion coefficients denoted by nmiA ,  and nmiB , , 

respectively, where 1 i for the field in region 1, 2 i and 
3  for the field in region 2, and 4 i for the field in region 3. 
These expansion coefficients depend on the EHD location 
and orientation, and are easily obtained by enforcing the 
boundary conditions on the two spherical interfaces, 1rr   

and 2rr  . The general field solutions have been obtained 
in [5] and are specialized here for the far-field observation 
points in order to derive an expression for the directivity of 
the configuration in Figure 2b). In particular, the directivity 
takes on the form, 
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are, respectively, the T - and I - components of the total 

radiation vector, ),( ITtF , which is related to the total far-

field term ),( ITtE  through the relation 

0( , ) ( , ) exp( ) /t t jk r rT M T M| �E F . Moreover, the quantity 

tP  is the total radiated power, and is expressed as [5] 
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In the above expressions, nmnm A ,4 D  and nmnm B ,4 E , 

when the EHD is inside the two regions of the CNP, while 

nmnmnm Aa ,4
)4( � D  and nmnmnm Bb ,4

)4( � E , when the EHD is 

outside the CNP [5]. Moreover, )(|| �m
nP is the associated 

Legendre function of the first kind of degree n and order |m|, 
while the symbol maxN is the truncation limit in the 
implementation of the exact infinite summation chosen to 
ensure the convergence of the expansion in (2). While the 
expression for the total radiated power in (4) was used in [5] 
and [12], [14] to conduct a thorough analysis of sub-
wavelength resonances in passive and active spherical 
CNPs, respectively, the directivity properties of such active 
particles on the basis of (2) have not been reported 
previously. 

4. Numerical results and discussion 

4.1. Background – sub-wavelength resonances in CNPs 

Previous results [11]-[14] have demonstrated that highly 
resonant sub-wavelength CNPs can be designed by 
including gain, e.g., inside their nano-cores. This 
configuration was found to lead to scattering cross-sections 
that are orders of magnitude larger than the values predicted 
by their geometrical sizes, see e.g., [11] and the works 
referenced therein, as well as to the enormous radiated 
powers for localized excitation sources [12]-[14]. Significant 
attention in those works has been devoted to a CNP 
consisting of a silica nano-core of radius 24 nm, coated with 
a 6nm thick silver nano-shell for which the size-dependency 
of the permittivity was taken into account. The silica nano-
core permittivity consisted of two contributions: one from its 

refractive index 05.2 n in the frequency region of 
interest and another accounting for the canonical, constant 
frequency, gain model through which its permittivity reads 

0
22

1 )2( HNNH jnn �� , where the parameter N (optical 
loss or gain constant) determines the nature of the nano-
core: lossless (and passive) for 0 N , lossy and passive for 

0!N (optical loss constant) and active for 0�N (optical 
gain constant). For such CNPs, the so-called super-resonant 
states, with very large radiated powers, were identified for 
the cylindrical case for 175.0� N at the excitation 
wavelength of 70.577 O nm, and for the spherical case for 

245.0� N at the excitation wavelength of 1.502 O nm. 
These super-resonances are illustrated in Figure 2 in terms 
of the normalized radiation resistance (NRR), i.e., the ratio 
of the total power radiated when the source and the CNP are 
present to the total power radiated by the source in the 
absence of the CNP, as a function of the source location, xs. 
The sources are located along the positive x-axis for both the 
cylindrical and the spherical Ag-based CNPs. For the 
cylindrical CNP, the MLS possesses a current amplitude 

1 mI  [V/m], while both x- as well as z- oriented EHDs 

have a dipole moment 9105 �� sp [Am]. In what follows, 
the directivity properties of these Ag-based CNPs of 
cylindrical and spherical shape are thoroughly examined. 
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Figure 2: Normalized radiation resistance (NRR) as a 
function of the source location, xs, along the positive x-axis 
for both the cylindrical (2D) and the spherical (3D) super-
resonant Ag-based CNPs. In the latter case, the EHD is 
taken to be both x- and z-oriented. The nano-core and nano-
shell regions are indicated in the figure. 

4.2. Cylindrical CNPs 

The large variations in the NRR shown in Figure 2, with the 
alternating MLS location in the cylindrical case were 
thoroughly explained in [13]. Here, it is of great interest to 
explore the directivity behavior of such configurations. As 
illustrated in Figure 3a), which shows the directivity (1) for 
the super-resonant ( 175.0� N ; 70.577 O nm) Ag-based 
CNP for the indicated MLS locations along the positive x-
axis within the nano-core, there are large variations in the 
resulting patterns. The directivity in the super-resonant state 
can be re-shaped from a perfectly monopolar pattern 
(attained at xs = 0 nm) to a perfectly symmetric dipolar 
pattern (attained at xs = 5nm) with small variations in the 
MLS location. The former case agrees well with the absence 
of any resonant phenomena observed in Figure 2 when the 
MLS is at or very near the center of the CNP (NRR around 0 
dB). On the other hand, the latter case indicates a strong 
excitation (NRR around 45 dB for xs = 5nm) of the dipolar 
mode necessary for the rapidly increasing NRR values in 
Figure 2 for MLS locations further away from the CNP 
center. These far-field results are in line with the near-field 
distributions reported for this Ag-based CNP configuration 
in [13]. The maximum directivity of 2 is found for the 
perfectly symmetric dipolar pattern in Figure 3a) along the 

o0 I and o180 I directions. However, larger values can 
be obtained for specific MLS locations (near the CNP 
center) for which the dominant mode is a mixture of a 
monopolar and dipolar modes, rather than the resonant 
dipolar mode alone. For instance, the result obtained for xs = 
0.1 nm given in Figure 3b) illustrates this point. 
 
Apart from the pattern re-shaping possibilities with varying 
location of the MLS, it is interesting to note that adjustment 
of the optical gain constant N  for a given location of the 
source can likewise re-shape the overall directivity pattern. 
With reference to Figure 3b), which shows the directivity for 
the Ag-based CNP when the MLS is located at xs = 5nm, the 
perfectly symmetric dipolar pattern attained in the super-
resonant case can be re-shaped such that its main beam is 

along the o0 I or o180 I direction, depending on the 
value of N . For the examined values ofN which are larger 
than the super-resonant value ( 175.0� N ), the main beam 
(which is approaching a maximum directivity of 3) points in 

the o180 I  direction. In contrast, it points along the 
o0 I direction for values of N smaller than the super-

resonant value.  
 

 

(a) 

 

(b) 

Figure 3: Directivity for the Ag-based CNP excited by a 
MLS. In (a), the CNP is super-resonant, and different MLS 
locations, xs , inside the nano-core along the positive x-axis 
are considered. In (b), the MLS is located at xs = 5nm and 
different values of the optical gain constantN are considered. 
 
 
Aside from these interesting results for the cylindrical Ag-
based CNP, a few other remarks are in order. As explained 
in [13] using the near-field distribution results, the main 
reason for the peak amplitude changes of the NRR in Figure 
2 is the difference in the coupling strength with the varying 
MLS location which determines the potency of the 
underlying resonant dipolar mode. As an example, the near-
field of the resonant dipolar mode is significantly stronger 
for the MLS located near the nano-shell interface, e.g., at xs 
= 23 nm, than inside the nano-shell at xs = 28.74 nm, where 
the NRR experiences the dip shown in Figure 2. However, 
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once the MLS is sufficiently far away from the origin so that 
the perfectly symmetric dipolar pattern is obtained, as the 
one illustrated in Figure 3a) for xs = 5 nm, the very same 
directivity pattern (of maximum directivity of 2) results also 
for other MLS locations inside the CNP, as well as outside 
of it at close distances. This is partly illustrated in Figure 4) 
which shows the directivity for three MLS locations inside 
the nano-shell of the super-resonant Ag-based CNP: near the 
first interface (xs = 25 nm), at the location of minimum NRR 
inside the nano-shell (xs = 27.84 nm), and near the second 
interface (xs = 29 nm). In all cases, the same symmetric 
dipolar pattern is observed.  

 

Figure 4: Directivity for the super-resonant Ag-based CNP 
excited by a MLS located at three different locations inside 
the nano-shell region of the particle. 
 
 
Thus, once the MLS location is established away from the 
origin, the symmetric dipolar pattern is observed. Moreover, 
the explanation for the varying levels of the NRR found in 
Figure 2 cannot be revealed by inspecting the directivity 
patterns (which are identical), but rather the near-field 
distributions must be examined. Results essentially the same 
as those in Figure 4 are also obtained for MLS locations in 
the exterior of the CNP at sufficiently close distances to it. 
 
It is furthermore interesting to parallel the above results with 
those of the corresponding sub-wavelength resonant MTM-
based structures at radio frequencies [5]. In [5], an electric 
line source excitation of double-negative (DNG) or mu-
negative (MNG) coated passive structures were examined. 
As remarked there, those results also apply, by duality, to 
epsilon-negative (ENG) coated passive structures excited by 
a MLS. The maximum NRR levels in [5] for the resonant 
cylindrical MTM-based structures are well below (with 
maximum NRR around 23 dB) those reported in Figure 2. 
Moreover, a complete symmetry in their dipolar directivity 
patterns was not obtained. In particular, for the source inside 
the ENG shell-region, asymmetric directivity patterns 
(which are each other’s images with respect to y-axis) result 
for MLS locations near the first and the second shell 
interface. This is in sharp contrast to the results of Figure 4 
where identical and completely symmetric patterns are 

obtained. In addition, since the NRR of the MTM-based 
structures in [5] drops to 0 dB for a particular source 
location inside the shell-region, the pattern re-shaping also 
occurs for altering source locations in this region. 
Specifically, for the minimum NRR location of the source 
inside the shell-region, a perfect monopolar pattern is 
obtained [5]. These findings for sub-wavelength resonant 
MTM-based ENG-coated passive structures, as those studied 
in [5], appear in sharp contrast to the above gain-enhanced 
results for the Ag-based active CNPs.  
 
4.3. Spherical CNPs 

Figure 2 reveals interesting differences between the z- and x-
oriented EHD excitations of the super-resonant Ag-based 
spherical CNP, which were detailed through near-field 
investigations in [14].  

Figure 5 shows the directivity of the Ag-based CNP for 
varying values of the parameterN in the case of a z-oriented 
EHD excitation. The EHD has the dipole moment 

9105 �� sp  [Am] and is located on the x-axis at +12 nm 
from the origin. Specifically, the E-plane (xz-plane) pattern 
results are shown in Figure 5a) and the H-plane (xy-plane) 
pattern results are shown in Figure 5b). Despite the large 
levels of the NRR, the directivity of the super-resonant state, 
which is clearly dipolar, is not enhanced relative to that of 
an isolated z-oriented EHD. In particular, its value remains 
around 1.5. Unlike the cylindrical case, there is a complete 
symmetry in the CNP and, consequently, no preferred axis. 
Moreover, the investigated values of N are found, again 
because of the symmetry, to have only a negligible effect on 
the directivity. The directivity of the super-resonant Ag-
based CNP is shown in Figure 5c) as a function of 

)180 ,0( oo�T and )063 ,0( oo�I , clearly supporting the 
above observations. 

For the x-oriented EHD excitation of the super-resonant 
Ag-based CNP, Figure 6 shows the resulting directivity.  
The E-plane (xz-plane) pattern is shown in Figure 6a); the 
H-plane (yz-plane) pattern is shown in Figure 6b). The 

directivity as a function of )180 ,0( oo�T  and 

)063 ,0( oo�I is shown in Figure 6c). Except from the 
flipping of the E-plane pattern by 90o relative to the z-
oriented EHD case in Figure 5a), the same over-all 
conclusions apply as with the z-oriented EHD case, i.e., the 
directivity is not enhanced by the presence of the super-
resonant Ag-based CNP (for which large NRR values are 
obtained), its maximum value remains around 1.5 (which is 
that of an isolated EHD), and the H-plane (xy-plane) pattern 
is azimuthally symmetric. This behavior is again expected 
because of the spherical symmetry of the CNP. Thus, as in 
the passive spherical case [10], the dipolar resonance excited 
inside the examined active electrically small spherical CNPs 
does not modify the directivity pattern of the exciting 
Hertzian dipole, but rather reinforces it. Moreover, the 
varying NRR levels observed for the x-oriented EHD in 
Figure 2 cannot be revealed through the directivity pattern 
alone, but rather require studying the near-field distributions. 
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(a) 

 

(b) 

 

(c) 

Figure 5: Directivity for the Ag-based CNP for a z-oriented 
EHD located along the x-axis at +12 nm for different values 
of the parameter N . The E-plane (xz-plane) pattern results 
are shown in (a), and the H-plane pattern results (xy-plane) 
are shown in (b). In the case of the super-resonant Ag-based 
CNP, the directivity is shown in (c) for all values of T and 
I . 

 

(a) 

 

(b) 

Figure 6: Directivity for the super-resonant Ag-based CNP 
for a x-oriented EHD located along the x-axis at 12 nm. The 
E-plane (xz-plane) results are shown in (a), the H-plane 
results (yz-plane) are shown in (b), while the results for all 
values of T and I are shown in (c). 
 

5. Summary and conclusions 
This work examined the directivity properties of nano-
antennas made of active CNPs of cylindrical and spherical 
shapes; the CNPs were excited by a magnetic line source 
(MLS), in the cylindrical case, and an electric Hertzian 
dipole (EHD), in the spherical case. The nano-core of the 
particle consisted of silica, whereas silver was used for the 
nano-shell material. A canonical, constant frequency, gain 
model was incorporated inside the dielectric part of the 
particle. In our studies, particular attention was devoted to 
the influence of the source location and the optical gain 
constant on the resulting directivity patterns.  

For cylindrical active CNPs, significant variation in the 
directivity was reported when either the MLS location or the 
value of the optical gain constant was varied. Specifically, 
pattern re-shaping from a perfectly monopolar form to a 
perfectly dipolar pattern (with maximum directivity of 2) 
was demonstrated for super-resonant CNPs upon the 
variation of the MLS location - the re-shaping being owed to 
the coupling strength with the varying MLS location which 
determines the potency of the underlying resonant dipolar 
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mode. Moreover, the perfectly symmetric dipolar patterns of 
the super-resonant CNPs were re-shaped by proper 
adjustments of the optical gain constant; their main beams 

pointed in either the o0 I or o180 I directions, with the 
corresponding directivities of almost 3. Moreover, it was 
found that, once the MLS location for a  super-resonant CNP 
is sufficiently away from its center, the symmetric dipolar 
mode is excited, and it dominates the behavior of the 
directivity pattern. The pattern was found to remain 
unaltered for MLS locations inside the nano-core even at 
locations further away from the CNP center, as well as for 
those inside the nano-shell, and outside the CNP at close 
distances to it. These results are in sharp contrast to those 
reported for corresponding passive MTM-based 
configurations at radio frequencies.     

The directivity patterns for the active spherical CNPs 
were shown to be unaffected by variations in the parameters 
specifying the configurations - even in its super-resonant 
state for which large amounts of the radiated power are 
generated by the source. In particular, it was demonstrated 
that they largely correspond to the pattern of an isolated 
dipole, i.e., their maximum value remained around 1.5. 
Unlike the cylindrical case, there is a complete symmetry in 
the CNP and, consequently, no preferred axis. Thus, as in 
the passive spherical case treated in [10], the dipolar 
resonance excited inside the active spherical CNPs does not 
modify the directivity pattern of the exciting Hertzian 
dipole. The potential excitation of higher order modes in 
other configurations of the active CNPs will be considered 
in a future report. 
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Abstract
A scheme for a new kind of surface plasmon resonance

system (SPR) is proposed. The system is composed of three
layers: a prism, a thin metal film, and a hybrid dielectric
consisting of EIT atoms and a background substance. It is
found that due to the inherently quantum feature of EIT, the
EIT-based SPR system exhibits some interesting quantum
properties, which are absent in ordinary SPR systems and
may be used for novel sensors which can detect very small
variations of quantum properties of matters such as small
shifts of atomic levels caused by external fields and have
sub-wavelength spatial resolution.

1. Introduction
Electromagnetically induced transparency (EIT) is a fas-
cinating effect in which an otherwise opaque medium be-
comes transparent to a resonant (probe) field by use of an-
other (coupling) field [1]. The destructive quantum interfer-
ence between two atomic transition pathways leads to null
absorption and large dispersion within the induced trans-
parency window. The phenomenon has attracted great at-
tention on account of its potential applications in the co-
herent control of the optical properties of atomic medi-
a and solid systems, e.g. photonic crystals [2], or quan-
tum metamaterials [3]. Recent theoretical investigation has
also shown that EIT can be used for coherent control of
the group velocity [4] of the polaritons at the surface of
a negative-refractive- index metamaterial under the condi-
tion of near-zero loss of the polaritons. The key point of
this investigation is that the near-zero loss can be realized
at special frequencies where the double negative indexes
occurs(i.e., the real part of the permittivity and the perme-
ability are both negative). However, for a bulk metal, only
the permittivity can have a negative real part in the visible
spectrum. So a question arises: for surface-plasmon polari-
tons at a metal surface, will coherent control based on EIT
be possible, or will some other coherent phenomena be ob-
served? It will be shown in this paper that coherent control
is indeed tolerant of metal loss, and some very interesting
phenomena may be observed, even for an EIT material of
very low atomic number density. It will be also shown that
new phenomena can occur when surface plasmons are ex-
cited under EIT conditions. To my knowledge, an SPR sys-
tem based on EIT has never been investigated before, and

this kind of system may to be used for novel sensors for
detecting not only the small variations of refractive index
as ordinary SPR system[5], but also the quantum properties
such as small shifts of energy-levels of matters with sub-
wavelength spatial resolution.

2. EIT in an atomic medium
The EIT medium can be an atomic gas or doped solid medi-
um composed of three-level atoms of ! configuration. For
a single atom, the wavefunction of the electronic state can
be written as |!(t)! = c0(t)|0!+c1(t)|1!+c2(t)|2!, where
c0, c1, and c2 are the probability amplitude of the ground
state, the excited state, and the second ground state of the
atom, respectively.

According to the Schrödinger equation in the interac-
tion picture, the motion of the probability amplitudes can
be obtained as follows (with the method similar to Ref. [1])

idc0dt = !p(x,y,z)
2 c1

idc1dt = "("p + i!2 )c1 +
!p(x,y,z)

2 c0 +
!c(x,y,z)

2 c2
idc2dt = "("p " "c + i!

!

2 )c2 +
!c(x,y,z)

2 c1

. (1)

Here "p is the probe detuning defined by "p = #p " #10,
and "c is the coupling detuning defined by "c = #c " #12,
where #p and #c are the angular frequencies of the probe
and coupling fields, respectively, #10 and #12 are the atom-
ic transition angular frequencies of |1 > "|0 > and |1 >
"|2 > transitions, respectively, "p and "c are the Rabi-
frequencies defined by "p(x, y, z) =

!"µ 10·Ep(x,y,z)
! and

"c(x, y, z) =
!"µ 21·Ec(x,y,z)

! , respectively, Ep(x, y, z) and
Ec(x, y, z) are the electric field amplitudes of the probe and
the coupling fields, respectively, and, "#µ 10 and "#µ 21 are the
transition electronic dipole moments of |1 > "|0 > and
|1 > "|2 > transitions, respectively. Also, $ and $# are
the decay rates of states |1 > and |2 >, respectively. The
quantum interference between |0 > "|1 > and |2 > "|1 >
transitions can strongly modify the optical response of the
system. All the laser fields in this paper are assumed to be
monochromatic. In this case, the field amplitudes Ep and
Ec are time independent. However, it should be noted that,
in general cases Ep or Ec can be position dependent. For
the sake of simplicity, we assume the EIT medium is com-
posed of cold atoms where the Doppler effect can be ne-
glected, and only consider the weak probe field case where



"p << $,"c. According to Ref. [1], the susceptibility %
can be given by

%(x, y, z) = " |"#µ 10|2N
!&0

c$0c1
"p(x, y, z)

. (2)

We consider the transitions of the sodium D2 line. Ac-
cording to Ref. [6], |"#µ 10| can be evaluated by |"#µ 10| =!

1
33.5247ea0 with a0 being the Bohr radius and &0 the

permittivity of vacuum, and $ = 61.54MHz. According to
Ref. [7], N = 3$ 1018/m3 .

We assume that the atom is initially in the ground state,
and probe field is assumed to be very weak so that c0(t) % 1
is satisfied at all times. The steady-state solution of Eq.(1)
can be easily obtained, and substituting the solution into Eq.
(2) , it is easy to obtained that

%(x, y, z)

= " |"#µ 10|2N
!&0

1
2 ("p " "c + i!

!

2 )

" 1
4"c(x, y, z)2 + ("p + i!2 )("p " "c + i!

!

2 )
.

(3)

It should be noted that, according to Eq. (3), % is inde-
pendent on "p , i.e. the atomic medium is a linear medium
for the probe field under the weak-field approximation, and
the function %(x, y, z) depends on the function "c(x, y, z).

We assume that the incident coupling beam (in the pris-
m) is a traveling wave with planar wavefront. Under this
condition, if we consider the coupling field in the EIT medi-
um, however, we find there are two typical situations:

(1) The coupling field in the EIT medium is a freely-
propagating field. In this situation, constant "c lead to a
spatially independent susceptibility %. This result is ap-
plicable to all the cases where the probe field in the EIT
medium is weak, even to the case where the probe field is
a SPP but the coupling field is a freely-propagating field of
planar-wave.

(2) The coupling field in the EIT medium a SPP field.
In this situation, spatially dependent function "c(x, y, z)
leads to a spatially dependent susceptibility %(x, y, z).

The two situations occur for different incident angles
('c) and have quite different frequency spectra of reflectiv-
ity, which will be discussed later.

3. Surface EIT with a freely-propagating
coupling field

In this section we consider the case of freely-propagating
coupling field. The scheme of EIT-based SPR is shown in
Fig. 1, where the EIT medium can be atomic gases or doped
solid medium which are composed of of three-level atoms
of ! configuration.

The coupling field in the dielectric can be a freely prop-
agating field when Im(kdx) = 0, or an evanescent field
when Im(kdx) > 0, depending on the incident angle 'c.
We can calculate 'c according to Eqs.(8) and (10). If the
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Figure 1: (Color online) Schematic of the system. The sys-
tem is composed of an atomic EIT medium (green), a metal
film(gray), and a cylindrical prism (blue).(a) The case that
both of the probe field and the coupling field in the atomic
medium are freely propagating fields (no SPR effect). (b)
The case that the probe field is a SPP field but the coupling
field is a freely propagating field in the atomic medium.
(c) The case that both of the probe field and the coupling
field are SPP fields. (d) Energy-level diagram of three-level
atoms of !-configuration.
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Figure 2: (Color online) Angle-dependence of the probe-
field reflectivity (R) for different dielectric layers (Blue
dashed: vacuum; Black: two-level atom ("c = 0) with
"p = 0; Red: EIT atom with "p = 0 and "c = 1.23$;
Green: EIT atom with "p = 0.3$ and "c = 1.23$. The
atomic transitions are of sodium D2 line where (0 = 589.1
nm (probe-field wavelength); $ = 61.54 MHz, #20 = 1.8
GHz. Other parameters: np = 1.51, N = 3.3 $ 1018/m3,
&m = "13.3 + 0.883i [15] (which is approximated a con-
stant within EIT frequency-band (about 100 MHz)), and
q = 50 nm(thickness of the silver film).

imaginary parts of np and &d can be neglected, we can eas-
ily obtain the critical angle with the equation k2dx = 0, i.e.
np sin ' =

&
&d, which gives the critical angle 'crt. For

np = 1.51 and &d = 1, we obtain 'crt = 41.47o.
In the case of 'c < 'crt, the coupling field in the di-

electric is a freely propagating field (shown in Fig. 1(a)
and (b)), and "c is spatially independent. With effective-

2



medium theory and taking into account local-field effects
for generality, the permittivity of the atomic medium can
be given by [8, 9]

&d = &b +
%

1" 1
3%

&b + 2

3
, (4)

where &b is the background permittivity and % is given by
Eq.(3). The background is assumed to be an vacuum (&b=1)
or a very dilute dielectric (&b % 1). Here N is the density
of the atomic number. So &d can be easily obtained with
above equationsin particular, for dilute vapors ( 13% << 1),
&d can be given by &d % &b + %.

It should be noted that, because the coupling field only
drives transition |2 > "|1 > of the atoms and the popula-
tion in state |2 > is near zero at all times, the effect of the
atoms on the coupling field can be safely neglected. So we
only consider the effect of the atomic medium on the probe
field. We now calculate the reflectivity R of the probe beam
defined by R = |rpmd|2, where rpmd is the three-layer am-
plitude reflection coefficient and is given by the Fresnel for-
mula

rpmd =
rpm + rmdexp(2ikmxq)

1 + rpmrmdexp(2ikmxq)
, (5)

where q is the thickness of the metal film, and the two-layer
amplitude reflection coefficients rpm and rmd at the pris-
m/metal and metal/dielectric interfaces, respectively, are
given by

rpm =
&mkpx " &pkmx

&mkpx + &pkmx
(6)

and
rmd =

&dkmx " &mkdx
&dkmx + &mkdx

. (7)

Here kz is parallel wave vector and can be given by

kz = k0npsin'p, (8)

where
k0 =

#p

c
, (9)

and kjx are normal wave vectors and can be given by

kjx =
!

k20&j " k2z (10)

with j = p,m, d denoting the prism, the metal, and the
dielectric (EIT medium), respectively. The field enhance-
ment due to surface plasmon is defined by [10] T = |tpmd|2

with tpmd = Hy(m/d)
Hy(p/m) , where Hy(m/d) and Hy(p/m) are

the magnetic field at metal/dielectric and prism/metal in-
terfaces, respectively, and tpmd can be calculated with the
Fresnel formula

tpmd =
tpmtmdexp(ikmxq))

1 + rpmrmdexp(2ikmxq)
, (11)

where tij = 1 + rij being derived from the boundary con-
ditions, and i, j = p,m or i, j = m, d. Similarly, we can
also calculate the field enhancement of the electric field Te,

which is defined by Te = |E(m/d)|2
|E(p/m)|2 , where E(m/d) and

E(p/m) are the electric field at metal/dielectric and pris-
m/metal interfaces, respectively. For TM polarization, ac-
cording to Ref. [10], the relation between Te and T is given
by Te =

"p
"d
T .

With Eqs.(3) and (4), we can calculate the permittivity
of the atomic medium, and, in combination with Eqs. (5),
(6), (7),(8), (9), and (10), we can calculate the reflectivity
(R) of the probe-field laser beam. It is found that the probe-
field reflectivity is strongly influenced by the coupling laser
via the quantum interference effect in the EIT medium.

4. Surface EIT with a SPP coupling field
In this section we consider the case of SPP coupling field.
The SPP coupling field is resonantly excited by the incident
coupling beam when 'c % 'res ('res > 'crt), and can be
numerically determined by the angle of minimum reflectiv-
ity of the coupling beam. For an evanescent-wave coupling
field ('c > 'crt), the Rabi-frequency ("c) can be written
as "c(x) = "c0e!ik(c)

vx x, where x < 0 (i.e. in the atomic
medium), and,

kvx
(c) =

"
#2
c

c2
" k(c)z

2
, (12)

k(c)z =
#c

c
npsin'c. (13)

In resonant case when SPP is excited, i.e. 'c % 'res, we
obtain that kvx(c) % i)(c) with )(c) being a real number
which represent the attenuation of the SPP in x-direction.
In this case, to calculate the reflection coefficient at met-
al/dielectric interface (rmd), we firstly consider the three-
layer (metal/vacuum/dielectric) structure and then set the
thickness of the vacuum layer (qv) to be zero.

The magnetic field H of the incident field is given by
H = HIyey with HIy(x, z) = AIe!ikvxx+ikzz , where AI

is the field amplitude, and kvx is the x-component of the
wavevector in the vacuum layer being given by

kvx =

"
#2
p

c2
" k2z , (14)

and kz is given by Eq. (8).
The three-layer (metal/vacuum/dielectric) amplitude re-

flectivity is given by

rmvd =
rmv + rvdexp(2ikvxqv)

1 + rmvrvdexp(2ikvxqv)
. (15)

Set qv = 0, we obtain two-layer (metal/dielectric) ampli-
tude reflectivity rmd :

rmd =
rmv + rvd
1 + rmvrvd

, (16)

where
rmv =

kmx " &mkvx
kmx + &mkvx

. (17)

We now calculate rvd. We consider a probe field prop-
agating in vacuum is made incidence on the the dielectric

3
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Figure 3: (Color online) Reflectivity of the probe laser
beam R versus the probe-detuning "p for 'p = 43.61o. The
blue curve is for freely-propagating coupling field ('c <
'crt) and &b = 1; The other (red and black) curves are for
SPP coupling field in the case of 'c % 'p (red for &b = 1
and black for &b = 1.005). Here "c = "c0 = 1.2A, other
parameters are same as that in Fig. 2

surface. If &d(x) % 1, with perturbation theory similar to
that in Ref. [11], the reflection field can be written as

HRy(x, z) = AIe
ikzzk20

# 0

!%
G(x"x#) [&d(x

#)" 1] e!ikvxx
!
dx#.

(18)
The Green function G(x" x#) is given by

G(x" x#) =
i

2kvx
eikvx(x!x!) (19)

The amplitude reflectivity rvd, which is defined by
HRy(0,z)
HIy(0,z)

, can be obtained by substituting Eq. (19) into (18)
as follows

rvd =
k20
k2vx

$
&b " 1" |"#µ 10|2N

!&0
1

"p + i$/2
F (1, b; 1 + b; 1/*)

%

(20)
where F is the general hypergeometric function[12], and,

b = "ikvx/Im[kvx
(c)], (21)

* =
4("p + i$/2)("p " "c + i$#/2)

"2
c0

. (22)

In the typical case when #p % #c (e.g. #p " #c % 1.8
GHz in the EIT experiment of Ref.[7]), if we take 'p =
'c, according to Eqs.(14), (12), (13), and (8), it is easy to
see that kvx % kvx

(c) = iIm[kvx
(c)], and therefore it is

obtained from Eq. (21) that b % 1. Substituting it into Eq.
(20)), we obtain

rvd =
k20
kvx

2

$
&b " 1" |"#µ 10|2N

!&0
*

"p + i$/2
ln(1" 1/*)

%
,

(23)
Using Eqs. (15), (16), (17), (23), and (8), we can numeri-
cally calculate the reflectivity of the probe beam (R). The
incident-angle-dependence of reflectivity is shown in Fig. 2.
It obvious that the angle-dependence of reflectivity R('p)
will be strongly modified by the coupling field and the res-
onance angle (i.e. the dip in the Fig. 2) is very sensitive
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Figure 4: (Color online) Detuning spectra of the reflectivity
R for 'p = 43.61o but different atomic densities, where the
coupling field is a SPP in the case of 'c % 'p. The solid
curves are for "c0 = 1.2A, while the dashed curves are
for "c0 = 0 (Black: N = 3.3 $ 1018/m3; blue: N =
8$ 1018/m3; red: N = 8$ 1019/m3.). Other parameters
are the same as in Fig. 2.

to the probe detunings ("p). When the dielectric is an EIT
medium and "p = 0, the R('p) curve is very close to that
when there is a vacuum. If the probe field is slightly de-
tuned from resonance, e.g. " = 0.5$, the resonance angle
(i.e. the dip in the R('p) curve) will be significantly shift-
ed. For the two-level case, however, the minimum of R is
much larger than in the EIT case. Similar phenomena can
also occur on the field enhancement factors (T and Te) .
This kind of properties may be used for detecting the very
small atomic-level shifts induced by external fields. In this
sense this SPR system can be regarded as a quantum SPR
system.

The probe-detuning dependence is shown in Fig. 3. Be-
cause of very steep dispersion of the atomic medium for
the probe field, the reflectivity spectrum R is extremely
sensitive to the probe detuning "p. If both the lasers are
monochromatic, then the variations of "p and "c account
for atomic level shifts induced by environmental fields, e.g.
by DC magnetic fields via the Zeeman effect. It should be
emphasized that a probe-field SPP strongly confined in the
metal/EIT medium interface only responds to a DC mag-
netic field very near the interface. Consequently, it may be
possible to apply this EIT-SPR system in novel magnetome-
ters for highly localized measurements.

It is also found from Fig. 3 that the reflectivity spectrum
R is sensitive to variation of the substrate permittivity &b.
For a dilute-gas EIT medium, a small increase in &b can
be caused by another background dilute gas mixed with the
EIT gas. It is shown that a variation of only 5/1000 of +b can
dramatically change the reflectivity spectrum (see Fig. 3,
red curve for &b = 0, while black curve for &b = 1.005).
Although &b depends on #p in general, it is frequency inde-
pendent within the ultra-narrow EIT transparency window.
The substrate sensitivity of the spectrum may possibly be
used for chemical or biological sensors.

The detuning spectrum of the reflectivity R is also
strongly dependent on the atomic number density of the EIT
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medium , as shown in Fig. 4. In the two-level case there is
a peak in the R("p) spectrum, which becomes broader with
the increase of the atomic number density N . In the EIT
case, however, a very narrow dip appears at the center of the
background peak. It is interesting that as N increases the
dip becomes narrower but the background peak becomes
broader.

5. Interpretation of the resonant excitation of
the probe-field SPP

In order to understand the resonant phenomena we rough-
ly evaluate the propagation constant of the probe field SPP
(kSPP). We consider a weak probe field polariton [trans-
verse magnetic (TM) mode] at the interface between a ho-
mogeneous dielectric and a metal of semi-infinite medium.
From the surface boundary conditions for an SPP wave vec-
tor, its magnetic field can be given by [13, 14]

Hy = Hy0e
iksppz±#m,dx (24)

where ’+’ is for x < 0, while ’"’ is for x > 0, and Hy0 is
field-amplitude. kspp and )m,d are given by

kspp = k0

"
&d&m
&d + &m

(25)

and
)m,d =

!
k2spp " k20&m,d, (26)

where &d and &m are the permittivities of the dielectric
and the metal, respectively. For the EIT case, &d will
be coherently controlled by the coupling field. Because
the EIT ‘transparency’ range is very narrow (about 100
MHz)), the frequency dependence of &m can be safely ne-
glected. The probe field wavelength is taken to be about
589.1 nm, where, according to experimental data [15],
&m = "13.3 + 0.883i, and the imaginary part accounts
for metal loss.

It should be emphasized that the amplitude of the elec-
tric component of the coupling field Ec is spatially inde-
pendent for freely propagating (traveling) fields, but decays
exponentially with x for SPP. Only in the former case is &d
spatially independent and Eqs. (25) and (26) are valid. For
a coupling-field SPP, "c(x) = "c0eRe[#c]x, then &d will
depend on x. If the variation of the refractivity satisfies
"nd << nb % 1, then the SPP propagation constant kspp
can be calculated by perturbation theory [11]:

kspp = k(0)spp + "kspp (27)

where

"kspp =
1

2

k20

k(0)spp

Re
&
)(0)p

' # 0

!%
e2Re[#(0)

p ]x [&d(x)" 1] dx.

(28)
According to Eq. (26) the zeroth-order propagation con-
stant and confinement are k(0)spp(#i) = $i

c

!
"m($i)

1+"m($i)
, and
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Figure 5: (Color online) Probe-detuning dependence of
kspp/k0 " 1, where kspp is the propagation constant of the
probe-field SPP (the solid and dashed curves denote its re-
al and imaginary parts, respectively). Black curves are for
SPP coupling field and &b = 1.005; Blue curves are for
freely-propagating coupling field and &b = 1; Red curves
are for SPP coupling field and &b = 1. The parameters are
the same as in Fig. 3.

)(0)i = $i
c

!
1

1+"m($i)
" &b , respectively (i = p, c denote

‘probe’ and ‘coupling’ ,respectively).

If the difference of the two ground states is very small
compared with the laser frequencies, e.g. 1.8GHz in the
experiment of Ref.[7], then &m(#p) % &m(#c), and then
)(0)p % )c, where the superscript 0 denotes ‘zeroth order’,
i.e. the case when the dielectric is vacuum. Thus we obtain

"kspp =
1

2

k20

k(0)spp

$
&b " 1 +

|"#µ 10|2N
!&0

*

"p + i$/2
ln(1" 1/*)

%
.

(29)

Within the EIT transparency window, Im(kspp) % 0,
i.e. the polaritons only suffer low losses. Fig. 5 shows
the probe-detuning dependence of the propagation constan-
t, kspp("p). The ultra-narrow bandwidth of transparency
and the steep dispersion of the bulk EIT-medium leads to a
sharp dip in Im[kspp("p)] (blue dashed curve) and a large
gradient of the function Re[kspp("p)] ( blue solid curve),
and therefore lead to a sharp resonant excitation of SPP. Al-
though more accurate calculation for kspp should consider
the role of the thickness of the metal film (see eg. Ref. [10]),
the rough evaluate here present a simple and qualitative ex-
planation of the sharp dip in the reflectivity spectrum R("p).

It is interesting that, comparing the two cases: the cou-
pling field is a SPP and that it is a freely-propagating field,
we find in the formal case the gradient of the Re[kspp("p)]
curve is more steep(see red solid curve in Fig. 5.), and the
dips in Im[kspp("p)] (see red dashed curve in Fig. 5) is
pointed, which lead to pointed dip in R("p) (see the red
curve in Fig. 3). The pointed dips arises from the strong
confinement of the coupling-field SPP which are absent in
ordinary EIT systems, and are signatures of the surface EIT
and should be observable experimentally.
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6. Discussion
The coupling field will be an evanescent field if 'c > '(crt)c ,
but will be a freely propagating field if 'c < '(crt)c . In prac-
tice, the EIT-SPR system may be realized with three differ-
ent schemes using different arrangements of the coupling
field, as follows.

(1) With thin silver films (e.g. q = 20 " 30 nm) and a
normally incident coupling beam.

(2) With thicker silver films (e.g. 50 nm ) and a TM (p-
polarized) coupling field with the incidence angle of 'c %
'(crt)c . In this case Te % 0.47.

(3) With an incidence angle of 'c % 'res . Similar to
(2) but the field enhancement factor Te is very large(Te %
100 for 50 nm silver film). Hence the EIT -based coherent
control is effective even if the coupling-field at the input
end of the system is very weak, which may be used for low-
light-level optical switching. .

It should also be noted that although here both the cou-
pling and the probe fields are assumed to be classical, we
should consider the possibility of observing nonclassical
phenomena arising from the quantum properties of EM
fields. The large field-enhancement effect can lead to strong
coupling between photon and atom. Further investigation
should be made on the quantum state exchange between
photon and atom in this SPR system, which may attract
broad interest due to its potential applications in quantum
information science.

7. Conclusions
In conclusion, a new kind of surface-plasmon-resonance
system is proposed which is based on EIT effect of atomic
medium. It is found that this system has remarkable quan-
tum properties, i.e. can be extremely sensitive to the small
variations of the quantum properties of the detected matters
such as their energy-level shifts, and therefore may be used
for novel sensors for detecting quantum state of matters,
novel magnetometers with subwavelength resolution, and
nano-optical devices for quantum information processing.
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QDO� PDJQHWLF� ILHOG�%�� LV� D� K\EULG�PRGH� ZLWK� WKH� ILUVW� DQG�
VHFRQG�VXEVFULSWV�HTXDO�WR����$V�LW�NQRZQ�WKH�ILUVW�VXEVFULSW�
GHQRWHV� WKH� QXPEHU� RI� WKH� (0� ILHOG� YDULDWLRQV� LQ� WKH� D]L�
PXWKDO�GLUHFWLRQ�DQG�WKH�VHFRQG�VXEVFULSW�VKRZV�WKH�YDULD�
WLRQV�DORQJ�WKH�ZDYHJXLGH�UDGLXV�>����@���

+HUH� DUH� RQO\� DQDO\]HG� PRGHV� ZLWK� WKH� ILUVW� VXEVFULSW�
HTXDO� WR� ��� L�H�� WKH� VDPH� D]LPXWKDO� V\PPHWU\� E\� ĳ� DV� WKH�
PDLQ�PRGH��:H�GR�QRW�FODVVLI\�KHUH�WKH�LQYHVWLJDWHG�K\EULG�
PRGHV�RI� WKH�GLVVLSDWLYH�J\URWURSLF�ZDYHJXLGH�EHFDXVH�WKH�
PRGH�NLQG�FDQ�WUDQVIRUP�ZLWK�WKH�FKDQJLQJ�RI�IUHTXHQF\��

�

)LJXUH� ��� 'HSHQGHQFHV� RI� ZDYHJXLGH� QRUPDOL]HG� SKDVH� FRQVWDQW�
RQ�WKH�IUHTXHQF\�ZKHQ�WKH�KHDY\�KROHV¶�FRQFHQWUDWLRQ�LV������RI�
WKH�WRWDO�FDUULHU�FRQFHQWUDWLRQ��
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)LJXUH� ��� 'HSHQGHQFHV� RI� ZDYHJXLGH� ORVVHV� RQ� WKH� IUHTXHQF\�
ZKHQ� WKH� KHDY\� KROHV¶� FRQFHQWUDWLRQ� LV� ����� RI� WRWDO� FDUULHU�
FRQFHQWUDWLRQ��



��
�

,Q�)LJV���������ZH�SUHVHQW�WKH�QRUPDOL]HG�UHDO�SDUW� K N �
RI�FRPSOH[�SURSDJDWLRQ�FRQVWDQW� K ��ZKHUH� N �LV� WKH�ZDYH�
QXPEHU�LQ�D�YDFXXP��

�
)LJXUH� ��� 'HSHQGHQFHV� RI� ZDYHJXLGH� QRUPDOL]HG� SKDVH� FRQVWDQW�
RQ�WKH�IUHTXHQF\�ZKHQ�WKH�KHDY\�KROHV¶�FRQFHQWUDWLRQ�LV������RI�
WKH�WRWDO�FDUULHU�FRQFHQWUDWLRQ��

7KH�FXWRII� IUHTXHQF\� IFXW�RI� WKH�PDLQ�PRGH� LV�����*+]��
�����*+]�DQG������*+]�ZKHQ� WKH�KHDY\�KROHV¶�FRQFHQWUD�
WLRQ� LV������������������RI�1�� UHVSHFWLYHO\� �)LJV�����������
7KH�FXWRII� IUHTXHQF\�RI� WKH�PDLQ�PRGH�ZLWK� LQFUHDVLQJ�RI�
UDWH� K1 1 �VORZO\� PRYHV� WR� WKH� ORZHU� IUHTXHQFLHV�� 7KH�
EURDGEDQGZLGWK� RI� WKH� S�*H� ZDYHJXLGH� LV� HTXDO� ������
�)LJ�������������)LJ�������������)LJ������UHVSHFWLYHO\��

:H�KDYH� H[DPLQHG� WKH�GLVSHUVLRQ� FKDUDFWHULVWLFV� DW� WKH�
KHDY\�KROHV¶�FRQFHQWUDWLRQ�IURP��� WLOO�������ZLWK� WKH�VWHS�
HTXDO�WR������2Q�WKLV�ULVHQ�ZH�FDQ�QRWH�WKH�JHQHUDO�SURSHU�
WLHV�RI� WKH�GLVSHUVLRQ� FKDUDFWHULVWLFV�GHSHQGHQW�RQ� FRQFHQ�
WUDWLRQ� K1 ��:H�KDYH�REVHUYHG�WKH�WUDQVIRUPDWLRQ�RI�ZDYHV�
ZLWK�D�FKDQJH�RI�YDOXHV� K1 �DQG�I��$V�DQ�H[DPSOH�LQ�)LJ����
ZH� FDQ� VHH� WKH� LQWHUVHFWLRQ�RI� WKH� VHFRQG�DQG� WKLUG�KLJKHU�
PRGHV¶�FXUYHV�DW� I� ������*+]��7KLV�PHDQV�WKDW� WKH�GHJHQ�
HUDWLRQ� RI� VHFRQG� DQG� WKLUG�PRGHV� LV� REVHUYHG� DW� WKLV� IUH�
TXHQF\�� 7KH� WUDQVIRUPDWLRQ� RI� WKHVH� PRGHV� RFFXUV� DW� IUH�
TXHQFLHV� KLJKHU� WKDQ� �����*+]� EHFDXVH� WKH� VHFRQG� VXE�
VFULSW�YDOXHV�RI�WKHVH�KLJKHU�PRGHV�FKDQJH�E\�WKH�SODFHV��

,Q�)LJV���� �� DQG��� DUH� SUHVHQWHG� WKH�ZDYHJXLGH� ORVVHV��
/RVV�JUDSKV�DUH�VHSDUDWHG�LQ�WZR�SDUWV�IRU�WKH�ODUJHU�FODULW\��
,Q�)LJV��D���D�DQG��D�DUH�VKRZQ�WKH�PDLQ�DQG�WKUHH�KLJKHU�
PRGH�ORVVHV��7KHVH�PRGHV�DUH�GHQRWHG�E\�QXPEHUV�������������
,Q�)LJV���E���E�DQG��E�DUH�VKRZQ�RWKHU� ILYH�KLJKHU�PRGHV¶�
ORVVHV�� 7KH� IRXUWK� KLJKHU�PRGH� LV� GHQRWHG� E\� D� QXPEHU� ��
DQG�VR�RQ��,Q�)LJV��D���D���D�ZH�VHH�WKDW�WKH�ORVV�RI�WKH�PDLQ�
PRGH�DUH�PXFK�ORZHU�WKDQ�ORVVHV�RI�DOO�KLJKHU�PRGHV�LQ�WKH�
HQWLUH� IUHTXHQF\�UDQJH��,W� LV� LPSRUWDQW�WR�QRWH�WKDW� WKH�ILUVW�
KLJKHU�PRGH�ORVV�LV�KLJKHU�WKDQ�WKH�PDLQ�PRGH�ORVV�IRU�DOO�
YDOXH� K1 ��%HFDXVH�WKH�KLJKHU�PRGHV�ORVVHV�DUH�VLJQLILFDQW�
WKLV� IDFW� FDQ� EH� XVHG� WR� H[WHQG� WKH� EURDGEDQGZLGWK� RI� WKH�
ZDYHJXLGH��,QLWLDOO\�WKH�ILUVW�KLJKHU�PRGH�ORVV�JURZV�WLOO�WKH�
PD[LPXP� DQG� WKHQ� WKLV� ORVV� VORZO\� GLPLQLVK� ZLWK� WKH�
JURZWK� RI� IUHTXHQF\�� 7KH� PD[LPXP� RI� WKH� ILUVW� KLJKHU�
PRGH� ORVV� LV� PD[K  �����P��� �I� ����*+]�� DW� WKH� K1 �HTXDO�

WR� ������ ���� P��� �I� ����*+]�� DW� WKH� K1 �HTXDO� WR� ������
�����P����I� �������*+]��DW� K1 �HTXDO�WR������RI�1��

�

�

�D��

�

�E��

)LJXUH����'HSHQGHQFHV�RI�ZDYHJXLGH�ORVV�RQ�WKH�IUHTXHQF\�ZKHQ�
KHDY\�KROHV¶�FRQFHQWUDWLRQ�LV������RI�WRWDO�FDUULHU�FRQFHQWUDWLRQ��

7KH� VHFRQG�DQG� WKLUG�KLJKHU�PRGHV¶�FXUYHV�GHWDFK�DQG�
GHJHQHUDWLRQ�LV�UHPRYHG�ZKHQ�WKH�KHDY\�KROHV¶�FRQFHQWUD�
WLRQ�LV�JURZQ�WLOO������DQG�KLJKHU��7KH�WKLUG�KLJKHU�PRGH¶�
FXWRII�IUHTXHQF\�FKDQJHV�QRWLFHDEO\��)LJ�����LQ�WKH�FRPSDU�
LVRQ�ZLWK�WKH�VDPH�PRGH�IFXW�RI�WKH�SUHYLRXV�FDVH��)LJ�������

:H�VHH�WKDW�WKH�ILUVW�DQG�VHFRQG�KLJKHU�PRGH�FXUYHV�LQ�
WHUVHFW� DW� I� �������*+]�ZKHQ� WKH� KHDY\� KROHV¶� FRQFHQWUD�
WLRQ� LV� ����� �)LJ�� ���� 7KH� WUDQVIRUPDWLRQ� RI� WKHVH� KLJKHU�
PRGHV� LV� KDSSHQHG� DW� WKH� IUHTXHQFLHV� KLJKHU� WKDQ�
������*+]�� :H� VHH� WKDW� WKH� PD[LPXP� SHDN� PDJQLWXGH�
JURZV�ZLWK�WKH�LQFUHDVLQJ�RI� K1 ��7KLV�EHKDYLRU�RI�WKH�ILUVW�
KLJKHU� PRGH� ORVV� SRLQWV� WKDW� WKLV� PRGH� DWWHQXDWHV� LQ� WKH�
ZDYHJXLGH�LQ�D�QDWXUDO�ZD\��7KLV�PHDQV�WKDW�WKH�ZDYHJXLGH�
EURDGEDQGZLGWK�DGGLWLRQDOO\�LQFUHDVHV�EHFDXVH�RI�WKH�VXIIL�
FLHQWO\�UDSLG�DWWHQXDWLRQ�RI�WKH�ILUVW�SDUDVLWLF�KLJKHU�PRGH���

7KH�UHODWLRQ�RI�WKH�PDLQ�PRGH�ORVV�DW�WKH�VSHFLILHG�IUH�
TXHQFLHV� DQG� WKH� VPDOOHVW� ORVV� RI� HYHU\� KLJKHU� SDUDVLWLF�
PRGH�LV�TXLWH�ODUJH���
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)LJXUH� ��� 'HSHQGHQFHV� RI� ZDYHJXLGH� QRUPDOL]HG� SKDVH� FRQVWDQW�
RQ�WKH�IUHTXHQF\�ZKHQ�WKH�KHDY\�KROHV¶�FRQFHQWUDWLRQ�LV������RI�
WKH�WRWDO�FDUULHU�FRQFHQWUDWLRQ��
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)LJXUH����'HSHQGHQFHV�RI�ZDYHJXLGH�ORVV�RQ�WKH�IUHTXHQF\�ZKHQ�
KHDY\�KROHV¶�FRQFHQWUDWLRQ�LV������RI�WRWDO�FDUULHU�FRQFHQWUDWLRQ��

7KH�UHODWLRQ�PLQLPXP�DW� K1 1  �����LV�DSSUR[LPDWHO\�
HTXDO� WR� �� �DW� I� ����*+]� DQG� ����*+]�� DQG� WKH� UHODWLRQ�
PD[LPXP� LV� ��� �DW� I� ����*+]��� 6LPLODU� UHODWLRQVKLSV� RI�
ORVVHV�DUH�DOVR�REVHUYHG�ZLWK�RWKHU�SHUFHQWDJHV�RI�WKH�KHDY\�
KROHV��7KH�ODUJH�GLIIHUHQFH�ORVV�RI�PDLQ�DQG�KLJKHU�SDUDVLWLF�

PRGHV� FRQWULEXWHV� WR� GHYHORSPHQW� RI� EURDGEDQGZLGWK� GH�
YLFHV��

&RQFOXVLRQV�
��� 7KH� GLVSHUVLRQ� FKDUDFWHULVWLFV� RI� RSHQ� F\OLQGULFDO�

VHPLFRQGXFWRU� SODVPD�S�*H�ZDYHJXLGHV�ZHUH� LQYHVWLJDWHG�
E\� XVLQJ� RI� RXU� FRPSXWHU� FRGH� WKDW� ZDV� ZULWWHQ� LQ�
0$7/$%� ODQJXDJH�� 7KH� FRPSXWHU� FRGH� LV� EDVHG� RQ� WKH�
PHWKRG�RI�WKH�SDUWLDO�DUHD�PHWKRG��2XU�FRGH�DOORZV�DQDO\]�
LQJ�WKH�YHU\�KLJK�ORVVHV�RI�ZDYHJXLGH��VHH�)LJ���D���

���+HUH�ZH�SUHVHQW�FDOFXODWHG�GHSHQGHQFLHV�RI�WKH�SKDVH�
DQG�DWWHQXDWLRQ�FRQVWDQWV�RI�WKH�PDJQHWRDFWLYH�S�*H�ZDYH�
JXLGH�ZLWK�WZR�FRPSRQHQW�KROH�FKDUJH�FDUULHUV�RQ�WKH�SHU�
FHQWDJH�RI� WKH� KHDY\� KROHV¶� FRQFHQWUDWLRQ� LQ� WKH�ZLGH� IUH�
TXHQF\�UDQJH��±����*+]��)LJV�������

���+HUH� LV� VKRZQ� WKDW� FDQ� EH� WKH� GHJHQHUDWLRQ� DQG� WKH�
WUDQVIRUPDWLRQ�RI�WKH�KLJKHU�K\EULG�KHOLFRQ�PRGHV�DW�VDPH�
SHUFHQWDJH� RI� WKH� KHDY\� KROHV¶� FRQFHQWUDWLRQ� DQG� IUHTXHQ�
FLHV��)LJV���	�����

���:H�GLVFRYHUHG�WKDW�WKH�PDLQ�PRGH�ORVV�LV�YHU\�VPDOO�
DQG�WKH�PD[LPXP�ORVV�SHDN�RI�WKH�ILUVW�KLJKHU�PRGH�JURZV�
ZLWK�WKH�LQFUHDVLQJ�RI�WKH�KHDY\�KROHV¶�FRQFHQWUDWLRQ��)LJV�
�D�� �D�	��D��� ,W� SURPRWHV� WKH� H[SDQVLRQ� RI� WKH� ZDYHJXLGH�
EURDGEDQGZLGWK��
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1DQRFRPSRVLWH�&�3G�WKLQ�ILOPV�±�D�QHZ�PDWHULDO�ZLWK�VSHFLILF�
VSHFWUDO�SURSHUWLHV�

�
0DáJRU]DWD�6XFKDĔVND���+RYLN�%DJKGDVDU\DQ���-XVW\QD�.ĊF]NRZVND��

�
��.LHOFH�8QLYHUVLW\�RI�7HFKQRORJ\��DO�������±OHFLD�3�3������������.LHOFH��3RODQG�

��6WDWH�(QJLQHHULQJ�8QLYHUVLW\�RI�$UPHQLD������7HULDQ�VWU��<HUHYDQ�������$UPHQLD�
FRUUHVSRQGLQJ�DXWKRU��M�NHF]NRZVND#WX�NLHOFH�SO 

 
 

$EVWUDFW�
,Q� WKLV� SDSHU�� WKH� UHVXOWV� RI� RSWLFDO� LQYHVWLJDWLRQV� IRU� WKLQ�
ILOPV� RI� FDUERQ�SDOODGLXP� �&�3G�� QDQRFRPSRVLWHV� DUH�
SUHVHQWHG��7KLV�ILOPV�ZHUH�SUHSDUHG�XVLQJ�WZR�VWHSV�PHWKRG�
�39'�� &9'��� 7KH� RSWLFDO� DQG� 5DPDQ� VSHFWURVFRS\� KDV�
EHHQ�XVHG� WR�FKDUDFWHUL]H� WKH�PDWHULDO��7KH�PXOWLQDQROD\HU�
PRGHO�ZDV�XVHG�WR�H[SODLQ�WKH�VSHFLILF�VSHFWUDO�SURSHUWLHV��

�� ,QWURGXFWLRQ�
)LQGLQJV�RI�QRYHO�PDWHULDOV�ZLWK�VSHFLILF�VSHFWUDO�SURSHUWLHV�
DUH� YHU\� LQWHUHVWLQJ� IURP� ERWK� IXQGDPHQWDO� DQG�
WHFKQRORJLFDO�SRLQWV�RI�YLHZ�DQG�ZLOO�LQVSLUH�GHVLJQV�RI�QHZ�
SKRWRQLF�GHYLFHV���

1DQRFRPSRVLWH� &�3G� WKLQ� ILOPV� DUH� LQWHUHVWLQJ� REMHFWV�
RI�VWXGLHV�WKDQNV�WR�WKHLU�HOHFWULFDO�IHDWXUHV�>���@��+RZHYHU��
WKHUH� LV� PXFK� OHVV� LQIRUPDWLRQ� FRQFHUQLQJ� WKH� RSWLFDO�
SURSHUWLHV�RI�VXFK�VWUXFWXUHV��)RU�WKLV�UHDVRQ��WKH�SUHSDUDWLRQ�
DQG� VWXGLHV� RI� FDUERQ�PHWDOOLF� QDQRFRPSRVLWHV� DUH�
EHFRPLQJ�YLWDO� IRU�VHHNLQJ�PDWHULDOV�ZLWK�FRQWUROODEOH�EDQG�
VWUXFWXUH� DQG� RSWLFDO� SURSHUWLHV�� ,Q� UHFHQW� \HDUV� QHZ�
QDQRFRPSRVLWHV� FRQWDLQLQJ� SDOODGLXP� DQG� FDUERQ�
QDQRVWUXFWXUHV�KDYH�EHHQ�SUHSDUHG�LQ�3RODQG�>����@��2SWLFDO�
DQG�HOHFWULFDO� SURSHUWLHV�RI� WKHVH�FDUERQ�SDOODGLXP�VDPSOHV�
�&�3G�VDPSOHV��KDYH�EHHQ�LQYHVWLJDWHG�ILUVW�E\�RXU�JURXS�>���
����@���

,Q� WKLV� SDSHU� WKH� VWXG\� RI� GHSHQGHQFHV� EHWZHHQ� WKH�
QDQRFRPSRVLWH� VWUXFWXUH� DQG� LWV� VSHFWUDO� SURSHUWLHV� ZHUH�
SHUIRUPHG�XVLQJ�RSWLFDO�WUDQVPLVVLRQ�VSHFWURVFRS\��26��DQG�
5DPDQ� 6SHFWURVFRS\� �56��� $Q� DWWHPSW� RI� WKHRUHWLFDO�
DSSURDFK� WR� IDFLOLWDWH� XQGHUVWDQGLQJ� RI� VSHFLILF� VSUHFWUDO�
SURSHUWLHV� RI� QDQRFRPSRVLWH� &�3G� WKLQ� ILOP� LQ� 89�1,5�
UDQJH�LV�SUHVHQWHG��

�� ([SHULPHQWDO�
7KH� WHFKQRORJ\�RI�REWDLQLQJ�&�3G� ILOPV�XVLQJ� WKH� WZR�VWHS�
PHWKRG� ZDV� GHYHORSHG� LQ� WKH� 7HOH� 	� 5DGLR� 5HVHDUFK�
,QVWLWXWH� LQ�:DUVDZ� �3RODQG�� >��� �@�� ,Q� WKH� ILUVW� VWHS� RI� WKH�
SURFHVV� � �39'� ±3K\VLFDO� 9DSRXU� 'HSRVLWLRQ� PHWKRG�� WKH�
ILOPV� FRQVWLWXWLQJ� WKH� PDWUL[� IRU� VWUXFWXUHV� REWDLQHG� LQ� WKH�
VHFRQG� VWHS� �&9'� ±&KHPLFDO� 9DSRXU� 'HSRVLWLRQ� PHWKRG��
DUH� FUHDWHG�� 'HSHQGLQJ� RQ� WKH� WHFKQRORJLFDO� SDUDPHWHU� RI�
HDFK�SURFHVV�ZH�REWDLQ�ILOPV�ZLWK�YDULRXV�ZHLJKW�SHUFHQWDJH�
FRQWHQW�RI�3G�DQG�YDULRXV�VWUXFWXUH�RI�FDUERQDFHRXV�PDWUL[��

7KH� GHWDLOHG� LQIRUPDWLRQ� RQ� WKH� WHFKQRORJLFDO� SURFHVV� DUH�
GHVFULEHG� LQ� SDSHUV� >���@�� 7KH� ILOPV� REWDLQHG� LQ� ILUVW� VWHS�
�39'�� DUH� FDUERQ�SDOODGLXP� QDQRFRPSRVLWHV� ZKHUH�
SDOODGLXP� QDQRJUDLQV� DUH� HPEHGGHG� LQ� WKH� FDUERQDFHRXV�
PDWUL[� >�@�� ,Q� VHFRQG� VWHS� �&9'�� WKH� SRURXV� VWUXFWXUH� LV�
REWDLQHG�>�@���

7KH� 5DPDQ� VSHFWUD� PHDVXUHPHQWV� ZHUH� FDUULHG� RXW�
XVLQJ� -RELQ� <YRQ�6SH[� 7������ 5DPDQ� VSHFWURPHWHU� ZLWK�
WULSOH�JULG� PRQRFKURPDWRU�� HTXLSSHG� ZLWK� FRQIRFDO�
PLFURVFRSH�DQG�&&'�GHWHFWRU��ZLWK�WKH�UHVROXWLRQ�RI������[�
���� SL[HOV�� FRROHG� ZLWK� OLTXLG� QLWURJHQ�� )RU� WKH�
PHDVXUHPHQWV� WKH� VLQJOH� PRQRFKURPDWLVDWLRQ� ZDV� DSSOLHG��
ZLWK� 5D\OHLJK� GLVSHUVLRQ� XVHG� HIIHFWLYHO\� E\� 1RWFK�W\SH�
ILOWHUV�� 7KH� PHDVXUHPHQWV� ZHUH� FDUULHG� RXW� LQ� DPELHQW�
WHPSHUDWXUH� IRU� WKH� H[FLWDWLRQ� ZDYHOHQJWK� RI� ������ QP��
$FTXLVLWLRQ�RI�VSHFWUD�ZDV�SHUIRUPHG�IRU�VSHFWUDO�UDQJH�����
GR������FP�����

7KH�WUDQVPLVVLRQ�VSHFWUD�PHDVXUHPHQW�ZHUH�FDUULHG�RXW�
E\�PHDQV�RI�&DU\������GLVSHUVLRQ�VSHFWURSKRWRPHWHU�LQ�WKH�
UDQJH�IURP�����±������QP��ZLWK�WKH�UHVROXWLRQ�RI��QP��

�� 5HVXOWV�DQG�GLVFXVVLRQ�

���� 5DPDQ�VWXG\�

7KH� 5DPDQ� VSHFWURVFRS\� LQYHVWLJDWLRQV� RI� 39'� VDPSOHV�
JLYH�XV�DQ�LQIRUPDWLRQ�WKDW�FDUERQDFHRXV�PDWUL[�FRQVLVWV�RI�
GLIIHUHQW�DOORWURSLF�IRUPV�RI�FDUERQ��)LJ������

�
)LJXUH� ��� 5DPDQ� VSHFWUD� RI� &�3G� ILOPV� ZLWK� GLIIHUHQW�
FRQWHQWV�3G���ZW��REWDLQHG�LQ�39'�PHWKRG��
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,Q� WKH� PHDVXUHG� UDQJH� �IURP� ���� WR� ����� FP���� WKH� EDQGV�
FKDUDFWHULVWLF� RI� &��� IXOOHUHQH�� JUDSKLWH� DQG� DPRUSKRXV�
FDUERQ��*�DQG�'�EDQGV��ZHUH�REVHUYHG���

,Q� WKH�5DPDQ� VSHFWUD� IRU� VDPSOHV�REWDLQHG�XVLQJ�&9'�
PHWKRG�WKH�'�DQG�*�EDQGV��DV�ZHOO�DV�WKH�DGGLWLRQDO�EDQGV�LQ�
WKH�UDQJH�RI�����������FP���ZHUH�REVHUYHG��)LJ������

�
)LJXUH� ��� 5DPDQ� VSHFWUD� RI� &�3G� ILOPV� ZLWK� GLIIHUHQW�
FRQWHQWV��3G���ZW���REWDLQHG�LQ�&9'�PHWKRG��

7R� REWDLQ� LQIRUPDWLRQ� RQ� WKH� ORFDWLRQ� DQG� LQWHQVLW\� RI�
WKH�EDQGV�RULJLQDWHG�RI�FDUERQDFHRXV�VWUXFWXUHV�� WKH�VSHFWUD�
GHFRPSRVLWLRQ�ZDV� SHUIRUPHG� XVLQJ� /RUHQW]� IXQFWLRQ�� 7KH�
VSHFWUXP� GHFRPSRVLWLRQ� LQWR� EDQGV� ZDV� FDUULHG� RXW� XVLQJ�
2ULJLQ�VRIWZDUH��7KH�DQDO\VLV�VKRZHG�H[LVWHQFH�RI�WZR�PDLQ�
VHSDUDWHG�EDQGV��SODFHG�DW�������������FP����'±EDQG��DQG�DW�
����� �� ����� FP��� �*±EDQG��� 7R� GHWHUPLQH� WKH� OHYHO� RI�
JUDSKLWL]DWLRQ��WKH�LQWHQVLW\�UDWLR�,'��,*�ZDV�IRXQG��5HVXOWV�RI�
VXFK�DQDO\VLV��DUH�SUHVHQWHG�LQ�7DEOH����7KH�,'�,*��UDWLR�YDOXH�
PD\� LQGLFDWH� WKH� SUHVHQFH� RI� DPRUSKRXV� FDUERQ� LQ� WKH�
H[DPLQHG�VDPSOHV�>�@��7KH�RWKHU�WKUHH��EDQGV�LVRODWHG�LQ�WKH�
DQDO\VLV� LQ� WKH� UDQJH� RI� ����� �� ����� FP���PD\� UHVXOW� IURP�
WKH� FDUERQ�K\GURJHQ� RU� R[\JHQ�K\GURJHQ� LQWHUDFWLRQV� >����
��@��

7DEOH� ��� %DQG� DQDO\VLV� RI� 5DPDQ� VSHFWUD� IRU� &�3G�
QDQRFRPSRVLWH� REWDLQHG� LQ� 39'�&9'� SURFHVV� XVLQJ�
/RUHQW]�IXQFWLRQ�

6DPSOH� '��EDQG� *�EDQG� ,'�,*�
Ȧ�>FP��@� ī���� Ȧ�>FP��@� ī���� �

���� ����� ���� ����� ��� �����
���� ����� ���� ����� ��� �����
���� ����� ���� ����� ��� �����

�

���� 2SWLFDO�VWXG\�

,Q�)LJ�� �� WKH�RSWLFDO� WUDQVPLWWDQFH� VSHFWUD� IRU�39'� ����
DQG�&9'�����VDPSOHV�DUH�SUHVHQWHG��$�VKDSH�RI�GHSHQGHQFH�
WUDQVPLWWDQFH� RQ� ZDYHOHQJWK� LV� GLIIHUHQW� IRU� 39'� ���� DQG�
&9'� ���� VDPSOHV�� 39'� VDPSOHV� DUH� FKDUDFWHUL]HG� ZLWK� D�
YHU\�ORZ�DEVRUSWLRQ�FRHIILFLHQW�LQ�,5�UDQJH�DQG�D�KLJK�YDOXH�
RI�WKLV�FRHIILFLHQW�LQ�WKH�89�±�9,6�UDQJH��)RU�&9'�VDPSOHV�
WKH�DEVRUSWLRQ�FRHIILFLHQW�LQ�,5�UDQJH�KLJKHU�WKHP�IRU�39'�
VDPSOHV���

�
)LJXUH� ��� 7UDQVPLWWDQFH� VSHFWUD� RI� 39'� ���� DQG� &9'� ����
VDPSOHV��

89�9,6� VSHFWURVFRS\� RI� IXOOHUHQHV� LQGLFDWHV� WKH�
SUHVHQFH�RI�VWURQJ�DEVRUSWLRQ�EDQGV�LQ�WKH�UDQJH�IURP�����
���QP�� UHODWHG� WR� WKH� HOHFWURQ� WUDQVLWLRQ� LQ� &��� PROHFXOH�
VWUXFWXUH� >��@�� ,Q� RXU� RSLQLRQ� D� VWURQJ� DEVRUSWLRQ� EDQG�
REVHUYHG�QHDU������QP�RULJLQDWH�IURP�WKH�VLOLFD�VXEVWUDWH���

,Q�1,5�UHJLRQ�WKH�WUDQVPLWWDQFH�FRHIILFLHQWV�DUH�VXEMHFW�
WR� WKH� TXDVL�SHULRGLF� PRGXODWLRQ� UHVXOWLQJ� IURP� WKH�
LQWHUIHUHQFH� RQ� WKH� ERXQGDULHV� RI� WKH� FDUERQ�SDOODGLXP�
OD\HU�� 7KH� SRVLWLRQ� RI� WKH� ORFDO� PLQLPXP� DQG� PD[LPXP�
YDULHV� IRU� SDUWLFXODU� VDPSOHV� ZKLFK� PD\� FRQILUP� WKH�
GLYHUVLILHG� VDPSOH� WKLFNQHVV� DQG�RU� YDULRXV� YDOXHV� RI� WKH�
OD\HU� UHIUDFWLYH� HIIHFWLYH� FRHIILFLHQW� QHII�� 7KH� PLQLPXP�
RSWLFDO� WUDQVPLWWDQFH� FRHIILFLHQW� YDOXH� GHFUHDVHV� IRU� WKH�
ZDYHOHQJWK�YDOXHV�ZKHUH�WKH�ZDYH�UHIOHFWHG�IURP�WKH�OD\HU�
DLU�ERXQGDU\�LV�SKDVH�FRLQFLGHQW�ZLWK�WKH�ZDYH�UHIOHFWHG�RQ�
WKH�OD\HU�VXEVWUDWH�ERXQGDU\��

7R� DQDO\]H� VSHFWUDO� FKDUDFWHULVWLFV� RI� &�3G�
QDQRFRPSRVLWH��RI�RYHUDOO�WKLFNQHVV�§�����QP��GHSRVLWHG�RQ�
6L2�� VXEVWUDWH� �§�PP� WKLFNQHVV�� LV� VXJJHVWHG� WR� H[SORLW�
PXOWLQDQROD\HUV� DSSURDFK�� )RU� WKLV� DQDO\VLV� WKH� PHWKRG� RI�
VLQJOH�H[SUHVVLRQ�ZDV�XVHG�>��@��

���� 7KHRUHWLFDO�PRGHO�

)RU� PRGHOOLQJ� PHWDO�GLHOHFWULF� QDQRFRPSRVLWHV� WKH� ZHOO�
NQRZQ�DSSURDFK�RI�HIIHFWLYH�SHUPLWWLYLW\��VR�FDOOHG�0D[ZHOO�
*DUQHW� DSSURDFK�� KDV�EHHQ� XVHG� >���� ��@��7KLV� DSSURDFK� LV�
DSSOLFDEOH� H[FOXVLYHO\� IRU� VSKHULFDO� QDQRSDUWLFOHV� DW� ORZ�
ZHLJKW� UDWLR� >���� ��@�� 0LFURVFRSLF� DQDO\VLV� RI� &±3G�
QDQRFRPSRVLWHV� LQGLFDWHV�� WKDW� WKH� IRUPV� �VKDSHV�� RI� 3G�
QDQRJUDLQV��LQ�&±3G�QDQRFRPSRVLWHV�DUH�IDU�WR�EH�VSKHULFDO�
>�@�� ZKDW� PDNHV� WKH� 0D[ZHOO� *DUQHW� DSSURDFK� LQDGHTXDWH�
IRU�&�3G�QDQRFRPSRVLWHV�WUHDWPHQW��

,Q� WKH� SUHVHQW� ZRUN� DV� DQ� DOWHUQDWLYH� LV� VXJJHVWHG� WR�
PRGHO� WKLQ� ILOP� &�3G� QDQRFRPSRVLWH� XVLQJ� DQ� DSSURSULDWH�
PXOWLQDQROD\HU� VWUXFWXUH�� 7KH� PRGHO� RI� WKH� QDQRFRPSRVLWH�
QDQROD\HUV� RI� &�� 3G� DQG� DLU� SRUHV� ZDV� HVWDEOLVKHG� LQ�
DUELWUDU\� ZD\� DQG� PDQ\� SRVVLEOH� QDQROD\HUV� DOWHUQDWLRQV�
KDYH� EHHQ� FRQVLGHUHG�� $YHUDJH� YDOXHV� RI� UHIOHFWDQFH� DQG�
WUDQVPLWWDQFH� FRHIILFLHQWV� ZHUH� DQDO\]HG� LQ� FRQWH[W� RI�
FRQVLVWHQF\�ZLWK� WKH� H[SHULPHQWDO� UHVXOWV��$Q�DGYDQWDJH�RI�
WKLV� PRGHO� LV� WKH� FRUUHFW� VROXWLRQ� RI� ERXQGDU\� SUREOHP� E\�
WDNLQJ�LQWR�DFFRXQW�WKH�WKLFNQHVV�RI�VXEVWUDWH�DQG�ERXQGDULHV�
RI�DOO�QDQROD\HUV��

,W� ZDV� REVHUYHG�� WKDW� DSSOLFDWLRQ� RI� NQRZQ� YDOXHV� IRU�
SHUPLWWLYLW\�RI� WKH�EXON�SDOODGLXP�>��@�EULQJV� WR� WKH� VWURQJ�
GLVFUHSDQF\� ZLWK� H[SHULPHQWDO� UHVXOWV�� 7KH� GLIIHUHQFH� LQ�
SHUPLWWLYLW\� YDOXH� RI� QDQRSDUWLFOHV� DQG� EXON� PDWHULDO� LV�
GLVFXVVHG� LQ� >��@�� $Q� LQIOXHQFH� RI� WKH� VKDSH� RI� PHWDOOLF�
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QDQRSDUWLFOHV�RQ�LWV�SHUPLWWLYLW\�YDOXH�ZDV�DOVR�GLVFXVVHG�LQ�
>����������@��

,Q�RXU�PRGHO�ZH�FRQVLGHU�WKH�QRUPDO�LQFLGHQFH�RI�SODQH�
HOHFWURPDJQHWLF�ZDYH�RQ�D�WKLQ�QDQRFRPSRVLWH�OD\HU�ORFDWHG�
RQ�WKH�6L2��VXEVWUDWH��7KH�QDQRFRPSRVLWH�LV�UHSUHVHQWHG�DV�D�
PXOWLQDQROD\HU� VWUXFWXUH� ZLWK� UDQGRP� DOWHUQDWLRQ� RI� &�� 3G�
DQG� DLU� SRUH� QDQROD\HUV�� 7KH� WKLFNQHVV� �/�� RI� FRQVWLWXWLQJ�
QDQROD\HUV�KDV�EHHQ�YDULHG���

/&��� ���±����QP�� � � ����
/3G� ���±����QP�� � � � ����
/DLU�SRUHV� ���±����QP�� � � ����

,Q�)LJ����DQ�H[DPSOH�RI� WKH�PRGHOLQJ� IRU�QRUPDO� LQFLGHQFH�
RI�SODQH�HOHFWURPDJQHWLF�ZDYH��IURP�WKH�OHIW�WR�ULJKW��RQ�WKH�
PXOWLQDQROD\HU� VWUXFWXUH� �/!� ���� QP�� ORFDWHG� RQ� WKH�
VXEVWUDWH��/ ���QP����LV�SUHVHQWHG��
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)LJXUH� ��� 'LVWULEXWLRQV� RI� YDOXHV� RI� SHUPLWWLYLW\�  ��
DPSOLWXGH� RI� HOHFWULF� ILHOG� (Ö �DQG� SRZHU� IORZ� GHQVLW\� 3Ö
ZLWKLQ�DQG�RXW�RI�WKH�VWUXFWXUH���

7KH�ZDYHOHQJWK�RI�LQFLGHQW�ZDYH�LV��
����  QP� � � ����

����VXE �� � � ����
����� & � � � � ����
����� & � � � ����

�3G � � � � ����
���3G � � � � ����

���� &/ QP� � � �����
��3G/ QP� � � �����

��SRUHVDLU/ QP�� � � �����
)RU� WKH� FRQVLGHUHG� VWUXFWXUH� WKH� UHIOHFWDQFH� DQG�

WUDQVPLWWDQFH� DUH� ������5 DQG� ������7 �
FRUUHVSRQGLQJO\��)RU�WKH�ZDYHOHQJWKV�QHDU�LQIUDUHG�WKH�PDLQ�
ORVV�WDNHV�SODFH�LQ�3G�QDQROD\HU��ZKDW�LV�YLVLEOH�DV�WKH�VKDUS�
GHFUHDVH�RI�SRZHU�IORZ� 3Ö �LQ�)LJ��������

7KH�PRGHOOLQJ� LQGLFDWHG�FRQGLWLRQV�ZKHQ�DQ�DJUHHPHQW�
ZLWK�WKH�H[SHULPHQW�LV�SRVVLEOH��
 D�YDOXH�RI�FRPSOH[�SHUPLWWLYLW\� IRU�3G�QDQRJUDLQV� VKRXOG�
EH�ORZHU�WKDQ��YDOXH�RI��SHUPLWWLYLW\�IRU��EXON�3G�>HJ����@��

 WKH�YDOXHV�RI�FRPSOH[�SHUPLWWLYLW\�RI�&���IXOOHUHQH��NQRZQ�
IURP�WKH�OLWHUDWXUH�>��@��DUH�VDWLVIDFWRU\�IRU�PRGHOOLQJ��
7KH�RXWFRPH�IURP�WKH�PRGHOOLQJ��

 WKH� QDQRJUDLQV� 3G� KDYLQJ� DQ� DUELWUDU\� VKDSH� FDQQRW� EH�
PRGHOHG�E\�XVLQJ�WKH�SHUPLWWLYLW\�YDOXH�IRU�EXON�3G��

 WKH� PDLQ� FRQWULEXWLRQ� LQ� ORVV� ZLWKLQ� WKH� VWUXFWXUH� LV�
VWLSXODWHG�E\�&���IXOOHUHQH�SUHVHQFH�ZKDW�ZDV�REVHUYHG�DV�
ORZ� WUDQVPLWWDQFH� LQ� 89� UDQJH� ������ ���QP�� DQG� LQ�
LQFUHDVH�RI�WUDQVPLWWDQFH�DW�,5�UDQJH��

 WKH� GLIIHUHQFH� LQ� WUDQVPLWWDQFH� IRU� 39'� DQG� &9'�
VWUXFWXUHV�LV�VWLSXODWHG�E\�WKH�SUHVHQFH�RI�DLU�SRUHV�LQ�&9'�
VWUXFWXUHV�� :LWKLQ� WKH� DLU� SRUHV� WKH� ILHOG� DPSOLWXGH� LV�
KLJKHU� UHODWLYHO\� WR� WKH� RWKHU� QDQROD\HUV� RI� D� VWUXFWXUH��
7KLV�EULQJV� WR� WKH� LQFUHDVH�RI� ORVV� LQ� QHLJKERXU� OD\HUV�RI�
&���IXOOHUHQH�DQG�3G�QDQRJUDLQV��

 DQ� REVHUYHG� LQ� H[SHULPHQWV� VKDUS� GHFUHDVH� RI�
WUDQVPLWWDQFH�DW�����QP��LQ�)LJ�����LV�QRW�VWLSXODWHG�E\�WKH�
VWUXFWXUH�DQG� UDWKHU�E\� WKH� VSHFLILF�FKHPLFDO�FRPSRVLWLRQ�
RI�WKH�VXEVWUDWH���

�� &RQFOXVLRQV�
,Q� FRQFOXVLRQ�� WKH� VXJJHVWHG� PRGHO� RI� PXOWLQDQROD\HU�
VWUXFWXUH� LV� SHUWLQHQW� IRU� DQDO\VLV� WKLQ� ILOPV� RI� PHWDO�
GLHOHFWULF�QDQRSRURXV�PDWHULDOV�DQG�FDQ�EH�FRQVLGHUHG�DV�DQ�
DOWHUQDWLYH�WR�WKH�ZHOO�NQRZQ�PHWKRGV�RI�PRGHOOLQJ���
%DVHG�XSRQ�RXU�H[SHULPHQWV�ZH�FDQ�FRQFOXGH�WKDW�DGYDQWDJH�
RI�QDQRFRPSRVLWH�&�3G�WKLQ�ILOPV�LV�D�XQLTXH�RSSRUWXQLW\�WR�
PRQLWRULQJ� RSWLFDO� SURSHUWLHV� E\� WHFKQRORJLFDO� SDUDPHWHUV��
7KHRUHWLFDO� DQDO\VLV� RI� WKH� UHVXOWV� DQG� IXUWKHU� UHVHDUFK�
ZRXOG� EH� DOVR� XVHIXO� IRU� EHWWHU� XQGHUVWDQGLQJ� VSHFLILF�
RSWLFDO�SURSHUWLHV�RI�QDQRFRPSRVLWH�FDUERQ±PHWDO�FRPSRVLWH�
WKLQ�ILOPV��

$FNQRZOHGJHPHQWV�
7KLV� UHVHDUFK�ZDV� SHUIRUPHG� LQ� WKH� IUDPHZRUN� RI� WKH� (8�
&267�$FWLRQ�03�����DQG�ILQDQFHG�E\�3ROLVK�0LQLVWU\�RI�
6FLHQFH� DQG� +LJKHU� (GXFDWLRQ� �����1�&267��������
UHVHDUFK�SURMHFW���

5HIHUHQFHV�
>�@ (�� &]HUZRV]�3�� 'áXĪHZVNL�� -�� .ĊF]NRZVND�� 0��

.R]áRZVNL��0��� 6XFKDĔVND� DQG�+��:URQND�� 3DOODGLXP�
QDQRFU\VWDOV� DQG� WKHLU� SURSHUWLHV�� 0DWHULDOV� 6FLHQFH�
3RODQG��������������������

>�@ (��&]HUZRV]��%DGDQLD�]PLDQ�ZáDVQRĞFL�SU]HZRGQLFWZD�
HOHNWU\F]QHJR� ZDUVWZ� SDOODGRZR�ZĊJORZ\FK� SRG�
ZSá\ZHP� JD]yZ� ]DZLHUDMąF\FK� ]ZLą]NL� ZRGRUX��
3U]HJOąG�(OHNWURWHFKQLF]Q\�������������������LQ�3ROLVK���

>�@ 0��.R]áRZVNL��5��'LGXV]NR��.��2OV]HZVND��+��:URQND�
DQG� (�� &]HUZRV]�� 1DQRVWUXFWXUDO� SDOODGLXP� ILOPV� IRU�
VHQVRU�DSSOLFDWLRQV��9DFXXP���������������������

>�@ (�� .RZDOVND�� (�� &]HUZRV]� DQG� -�� 5DGRPVND�� 0HWRGD�
V\QWH]\� QDQRSRURZDW\FK� PDWHULDáyZ� ZĊJORZR�
SDOODGRZ\FK��(OHNWURQLND�����������������LQ�3ROLVK���

>�@ 5��%HOND��0��6XFKDĔVND��(��&]HUZRV]��$��&KLDVHUD�DQG�
0��)HUUDUL��7KH�RSWLFDO�VWXG\�RI�QDQRSRURXV�& 3G�WKLQ�
ILOPV��3URFHHGLQJ�RI�63,(��������������������

>�@ (��.RZDOVND��(��&]HUZRV]�� �0��.R]áRZVNL��:��6XUJD���
-�� 5DGRPVND�� � +�� :URQND�� 6WUXFWXUDO�� WKHUPDO�� DQG�
HOHFWULFDO� SURSHUWLHV� RI� FDUERQDFHRXV� ILOPV� FRQWDLQLQJ�
SDOODGLXP� QDQRFU\VWDOV�� -�� 7KHUP�� $QDO� &DORULP��
�������±�����������
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>�@ �(�� &]HUZRV]�� 5�� 'LGXV]NR�� 3�� 'áXĪHZVNL�� -��
.ĊF]NRZVND�� 0�� .R]áRZVNL�� -�� 5\PDUF]\N��
0�6XFKDĔVND��3URSHUWLHV�RI�3G�QDQRFU\VWDOV�SUHSDUHG�E\�
39'�PHWRG��9DFXXP����������������������

>�@ -�� 5\PDUF]\N�� 0�� .R]áRZVNL�� (�� &]HUZRV]�� (��
.RZDOVND�� %DGDQLD� PLNURVNRSRZH� QDQRVWUXNWXUDOQ\FK�
ZDUVWZ� SDOODGRZR�ZĊJORZ\FK� RWU]\P\ZDQ\FK� Z� GZX�
VWRSQLRZHM�PHWRG]LH� 39'�&9'��(OHNWURQLND� ��� �������
������LQ�3ROLVK���

>�@ $�� &�� )HUUDUL�� -�� 5REHUWVRQ�� ,QWHUSUHWDWLRQ� RI� 5DPDQ�
VSHFWUD� RI� GLVRUGHUHG� DQG� DPRUSKRXV� FDUERQ�� 3K\VLFDO�
5HYLHZ�%�����������±�������������

>��@ 3�� .�� &KX�� /�� /L�� &KDUDFWHUL]DWLRQ� RI� DPRUSKRXV� DQG�
QDQRFU\VWDOOLQH� FDUERQ� ILOPV��0DWHULDOV� &KHPLVWU\� DQG�
3K\VLFV��������±�����������

>��@ 0�� <RVKLNDZD�� *�� .DWDJLUL�� +�� ,VKLGD�� $�� ,VKLWDQL�� 7��
$NDPDWVX�� 5DPDQ� VSHFWUD� RI� GLDPRQG� OLNH� DPRUSKRXV�
FDUERQ�ILOPV��-��$SSO��3K\V����������±������������

>��@ *��2UODQGL��)��1HJUL��(OHFWURQLF�VWDWHV�DQG�WUDQVLWLRQV�LQ�
&��� DQG� &��� IXOOHUHQHV�� 3KRWRFKHP�� 3KRWRELRO�� 6FL�� ���
����������������

>��@ +��9��%DJKGDVDU\DQ��7�0��.Q\D]\DQ��3UREOHP�RI�3ODQH�
(0�:DYH�6HOI�DFWLRQ�LQ�0XOWLOD\HU�6WUXFWXUH��DQ�([DFW�
6ROXWLRQ��2SWLFDO� DQG� 4XDQWXP� (OHFWURQLFV� ���� �����
������������

>��@ -�&��0D[ZHOO�*DUQHW��3KLO��7UDQV������������������LELG��
����������������

>��@ 2�6�� +HDYHQV�� 2SWLFDO� SURSHUWLHV� RI� WKLQ� VROLG� ILOPV��
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Abstract 
We investigate terahertz plasmon-polariton (PP) resonances 
for hetero-structures (AlGaN/GaN, SiGe/ Si/SiGe, AlGaAs/ 
GaAs and InAlGaN/ GaN) with grating coupler in order to 
find the overall optimal structure showing the strongest 
absorption. We show by a parametric study (influence of 
geometry, temperature…) that the resonances are tunable in 
frequency allowing to a control of the terahertz detection 
and GaN based heterostructures present the higher PP 
resonances at room temperature. The non uniform 2DEG 
distribution function in the gated and ungated regions is 
used for the structure AlGaAs/GaAs and its absorption 
spectrum is compared with that of homogeneous 2DEG. 
Moreover, the effect of the metallization biasing on the 
spectrum has also been studied, showing that the resonant 
frequency is tunable. 

1. Introduction 
Two dimensional electron gas (2DEG) presents a growing 
interest in the Terahertz (THz) frequency range for the 
development of compact, tunable, room temperature 
operating, cheap sources and detectors [1]. The high electron 
concentration and large electron mobility value are the main 
advantages of 2DEG confined in heterostructures. Such 
devices are based on plasmon–polariton (PP) properties. The 
coupling between the two dimensional plasmon and the 
electromagnetic (EM) field is the key issue to be solved. PP 
can be excited through a metal grating deposited above 
heterostructures. The existence of metal modifies the carrier 
concentration in the quantum well (QW) in a varying degree 
depending on the Fermi level pinning at the free 
semiconductor surface compared with the barrier height 
below the metallization. The non uniform 2DEG can change 
the properties of the resonant peaks in the absorption 
spectrum and influence the coupling efficiency. 
This article deals with the coupling effect between incident 
EM wave and 2D plasmons in four typical hetero structures 
in order to find out the best material. Section 2 demonstrates 
the homogeneous 2DEG calculation model based on the 
Drude type conductivity. The absorption spectrum is 
compared by the commercial code ANSOFT HFSS [2] 
based on finite element method (FEM) and an indigenous 
program based on the coupled wave method (CWM) [3]. 

The results of the parametric study of the influences of 
structure, material and temperature properties on the PP 
excitation strength are shown with HFSS for the four 
materials. In section 3, the non uniform 2DEG distribution is 
considered for the structure AlGaAs/GaAs, and the effect of 
polarization on the absorption spectrum is evaluated using 
the CWM code. Section 4 gives the general conclusions and 
perspectives of this work. 

2. Homogeneous 2DEG 

2.1. Modeling of homogeneous 2DEG 

The modeling of the 2DEG can be addressed through an 
anisotropic permittivity of the layers [4] or through a sheet 
Drude conductivity as in [5]. Both approaches were 
compared and provided the same results. For a typical 
hetero-structure, such as AlGaAs/GaAs shown in Figure 1, 
the 2DEG thickness is usually a dozen of nanometers. In 
order to couple the normally incident electromagnetic wave 
in THz frequency range, the periodic metal gratings are 
deposited at a distance of d from the 2DEG layer. The width 
of the metal strip is denoted as W and L is the period of 
gratings. The thickness of the grating metallization is 200 
nm and the conductivity of gold is supposed to be 
σGOLD=4.1×107 S/m. Electric field is polarized along the x 
axis, and the whole structure is assumed to be infinite in the 
y direction. 
The electrons in the QWs can move freely in the x-y plane 
while their wavevector is quantified along the growth axis. 
Its anisotropic permittivity component xxε  is modeled 

according to the Drude type conductivity 3Dσ  , while zzε is 
kept as the static permittivity of the background material 
where 2DEG lies. No absorption is considered in both the 
barrier and substrate layers. 
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where sε  is the relative permittivity of the substrate, 0ε is 
the permittivity in vacuum, ( )sN x is the sheet carriers 
density in function of the position x in the gas layer, 2DEGd is 
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the thickness of QW, 2 * /DEG m eτ µ=  is the momentum 
relaxation time, 2DEGµ , *m and e are the mobility, effective 
mass and unit charge of an electron respectively. 

 
Figure 1: Calculation model for AlGaAs/GaAs 
nominal structure. 

The PP resonances depend on the grating period (L), the 
aspect ratio (W/L where W is the finger length of the 
grating), the distance (d) between gratings and QWs, and the 
sheet carriers density (Ns). Besides AlGaAs/GaAs, the PP 
performances of other three hetero structures will be studied 
at room and cryogenic temperatures. The parameters of the 
standard structures including a 12 nm QW thickness are 
reported in Table 1. For the convenience of comparison, 
the first resonant peak position is fixed at 1 THz, and the 
different grating periods L are chosen according to the 
simulation results in the next section. L increases with 
carrier density NS of the 2DEG when the barrier thickness 
d is fixed. 

Table 1: Parameters of the four nominal structures  
 

Material 
Ns 

(m-2) 
L 

(µm) 
d 

(nm) 
µ2DEG 

@300K 
(m2/Vs) 

µ2DEG 
@77K 
(m2/Vs) 

AlGaN/GaN 1.2×1017 2.2 25 0.2 1.0 
InAlN/GaN 1.2×1017 1.55 10 0.11 0.33 

SiGe/Si/SiGe 5×1016 1.3 25 0.3 3.2 
AlGaAs/GaAs 1016 1.0 25 0.8 5 

 
The dielectric function is not position-dependent 
εxx(x|ω)=ε(ω), when substituting Ns(x)=Ns in the expression 
(1).Two methods are available for the spectrum calculation 
(Transmission, Reflection and Absorption) in the multilayer 
structure with periodic metal gratings: 
• Commercial code ANSOFT HFSS based on FEM 
• Indigenous program based on transfer matrix method 

According to Maxwell equations, for a normal and TM 
polarized incident wave illustrated in Figure 1, the non zero 
field components are related in the thin 2DEG layer 
(z2<z<z1) by 
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where µ0 is the vacuum permeability. Once Hy has been 

obtained, Ex and Ez could be calculated according to (2). 
Because of the periodicity of the grating, the EM field can 
be expressed as a quasi-periodic expansion, 
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where An and Bn are the incident (-z direction) and reflected 
(z direction) field amplitude, respectively. The in-plane 
wave vector are kxn=kx+2πn/L, n=0,±1,±2... following the 
scattering order of grating and the x component of incident 
wave vector kx=0. The z component of wave vector 
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In the numerical realization, the maximum number of 
scattering waves is truncated. In our simulation, nmax ≥ 15 is 
sufficient to achieve a good convergence criterion 
(max(∆T)<10-6). The field amplitudes An and Bn in each 
material layer are linked by the boundary conditions. By 
applying suitable initial conditions, the spectrum are given 
by the corresponding field amplitudes of the n=0 order 
wave in the semi-infinite superstrate (z>z0) and substrate 
(z<z2).  
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The two approaches are in excellent agreement for the 
absorption spectrum of the nominal AlGaN/GaN structure 
from 0 to 5 THz shown in Figure 2. 
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Figure 2 Comparison of the two numerical methods: Absorption 
spectrum of the nominal AlGaN/GaN structure at 300 K, where 
L=2.2µm, W/L=0.75 and Ns=1.2×1017 m-2 (solid line: HFSS(FEM), 
∆S=0.005 broken line: CMW, nmax=25) 

2.2. Absorption spectrum 

In this section, we present the numerical results of the PP 
resonances at 300 K and 77 K for the four nominal hetero-
structures with HFSS, where the electron concentration is 
uniform as listed in Table 1. 
The main results are that, in order to have a strong PP 
excitation, we should have high Ns and a relatively small d. 
A large d distance allows a strong decrease of the 
evanescent waves at the vicinity of metal gratings, however, 
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a too small d distance will also reduce the coupling 
efficiency because of the screening effect of metals) and 
great W/L (0.25-0.9 in the simulation) [see also in Ref.8]. 
Here we find the optimal structure which has the maximum 
PP absorption amplitude among the four nominal materials 
at different temperatures.   
Figure 3 (a) and (b) present the absorption spectra for each 
material at 300 K and 77 K. Each spectrum was normalized 
by the equivalent spectrum of the incident wave. The role 
played by the grating and the quantum well must be 
carefully separated to isolate the very intrinsic contribution 
of the PP on the absorption signal. The first peak is located 
at 1THz while the other resonances can shift slightly from 2 
or 4 THz. The PP resonances are more pronounced and are 
narrower as the low field electron mobility, µ improves. 
Low temperature increases the resolution of PP resonance 
without modifying PP dispersion. This is because that, for 
resonant excitation, the quality factor ωτ is improved 
(narrow peak) and the 2DEG dielectric function is nearly 
unchanged according to equation (1). Among the different 
studied hetero-structures, the optimal PP resonance in 
amplitude and width at half height at 1 THz is obtained for 
InAlN/GaN quantum well. However, the structure 
AlGaAs/GaAs and SiGe/Si/SiGe also show equivalent 
resonant amplitudes at 77 K because of the greater increase 
of carrier mobility. 
The PP dispersion shows the frequency is proportional to 
the square root of the in-plan wave vector kxn. Figure 4 
shows the first resonant frequency position f1 versus the 
grating period L, where the relation [9,10] 

L
kf x

1~~ 11  holds. The frequency can be tuned in 

the 0.5~3 THz frequency range through the gratings period 
in the micron range. The different L values listed in Table 1 
have been chosen in such way, that all the structures exhibit 
the same f1=1 THz first absorption resonance peak. 

3. Non uniform 2DEG 
In most publications dealing with the PP resonances with 
metal gratings, the carrier concentration is considered to be 
constant with the position in x direction. Strictly speaking, 
due to the different Fermi levels pinning at the interfaces 
metal/semiconductor and air/semiconductor, the electron 
density will vary within one period.  
The electron density distribution in 2DEG layer with and 
without metals on top of the structure can be calculated 
numerically by a self consistent one dimensional Poisson- 
Schrödinger solver in the frame of the envelope 
approximation and of the effective mass [11,12].  
The Au/Ti barrier height on the AlGaAs layer is 0.85 eV 
[13]  will the surface potential is chosen equal to 0.65 eV in 
the ungated region. For the two hetero structures based on 
group III-nitride layers, the Fermi level pinning does not 
vary greatly in the two regions then the approximation of a 
homogeneous 2DEG distribution is reasonable. Concerning 
the surface Fermi level of the strained Si/SiO2 interface as 
far as we know no measurements data are available.  
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Figure 3: Absorption spectra for the four nominal materials at (a) 
300 K and (b) 77 K. 
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Figure 4: Tunability of grating period on the first resonant peak 
position for the four nominal materials at 300 K. 
 
Then only the AlGaAs/GaAs heterostructure will be 
considered for the non homogeneous 2DEG modeling with 
the homemade program.  
By applying a VG bias on the meal and the density N1 (see 
Figure 6) will be altered accordingly. The tunability of the 
resonance frequency in the absorption spectrum can be 
possibly realized by varying the applied bias, as it will be 
shown by the modeling.  
The calculated wave function and energy bands are 
displayed in Figure 5 and sheet carrier concentration N1 is 
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listed in Table 2 with varying voltage. VG=0.2V gives a 
homogeneous 2DEG (N1=N2) and the values around 0.2V 
will alter slightly N1. Large negative VG can greatly reduce 
N1. In the simulation, the doping level ND=2×1019cm-3 in a 
2 nm thickness Al0.3Ga0.7As, which is separated by a 3 nm 
NID Al0.3Ga0.7As layer from the NID GaAs surface. The 
total thickness of AlGaAs is 25 nm.  
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Figure 5 Calculated wave function and energy bands in 
AlGaAs/GaAs for the two cases: VG=0 and VG=-0.8V 

 
Table 2: Electron sheet concentration N1 in the gated region 

with applied voltage VG (V) for AlGaAs/GaAs structure, 
where N2=1.65×1016 m-2. 
VG(V) N1 (m-2) 

0.4 1.72×1016 
0.2 1.65×1016 
0 

-0.5 
1.28×1016 
0.71×1016 

-0.8 0.12×1016 

 

3.1. Modeling of PP with a non uniform 2DEG 

Three types of 2DEG concentration profiles functions 
(piecewise constant, linear and parabolic) have been used to 
calculate the absorption spectrum of AlGaAs/GaAs 
structure, which is shown in Figure 6. 

 
Figure 6 (color online) Parabolic (solid), linear (dotted) and 
piecewise constant (broken) one dimensional distribution profile 
of electron concentration in 2DEG layer 
 

When Ns varies with x, the 2DEG permittivity εxx will 
become position dependent within a period. The coupled 
wave method (CMW) [3,6] is employed to find the wave 
vector and electromagnetic field in the 12 nm thick 2DEG 
layer. Because of the periodic metal on top of the structure, 
the carrier distribution function is supposed to be periodic 
with the same periodicity L. The Fourier expansion of the 
dielectric function εxx in this layer is: 
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The wave vector dependent permittivity εn is given by the 
integral of the position dependent permittivity εxx in one 
period of the gratings. After substituting (6) into (2) and 
doing the Fourier expansion described in Ref.6 to get better 
numerical convergence, we arrive at an eigenvalue problem 
in matrix form for solving the z-component of the wave 
vector in the 2DEG region. Once the wave vector and EM 
distributions are calculated in the 2DEG layer, the spectrum 
can be obtained based on the standard procedures as in the 
above case with homogeneous 2DEG. 

For piecewise constant distribution, the sheet concentrations 
of 2DEG in the gated and non gated portion of one grating 
period are constant and assigned as N1 and N2 respectively.  

 
Figure 7 Piecewise constant periodic permittivity in 2DEG layer 

As illustrated in the Figure 7, the periodic permittivity εxx is 
expressed as 
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Where ε1(ω) and ε2(ω) are calculated by substituting N1 and 
N2 into equation (1) accordingly, m is an integer. 
And the Fourier component ε n is given by equation (6) 
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For the linear and parabolic 2DEG distribution function, the 
integral in equation (6) should be solved numerically to find 
the values ε n. The present modeling approach remains local 
further investigations require a non local model based on 
Green functions. 
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3.2. Results and discussions 

In Figure 8, the three types of 2DEG profile functions are 
compared for the AlGaAs/GaAs structure at room 
temperature. The sheet density N1=1.28×1016 m-2 with VG=0.  
The spatial extension of the transition zone has been 
calculated: t1 =20 nm (Figure 6), connecting the two 
adjacent regions with constant 2DEG concentrations. The 
absorption at low frequencies is attributed to the Drude 
absorption background, where the metal gratings do not 
exist. The three models show exactly the same spectrum, 
and this is due to the connection region width t1 (20 nm) is 
very small comparing with the gap width L-W (250 nm in 
minimum). For the easiness of calculation, only the 
piecewise constant model is utilized for the structure 
AlGaAs/GaAs. 
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Figure 8 Comparison of the absorption spectrum with the three 
types of 2DEG density distribution functions (parabolic, linear and 
piecewise constant) for AlGaAs/GaAs at 300 K, where 
N1=1.28×1016 m-2, N2=1.65×1016 m-2, t1= 20nm, L=1 µm and 
W=0.75 µm 
 
Now we turn to the influence of “gate” biasing on the 
absorption spectrum. The electron concentration N2 in the 
ungated region is kept constant and N1 in the gated region is 
varied between 0.12×1016 m-2 and 1.65×1016 m-2. The 
influence of N1 on the absorption spectrum of the 
AlGaAs/GaAs structure is shown in Figure 9 with two 
typical metal filling factors W/L. 
Several observations can be made: 
(1) In comparison with the concentration N2, a slightly 
higher (lower) N1 will shifts the resonant peaks to high (low) 
frequencies. This is because the gated plasmon frequency 
increases monotonically with the carrier density. The 
piecewise constant 2DEG is not equivalent to a 
homogeneous 2DEG with an average concentration 
Navg=N1*W/L+N2*(L-W)/L, because the gated and ungated 
plasmon follow different dispersions [14] and absorption 
mechanisms. 
(2) When the 2DEG is mostly gated as in Figure 9(a), the 
absorption amplitudes decrease a little and if the gated 
2DEG concentration is nearly zero, a resonance peak 
appears at a higher frequency (2.3 THz) with an important 
amplitude. We attribute this phenomenon as the onset of 

microcavities in the region L-W and the ungated plasmon 
begins to dominate in the absorption spectrum. As the metal 
strip width W decreases shown in Figure 9(b), two 
resonance peaks appear (the second peak exists at 5.02 THz 
but not shown in Figure 9(a)) and the first peak shifts to low 
frequency (1.2 THz) due to the increase of ungated plasmon 
wavelength proportional to the gap width L-W. The 
resonant amplitude has a higher value than that with the 
homogeneous 2DEG concentration N1=N2=1.65×1016 m-2, 
showing the ungated plasmon is more efficient to coupler 
with the incident THz signal [15]. This effect will be further 
studied in a future work. 
(3) As the metal width W decreases, all the absorption 
amplitudes decrease and the resonant peaks of the gated 
plasmon move to a slightly larger values predicted in Ref.5, 
while the shift of the ungated plasmon resonant position is 
in an inverse direction. 
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Figure 9 Absorption spectrum of the AlGaAs/GaAs structure with 
different 2DEG concentration N1 at 300 K, where the metal width 
(a) W=0.75µm and (b) W=0.5µm. The piecewise constant model 
is used with the parameters N2=1.65×1016 m-2 and L=1µm. 
 

4. Conclusions 
In conclusion, the effectiveness of the coupling between 2D 
plasmon and THz waves for several hetero structures such as 
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AlGaN/GaN, InAlN/GaN, SiGe/Si/SiGe, AlGaAs/ GaAs has 
been calculated using HFSS software and home made 
model. The overall optimal hetero structure which has the 
maximum absorption due to the excitation of plasmon 
polariton has been proved to be the nitride based material. A 
large carrier concentration could be formed by the high 
spontaneous and piezoelectric polarizations without any 
doping layer. The other types of structures also have 
interesting performances at cryogenic temperatures because 
of the dramatic increase of the momentum relaxation time. 
Then the incidence of a non uniform 2DEG concentration in 
the QW has been investigated. Three non uniform 2DEG 
profile models (piecewise constant, linear and parabolic) 
have been compared by the coupled wave method for the 
structure AlGaAs/GaAs. They are equivalent in this case 
because of the calculated small width t1 of the transition 
region. The effect of the metallization voltage on the 
absorption spectrum reveals that the excitation of the 
ungated plasmon polariton shows considerable absorptions, 
following a way different from the gated plasmon polariton. 
Further investigations are still needed. Moreover, the 
tunability of the resonant frequency by the polarization on 
metals is also possible. 
The perspectives of this work are to take into account the 
non locality of the dielectric permittivity in the QW.  
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Abstract 
A sensitive molecule detector is realized by strong plasmon-
vibration coupling effects between functional groups and 
plasmonic meta-surfaces. Various plasmonic meta-surfaces 
are fabricated by a series of asymmetric spilt ring resonators 
arrays (asy-SRRA). The ASRRA inherent strong localized 
plasmonic infrared field enhances the spectral signature of 
molecular vibrations. The fabricated ASRRs structures 
exhibit multiple reflectance peaks, whose spectral positions 
are designable by our standing-wave plasmonic resonance 
model, providing a design rule for this multi-mode 
plasmon-vibration sensor (MPVS). By employing 
unpolarized light, our experiment results perform significant 
plasmon-vibration resonances in the bands respective at 
subradiant mode and superradiant mode resonances. We 
further manifest that the superradiant modes possess greater 
sensitivity associated with stronger localized 
electromagnetic field than the subradiant mode. These 
unique merits enable the ASRR-based sensor a multi-
functional biosensor and a potential label-free imaging 
device. 
 

1. Introduction 
The plasmonic effects currently attract lot of interesting, 

these nano-scale metallic structures displaying many 
fascinating applications in optical frequency, including 
biomedical and chemical sensing [1], surface enhanced and 
near field microscopy [2]. Like a focusing antenna [3], 
plasmonic structures can collect the incident light and be 
localized on the surfaces, therefore, such light-matter 
interaction processes and resonance, are called localized 
surface Plasmon resonance (LSPR), which strongly 
depended on the shape, size and environment refractive 
index [4]. Based on these concepts, scientists theoretically 
and excrementally manifest some of refractive index sensors, 
which structured from nanorods [5], nanoparticles [6], nano 
pillars [7], and more complex geometry: nanoscale split ring 
resonators (SRRs) [8]. A common approach to SRR based 
index sensing is to measure the localized surface plamon 
resonance (LSPR) wavelength shift with small index 
changes in local environment. However, these sensors can 
only detect the refractive index change, quite impotent to 
identify dilute molecular compound. To determine molecule 
composition, the surface enhanced vibrational spectroscopy 
is an efficiency technique, which owing ability to amplify 

function groups oscillation through localized surface 
plasmon resonance.  

Complementary to refractive index sensors are surface 
enhanced characteristics, including surface enhanced Raman 
scattering (SERS) [9] and surface enhanced infrared 
absorption (SEIRA) [10]. Both techniques are widely 
applied on chemical and biological sensing since the high 
electric field intensities of nano-structures leading 
significant signal enhancement, for instance, the signal 
enhancement factors in SERS and SEIRA are respectively 
on the order 108 and 104-105. Clearly, the enhancement 
factor of SEIRA is much weaker than SERS, because the 
SEIRA enhancement factor only depends on |E2| versus |E4| 
for SERS. Such weak response in SEIRA obstructs the 
sensing development, therefore, in this study, we design a 
coupler free, labeler free, and tunable spectrum range 
molecule detection platform based on various asymmetrical 
split ring resonators (asy-SRR) array. Our asy-SRRs under 
the electric field excitation, perform strong eigenfriquencies 
resonance [11]. At the multi-modes resonances, the Asy-
SRRs efficiently confine electromagnetic fields and enhance 
the SEIRA effects.  

 

2. Asymmetry split ring resonators (asy-SRR) 
array fabrication  

As a consequence, the design of the asy-SRR unit cell 
was specified by side length d, bottom side length s, line 
width w and total length L = 2d+s-w, respectively, as shown 
in Fig. 1(a). To reveal the influence of total length L on the 
resonance response, four different aspect ratio asy-SRR 
square arrays were fabricated by 50 nm thick gold layers on 
double published silicon substrates with an area of 
200×200µm2 through E-beam lithographic and lift-off 
processes. The details of the measured geometric parameters 
of each sample can be found in Table 1. Next, the fabricated 
SRRs were characterized by a micro-Fourier transform 
infrared spectroscopic system (µ-FTIR) in reflectance 
measurements directly under normal incidence without 
using optical couplers (please see the Fig. 1(b)). For analyst 
layer, we deposit a thin polymethylmethacrylate (PMMA) 
film, whose two major function groups, carbonyl (C=O) and 
C-O stretching are respectively to of 1730 cm-1 and 1150 
cm-1 resonant frequencies [12].  
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Figure 1: (a) Upleft: Scanning electron microscopic (SEM) 
picture displays the asy-SRR array template, whose 
linewidth is 80 nm and 2 um for periodicity. Besides, the 
asy-SRR array reflects two plamonic modes, respectively 
indicated to SP1 and SP2. (b) Sketch of measurement setup, 
the PMMA was deposited on the asy-SRR array; and the IR 
incident light is normal to ASRRA surface. 

Table 1. Measured geometrical parameters of the fabricated 
planar asy-SRRs. 

 

3. Strong plasmon-vibration coupling between 
ASRRA and molecular function group 

There are two resonant band positions of Asy-SRR designed 
to match to the carbonyl (C=O) and C-H stretch vibration 
frequency, and that could be numerically verified by using a 
commercial finite integral time domain (CST Microwave 
Studio). The measured spectra are shown in Fig. 1(a), 
presenting multiple reflectance peaks (SP1 and SP2) under a 
normal incident unpolarized light, located at 1950-1 and 
3100 cm-1. Both plasmonic modes also could be excited by 
polarized light, corresponding to E-field polarization 
directions (defined as E|| and E┴), respectively [8]. Their 

resonance wavelengths can be interpreted by the standing-
wave plasmonic resonance (SWPR) model: 

      
L =

m(λm + λ0 )
2neff                                         

 (1)
 

, where L denotes the total length of SRR, λm is the 
resonance wavelength, m is the resonance mode,  neff is the 
effective refractive index of the dielectric environment and 
λ0 depends on the geometric structure. Therefore, by 
controlling various geometric aspect ratio of asy-SRR, the 
plasmonic modes resonant frequencies should locate at fixed 
positions, easing the design rules.  

 
Figure 2: Measured transmission (red) and reflection (black) 
spectra, the solid spectra present as the PMMA deposited on 
the asy-500 SRR array. The dash spectrum shows the 
reflection spectrum of PMMA deposited on 50 nm gold thin 
film.  

 
By applying an analyte layer (PMMA, 50nm), a series 

of significant plasmon induced vibration resonances can be 
observed on the asy-SRRA template. First, the PMMA is 
deposited on the bare gold smooth film. Its measured spectra 
is shown in Fig. 2, exhibiting a noise but flat reflection 
spectra, whose reflection is only changed 0.05 by carbonyl 
vibration and 0.008 by C-O stretching. Then, the same 
thickness of PMMA is coated on the ays-SRRA template, 
the measured reflection spectrum exhibits a frequency 
dependent enhancement, in which, the carbonyl and C-O 
vibration signals are amplified near to 0.14 and 0.1. Notably, 
based on theatrical and experimental work, the enhanced 
area main within 10 nm from the particle structure [13], thus, 
the values of enhancement factors can reach up to 32 10× of 
magnitude. Particularly, the PMMA could not bond to the 
gold surface, therefore, it is very large enhancement factor 
compared to the conversional coupler free chemical sensor.   

The enhancement factor is also strong dependent on the 
resonant frequency, as shown in the Fig. 3(a). For 
conventional chemical compound, different function groups 
are vibrating at their specific frequencies, call chemical 
fingerprint. Here, we emulate the effect of various molecules 
coupled to an asy-SRRA template by employing a Lorentz 
oscillator model (for analyte) and Drude model (for gold) 
media. The Lorentz model is chosen for that they can analog 
to molecular vibration, and reproduce a similar absorption 

Design 
(nm) 

Side length 
(d, nm) 

Bottom 
length 
(s, nm) 

Line width 
(w, nm) 

Aspect 
ratio (d/s) 

Asy-800 350 1200 102 0.29 

Asy-700 450 750 106 0.6 

Asy-600 500 600 98 0.83 

Asy-500 600 510 80 1.166 
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profile associated to measured spectra of the function group 
vibration. Our simulation results indicate that with very 
close frequency (small ∆ω) between vibration and asy-
SRRA’s stranding wave plasmonic (SP) resonance, the 
reflection spectra changing 0.08 and 0.14 for first (1st SP 
mode) and second SP modes (2nd SP mode), respectively. 
Their relative enhancement factors are near to 104, however, 
with more difference resonance frequencies between 
vibration and SP modes (large ∆ω), the enhanced factor 
exhibits continue decay tendency as the rate of 1 / ωΔ , 
finally, the enhancement factors are left over 101 to 102 for 
1st SP mode and 2nd SP mode, respectively. Based on above 
results, we summary that our ASRRA template can support 
multi-bands sensing range and large enhancement factors 
(EF), differed from previous plasmonic sensing schemes that 
rely on index change [14].  

 
 
 
 
 
 
 
 

 
Figure 3: (a) A bar chart shows the reflection change with 
frequency difference (∆ω=|ωPMMA-ωSP|) between molecular 
vibration mode and plasmonic mode. (b) The current density 
of 1st SP and 2nd mode, whose dipole modes are shown as 
arrows.   

 

4. Achieved sensitive sensor by enhanced localized 
field  

To further discuss the nature of the enhancement phenomena 
at both SP modes resonances, we apply three dimensional 
field analyses, which can detail display the local electric 
field energy density and current distribution on the surface 
of nano structures. In the far-field detection, the enhanced 
factors (EF) are the ratio of surface fields (Esur) to the far 
field illumination (Ein) [15], in other words, the energy is 
focused by SRR-type antenna and absorbed by PMMA 
molecules with near field coupling, then, the vibration 
energy reradiated to far field by SRR-type antenna. Based 
on this concept, the antenna type will directly influence the 

coupling efficiency, for instance, the first SP mode (1st SP 
mode) revealing double-out phase-dipoles type resonance 
(subradiant mode) on sidebars of the asy-SRR structure, but 
second SP mode (2nd SP mode) exhibiting double-inphase-
dipoles mode (superradiant mode) on sidebar (as shown in 
Fig. 3(b)). The inphase-dipoles mode induced by 2nd SP 
mode will be more efficiency coupled to the molecular 
vibration since the energy absorption obeyed:  

2| |uA EQ
∂∝ •∂



                                        
 (2) 

, where the u and Q respective are molecular polarizability 
and induced current. Clearly, the second mode (2nd SP mode) 
is oscillating paralleled to incident fields, perfectly coupled 
to far-field and molecule, leading more sensitivity than 1st 
SP mode, as show in Fig. 4(a). 

 
Figure 4: (a) A bar chart of enhancement factor (EF) versus 
to aspect ratio of asy-SRR. (b) Electric energy distribution 
of various aspect ratio of asy-SRR, (left, aspect ratio=2; 
middle, aspect ratio=1; and right, aspect ratio=0.33).  
 

Figure 4(a) also shows the relationship between various 
aspect ratio of asy-SRR and its enhanced sensitivity (EF). 
The EF of 2nd SP mode strongly depends on the aspect ratio, 
but 1st SP not. At the 2nd SP mode resonance, the most 
symmetric shape (the aspect ratio is equal to one) of SRR 
will enhanced more significant than other shapes asy-SRRs. 
Such different EF attributes are referred to their shapes, 
which could be explained by their field distribution. As 
shown in Fig. 4(b), at the 1st SP mode resonances, the 
localized electric energy density maintain on the magnitude 
of 105 J/m3, unaffected with the aspect ratio of asy-SRR 
shape. For 2nd SP mode, as Fig. 4(b) shown, the localized 
field of sidebar is strongly excited in the narrow shape of 
asy-SRR but its localized area is not enough to enhance 
more PMMA molecules. Thus, as Fig. 4(b) shown, with 
wider shape, the localized field suffered small loss, but 
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wider shape could increase the effective area, amplifying EF 
value. However, as Fig. 4(b) shown, a too wide shape will 
weaken its localized fields to reduce the EF value, because 
short excited sidebars cannot contribute enough energy to 
entire structure.   

5. Conclusion  
In this study, we successfully demonstrate asy-SRR 

based molecular detector, which can experimentally enhance 
least three order of vibration signal in multi-bands. The unit 
asy-SRR also demonstrates strong enhanced local fields, 
whose electric energy densities are five orders larger than 
that of incident electromagnetic fields, such simulation 
results are agree well to measured profiles. These enhanced 
near fields interact with molecules vibration, leading a Fano-
type resonance mode and allowing far-field detection. We 
also make a summary of that the enhancement factor of 2nd 
SP mode dependent on the aspect ratio of asy-SRR since the 
trade-off between localized field intensity and its effective 
area. Base on our simulation and experiment results, the asy-
SRR could be optimized to a sensitive biosensor or a 
potential label-free imaging device. 
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Abstract

We present a novel theory of surface plasmon polariton in-
teraction on the surface of photorefractive crystal. The ef-
fect of the total internal reflection of a weak signal plasmon
beam from a high-power reference beam is discussed. Both
ray and wave theories are used to describe signal propaga-
tion. The effect of the signal tunneling through the narrow
inhomogeneity induced by the reference beam is consid-
ered.

1. Introduction
Surface plasmon polariton (SPP) is electromagnetic wave
propagating along the interface of media with different
signs of permittivity or permeability values. Recently be-
sides widely known SPP on metal–dielectric interfaces [1,
2] also SPP on left-handed [3, 4] and exotic metamaterial
interfaces [5] are studied.

Optical SPP is localized in a very thin layer of less than
1 µm and exponentially decays in the direction transverse to
the interface. This unique feature can be used both in non-
linear photonics due to very high energy concentration and
in compact plasmonic devices. Therefore the methods of
SPP control are of prime interest. Nowadays several meth-
ods of SPP management by nanoparticles or heterostructure
design are proposed [6, 7].

We focus our attention on the possibility of light-by-
light control that has a great importance for nonlinear optics
and photonics [8, 9]. The properties or direction of a sig-
nal laser beam are controlled by a reference beam. A very
perspective approach is to combine methods of nonlinear
photonics with the recent success of plasmonics [10, 11] in
order to engineer high-speed and compact devices [12]. In
this work the possibility of signal surface plasmon propaga-
tion direction management with the high-power reference
plasmon via the phenomenon of total internal reflection is
demonstrated.

The total internal reflection is a well-known optical phe-
nomenon that takes place if the light falls on a boundary of
a less dense medium. However the inhomogeneity of the
refractive index induced in the nonlinear media by a high-
power laser beam can act like such boundary, too, causing
the opacity of the reference beam region and the total reflec-
tion of the signal beam. The phenomenon of the nonlinear
total internal reflection of the bulk laser beams was consid-
ered in Ref. [13, 14]. This work is devoted to the plasmon
interaction with the inhomogeneity of the dielectric permit-

tivity induced by the high-power reference plasmon in the
photorefractive crystal.

2. Theory of SPP beam propagation on
photorefractive surface

We consider an interaction of two plasmon beams at the
interface between the photorefractive crystal (i.e. lithium
niobate) and the noble metal (i.e. silver or gold). The fol-
lowing differential equation describes the monochromatic
reference plasmon propagation along the interface:

� ~E � grad div ~E + "
j

k20 ~E = 0, (1)

where index j = d,m corresponds to metal or dielectric,
k0 = !/c is the wave number in vacuum. The geometry
of the problem is selected to be as follows: Oz axis is per-
pendicular to the interface, the dielectric and metal occupy
half-spaces z > 0 and z < 0 correspondingly. The pump
plasmon beam propagates along Ox axis, the signal beam
propagates at a small angle ' to it.

Under the influence of strong electromagnetic field
due to the photorefractive effect dielectric permittivity "

d

changes:

"
d

⇣
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, (2)

where "
L

is the linear part of dielectric permittivity, and
nonlinear part "

NL

is determined by the field intensity
with the coefficients � describing nonlinearity and ↵ cor-
responding to saturation intensity value.

For the solution of the Eq. (1) we use the slowly vary-
ing amplitude method adapted for the paraxial plasmonic
beams that was described in Ref. [15] in detail. We seek
the solution of Eq. (1) in the following form:

~E = [A(x, y)E
x0(z)~ex � iB(x, y)E

z0(z)~ez] e
�i�x (3)

where A,B are the slowly varying amplitudes and

~E0 = {E
x0, 0, Ez0} (4)

is the transversal profile obtained as a solution of linear
equation (1):

E
x0 = e�j |z|, (5)

E
z0 =

�

�
j

sgn(z)e�j |z|. (6)



The propagation constant � and the localization coefficients
�
j

are determined as:
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Note that in the more complicated case (e.g. on gyrotropic
interface [16]) SPP has another profile and dispersion.

We assume that the plasmon profile and polarization re-
mains nearly the same as in the linear problem (A ⇡ B,
@A

@z

= 0) and the beams are rather wide so that |@A
@x

| ⌧
�|A|. Substituting (3) in Eq. (1), multiplying the equation
projections onto Ox and Oz axis by E

x0 and E
z0 corre-

spondingly, and integrating over transverse coordinate z the
sum of the obtained equations we finally get
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(9)
The coefficients ✓

j=1,2,3 appear due to the integration
that physically means averaging over transversal direction.
These coefficients equal:

✓1 = 1� 

1 + 2
, (10)

✓2 =
1

1 + 2
, (11)

✓3 =


1 + 
, (12)

where  = �"2/"1. Notice that usually |"1| � "2 and
 ⌧ 1 so that the coefficient ✓1 ⇡ 1 leading to the lin-
ear parabolic diffraction equation that was obtained in the
linear case in our previous work [17]. The photorefrac-
tive nonlinearity coefficient � is multiplied by ✓2 ⇡ 1
(in the extreme case of  ⌧ 1) since the electromagnetic
field is mainly concentrated in photorefractive dielectric.
The saturation value ↵ is re-normalized to ✓3 for conve-
nience. The coefficient ✓3 actually accounts for field ampli-
tude |A(x, y) ~E(0)| normalization.

3. SPP beam propagation in the presence of
SPP-induced inhomogeneity

We consider two SPP beams propagating at a small angle
to each other. One of the SPP beams is high-power refer-
ence beam and another is weak signal beam. Therefore the
influence of signal beam on the reference beam propaga-
tion can be neglected and only self-action and diffraction
phenomena taken into account:

@A
r

(x, y)

@x
+iD

r

@2A
r

(x, y)

@y2
+

i
�k20

2�
r

✓1r
A


1� ↵✓3r

|A
r

|2 ln

✓
1 +

|A
r

|2

↵✓3r

◆�
= 0.

(13)

In this equation index r refers to the reference beam, D
r

=
1

2�r✓1r
is the diffraction coefficient.

The equation describing signal SPP (index s) propaga-
tion can be obtained in a quite similar way. We assume
that self-action of the signal plasmon is weak and can be
neglected while diffraction and the dielectric permittivity
inhomogeneity induced by the pump should be taken into
account:
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where the induced inhomogeneity:
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(15)
is determined both by pump and signal plasmon transver-
sal profiles. The sign of inhomogeneity coincides with the
nonlinearity sign �. The profile of the inhomogeneity due
to the saturation of photorefractive nonlinearity does not ex-
actly repeat the shape of the pump plasmon beam. As far as
@�/@|A

r

|2 > 0 the regions with higher plasmon intensity
correspond to the larger inhomogeneity values.

Although the value of inhomogeneity � can not be de-
rived analytically it can be numerically calculated almost
for every possible pump field distribution and pump and
signal frequency ratios. For the intensities of the reference
beam much smaller than the saturation intensity the induced
inhomogeneity can be analytically derived as:

�(x, y) = ✓4�
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, (16)

where the coefficient ✓4
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(1 + 
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)�2sk20
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. (17)

In this case the inhomogeneity profile repeats the profile of
the reference beam.

4. Ray theory of signal SPP propagation
Now we assume that the induced efficient inhomogeneity
�(x, y) is known and focus our attention on the possible
regimes of signal plasmon beam propagation. For the sim-
plification of our analysis we derive the equation for the sig-
nal plasmon trajectory. We use the eikonal method of ray
theory that was described in [13] in a detail. The equation
for the signal plasmon beam trajectory is:

d2y

dx2
=
@�(x, y)

@y
. (18)

If we consider a rather small interaction region so that its
sizes do not exceed the pump diffraction and nonlinear
lengths we can assume that the reference plasmon ampli-
tude does not change significantly in this region so that
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(y). Therefore the inhomogeneity � = �(y)
and the solution of the Eq. (18) have the following form:

x = x0 ±
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For the different parts of the trajectory the sign before the
integral is different. Notice that the solution in defocusing
media (� < 0) can have a turning point y

t

at which the
trajectory is parallel to the x axis (dy/dx = 0) if

�(y
t

)� �(y0) = �'2/2. (20)

The direction of signal plasmon beam propagation suffi-
ciently depends both on the induced inhomogeneity and on
the initial tilt angle '. For the fixed inhomogeneity the turn-
ing point exists only if the initial tilt angle is less than the
critical value '

cr

determined as:

max(��) = '2
cr

/2. (21)

Here we neglected the permittivity change at the initial
point y0 (that is considered to be at a rather large distance
from a pump plasmon).

Depending on the ratio between initial tilt signal angle
and maximum effective inhomogeneity induces by pump
three possible regimes of signal plasmon propagation can
be distinguished (see Fig. 1). Notice that although the tra-
jectory itself sufficiently depends on the reference beam
profile the regime of propagation does not depend on it.

The first regime is the analogous of ordinary refraction
of a beam in the inhomogeneous media and takes place
if ' > '

cr

. The trajectory of the signal beam is curved
though it keeps propagating at the initial angle after pass-
ing the inhomogeneity.

The second regime takes place if ' < '
cr

and is anal-
ogous to the total internal reflection phenomenon on the in-
terface of two dielectric media. The signal plasmon beam
is reflected from the inhomogeneity.

The third regime corresponds to the strict fulfillment of
the condition ' = '

cr

. It can be shown (see Eq. (18)) that
all the derivatives dmy/dxm tend to zero near the turning
point so that the signal ray asymptotically approaches inho-
mogeneity maximum.

The trajectories of the signal plasmon corresponding to
these three regimes were calculated by solving the Eq. (18)
and are shown in Fig. 1.

5. Spectral approach to the signal SPP
propagation description

We confirmed the theoretical results presented here by the
numerical simulation of signal SPP beam propagation in
the presence of the pump SPP. We neglected the self-action
and diffraction of the pump beam and considered its pro-
file unchanged. Such simplification allowed us to solve the
Eq. (14) for a signal plasmon beam numerically with a fixed
inhomogeneity induced by the pump beam. Hereafter the
specification signal of a plasmon beam will be omitted.

Figure 1: The trajectories of the signal plasmon beam cor-
responding to the same initial tilt and the different reference
plasmon intensities: green curve – below, red curve - equal,
blue curve - above the critical value.

The maximum of the initial spatial SPP spectrum
S(x = 0, k

y

):

S(x = 0, k
y

) =

+1Z

�1

A(x = 0, k
y

)e�ikyydy (22)

at certain k
yi

can be associated with the initial angle ':

' =
k
yi

�
. (23)

For the definiteness we assume that k
yi

> 0 that means that
the plasmon beam is initially located in the region y < 0.
The paraxial approximation used above is valid only if the
tilt angles are small '⌧ 1, or k

yi

⌧ �.
If all components of the spatial plasmon spectrum cor-

respond to the initial angles of total internal reflection or to
the refraction angles the ray theory describes the plasmon
propagation with a very good accuracy (see Fig. (2).

However near critical angle due to the finite spatial
spectrum width part of the spectral components get in the
reflection region while the others occur to be refracted. This
two spectral parts are bounded by the critical value k

y0. The
transmission coefficient can be calculated:

T =

+1R

ky0

S2(x = 0, k
y

)dk
y

+1R
�1

S2(x = 0, k
y

)dk
y

. (24)

Note that Fresnel reflection is neglected in our exami-
nation since the inhomogeneity is very small � ⌧ 1 and the
phenomenon discussed above appear only due to the finite
width of the spatial spectrum.

The amount of energy corresponding to the propagation
parallel to the inhomogeneity exactly equals to zero since it

3



(a) (b)

(c)

Figure 2: (a) The refraction (' = 1.25'
cr

) and (b) reflec-
tion (' = 0.8'

cr

) of SPP on the induced inhomogeneity
(shown by gray dash lines). (c) SPP partial reflection and
partial refraction near the critical initial angle ' = '

cr

.
Black line illustrates the results of the ray theory.

can be defined as:
ky0R

ky0

S2(x = 0, k
y

)dk
y

= 0. This ap-

proach explains why the beam tilted at near-critical angle is
divided by inhomogeneity into two but not three parts (in
contrast to the mentioned above three regimes of ray prop-
agation).

Therefore the plasmon beam is partially reflected and
partially transmitted through the inhomogeneity if its cen-
tral spectral component is close to the critical value as it is
illustrated by the Fig. 2 (c).

In our numerical calculations the amplitude of the in-
duced inhomogeneity was �0 = 10�3 and its profile had
Gaussian form �(y) = �0e

�y

2
/a

2
with the width a =

50�/2⇡ equal to the signal beam width. The value of criti-
cal angle was '

cr

= 2.6o.

6. SPP beam tunneling through the induced
inhomogeneity

According to the developed ray theory of signal SPP prop-
agation in the presence of the induced inhomogeneity the
regime of the SPP propagation (reflection or refraction) is
determined only by the magnitude of the inhomogeneity
and not by its shape or width. However if the inhomo-
geneity width is rather small the effect of tunneling that is
similar to the same effect in quantum mechanics can be ob-
served.

In analogy with quantum mechanics (see, for exam-
ple, [18]) we can determine the turning points y

t1,2 (see
Eq. (20)):

�(y
t1,2) = �'

2

2
(25)

and the tunneling coefficient can be written as:

T̃ =
e�2 

�
1 + 1

4e
�2 

�2 , (26)

(a) (b)

(c) (d)

Figure 3: SPP tunneling through the induced inhomogene-
ity shown by gray lines. Reference beam width equals
a
r

= 0.02a
s

, 0.05a
s

, 0.1a
s

, 0.2a
s

for (a)-(d) figures cor-
respondingly. Black lines illustrate the results of the ray
theory.

where

 =

yt2Z

yt1

�✓1

r
�(�(y) +

'2

2
)dy. (27)

It is important to mention that this expression for tun-
neling coefficient is different from the transmission coeffi-
cient (24). In both cases of tunneling and partial transmis-
sion the incident beam is partially reflected and partially re-
fracted nevertheless this phenomenon occurs due to two dif-
ferent mechanisms. Tunneling of the beam through the in-
homogeneity is possible due to the leakage of the waves that
are evanescent between the turning points and sufficiently
depends on the width and profile of the inhomogeneity as
is follows from Eq. (26). Partial transmission described by
Eq. (24) occurs due to the wide spatial plasmon beam spec-
trum and depends only on the signal beam shape and the
magnitude of the inhomogeneity (that determines k

y0).
Fig. 3 illustrates the tunneling of the signal plasmon

beam through the inhomogeneities of different width.
In order to determine accurately the transmission and

reflection coefficients one should take into account both fi-
nite spatial spectrum width and tunneling effect. The re-
sulting transmission coefficient can be found as:

T =

+1Z

�1

T̃ (k
y

)S2(k
y

)dk
y

. (28)

In order to induce higher inhomogeneities the pump
beam can be focused and the signal plasmon can be re-
flected from its waist. Although we considered the refer-
ence beam profile to remain unchanged the results obtained
above can be also applicable for this case if the interaction
region is rather small. Anyway the tunneling effect cer-
tainly will take place for a narrow reference beam waists.
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7. Conclusion
Theory of surface plasmon polariton interaction on the sur-
faces of photorefractive crystals was developed. The equa-
tion for the self-influence of the reference plasmon beam
was derived using the slowly varying amplitude method and
averaging over the transversal coordinate. Similar equation
was obtained for the weak signal beam propagation in the
presence of the inhomogeneity induced by the pump beam.
Due to the nonlinearity saturation the profile of the inho-
mogeneity can differ from the profile of the pump surface
plasmon beam.

Using the ray theory we found three regimes of pos-
sible signal plasmon propagation: refraction, total internal
reflection and degenerate regime of signal trapping. Due
to the finite spatial spectrum width signal beam can be al-
most entirely or partially reflected or refracted. The effect
of tunneling of a signal plasmon beam through a narrow
inhomogeneity is demonstrated.

Therefore depending on the initial tilt and the inhomo-
geneity value controlled by the reference plasmon intensity
the signal plasmon can be reflected of transmitted through
the inhomogeneity. This allows us to manage the signal
plasmon direction by modulating the reference plasmon in-
tensity.
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Abstract

Coherent perfect absorption (CPA) using a colloidal gold
film is studied when the structure is illuminated using ei-
ther plane waves or gaussian beams from opposite sides at
oblique incidence. Using standard tranfer matrix approach,
we show that the CPA frequency can be tuned over the vis-
ible range of the spectrum by appropriately tuning the sys-
tem parameters. We also show that it is possible to achieve
CPA at two distinct frequencies for oblique incidence. Fur-
thermore, we demonstrate that CPA can be achieved when
the composite film is illuminated by two gaussian beams
with a beam waist of 50µm from either side.

1. Introduction

Perfect absorption by micro and nano structures has been
extensively studied for their possible applications in en-
hancing solar cell efficiency, light storage and development
of ultrasensitive biosensors. Geometries that have been
used to achive critical coupling or perfect absorption of
light by a structure include gratings, fiber–disc systems and
planar dielectric structures with a few nanometer thick ab-
sorbing layer [1, 2, 3, 4]. It was shown by Cai et al. that it
is possible to slow down light and eventually store it in the
structure by using the fiber–disc system [2]. A different ap-
proach using a nano absorbing layer placed on a dielectric
Bragg reflector (DBR) separated by a spacer, was investi-
gated by Tischler et al. and Dutta Gupta [3, 4]. The spacer
between the DBR and the absorbing layer controlled the
amplitudes and phases of the different reflected waves com-
ming from different interfaces. Thus by tuning the thick-
ness of the spacer, it was possible to ensure zero reflection
due to destructive interference of the the reflected waves
from different interfaces. Moreover, by choosing parame-
ters of the DBR such that the working wavelength was in
a stop band ensured zero transmission from the structure.
Therefore, the structure neither transmitted nor reflected,
implying that the entire incident light was “perfectly” ab-
sorbed by the few–nanometer thick lossy layer.

Usually a single incident beam is used for illuminat-
ing the sample when studying the critical coupling of light
by a structure. Recently, it was shown by Cao et al. that
the use of two incident beams from opposite sides leads to
the so called coherent perfect absorption (CPA), which has
the added flexibility that the two beams can be controlled
independently [5, 6]. A silicon slab of thickness 100µm
was illuminated from either side at normal incidence and

by tuning the phase of one incident beam with respect to
the other it was possible to achieve coherent perfect absorp-
tion of light. A limitation of using such a silicon slab as the
absorber in CPA is tunability of the CPA frequency. In a
recent paper we showed that it is possible to achieve CPA
using a metal-dielectric composite slab when it is illumi-
nated with plane waves at normal incidence from either side
[7]. The tunability of the CPA frequency was demonstrated
by modifying the properties of the composite film. Further-
more, it was shown that it is possible to achieve CPA at two
distinct frequencies.

In this paper, we first study coherent perfect absorption
of light when a metal-dielectric composite slab is illumi-
nated by two plane waves incident at oblique angles from
either side. We show that it is possible to achieve CPA at
two distinct frequencies for oblique incidence as well. Fi-
nally, we study how the CPA of light is modified when the
structure is illuminated by two gaussian beams from either
sides as opposed to two plane waves.

!
"

r
f

t
b

r
b

t
f

e
f

e
b

#

!
"

d

!
2

#

Figure 1: Schematics of the CPA setup.

2. Formulation

Consider the geometry shown in Fig. 1, where a metal–
dielectric (Au� SiO2) composite layer of thickness d is
illuminated by two coherent monochromatic planewaves
with unit amplitude incident from either side at an angle
✓. For future reference we label the wave propagating for-
ward and incident from left (right) and resulting reflected
and transmitted waves with subscript f (b). Symmetry (in-
cident and emmergent media are the same) ensures that the
total scattered amplitudes in the medium of incidence and
emergence are the same since the reflected and transmit-
ted amplitudes individually are the same (rf = rb = r,
tf = tb = t). The nature of scattering in both direc-
tions is governed by the interference between r and t. It
will be destructive and leading to CPA if the magnitudes of
these waves are the same with a phase difference of ⇡, i.e.,
|r| = |t| and |��| = |�r � �t| = ⇡, where �r and �t refer



to the phases of r and t, respectively. Inherent symmetry
ensures that when destructive interference occurs in the in-
cidence medium, the same would happen in the emergence
medium, leading to CPA.

The complex reflection and transmission amplitudes for
plane wave illumination were calculated using the transfer
matrix approach [8]. The contributions for left and right
incidences were calculated separately and then superposed
to obtain the total scattered amplitudes on both the sides.
In all the calculations presented in this paper the following
parameters were kept constant: "1 = 1.0 and "d = 2.25
( SiO2). The dielectric function of gold was taken from
the data provided by Johnson and Christy [9]. The optical
properties of this metal–dielectric composite (Au� SiO2),
with a metal volume fraction of fm, were modelled using
the Bruggeman effective medium theory. Space frequency
decomposition technique was used to decompose the gaus-
sian beam into various plane waves and the response of
each plane wave was calculated using the transfer matrix
approach.

3. Results and discussions
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Figure 2: Absolute values of reflected (dashed line) and
transmitted (solid line) amplitudes |r| and |t| (arrow shows
the point where conditions for CPA are satisfied), (b) phase
difference �� between the forward reflected and backward
transmitted plane waves and (c) log10|r+ t|2, as a function
of � for fm = 0.0035, ✓ = 45� and d = 5.1µm.

3.1. Plane wave illumination

Let the structure shown in Fig. 1 be illuminated by plane
waves from either side at an angle of ✓ = 45�. The de-
pendence of |r|, |t|, �� and log10|r + t|2 as functions of �
for a composite layer with fm = 0.0035 and d = 5.1µm
is shown in Fig. 2. It can be seen that the necessary condi-
tions for CPA, i.e., destructive interference between r and t,
is satisfied at 520 nm. Moreover, we observe dual crossings
of |r| and |t| curves in Fig. 2(a), implying amplitude match-
ing at two different wavelengths. While the phase differ-
ence condition for CPA is satisfied at one of these crossings
(the left one at � = 520 nm), it is slightly off for the other
one. Similar to the case of CPA occuring at dual frequen-
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Figure 3: Absolute values of reflected (dashed line) and
transmitted (solid line) amplitudes |r| and |t| (arrow shows
the point where conditions for CPA are satisfied), (b) phase
difference �� between the forward reflected and backward
transmitted plane waves and (c) log10|r+ t|2, as a function
of � for fm = 0.0045, ✓ = 45� and d = 5µm.

cies for normal incidence, it should be possible to achieve
CPA at two distinct frequencies for oblique incidence [7].
This is shown in Fig. 3, where by choosing fm = 0.0045
and d = 5µm, we see two distinct wavelengths where the
CPA condition is satisfied.

Figure 4 shows the variation of |r|,|t|, �� and log10|r+
t|2 as a function of ✓ for a composite layer with fm =
0.0024 and d = 5.0µm when it is illuminated with plane
waves with � = 532 nm. It can be seen that the CPA con-
dition is fulfilled at ✓ = 52.65�, i.e, |r| = |t| and �� = ⇡.
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Figure 4: Absolute values of reflected (dashed line) and
transmitted (solid line) amplitudes |r| and |t| (arrow shows
the point where conditions for CPA are satisfied), (b) phase
difference �� between the forward reflected and backward
transmitted plane waves and (c) log10|r+ t|2, as a function
of ✓ for fm = 0.0024, � = 532 nm and d = 5µm.

Looking at the dispersion diagram of the system (see
Fig. 5), i.e., the log of the total scattered intensity as a func-
tion of ✓ and �, we observe multiple parameter combina-
tions of ✓ and � for which the CPA conditions are fulfilled.
The position of the CPA dips can be tuned by varying the
volume fraction of the composite (see Fig. 5 (a) and (b)).
Further control of the CPA frequency can be achieved by
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(a)

(b)

Figure 5: Log of the total scattered intensity (log10|r+ t|2)
as a function of ✓ and � for (a) fm = 0.002 and (b) fm =
0.005. The thickness of the slab was taken to be 5µm.

varying the thickness of the composite as well as its con-
stituents.

3.2. Gaussian beam illumination

We now study how coherent perfect absorption is modified
when two gaussian beams are used to illuminate the sample
from either side as opposed to two plane waves. Let the
structure shown in Fig. 1 be illuminated by two gaussian
beams, each with a beam waist of w0 and � = 532 nm, at
an angle of ✓ = 52.65� from either side. The aforemen-
tioned parameters were chosen such that coherent perfect
absorption was ensured for plane wave illumination (see
Fig. 4). Figure 6 shows the intensity of the electric field
(at the composite-air interface) for both single and dual
gaussian beam incidences for two different beam waists
(w0 = 50µm and w0 = 500µm). It can be clearly seen
for both the beam waists considered here, the total elec-
tric field intensity (|Er +Et|2) due to dual beam incidence
is negligible compared to single beam incidence (|Er|2 or
|Et|2). Therefore, a tightly focussed gaussian beams with
beam waist of 50µm can be absorbed by such a composite
film.

4. Conclusion

In conclusion, we have shown coherent perfect abasorption
using a metal-dielectric composite illuminated either by
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Figure 6: |Er|2 (blue), |Et|2 (red) and |Er + Et|2 (green)
as a function of the cross-section of the beam for gaussian
beams incident at an angle of 52.65� with a waist of (a)
w0 = 50µm and (b)w0 = 500µm. The other parameters
were the same as in Fig. 4.

plane waves or by gaussian beams from either side. More-
over, the flexibility of using such a composite was demon-
strated by showing the tunability of the CPA frequency by
appropriately choosing the system parameters. We also
demonstrated that it is possible to achieve CPA at two dis-
tinct frequencies even for oblique plane wave incidences.
Finally, we showed that when the composite film was il-
luminated by two gaussian beams simultaneously, with a
waist of w0 = 50µm, it was possible to achieve CPA.
We have also studied plasmon mediated CPA and the role
of long and short range modes in such perfect absorption.
These results will be reported else where.
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Abstract

The ability to provide large electric field enhancements make the triangular nanoprisms and
branched nanoparticles very attractive for applications in surface-enhanced Raman scattering
(SERS). Theoretical studies on the optical properties of triangular prisms in water solution are
presented in this paper to determine how structural modifications and the incident field polariza-
tion a!ect the extinction spectrum and the enhanced local electric-fields (E-field) around particles
in the wavelength range 300 ! 1000 nm. The near-field properties such as the E-field close to
the particle determine the electromagnetic enhancements in SERS. The full orientation could be
approximated using three orientations, but orientations where the polarization vector is parallel
to the triangular cross section are most important to the overall extinction than those where the
polarization vector is perpendicular to the plane. The extinction spectrum presents three distinct
localized surface plasmon resonances (LSPR) for silver triangular nanoprism. These are assigned
as in-plane dipolar and quadrupolar plasmon excitations using electrodynamic modeling based on
the finite di!erence time domain (FDTD). The dipole resonance is found to be very intense, and
its peak wavelength is extremely sensitive to the thickness and edge length of the nanoprism. In
contrast, the intensity of the quadrupole resonance is much weaker relative to the dipole resonance.
The distribution of the local field around the particle at specified wavelengths, showing values of
the peak field is presented. All of the localized surface plasmon resonances are clearly resolved in
the visible. The experimental data are used for comparison. These new spectral features could
be very promising in nano-optics and for bio-sensing applications.

1 Introduction

Recent interest in nanoparticles is propelled by both the advances in scientific understanding of
their synthesis and physical properties [1–6] as well as the possibility of using them for applications
in chemical and biological sensing [7–11], cancer treatment [4, 12, 13], catalysis [14, 15], as markers
for transmission electron microscopy (TEM) and scanning electron microscopy (SEM) [16, 17] and
various specialized photonic and electronic applications [18–20]. These applications are based on the
unique optical properties of metal nanoparticles [21, 22].

When the incident electromagnetic wave interacts with a nanoparticle, localized surface plasmon
resonance (LSPR), which is a collective oscillation of conduction electrons, is excited. This phe-
nomenon has two key consequences: first, selective photon absorption allows the optical properties

1



of the nanoparticles to be monitored. Second, enhancement of the electromagnetic fields surround-
ing the nanoparticles lead to surface-enhanced spectroscopic techniques including surface enhanced
Raman spectroscopy [23].

LSPR of a nanoparticle is very sensitive to its components [24], shape [21, 25], size [26], and
dielectric environment [27, 28]. Nanoparticles of di!erent sizes have been studied for their optical
spectra and surface-enhanced Raman scattering (SERS) properties. Anisotropic metal nanoparti-
cles like nanoprisms or branched nanostructures may be attractive for applications that use surface
enhanced Raman spectroscopy as they provide large electric enhancements.

This article is organized as follows. In section II, we briefly introduce the FDTD method. In
section III, our main results are provided. Silver triangular nanoprism is given as an example to
study the influence of orientation and size on LSPR properties. The modulation on the dipole and
quadrupole surface plasmon resonance peak and the corresponding local field enhancement charac-
teristics are investigated and discussed. Theoretical and experimental spectra are compared. The
section IV is devoted to the conclusion.

2 Numerical Methodology

The optical properties of nanoparticles can be calculated exactly only for simple shape like sphere
[29–31]. This justifies why various numerical methods and techniques have been applied to solve
Maxwell equations for non-spherical particles. In case of metal nanoparticles, these tools allow us to
compute the plasmon resonance as well as local electric fields, and hence the local enhancement of
fields and e!ects resulting from them. The most commonly used numerically accurate methods are
discrete dipole approximation (DDA) and T-matrix methods, though multiple multipole methods
(MMP) and finite di!erence time domain (FDTD) methods have been utilized as well [32]. Of all,
the finite di!erence time domain technique of Taflove [33–36] and Sullivan [37] has proved to be a
powerful tool to calculate the spectra as well as the near field properties of metal colloids. This
method solves the time-dependent Maxwell equations by discretizing space and time and involves a
relativity simple time-stepping algorithm. The electric flux dependent form of Maxwell equations is
given by:

! "D

!t
= "# "H (1)

"D(#) = $(#) "E(#) (2)

! "H

!t
= ! 1

µ0
"# "E (3)

where "H , "E and "D are the magnetic, electric and displacement field, respectively. µ0 is the per-
meability of free space and $(#) the complex dielectric constant. The technique consists of solving
these equations on a discrete grid, replacing all derivatives by finite di!erences. To indicate time,
Yee’s superscript [38] is used. The superscript n is related to time t by the following equation. The
variable $t is referred to as the time-step size,

t = n$t (4)

In the FDTDmethod, electric field values are only defined at whole number time steps, while magnetic
field values are defined only at half time steps. Thus relative to time step n, two arbitrary electric
field values can be expressed as,

En[i, j, k] and En+1[i, j, k] (5)
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Likewise, relative to time step n, two magnetic field values can be written as,

Hn+ 1
2 [i, j, k] and Hn! 1

2 [i, j, k] (6)

The benefit of defining electric and magnetic field components in this way in regard to time is
that it allows electric and magnetic field component updates in a FDTD analysis to be interlaced
in time. Electric field values are first calculated at each time step, then the magnetic field values
are computed at half time steps. Note that in updating a field component, only past electric and
magnetic field components are required. In cases where an electric field value is needed at a half
time step, a value can be approximated by averaging electric field values between whole time steps.
According to Taflove and Brodwin [33], for a FDTD analysis based on central di!erencing to remain
stable the following mathematical statement must be true:

vmax.$t % (($x)!2 + ($y)!2 + ($z)!2)!
1
2 (7)

where vmax is the maximum wave phase velocity expected in the model, $t is the time step size,
$x, $y and $z refer to the mesh discretization size along each coordinate axis. The choice of the
mesh density and the time step size is motivated by the need for analysis stability and accuracy.
The stability criterion sets a minimum limit in the relationship between the time step size, mesh cell
size, and propagation speed. Likewise the need for accuracy sets a limiting relationship between the
quality of results and the overall mesh size. The simulation is computationally intensive when high
spatial precision is required; the latter generates the problem of computer memory allocation.

3 Results and discussion

All calculations here refer to water as the external dielectric medium. The FDTD calculations
use a cubic grid with a grid spacing of 1.0 nm. This grid spacing leads to high-quality simulations of
extinction spectra which are converged with respect to grid spacing.
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Figure 1: Absorption spectrum of silver triangular nanoprism (edge length 100 nm, thickness 15 nm) in water
solution n=1.33, FDTD simulations with grid=1.0 nm, with di!erent "E orientations.
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In Figure 1, there are three dominant peaks in the absorption spectrum corresponding to di!erent
modes of plasmon excitation. The spectrum of the Ag triangular prism with side length 100 nm and
thickness 15 nm shows a strong in-plane dipole plasmon resonance at 766 nm (curve a) and 760
nm (curve b) , an in-plane quadrupole resonance at 458 nm (curve a) and 468 nm (curve b), and
an out-of-plane quadrupole resonance at 341 nm refers to the bluest resonance. This third plasmon
resonance, due to out-of-plane quadrupole excitation, is accessible in our calculations; it appears with
great intensity when "E is perpendicular to the large face of the prism (curve c).
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Figure 2: Plot of the relationship between the prism thickness and the LSPR response. The silver triangular
nanoprism (edge length 100 nm with di!erent thickness) in water solution n=1.33.

Figure 2 shows that the long wavelength dipole resonance shifts to red as the thickness decreases.
Increasing the prism aspect ratio for fixed edge length, we note a red shift of the resonance corre-
sponding to the dipole mode from 691 to 867 nm and quadrupole mode from 409 to 506 nm. It is
important to notice that the out-of-plane quadrupole resonance is invariable and its value 341 nm
does not change, despite the variation of the length and thickness of the triangular prism (Figure 1
and 2).The extinction spectrum of the nanoprisms is also sensitive to the thickness of the particles.
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Figure 3: Experimental ensemble extinction spectrum (....) vs theoretical modeling (black curve) of a single
triangular nanoprism using the FDTD method. The theoretical spectrum is calculated for a nanoprism with
edge length 100 nm and height 15 nm. FDTD simulations with grid=1.0nm

Figure 3 compares ensemble averaged results with those provided by the theory for single trian-
gular nanoparticles. This comparison gives significant information about the triangular nanoprism
properties, including the assignment of the modes of plasmon excitation which are responsible for
each of the three experimentally observed plasmon peaks at 760, 500 and 342 nm in the case of nano
triangular prism of length 100 nm and thickness 15 nm.

SERS has been the subject of extensive studies, and it is generally agreed that an important
contribution to the SERS enhancement comes from the electromagnetic field enhancements that
occur near the particle surface as a result of plasmon excitation [39]. This E-field enhancement in
turn leads to enhanced Raman scattering intensities.
The E-field contours show that the maximum enhancement for the dipole resonances occurs at the
prism tips. The largest fields (|E|2) for the dipole resonance is 3, 7.104 times the applied field for
the triangular prism (Figure 4). The fields for in-plane quadrupole resonance is less than for the
dipole resonance (Figure 5). The shorter wavelength resonances have smaller E-fields as represented
in Figure 6. The calculations reveal that the electric field intensity on the metal monomer decays
significantly with distance. One can see that the intensity of the near field is sensible to the prism
aspect ratio.
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Figure 4: 3D plots of the E-field enhancement contours external to Ag nanoprism at % = 760nm. The axis
perpendicular to the selected plane represents the amount of E-field enhancement around the nanoprism. The
incident field "E is polarized in the y direction and propagating in the z direction. FDTD simulations with
grid=1.0nm.
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Figure 5: 3D plots of the E-field enhancement contours external to Ag nanoprism at % = 468nm. The axis
perpendicular to the selected plane represents the amount of E-field enhancement around the nanoprism. The
incident field "E is polarized in the y direction and propagating in the z direction. FDTD simulations with
grid=1.0nm.
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Figure 6: 3D plots of the E-field enhancement contours external to Ag nanoprism at % = 341nm. The axis
perpendicular to the selected plane represents the amount of E-field enhancement around the nanoprism. The
incident field "E is polarized in the y direction and propagating in the z direction. FDTD simulations with
grid=1.0nm.

4 Conclusion

We use the finite di!erence time domain method to study the optical properties of isolated silver
triangular nanoprism. It is noted that the full orientation could be approximated using three orienta-
tions [40], but orientations where the polarization vector "E is parallel to the triangular cross section
are most important to the overall extinction than orientations where the polarization vector is per-
pendicular to the plane. The positions of plasmon resonances depend, among other parameters, on
particle size, or more specifically on the ratio between the edge length and thickness. These particles
exhibit distinct dipole and quadrupole plasmon resonances; the excitations of these resonances create
an E-field external to the particles that is important in determining normal and single molecule SERS
intensities. The anisotropic nanoparticles, particularly nanoparticles with sharp points such as trian-
gular nanoprisms, produce much stronger electric fields than the simplest structures like nanospheres,
nanorods [41]. The peak enhancement is associated with peak extinction for all structures studied.
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H[FLWDWLRQ� RI� 63� LPSURYHG� LQ� WKH� FRXUVH� RI� WKH� SHULRGLF�
FRUUXJDWLRQV� > � �� � �� � @�� 6XFK� D� SHULRGLF� VWUXFWXUH� DW� WKH�
LQWHUIDFH�EHKDYHV�OLNH�DQ�DQWHQQD�ZKLFK�FROOHFWV�DQG�FRXSOHV�

WKH�LQFLGHQW�OLJKW�LQWR�63V�DW�D�JLYHQ�ZDYHOHQJWK�Ȝ��UHVXOWLQJ�
LQ�YHU\�KLJK�ILHOGV�DERYH�WKH�DSHUWXUH�DQG�WKHUHIRUH�LQ�KLJK�
WUDQVPLVVLRQ� HIILFLHQFLHV� XQGHU� DSSURSULDWH� FRQGLWLRQV� >�@��
7KLV� HQDEOHV� JUHDW� SRWHQWLDO� DSSOLFDWLRQV� RI� %(� DV� GHYLFH�
HOHPHQWV� DUH� ZHOO� GRFXPHQWHG�� EHLQJ� LPSOHPHQWHG�� IRU�
LQVWDQFH�� ZLWKLQ� SKRWRGHWHFWRU� DUFKLWHFWXUHV� ZKHUH� LW�
HQKDQFHV� WKH� VLJQDO� WR� QRLVH� UDWLR� >�@�� DQG� ZLWKLQ� YHUWLFDO�
FDYLW\� VXUIDFH�HPLWWLQJ� ODVHUV� �9&6(/V�� DQG� TXDQWXP�
FDVFDGH� ODVHUV� �4&/V��>�@� WR�FRQWURO�SRODUL]DWLRQ�DQG�PRGH�
GHILQLWLRQ�� DV� JHQXLQH� VXE�ZDYHOHQJWK� RSWLFDO� ZDYH� SODWHV�
>�@��1HYHUWKHOHVV�� LQ�%(�ZLWK� SHULRGLF� FRQFHQWULF� ULQJV� WKH�
PD[LPXP�WUDQVPLVVLRQ�LV�DFKLHYHG�ZKHQ�WKH�633V�LQWHUIHUHV�
FRQVWUXFWLYHO\�DERYH�WKH�DSHUWXUH��L�H���WKH�FRXSOLQJ�EHWZHHQ�
WKH�JURRYH�DQG�DSHUWXUH�PRGHV�LV�HVVHQWLDO�IRU�VWUHQJWKHQLQJ�
WKH� ILHOG� DW� WKH� DSHUWXUH� >��@�� DOORZLQJ� DQ� LPSURYHPHQW� RI�
WKH�FRQILQHPHQW�RI�633V��
7HOOXULWH� JODVVHV� DUH� SRVVLEOH� FDQGLGDWHV� DV� VXEVWUDWHV� LQ�
SODVPRQLFV�GXH� WR� WKH�H[KLELWLRQ�RI� ORZ�RSWLFDO� �DEVRUSWLRQ��
DW� � YLVLEOH� � DQG� � LQIUDUHG� � ZDYHOHQJWKV�� � DQG� � UHSUHVHQWV� D�
FRPSURPLVH� EHWZHHQ� WKH� GHVLUH� IRU� D� ORZ� SKRQRQ� HQHUJ\�
KRVW� FRXSOHG� ZLWK� WKH� QHHG� WR� UHWDLQ� PHFKDQLFDO� VWUHQJWK�
> �� @�� /RZ� SKRQRQ� HQHUJ\� JHQHUDOO\� SURYLGHV� KLJK�
IOXRUHVFHQFH� TXDQWXP� HIILFLHQF\� >��@�� 7KHQ�� ZKHQ� WHOOXULWH�
JODVVHV�DUH�GRSHG�ZLWK�UDUH�HDUWKV�VXFK�SURSHUWLHV�DOORZ�KLJK�
UDGLDWLYH�HPLVVLRQ�UDWHV�� IDYRUDEOH� WR�PXFK�KLJKHU�TXDQWXP�
HIILFLHQFLHV�>������@��)XUWKHUPRUH��SODVPRQLF� VWUXFWXUHV�FDQ�
DOVR� HQKDQFH� QRQOLQHDU� HIIHFWV� RI� WKHVH� UDUH�HDUWKV� E\�
FRQFHQWUDWLQJ� OLJKW� LQWR� QRQOLQHDU� PHGLD� SODFHG� GLUHFWO\�
ZLWKLQ�D�ILHOG�HQKDQFHPHQW�UHJLRQ�>������@��+HQFH��%(V�FDQ�
ORFDOO\� H[FLWHG� TXDQWXP� V\VWHPV� VXFK� DV� (U��� LRQV��
LQFUHPHQWLQJ�WKH�HPLVVLRQ�LQWHQVLW\���
:H� UHSRUW� RXU� H[SHULPHQWDO� UHVXOWV� RI� WKH� HPLVVLRQ� RI� WKH�
(U���LRQV�WKURXJK�WKH�%(V��ZKHUH�WKH�SHULRGLF�ULQJV�DURXQG�
WR� QDQR�DSHUWXUH� KDV� D� SODQDU� OHQV� VWUXFWXUH�� 7KHVH�
VWUXFWXUHV� H[FLWH� WKH� (U��� LRQV� HPEHGGHG� LQ� WKH� VXEVWUDWH�
�WHOOXULWH�JODVV��YLD�633V��WKHQ�WKH�UDGLDWLYH�HPLVVLRQ�RI�(U���
IRUPV� 633V� LQ� WKH� LQWHUIDFH� RI� WKH� PHWDOOLF� ILOP� ZLWK� WKH�
VXEVWUDWH�� ZKLFK� SURSDJDWHV� E\� PHDQV� RI� WKH� QDQR�KROH��
HPLWWLQJ�WKH�OXPLQHVFHQFH�RI�WKH�(U���LRQV�RXWVLGH�WKH�%(V��

�� 6DPSOH�SUHSDUDWLRQ�DQG�H[SHULPHQWDO�VHWXS�
,Q� RUGHU� WR� LQYHVWLJDWH� WKH� OXPLQHVFHQFH� RI� WKH� (U��� LRQV�
WKURXJK� WKH� %(V� LQ� WKHVH� FRQFHQWULF� ULQJV�� DV� ZHOO� DV� LWV�
GHSHQGHQFH� ZLWK� WKH� ULQJ� VHSDUDWLRQ�� D� WHOOXULWH� JODVV�
VXEVWUDWH�ZLWK�����ZW���RI�(U�2���VXEPLWWHG�WR�����KRXUV�RI�



��
�

DQQHDOLQJ�WLPH�ZDV�SUHSDUHG�>��@��7KH�VDPSOH�ZDV�FXW�LQ�D�
VTXDUH� SLHFH� RI� DSSUR[LPDWHO\� ���î���î���� PP�� DQG�
SROLVKHG�XQWLO�REWDLQLQJ�D�JRRG�VXUIDFH�TXDOLW\��7KHQ��D�JROG�
WKLQ� ILOP� ZLWK� ���� QP� RI� WKLFNQHVV� ZDV� GHSRVLWHG� RQ� WKH�
VXEVWUDWH�� :KHQ� WKH� ILOP� WKLFNQHVV� LV� QHDU� KDOI�� RU� IXOO�
LQWHJHU� ZDYHOHQJWKV� RI� WKH� JXLGHG� PRGH� ZLWKLQ� WKH� QDQR�
KROH�� RU�� LQ� RWKHU� ZRUGV�� WKH� “QDQR�FDYLW\”, DQ� RSWLPDO�
WUDQVPLVVLRQ�LV�DFKLHYHG��ZKLFK�LPSOLHV�D�ILHOG�HQKDQFHPHQW�
LQVLGH� WKH� QDQR�DSHUWXUH� >��@�� )LQDOO\�� WKH� QDQRVWUXFWXUHV�
ZHUH�IDEULFDWHG�E\�IRFXVHG�JDOOLXP�LRQ�EHDP��),%��PLOOLQJ�
�'XDO� %HDP� )(,� 4XDQWD� �'� ���L� �*D�� LRQV�� ��� NH9��� DV�
LOOXVWUDWHG� LQ�)LJV����D�� �� �F���7KH� ULQJ�HOHPHQWV�KDYH�DERXW�
����QP�RI�VHSDUDWLRQ��VHH�)LJ����D���� ,W� LV�YDOXDEOH� WR�SRLQW�
RXW�WKDW� WKH�RSWLFDO�SURSHUWLHV�RI�WKH�PHWDOOLF�QDQRVWUXFWXUHV�
DUH�VWURQJO\�GHSHQGHQW�RI�WKHLU�VKDSH��JDS�DQG�GHSWK�>��@��

�

�
�D��

�
�E��

�
�F��

)LJXUH� ��� 6(0� LPDJHV� RI� %(V� ZLWK� ULQJV� IRUPLQJ� SODQDU�
SODVPRQLF� OHQV�� PLOOHG� LQ� WKH� ���� QP� WKLFN� $X� ILOP�
GHSRVLWHG�RQWR�WKH�WHOOXULWH�JODVV�VXEVWUDWH�ZLWK�D�JDS�RI���D��
���� QP� DQG� ��� JURRYH�ULQJV�� �E�� ���� QP� DQG� ��� JURRYH�
ULQJV���F������QP�DQG���JURRYH�ULQJV���
�
,Q� WKLV� JROG� ILOP� D� FLUFOH� KROH�ZDV�PLOOHG�ZLWK�GLDPHWHU�RI�
����QP��$GGLWLRQDOO\�� ULQJV� �L�H���JURRYH�GHSWK�K� ����QP��

ZHUH� DGGHG�� IRUPLQJ� SODQDU� OHQVHV� ZLWK� SHULRGLF� JDSV�
�VHSDUDWLRQ� EHWZHHQ� WKH� ULQJV��� 7KHVH� JURRYH�ULQJV� KDYH�
ZLGWKV��J��LQ�)LJ�����RI�DSSUR[LPDWHO\�����QP��,Q�WRWDO��ILYH�
SODQDU� OHQVHV� ZHUH� IDEULFDWHG� ZLWK� ���� ���� ���� ��� DQG� ��
JURRYH�ULQJV� IRU�JDSV�J� ��������������������DQG�����QP��
UHVSHFWLYHO\��DV�PHDVXUHG�E\�D�7DO\VWHS�SURILORPHWHU��
:H� FDUULHG� RXW� D� VHULHV� RI� PHDVXUHPHQWV� RI� WKH� RSWLFDO�
HPLVVLRQ� WKURXJK� WKH� %(� VWUXFWXUHV�� 7KH� LQWHQVLW\�
OXPLQHVFHQFH� �,RXW��PHDVXUHPHQW� VHW�XS� FRQVLVWV� RI� D� ������
QP� ZDYHOHQJWK� OLJKW� EHDP� IURP� DQ� $U� LRQ� ODVHU�� ZLWK� D�
SRZHU� RI� DERXW� ��� �:�� DOLJQHG� WR� WKH� RSWLFDO� D[LV� RI� D�
PLFURVFRSH��7KH�EHDP� LV� IRFXVHG�DW� QRUPDO� LQFLGHQFH�RQWR�
WKH� VDPSOH� VXUIDFH� E\� D� ��� PLFURVFRSH� REMHFWLYH� �ZLWK� D�
QXPHULFDO�DSHUWXUH�RI�������7KH�HPLVVLRQ� LQWHQVLW\� IURP�WKH�
(U��� HPLVVLRQ� WKURXJK� HDFK� %(� VWUXFWXUH� LV� WKHQ� GHWHFWHG�
ZLWK�D�FKDUJHG�FRXSOHG�GHYLFH� �&&'��DUUD\�GHWHFWRU��/LJKW�
LQWHQVLW\�LV�REWDLQHG�E\�LQWHJUDWLQJ�WKH�VLJQDO�RYHU�WKH�HQWLUH�
UHJLRQ� RI� LQWHUHVW� LQ� WKH� &&'� LPDJH� DQG� VXEWUDFWLQJ� WKH�
EDFNJURXQG� RULJLQDWLQJ� IURP� HOHFWURQLF� QRLVH�� 7KH�
OXPLQHVFHQFH� LQWHQVLW\� RI� HYHU\� VWUXFWXUH� ZDV� UHFRUGHG� LQ�
WKH�IDU�ILHOG�E\�WKH�&&'�DV�WKH�VDPSOH�ZDV�VWHSSHG�XVLQJ�DQ�
;�<� WUDQVODWLRQ�VWDJH��)LJXUH��� VKRZV� WKH� VFKHPDWLF�RI� WKH�
PHDVXUHPHQW� VHWXS�� 7KH� OXPLQHVFHQFH� OLJKW� ZDV� FROOHFWHG�
ZLWK�WKH�VDPH�REMHFWLYH�OHQV��
�

�
)LJXUH����6FKHPDWLF�RI�WKH�OXPLQHVFHQFH�H[SHULPHQW��$Q�$U�
LRQ�ODVHU�OLJKW�VRXUFH�DW�������QP�LV�QRUPDOO\�IRFXVHG�RQWR�
WKH�VDPSOH�VXUIDFH�E\�D����PLFURVFRSH�REMHFWLYH�OHQV��7KH�
GHWHFWRU�� D� FKDUJH�FRXSOHG� GHYLFH� �&&'�� FDPHUD�� UHFRUGV�
WKH� HPLVVLRQ� LQWHQVLW\� WKURXJK� WKH� %(� VWUXFWXUHV� DV� WKH�
VDPSOH�VXUIDFH�ZDV�VWHSSHG��

�
7KH� VSS� ZDV� FDOFXODWHG� IURP� WKH� XVXDO� IRUPXOD� IRU� WKH�
JXLGHG�ZDYH�RQ�D�IODW�PHWDO�VXUIDFH�>��@��
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PG
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VSSH[FVSS Q  �� ZKHUH� H[F �LV� WKH� LQFLGHQW� ZDYHOHQJWK�� P�
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DQG�G� DUH� WKH�GLHOHFWULF� FRQVWDQW� RI� WKH�PHWDO� DQG� DGMDFHQW�
GLHOHFWULF��KHUH��DLU���UHVSHFWLYHO\��
�

�� 5HVXOWV�DQG�GLVFXVVLRQ�
)LUVWO\�� IRU� D� ZDYHOHQJWK� H[F� DW� ������ QP�� WKH� DEVRUSWLRQ�
FRHIILFLHQW��LV�HTXDO�WR�������P����ZLWK�D�WUDQVPLWWDQFH�7� �
���î������IRU�DQ�$X�ILOP�RI�����QQP�RI�WKLFNQHVV��7KXV��ZH�
FDQ� QHJOHFW� WKH� LPPHGLDWH� H[FLWDWLRQ� RI� WKH� KRVW�PDWUL[� E\�
H[F� YLD� WKH� WUDQVPLVVLRQ� 7� �)LJXUH� �� �D�� VKRZV� WKH�
EDFNJURXQG�PHDVXUHG�ZLWKRXW�WKH�%(�VWUXFWXUH���7KH�FHQWUDO�
QDQR�DSHUWXUH� �����QP�RI�GLDPHWHU��ZDV� LOOXPLQDWHG�E\� WKH�
LQFLGHQW� H[F� ZLWK� LQWHQVLW\� ,�� DQG� UH�LOOXPLQDWHG� E\� OLJKW�
FRPLQJ�IURP�WKH�ULQJ�DUUD\�YLD�633V��ZLWK�D�VSS� �������QP�
LQ� WKH�PHWDOOLF� VXUIDFH� ZLWK� LQWHQVLW\� ,LVSS�� +HUH�� ,LVSS� LV� WKH�
LQWHQVLW\�RI�GLIIUDFWLYH�ZDYHOHW�DW�LWK�JURRYH�ULQJ��7KH�633V�
SURSDJDWH�DORQJ�WKH�VXUIDFH�RI�WKH�PHWDO�ILOP��DQG�FDQ�KDYH�D�
SKDVH� PRGXODWLRQ�   GXH� WR� WKH� FRQFHQWULF� JURRYH�ULQJV��
7KHUHIRUH�� D� FRQVWUXFWLYH� LQWHUIHUHQFH� RI� VXFK� GLIIUDFWHG�
EHDPV� OHDGV� WR� WKH� IRFXVLQJ�HIIHFW�DW� D�FHUWDLQ�SRLQW�RQ� WKH�
EHDP�D[LV�>��@��$GMXVWLQJ�WKH�SDUDPHWHUV�RI�WKH�JURRYH�ULQJV�
�VXFK� DV� ZLGWK�� GHSWK�� SHULRG�� DQG� QXPEHU��� WKH� GLIIUDFWHG�
EHDPV� FDQ� EH� PDQLSXODWHG� UHVXOWLQJ� LQ� DQ� HQKDQFHPHQW� RI�
,LVSS�LQ�SODVPRQLF�SODQDU�OHQV�>��@��7KH�VSDFLQJ�EHWZHHQ�WKH�
ULQJV� GHWHUPLQHV� WKH� SKDVH� PLVPDWFK� EHWZHHQ� WKH� ZDYHV�
JHQHUDWHG� IURP�WKH� LQQHU�DQG�RXWHU� ULQJV�� �%\� WXQLQJ� WR� WKH�
VSS��WKH�SHULRGLFLW\�SURYLGHV�PRPHQWXP�PDWFKLQJ�DORQJ�WKH�
JURRYH�ULQJ�� HQVXULQJ� UHVRQDQW� 633V� H[FLWDWLRQ� DW� WKH� IRFL��
+HUH�� WKH� FLUFXODU� JUDWLQJ� HIIHFWLYHO\� EHFRPHV� DFWLYH�
FRXSOLQJ� HOHPHQWV�� GHSHQGLQJ� RQ� WKH� JURRYH�ULQJ� JDS��
)LJXUH� �� �D��� 7KHUHIRUH�� WKLV� IRFXVLQJ� DOORZV� D� KLJK�
FRQILQHPHQW�LQ�WKH�%(�VWUXFWXUH�ZKLFK�H[FLWHG�WKH�(U���LRQV�
RI� WKH� VXEVWUDWH�� L�H��� ZH� KDYH� DQ� H[WUDRUGLQDU\� RSWLFDO�
WUDQVPLVVLRQ� LQ� WKH� QDQR�KROH� >�@�� LQFUHPHQWHG� WKURXJK� WKH�
WKH� JURRYHV�ULQJV�� 7KXV�� WKH� WRWDO� WUDQVPLWWDQFH� LQWHQVLW\�
WKURXJK�WKH�KROH�FDQ�EH�H[SUHVVHG�DV�>��@��
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:KHUH�U�LV�WKH�UDGLXV�RI�FHQWUDO�KROH��UL�LV�WKH�UDGLXV�RI�HDFK�
]RQH�� L� LV� WKH� LWK� QXPEHU� RI� WKH� JURRYH�ULQJ�� OVSS�
�    �,P �

VSSH[F Q �� LV� WKH� SURSDJDWLRQ� OHQJWK� IRU� WKH� 633�
ZDYH��&�LV�WKH�FRXSOLQJ�HIILFLHQF\�RI�WKH�JURRYH�>��@��DQG�1�
LV� WKH� QXPEHU� RI� JURRYH�ULQJV� RI� WKH� SODQDU� OHQV�� � &� LV� D�
FRPSOH[� IXQFWLRQ�  VSSL JUUK&& ����  �� $OVR�� ZH� FDQ�

ZULWH� 1JUU L  ��)XUWKHUPRUH��ZKHQ�633�ZDYHV�SURSDJDWH�

DFURVV�D�VLQJOH�VOLW��WKH�WUDQVPLWWHG�LQWHQVLW\�ZLOO�EH�PRGLILHG�
E\� WKH�ZDYH� WKDW�ZLOO�JDLQ�D�SKDVH� �>��@��7KHUHIRUH��HDFK�
JURRYH�ULQJ� RI� SODVPRQLF� OHQV� UH�LOOXPLQDWHV� WKH� %(� YLD�
633��
7KH�%(�VWUXFWXUH�WUDQVPLWWHG�OLJKW�LQWR�WKH�VXEVWUDWH�H[FLWHV�
WKH� (U��� LRQV� ZLWK� LQWHQVLW\� ,WRWDO�� JHQHUDWLQJ� D� 633� LQ� WKH�
PHWDOOLF� ILOP�VXEVWUDWH� LQWHUIDFH��5DGLDWLYH� WUDQVLWLRQ� RI� WKH�
(U���GHSHQGV�RI�WKH�SXPSHG�SRSXODWLRQ�GHQVLW\�QI���ZKLFK�LV�
VPDOO�FRPSDUHG�WR�WKH�WRWDO�SRSXODWLRQ��)RU�WKDW�UHDVRQ��WKH�
JURXQG� VWDWH� SRSXODWLRQ� GHQVLW\� Q�� FDQ� EH� FRQVLGHUHG�
FRQVWDQW�� DQG� WKH� SXPSHG� SRSXODWLRQ� GHQVLW\� QI� LV�

SURSRUWLRQDO� WR� WKH� SXPS� UDGLDWLRQ� LQWHQVLW\�� L�H��� ,WRWDO��
IWRWDOI ,QQ �� ��ZKHUH�� I ��LV�WKH�QI��OLIHWLPH���

�

�
�D��

�
�E��

)LJXUH�����D��(PLVVLRQ�VSHFWUD�RI�(U���LRQV�WKURXJK�WKH�QDQR�
DSHUWXUH� ZLWK� ���� QP� RI� GLDPHWHU�� IRU� WKH� GLIIHUHQW�
SODVPRQLF� OHQV�� :H� FDQ� VHH� WKDW� WKH� EDFNJURXQG� OLQH� LV�
SUDFWLFDOO\�QHJOHFWHG��$OVR��LW�LV�VKRZQ�WKH�HPLVVLRQ�VSHFWUD�
RI�D�VTXDUH�RI��������QP��PLOOHG�ZLWK�D� WKLFNQHVV�RI�����
QP��VKRUW�GRW�GDVKHG�OLQH���,QVHW�VKRZV�WKH�EHKDYLRU�RI�WKLV�
LQFUHPHQW� IRU� WKH� GLIIHUHQW� QRUPDOL]HG� (U��� LRQ� WUDQVLWLRQV��
�E�� ,QWHQVLW\� RI� WKH� FHQWUDO� � SHDNV� LQ� ���� QP� ��+����

�,�����
HOHFWURQLF� WUDQVLWLRQ��� ���� QP� ��6����,����� HOHFWURQLF�
WUDQVLWLRQ�� DQG� ���� QP� ��)����,����� HOHFWURQLF� WUDQVLWLRQ���
7KH� LQVHWV� VKRZ� ILWWLQJV� IURP� HTXDWLRQ� ���� IRU� WKHVH�
WUDQVLWLRQV�� +HUH�� WKH� GDVKHG� VWUDLJKW� OLQHV� DUH� WKH�
H[SHULPHQWDO�SRLQWV��
�
7KH�HPLVVLRQ�LQWHQVLW\�RI�WKH�(U���LRQ�LV�SURSRUWLRQDO�WR�WKH�
SXPS� UDGLDWLRQ� LQWHQVLW\�� L�H���  RXW I WRWDO, Q , �� ZKLFK� LV� D�
IXQFWLRQ�RI� WKH�SODVPRQLF� OHQV�� LQVHW�RI�)LJXUH��� �D���7KHQ��
WKH�UDGLDWLYH�WUDQVLWLRQV�RI�WKH�(U���LRQV�FDQ�SURSDJDWH�LQ�WKH�
LQWHUIDFH�YLD�633��H�J���633� �����QP�IRU�� �����QP�IURP�
WKH��+����

�,�����(U���WUDQVLWLRQ��DQG�HPLW�WKURXJK�WKH�%(��,Q�
RWKHU� ZRUGV�� WKH� QDQR�DSHUWXUH� UHFHLYHV� DQG� WUDQVPLWV� WKH�
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�

(U��� HPLVVLRQ�� )LJV�� �� �D�� DQG� �E��� 7KH� PHDVXUHG� PLFUR�
OXPLQHVFHQFH�FOHDUO\�FRQILUPV� WKDW� SODQDU�SODVPRQLF� OHQVHV�
FDQ�FRQILQH�ZLWK�JUHDW�HIILFLHQF\��DQG�ZKHQ�J�GHFUHDVHV�WKH�
LQWHQVLW\� LQFUHDVHV�� 7KLV� LQGLFDWHV� WKDW� SODQDU� OHQVHV� DUH�
HIILFLHQW� IRU� FRQILQLQJ� 633V� DW� WKH� QDQR�DSHUWXUH�� L�H��� %(V�
QDQRVWUXFWXUHV�REWDLQV�DQ�HIILFLHQW�VWUXFWXUH�ZLWK�D�KLJK�,WRWDO��
)LJXUH����D��VKRZV� WKH� OXPLQHVFHQFH�VSHFWUD�RI�D� VTXDUH�RI�
�������QP��PLOOHG�ZLWK�D� WKLFNQHVV�RI�����QP��VKRUW�GRW�
GDVKHG� OLQH��� 7KH� LQWHQVLW\� RI� WKLV� VTXDUH� LV� ORZHU� LQ�
FRPSDULVRQ�ZLWK�WKH�%(V�VWUXFWXUHV��)LJXUH����D���ZKHUH�WKH�
HIIHFWLYH� VTXDUH� DUHD� RI� WKH� VXEVWUDWH� WKDW� ZDV� H[FLWHG�
GLUHFWO\� E\� WKH� EHDP� OLJKW� �H[F�� LV� JUHDWHU� LQ� FRPSDULVRQ�
ZLWK� WKH� QDQR�KROH� RI� ���� QP� RI� GLDPHWHU��

   ���� ����������� QP$QP$ KROHQDQRVTXDUH  
�� 7KH� LQVHW�

RI� )LJXUH� �� �D�� VKRZV� WKH� LQWHQVLW\� RI� WKH� SHDNV� IURP�
GLIIHUHQW� SODQDU� OHQV� QRUPDOL]HG� ZLWK� WKH� LQWHQVLW\� RI� WKH�
SHDNV�REWDLQHG�IURP�VTXDUH�PLOOHG��,OHQVBSHDN�,VTXDUHBSHDN�IRU�WKH�
FHQWHU�SHDNV� LQ�����QP���+����

�,����� HOHFWURQLF� WUDQVLWLRQ���
���� QP� ��6����,����� HOHFWURQLF� WUDQVLWLRQ�� DQG� ���� QP�
��)����,����� HOHFWURQLF� WUDQVLWLRQ��� :H� FDQ� VHH� WKH�
LPSURYHPHQW� REWDLQHG� LQFUHDVHV� H[SRQHQWLDOO\� ZLWK� WKH�
GHFUHDVH�WKH�JDS��ZKLFK�EHKDYLRU�LV�DSSUR[LPDWHO\�WKH�VDPH�
IRU� WKH� RWKHU� WUDQVLWLRQV�� )LJXUH� �� �E��� 7KHVH� H[SHULPHQWDO�
UHVXOWV� LQGLFDWH� WKDW� WKH�JURRYH�ULQJV� DUUD\� UHVSRQVH� FDQ�EH�
XQGHUVWRRG� DV� WKH� UHVSRQVH� RI� DQ� LVRODWHG� JURRYH�ULQJ�� ,Q�
IDFW��OHW�XV�QRZ�FRQVLGHU�DQ�LVRODWHG�JURRYH�LQ�HTXDWLRQ������
ZKHUH�ZH�FDQ�REWDLQ�WKH�IROORZLQJ�DSSUR[LPDWLRQ��
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VSS VSS
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9DOXHV�RI� ILWWLQJ�DUH� VKRZQ� LQ� WKH� LQVHW�RI�)LJXUH��� �E�� IRU�
WKH� WKUHH� (U��� LRQ� WUDQVLWLRQV�� )URP� WKH� REWDLQHG� QXPHULF�
YDOXHV��ZH�FDQ�VD\�WKDW�IRU�����QP�WKH�WHUP�

�� �VSS VSS&, , 1J  �
LV�KLJKHU� WKDQ� WKH�RWKHU� WHUPV�� UHVXOWLQJ� LQ�DQ� LPSURYHPHQW�
LQ� WKLV� WUDQVLWLRQ� LQ� FRPSDULVRQ� ZLWK� WKH� RWKHU� WUDQVLWLRQV��
7KLV�LV�GXH�WKH�GHSHQGHQF\�RI�&�ZLWK� � � �DQG� VSSJ  ��L�H���WKH�
REVHUYHG� LQFUHDVLQJ� LV� DWWULEXWHG� WR� D� FRQVWUXFWLYH�
LQWHUIHUHQFH� RI� VXFK� GLIIUDFWHG� EHDPV�� DOORZLQJ� D� VWURQJ�
IRFXVLQJ� LQ� WKH� QDQR�KROH�� $OVR�� ZH� FDQ� YHULI\� WKH�
GHSHQGHQF\�RI�WKH�WHUP�  H[S � VSS1J O ZLWK�H[F��

�� &RQFOXVLRQV�
3ODVPRQLF�OHQVHV�IRUPLQJ�EXOO¶V�H\H�VWUXFWXUH�ZLWK�GLIIHUHQW�
JDSV��PLOOHG�LQ�D�JROG�WKLQ�ILOP�RQ�WKH�WRS�RI�DQ�(U���GRSHG�
WHOOXULWH� JODVV� FDQ� EH� H[FLWHG� YLD� D� VXUIDFH� SODVPRQ��ZKHUH�
WKH� LQWHQVLW\� RI� WUDQVPLVVLRQ� RI� WKHVH� VWUXFWXUHV� GHSHQGV�
RI � � �DQG� VSSJ  �� 7KH� WUDQVPLWWDQFH� SUHVHQWV� D� PD[LPD� IRU�
JLYHQ�YDOXHV�RI�JDS�DQG�SKDVH��DQG��WKHUHIRUH��D�FRQVWUXFWLYH�
LQWHUIHUHQFH� RI� WKH� OLJKW� UHHPLWWHG� E\� WKH� JURRYH�ULQJV� �LQ�
WKLV� FDVH�� EHKDYLQJ� DOPRVW� LQGHSHQGHQWO\��� RFFXUV� LQWR� WKH�
FHQWUDO� KROH�� 7KLV� UHHPLWWHG� OLJKW�� LQ� WKH� IRUP� RI� VXUIDFH�
SODVPRQV� LQWR� WKH� VXEVWUDWH�� H[FLWHV� WKH� (U��� LRQV�� 7KH�
OXPLQHVFHQFH� VSHFWUD� RI� WKH� (U��� LRQV� SDVVLQJ� WKURXJK� WKH�
VXE�ZDYHOHQJWK�DSHUWXUHV�LQ�WKH�YLVLEOH�UHJLRQ�ZHUH�GHWHFWHG�
LQ�WKH�IDU�ILHOG�UDGLDWLRQ��DQG�FOHDUO\�VKRZ�WKHLU�GHSHQGHQFH�
ZLWK� WKH�SXPSHG� UDGLDWLRQ� LQWHQVLW\� ,WRWDO, which depends of 

the plasmonic planar lens. These EXOO¶V�H\H� structures have 
tunable surface plasmon resonances, and the coupling of the 
Er3+ ions to such structures can lead the discovering of 
interesting optical and electronic properties. This might also 
lead to applications in optical telecommunications, and, of 
course, in nanophotonics. 

$FNQRZOHGJHPHQWV�
7KLV� ZRUN� ZDV� ILQDQFLDOO\� VXSSRUWHG� E\� WKH� %UD]LOLDQ�
DJHQFLHV�)$3(63�DQG�&13T�XQGHU�&(32)�,12)��,QVWLWXWR�
1DFLRQDO�GH�ÏSWLFD�H�)RW{QLFD���

5HIHUHQFHV�
�����������������������������������������������������������
>�@�7�:��(EEHVHQ��+��/��/H]HF��+��)��*KDHPL��7��7KLR��DQG�

3�$��:ROII��([WUDRUGLQDU\�RSWLFDO� WUDQVPLVVLRQ� WKURXJK�
VXEZDYHOHQJWK�KROH�DUUD\V��1DWXUH��������������������

>�@�$��1DKDWD��5�$��/LQNH��7��,VKL��DQG�.��2KDVKL��(QKDQFHG�
QRQOLQHDU� RSWLFDO� FRQYHUVLRQ� IURP� D� SHULRGLFDOO\�
QDQRVWUXFWXUHG�PHWDO�ILOP��2SW��/HWW��������±�����������

>�@� � )�,�� %DLGD�� '�� 9�� /DEHNH�� DQG� %�� *XL]DO�� (QKDQFHG�
&RQILQHG�/LJKW�7UDQVPLVVLRQ�E\�6LQJOH�6XEZDYHOHQJWK��
$SHUWXUHV� LQ�0HWDOOLF� )LOPV�� $SSO�� 2SW�� �������������
������

>�@�$��'HJLURQ�DQG�7��(EEHVHQ��$QDO\VLV�RI�WKH�WUDQVPLVVLRQ�
SURFHVV�WKURXJK�VLQJOH�DSHUWXUHV�VXUURXQGHG�E\�SHULRGLF�
FRUUXJDWLRQV��2SW��([SUHVV���������������������

>�@� 2�� 0DKERXE�� 6�� &�� 3DODFLRV�� &�� *HQHW�� )�� -�� *DUFLD�
9LGDO�� 6�� *�� 5RGULJR�� /�� 0DUWLQ�0RUHQR�� DQG� 7�� :��
(EEHVHQ�� 2SWLPL]DWLRQ� RI� EXOO¶V� H\H� VWUXFWXUHV� IRU�
WUDQVPLVVLRQ� HQKDQFHPHQW�� 2SW�� ([SUHVV� ���������
�������������

>�@�7��7KLR��+��-��/H]HF��7��:��(EEHVHQ��.��0��3HOOHULQ��*��
'�� /HZHQ�� $�� 1DKDWD�� DQG� 5�� $�� /LQNH�� *LDQW� RSWLFDO�
WUDQVPLVVLRQ� RI� VXE�ZDYHOHQJWK� DSHUWXUHV�� SK\VLFV� DQG�
DSSOLFDWLRQV��1DQRWHFKQRORJ\����������±�����������

>�@�7�� ,VKL�� -��)XMLNDWD��.��0DNLWD��7��%DED��DQG�.��2KDVKL��
6L�1DQR�3KRWRGLRGH�ZLWK� D� 6XUIDFH� 3ODVPRQ�$QWHQQD��
-SQ��-��$SSO��3K\V���������/���±/�����������

>�@�1��<X��4�� -��:DQJ��&��3IO�JO��/��'LHKO��)��&DSDVVR��7��
(GDPXUD�� 6�� )XUXWD�� 0�� <DPDQLVKL�� DQG� +�� .DQ��
6HPLFRQGXFWRU� ODVHUV� ZLWK� LQWHJUDWHG� SODVPRQLF�
SRODUL]HUV��$SSO��3K\V��/HWW�����������������������

>�@� $�� 'UH]HW�� &�� *HQHW�� DQG� 7�� :�� (EEHVHQ�� 0LQLDWXUH�
SODVPRQLF�ZDYH�SODWHV��3K\V��5HY��/HWW�����������������
������

>��@� � 1�� %RQRG�� (�� 3RSRY�� '�� *pUDUG�� -�� :HQJHU�� DQG� +��
5LJQHDXOW�� )LHOG� HQKDQFHPHQW� LQ� D� FLUFXODU� DSHUWXUH�
VXUURXQGHG� E\� D� VLQJOH� FKDQQHO� JURRYH�� 2SW�� ([SUHVV�
����������±������������

>��@�-�6��:DQJ��(��0��9RJHO�DQG�(��6QLW]HU��7HOOXULWH�JODVV��
$� QHZ� FDQGLGDWH� IRU� ¿EHU� GHYLFHV�� 2SW��0DWHU�� �������
������
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��������������������������������������������������������������������������������������������������
>��@��-��6��:DQJ��(��6QLW]HU��(��0��9RJHO�DQG�-��*��+��6LJHO��

�����������DQG������P�HPLVVLRQ�RI�7P���DQG�7P���+R���
�FRGRSHG�WHOOXULWH�JODVVHV��-��/XPLQ����������������

>��@�6�)��&ROOLQV��*�:���%D[WHU��6�$��:DGH��7��6XQ���.�7�9��
*UDWWDQ���=�<��=KDQJ�DQG�$�0��3DOPHU��&RPSDULVRQ�RI�
IOXRUHVFHQFH�EDVHG� WHPSHUDWXUH� VHQVRU� VFKHPHV��
7KHRUHWLFDO� DQDO\VLV� DQG� H[SHULPHQWDO� YDOLGDWLRQ�� -��
$SSO��3K\V�����������������

>��@�9�$�*��5LYHUD��<��/HGHPL��6�3�$��2VRULR��'��0DQ]DQL��
<��0HVVDGGHT��/�$�2��1XQHV��(��0DUHJD� -U��� (IILFLHQW�
SODVPRQLF� FRXSOLQJ� EHWZHHQ� (U����$J�$X�� LQ� WHOOXULWH�
JODVVHV��-��1RQ�&U\V��6RO���������������������

>��@�9�$�*��5LYHUD�� )��$�� )HUUL�� 6�� 3��$��2VRULR��/��$��2��
1XQH]��$��5��=DQDWWD��6U��DQG�(��0DUHJD��-U���)RFXVLQJ�
VXUIDFH� SODVPRQV� RQ� (U��� LRQV� ZLWK� FRQYH[�FRQFDYH�
SODVPRQLF� OHQVHV�� 3URF�� 63,(� ����������,�� ������
KWWS���G[�GRL�RUJ��������������������

>��@�9�$�*��5LYHUD�� )��$�� )HUUL�� 6�� 3��$��2VRULR��/��$��2��
1XQH]��$�5��=DQDWWD�DQG�(��0DUHJD��-U���/XPLQHVFHQFH�
HQKDQFHPHQW� RI� (U��� LRQV� IURP� HOHFWULF� PXOWLSROH�
QDQRVWUXFWXUH� DUUD\V�� 3URF�� 63,(� ����������+�� ������
KWWS���G[�GRL�RUJ��������������������

>��@�9�$�*��5LYHUD��6�3�$��2VRULR��<��/HGHPL��'��0DQ]DQL��
<��0HVVDGGHT��/�$�2��1XQHV��(��0DUHJD�-U���/RFDOL]HG�
VXUIDFH�SODVPRQ� UHVRQDQFH� LQWHUDFWLRQ�ZLWK�(U���GRSHG�
WHOOXULWH�JODVV��2SW��([S�����������������������������

>��@�)�$��)HUUL��9�$�*��5LYHUD��6�3�$��2VRULR��2��%��6LOYD��
$�5��=DQDWWD��%�9��%HQ�+XU��-��:HLQHU��(��0DUHJD��-U���
,QIOXHQFH�RI� ILOP� WKLFNQHVV�RQ� WKH�RSWLFDO� WUDQVPLVVLRQ�
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$EVWUDFW�
The plasmon resonance modes of gold nanoparticles 
embedded in an erbium doped germanium-tellurite glass are 
activated using laser lines at 808 and 480 nm in resonance 
with radiative transitions of Er3+ ions. The gold 
nanoparticles were grown within the host glass by thermal 
annealing at several times, leading to diameters lower than 
1.6 nm. The resonance wavelengths determined theoretically 
and experimentally are 770 and 800 nm, respectively. The 
absorption wavelength of nanoparticles was determined by 
using the Frohlich condition. Gold nanoparticles provide 
tunable emission resulting in a large enhancement for the 
2H11/2ĺ4I13/2 (emission at 805 nm) and 4S3/2ĺ4I13/2 (emission 
at 840 nm) electronic transitions of Er3+ ions, this is 
associate with the quantum yield of the energy transfer 
transition. The excitation pathways, up-conversion and 
luminescence spectra of Er3+ ions are described through 
simplified energy levels diagrams. We observed that up-
conversion is favored by the excited-state absorption due to 
the presence of the gold nanoparticles coupled with the Er3+ 
ions within the glass matrix. 

�� ,QWURGXFWLRQ�
7KH� ZDYHOHQJWK� DQG� LQWHQVLW\� RI� WKH� /RFDOL]HG� VXUIDFH�
SODVPRQ� UHVRQDQFH� �/635�� LQ� D� QDQRSDUWLFOH� �13�� LV�
VWURQJO\� DIIHFWHG� E\� WKH� UHIUDFWLYH� LQGH[� LQ� LWV� LPPHGLDWH�
YLFLQLW\��:KHQ� WKH� 13� LV� HPEHGGHG� LQ� D� GLHOHFWULF�� H�J��� D�
JODVV\� V\VWHP�� WKH� ILHOG� DURXQG� WKH� SDUWLFOH� EHFRPHV�
LQKRPRJHQHRXV� >� ��@�� 1DQRSDUWLFOHV� ZLWKLQ� D� WUDQVSDUHQW�
GLHOHFWULF� �JODVV�� KDYH� H[WUDRUGLQDU\� VL]H�GHSHQGHQW� RSWLFDO�
SURSHUWLHV� WKDW� KDYH� UHFHQWO\� EHHQ� WKH� VXEMHFW� RI� H[WHQVLYH�
VWXGLHV�GXH�WR�WKHLU�SRWHQWLDO�DSSOLFDWLRQ�DV�QRQOLQHDU�RSWLFDO�
PDWHULDOV�IRU�SKRWRQLF�GHYLFHV�>�@��5HJDUGLQJ�WKH�SURFHVV�RI�
SURGXFWLRQ�RI�WKH�13V��QHZ�PDWHULDOV�ZLWK�XQLTXH�SURSHUWLHV�
PD\� EH� REWDLQHG�� ,QGHHG�� VRPH� RI� WKHVH� SURSHUWLHV� FDQ� EH�
HYHQ�LPSURYHG��H�J���WKH�XWLOL]DWLRQ�RI�SODVPRQLF�HIIHFWV�LQWR�
D� KRVW�PDWUL[�ZLWK�SKRWRQLF� DSSOLFDWLRQV�RI� FXUUHQW� LQWHUHVW�
>���@��6HYHUDO�SUHSDUDWLRQ�PHWKRGV�KDYH�EHHQ�UHSRUWHG�LQ�WKH�
OLWHUDWXUH� VXFK� DV� WKH� XVH� RI� HOHFWURQ� EHDP�� IHPWRVHFRQG�
ODVHUV�� XOWUD�YLROHW� LUUDGLDWLRQ�� DQG� KHDW�WUHDWPHQW� > � � � @��

&RQFHUQLQJ�WKH�KRVW�PDWUL[��JHUPDQLXP�WHOOXULWH�JODVVHV�DUH�
YHU\� JRRG� FDQGLGDWHV� IRU� VXFK� LQYHVWLJDWLRQV� EHFDXVH� WKH\�
H[KLELW� D� ODUJH� WUDQVPLWWDQFH� ZLQGRZ� �YLVLEOH� DQG� LQIUDUHG�
UHJLRQ��� ORZ� FXWRII� SKRQRQ� HQHUJ\�� KLJK� UHIUDFWLYH� LQGH[��
DQG�KLJK�FKHPLFDO�VWDELOLW\�>����@��$V�SUHYLRXVO\�UHSRUWHG�LQ�
WKH� OLWHUDWXUH� >�@��$J�� LRQV� LQ�JHUPDQLXP�WHOOXULWH� JODVV� DUH�
YHU\�PRELOH�DQG�WHQG�WR�DJJUHJDWH��6R��13V�RI�YDULRXV�VL]HV�
FDQ� FRH[LVW�� GHSHQGLQJ� RQ� WKH� WLPH� DQG� WHPSHUDWXUH� RI�
DQQHDOLQJ�� 2Q� WKH� RWKHU� KDQG�� $X��� LRQV� GLVSOD\� ORZHU�
PRELOLW\�LQWR�WKH�VDPH�JODVV\�QHWZRUN��
Unfortunately, the characteristic size of a NP is strongly 
dependent of the fabrication process that usually gives rise 
to a mixture of different NPs diameters, making it difficult 
to correlate certain properties that define the NPs sizes. 
Inasmuch as the absorption cross section depends on the NP 
size [5, 8], the frequency of incident radiation can be chosen 
such that only particles whose size lies in a narrow range 
within the NPs size distribution, absorb light efficiently [9].  
It must be kept in mind that during decay of the electronic 
excitation, the absorbed photon energy rapidly dissipates for 
a temperature increment into surrounding media (Joule 
effect) [10]. 
7KH�/635�ZLOO�KDYH� WKH�HIIHFW�RI�FRQVLGHUDEO\�HQKDQFH� WKH�
HOHFWULF� ILHOG� VWUHQJWK� DURXQG� WKH� QDQRSDUWLFOH�� 7KLV� FDQ�� LQ�
SULQFLSOH�� OHDG�WR�HQKDQFHG�HPLVVLRQ�IURP�(U���LRQV�ORFDWHG�
ZLWKLQ�WKH�UHJLRQ�RI�HQKDQFHG�ILHOG�>����@��SURYLGHG�WKDW�WKH�
IUHTXHQF\� RI� WKH� HQKDQFHG� HOHFWULF� ILHOG� FRUUHVSRQGV� ZLWK�
WKH� H[FLWDWLRQ� IUHTXHQF\� RI� WKH� HPLVVLRQ� (U���� +RZHYHU�� LI�
WKH�OLJKW�HPLWWLQJ�VWUXFWXUH�LV�WRR�FORVH�WR�WKH�PHWDO�SRUWLRQ��
LWV�H[FLWHG�VWDWH�PD\�EH�TXHQFKHG�E\�HQHUJ\� WUDQVIHU� WR� WKH�
PHWDO��ZKLFK�FDXVHV�WKH�GHFD\�QRQUDGLDWLYHO\��7KHVH�HIIHFWV�
�HQKDQFHPHQW� RU� TXHQFKLQJ�� GHSHQGV� VWURQJO\� RQ� WKH�
GLVWDQFH� EHWZHHQ� WKH� WZR� FRPSRQHQWV� �(U��� LRQV� DQG� $X�
13V���WKH�VSDWLDO�UDQJH�RI�WKH�HOHFWULF�ILHOG��WKH�VSDWLDO�FKDUJH�
GLVWULEXWLRQ�DQG�RWKHU�IDFWRUV�>������@���
The goal of the work presented here is to investigate the best 
way to achieve an efficient coupling between gold 
nanoparticles (Au-NPs) and Er3+ ions, considering: (i) the 
incident radiation and (ii) the energy transfer between Er3+ 
ions and Au-NPs in order to enhance (or not) the 
luminescence intensity in these germanium-tellurite glass 
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samples. Additionally, it is presented the effects of the 
system glass on the nucleation and formation of NPs. 

�� &RXSOLQJ�EHWZHHQ�SODVPRQLF�DQG�(U���LRQV�
$Q� HPHUJLQJ� WRSLF� LQ� SODVPRQLFV� LV� WKH� VWXG\� RI� WKH�
LQWHUDFWLRQ� RI�SODVPRQLF� DQG� HOHFWURQLF� WUDQVLWLRQV� V\VWHPV��
$OWKRXJK� WKH�SURSHU�GHVFULSWLRQ�RI� WKLV�SKHQRPHQRQ�ZRXOG�
UHTXLUH� D� TXDQWXP� PHFKDQLFDO� DSSURDFK�� WKH� TXDOLWDWLYH�
DVSHFWV� RI� WKLV� LQWHUDFWLRQ� FDQ� EH� PRGHOHG� XVLQJ� FODVVLFDO�
(0�PHWKRGV� >��@�� 5HFHQWO\�� (QULTXH]� HW� DO�� >��@� UHSRUWHG�
WKH� HQKDQFHG� UHVRQDQFH� OLJKW� VFDWWHULQJ� SURSHUWLHV� RI� $X�
13V� GXH� WR� LQWHUDFWLRQ�ZLWK� (X��� LRQV�� ,Q� VSLWH� RI� VHYHUDO�
VWXGLHV��WKH�PHFKDQLVP�RI�WKH�LQWHUDFWLRQ�EHWZHHQ�UDUH�HDUWK�
LRQV�DQG�PHWDO�SDUWLFOHV�LV�QRW�IXOO\�XQGHUVWRRG�\HW��
We can have a scattering:  � � � �VFDWW S
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 �LV� WKH� 5D\OHLJK� VFDWWHULQJ�

>��@� �� � WKH� IUHTXHQF\� RI� H[FLWDWLRQ�� S� WKH� SODVPRQ�
IUHTXHQF\� RI� WKH� $X�13V�� G� WKH� GLDPHWHU� RI� WKH� 13V� DQG�
T G F ��ZLWK�F�WKH�VSHHG�RI�OLJKW��7KLV�VFDWWHULQJ�QRW�RQO\�
depends on the NP size, but also on the incident radiation 
and the plasmon modes resonance. Regarding this effect, 
Localized Surface Plasmons (LSPs) are collective 
oscillations of the conduction electrons in noble metals. The 
movement of the conduction electrons upon excitation with 
incident light leads to a buildup of polarization charges on 
the particle surface. This acts as a restoring force, allowing a 
resonance with a particular frequency (resonance mode), 
which is termed dipole surface plasmon resonance 
frequency. These induced dipoles (higher multipoles) are 
proportional to (d/2r)2l+1, where r is the interparticle 
distance, and l is the multipole order (l=1 for dipole, l=2 for 
quadrupole, etc) [15]. 

�� 6DPSOHV�SUHSDUDWLRQ�DQG�VHWXS&RXSOLQJ�
EHWZHHQ�SODVPRQLF�DQG�(U���LRQV�

,Q�RXU�ZRUN��ZH�XVH�D�WHOOXULWH�JODVVHV� prepared according to 
the composition 75TeO2 + 15Na2O +7ZnO + 2GeO2 + 
1Er2O3 (mol %), by the classical melt-casting technique. The 
glasses were doped with 0.25% of AuCl3 (wt %).   The 
precursors TeO2, Na2CO3, ZnO GeO2, Er2O3 and AuCl3 
were weighed in appropriate amounts to obtain a 10 g. The 
melting was carried out in a platinum crucible at 750 0C for 
2.0 hours and the homogenized glass melt was then poured 
onto a pre-heated brass mold. The annealing treatments 
aiming to reduce the Au3+ ions to Au0 atoms and to nucleate 
the Au-NPs were performed at 300 °C for 2.5, 5.0, 7.5 and 
10.0 hours and subsequently cooled down to room 
temperature inside the same electrical furnace to minimize 
internal stresses. The glasses samples of 45×20×2 mm3 were 
finally polished for the optical characterizations. 
The glass transition temperature value (Tg) was determined 
by Differential Scanning Calorimetry (DSC) with heating 
rates of 10 0C/min. The measured onset values of Tg is 287 ± 
2 0C. The X-ray diffraction (XRD) patterns were obtained 
from a Rigaku-Rota Flex model RU200B diffractometer.  

Transmission electron microscopy (TEM) images were 
acquired with a Philips-CM120 equipment. 
2SWLFDO� DEVRUSWLRQ� VSHFWUD� ZHUH� UHFRUGHG� ZLWK� D� /DPEGD�
����3HUNLQ�(OPHU�VSHFWURSKRWRPHWHU��DQG� WKH� OXPLQHVFHQFH�
PHDVXUHPHQWV�ZHUH�SHUIRUPHG�E\�H[FLWLQJ�WKH�VDPSOHV�ZLWK�
D�FRQWLQXRXV�ZDYH��FZ��$UJRQ�LRQ�ODVHU�DW�����QP��DQG�D�FZ�
GLRGH� ODVHU� DW� ���� QP� LQ� UHVRQDQFH� ZLWK� WKH� (U��� LRQV�
HOHFWURQLF� WUDQVLWLRQV� �,�����,������ �,�����)���� DQG�
�,�����,���� UHVSHFWLYHO\�� DQG� DQDO\]HG� XVLQJ� D� /RFN�LQ�
DPSOLILHU�HTXLSSHG�ZLWK�DQ�,Q*D$V�GHWHFWRU��7R�PHDVXUH�WKH�
�,����� OLIHWLPH�� WKH� VDPSOHV� ZHUH� LUUDGLDWHG� ZLWK� DQ� 2SWLFDO�
3DUDPHWULF�2VFLOODWRU��232��FHQWHUHG�DW�����QP�ZLWK�D�SXOVH�
WUDLQ� RI� �� QV�� 7KH� GDWD� DUH� ILWWHG� XVLQJ�
  � � � � �H[S> � @ H[S> � @, W , , W , W      �� ZKHUH� ,��� ,��

DQG�,��DUH�WKH�LQWHQVLWLHV�DW�]HUR�WLPH�� �7KH�DYHUDJH�OLIHWLPH�
ZDV� FDOFXODWHG� E\� WKH� IROORZLQJ� H[SUHVVLRQ� >�@��
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�� 7KH� HPLVVLRQ� VLJQDO� ZDV� UHFRUGHG� RQ� WKH�

RVFLOORVFRSH��5HIUDFWLYH�LQGH[�RI�WKH�VDPSOHV�ZDV�PHDVXUHG�
E\� XVLQJ� D� 0�/LQHV� 0HWULFRQ� HTXLSPHQW�� DW� WKUHH�
ZDYHOHQJWKV�����������DQG������QP��

�� 5HVXOWV�DQG�GLVFXVVLRQ�
The Figure 1 presents the TEM images of the samples heat 
treated at 300 0C during 2.5 hours (a), 5.0 h (c) and 7.5 h (e) 
with their corresponding NPs size distribution (b), (d) and 
(f), respectively. We can notice the irregular circular shape 
on the TEM images, aspect ratio [0.8 – 1.3]. The picture (c), 
whose magnification is lower, show the deformation caused 
by elastic stress generated into the glass by the migration 
and nucleation of Au-NPs [5]. Moreover, the distribution of 
the NPs on the TEM images is quite inhomogeneous, 
confirmed by the rather broad size distribution presented in 
Figure 1 (b), (d) and (f).  Figure 1 also shows the X-ray 
diffraction patterns (g) of the glass with the annealing time 
as a parameter. Two diffraction peaks are observed in Figure 
1 (g) on the patterns of the samples containing Au-NPs at 2  
= 38.3  0.4° and 2  = 44.6  0.3°, that were attributed to 
the Au crystals (111) and (200) diffraction planes, 
respectively [ 16 ]. The average sizes of the Au crystals, 
calculated   from   the   Scherrer’s   relation,   are reported in the 
Table 1. In the melting process, the Au3+ ions and Au0 atoms 
are formed by thermal reduction of Au3+ ions (Au3++3e-

Au0).  
2XU� SURFHVV� LV� LQLWLDWHG� WKURXJK� E\� WKH� SUHFXUVRUV� WKDW� DUH�
UDZ�PDWHULDOV�RI�KLJK�SXULW\��PL[HG�DQG�PHOWHG�LQ�D�SODWLQXP�
FUXFLEOH�� LQWR� DQ� HOHFWULF� IXUQDFH� DW� ���� R&� IRU� WZR� KRXUV��
7KH� WKHUPDO� UHGXFWLRQ� SDWKZD\� SURSRVDO� LV��
2𝐴𝑢𝐶𝑙3 → 2𝐴𝑢3+ + 3𝐶𝑙20(𝑔) �� 7KH� SUHFXUVRU� R[LGHV� LQYROYHG�
GXULQJ� WKH� PHOWLQJ� DUH� WUDQVIHU� RI� HOHFWURQV�� 7KHUHIRUH�� ZH�
FDQ� KDYH� IRUPDWLRQ� RI� DWRP� JROG� �$X���� ,Q� RWKHU� ZRUGV��
$X����H�$X�� �VWDQGDUG� UHGXFWLRQ� SRWHQWLDO��� L�H��� WKH�
UHGXFWLRQ� LV� WKHUPRG\QDPLFDOO\� IDYRUHG� GXH� WR� KLJK� UHGR[�
SRWHQWLDO��&RQVLGHULQJ�WKH�UHGR[�UHDFWLRQV�ZH�KDYH��

𝐴𝑢𝐶𝑙3
ℎ𝑒𝑎𝑡

254 �𝐶⎯⎯ 𝐴𝑢𝐶𝑙 + 𝐶𝑙20(𝑔) 
�
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7KDW� LV�� E\� WKHUPDO� GHFRPSRVLWLRQ�� 7KHQ�� ZKHQ� KHDWHG� DW�
���� �&�� JROG� �,�� FKORULGH� GHFRPSRVHV� WR� JROG� DQG� FKORULQH�
JDV��

2𝐴𝑢𝐶𝑙
ℎ𝑒𝑎𝑡

290 �𝐶⎯⎯ 2𝐴𝑢 + 𝐶𝑙20(𝑔) �
)LQDOO\�ZH�KDYH��

𝐴𝑢𝐶𝑙3 + 𝐴𝑢𝐶𝑙 ℎ𝑒𝑎𝑡⎯ 2𝐴𝑢0(𝑠) + 2𝐶𝑙20(𝑔) �
)RU�$X�V���

∆𝑓𝐻 = 0 𝐾𝐽
𝑚𝑜𝑙 ,∆𝑓𝐺0 = 0 𝐾𝐽

𝑚𝑜𝑙  and 𝑆0 = 47.5 𝐽
𝑚𝑜𝑙𝐾. 

�
)RU�$X&O��

∆𝑓𝐻 = −34.8 𝐾𝐽
𝑚𝑜𝑙 ,∆𝑓𝐺0 = −17.43 𝐾𝐽

𝑚𝑜𝑙  and 𝑆0 = 99.6 𝐽
𝑚𝑜𝑙𝐾 

���
)RU�$X&O���

∆𝑓𝐻 = −117.6 𝐾𝐽
𝑚𝑜𝑙 ,∆𝑓𝐺0 = −55.2 𝐾𝐽

𝑚𝑜𝑙  and 𝑆0 = 147.3 𝐽
𝑚𝑜𝑙𝐾. 

��
)LQDOO\��IRU�&O��J���

∆𝑓𝐻 = 0 𝐾𝐽
𝑚𝑜𝑙 ,∆𝑓𝐺0 = 0 𝐾𝐽

𝑚𝑜𝑙  and 𝑆0 = 233 𝐽
𝑚𝑜𝑙𝐾 
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7KH�*LEEV� IUHH� HQHUJ\�RI� HDFK� UHDFWLRQ� LV� �7� ��������.���
*�������.-�PRO� DQG� *�������.-�PRO� >��@��7KXV�� WKH�
*LEEV� IUHH� HQHUJ\� RI� WKH� UHVXOWDQW� UHDFWLRQ� LV�� *������
.-�PRO��
7KH�JURZWK�RI�$X�13V�RFFXUV�LQ�WKH�WKHUPDO�WUHDWHG��ZKHUH�
WKH� YLVFRVLW\� LV� VXIILFLHQW� WR� VLPXOWDQHRXVO\� SURPRWH� WKH�
GLIIXVLRQ� RI� WKH� $X��� �ORZ� FRQFHQWUDWLRQ�� DQG� $X�� �KLJK�
FRQFHQWUDWLRQ��HQWLWLHV�ZLWKLQ�WKH�JODVV\�QHWZRUN��'XH�WR�WKH�
NLQHWLFV� RI� QXFOHDWLRQ�� WKH� VL]H� GLVWULEXWLRQ� EHFRPHV� QRQ�
KRPRJHQHRXV��DV�LW�FDQ�EH�REVHUYHG�LQ�)LJXUH����E����G��DQG�
�I��� :H� IRXQG� WKDW� WKH� UHTXLUHG� VL]H� RI� WKH� $X�13� WR�
RYHUFRPH� WKH� WKHUPRG\QDPLF� EDUULHU� >�@� LV� �U� � ���� QP��
�)LJXUH��� �G��� IRU���K�DQQHDOLQJ��7KLV� VKRZV� WKDW�ZKHQ� WKH�
13V�DFKLHYH�WKLV�VL]H��WKH�QXFOHDWLRQ�VWRSSHG��$V�WKH�SDUWLFOH�
QXFOHDWLRQ�SURFHVV� �FRDOHVFHQFH��KDV� WR�RYHUFRPH� WKH�JODVV�
HODVWLF� VWUHVV��PLFURVFRSLF� FUDFNV�PD\�EH� IRUPHG� �)LJXUH���
�F����0RUHRYHU��WKH�GLIIXVLRQ�FRQWUROOHG�JURZWK�SURPRWHV�WKH�
IRUPDWLRQ� RI� QRQ�XQLIRUP� 13V�� 7KH� JUDSK� SUHVHQWLQJ� WKH�
13V� VL]H� YHUVXV� DQQHDOLQJ� WLPH� �)LJXUH� �� �K���� D� GLDPHWHU�
GHFUHDVH�FDQ�EH�REVHUYHG�ZLWK�WKH�DQQHDOLQJ�WLPH��:KHQ�WKH�
13V�UHDFK�DSSUR[LPDWHO\�����QP�RI�GLDPHWHU��OLPLW�VL]H��U���
$X�� DWRPV�PD\� EH� UHOHDVHG� IURP�13� VXUIDFH� WR� UHGXFH� WKH�
WRWDO� *LEEV� IUHH� HQHUJ\�� GHFUHDVLQJ� WKH� $X�13V� VL]H�� DQG�
IRUP��SUREDEO\��D�QHZ�QXFOHDWLRQ�FHQWHU��VHH�)LJXUH����K��IRU�
����K��$GGLWLRQDOO\��D�QRWLFHDEOH�FRORU�FKDQJH�RI�DOO�VDPSOHV�
LV�REVHUYHG�ZLWK�WKH�QDNHG�H\H��
:H� FDQ� REVHUYH� IURP� )LJXUH� �� �K�� WKDW� WKH� $X�13V� VL]H�
IRUPHG�LQ�RXU�JODVV�VDPSOHV�UDQJH�IURP�a�����WR�����QP��7KH�
RSWLFDO�SURSHUWLHV�GLVFXVVHG�KHUHDIWHU�WDNH�LQWR�DFFRXQW�WKRVH�
SDUWLFOH�VL]HV��7KH�FRQFHQWUDWLRQ�1��DWRPV�FP���RI�$X�DWRPV�
DQG�(U���LRQV�DQG�WKH�DYHUDJH�GLVWDQFH�EHWZHHQ�(U���LRQV�DQG�
$X�13V� �PHDQ� LQWHU�LRQLF� GLVWDQFH� UP� >��@�� DUH� UHSRUWHG� LQ�
WKH� 7DEOH� ��� 7KH� GHQVLW\� RI� WKH� JODVV� VDPSOHV� $X�13V�[�  �
���������ZDV�PHDVXUHG� E\� WKH� $UFKLPHGHV�PHWKRG� XVLQJ�
GLVWLOOHG� ZDWHU� DV� LPPHUVLRQ� PHGLXP�� 7KH� /635�
GHSHQGHQFH�RQ�WKH�PDWUL[�UHIUDFWLYH�LQGH[�FDQ�EH�FDOFXODWHG�
E\� >�@�� � 
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Figure 1. TEM images of the glass samples (a) 2.5 h, (c) 5.0 
and (e) 7.5 of annealing at 300 0C with their respective NP 
size distribution (b), (d) e (f), where the aspect ratio change 
significantly with the increase of annealing time. The picture 
(c) shows the effects of the elastic stress. (g) X-ray 
diffraction patterns of the glass samples as a function of 
annealing time and (h) estimated Au-NPs’  diameter d versus 
annealing time. Error bars to 3%. 
 
The measured mean values for the refractive index of 
samples containing Au-NPs are: n=533 = 2.014±0.003, 
n=633 = 1.992±0.002 and n=1530 = 1.940±0.003. The 
measured mean values for the samples without Au-NPs are: 
n=533 = 2.293±0.002, n=633 = 2.007±0.002 and n=1530 = 
1.951±0.003. It appears that NPs modify the medium 
polarizability and the dielectric function (Table 1). By using 
the   measured   refractive   index   values   and   the   Sellmeier’s  
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equation [18], we have calculated that the wavelength of 
surface plasmon resonance p is 749 and 773 nm for 
excitation wavelengths of 488 and 808 nm respectively, 
p(d()). 
No absorption band related to the LSPR is observed in the 
absorption spectra presented in Figure 2 (a), probably due to 
the low quantity of Au into the samples and the existence of 
an Er3+ absorption band in that region, which may hide the 
plasmon band. That’s  why  glass   samples  without  Er3+ ions 
were also prepared. Their optical absorption spectra, shown 
in Figure 2 (b), clearly exhibit the LSPR absorption band in 
the 702 - 860 nm range approximately. 
 

 
Figure 2: (a) Absorption spectra of glass samples as function 
of annealing time and of the glass without Au-NPs. The 
Plasmon band is not observed because the amount of the 
Au-NPs is not sufficient to originate a modification in the 
plasmon band. (b) Absorption spectra of the Er3+ ions 
without samples containing Au-NPs only annealed for the 
same time of all samples in study; line black is the without 
metallic NPs glass doped with Er3+ ions. 

,Q�WKH�*DQV�WKHRU\��WKH�/635�LV�RQO\�D�IXQFWLRQ�RI�WKH�DVSHFW�
UDWLR� DQG� UHIUDFWLYH� LQGH[�� 7KXV�� LQ� FHUWDLQ� FRQGLWLRQV�� D�
OLQHDU� UHODWLRQVKLS� EHWZHHQ� WKHP� FDQ� EH� UHVXOWHG� > �� @��
1HYHUWKHOHVV��QXPHULFDO�UHVXOWV�VXJJHVW�WKDW��HYHQ�ZKHQ�WKH�
DVSHFW� UDWLR� LV� IL[HG� DQG� WKH� UHWDUGDWLRQ� HIIHFW� LV�ZHDN�� WKH�
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7KLV�PHDQV� D� EUHDNGRZQ� RI� WKH� OLQHDU� EHKDYLRU� SUHVHQWLQJ�
RVFLOODWLRQV� HOHFWURQV� RULJLQDWLQJ� IURP� WKH� DPRUSKRXV�
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)LJXUH� ��� 'HSHQGHQFH� RI� WKH� UHVRQDQFH� ZDYHOHQJWK� RQ� WKH�
DVSHFW�UDWLR�IRU�WKH�VDPSOHV�ZLWK�$X�13V��ZKHUH�G�LV�WKH�VL]H�
RI� WKH�$X�13V��$�DQG�%�� WKH�ZDYHOHQJWKV�S� RI� WKH�/635��
DUH����� DQG�����QP��7KH� FLUFOH� LV� WKH�YDOXH�REWDLQHG� IURP�
0LH�WKHRU\�DVVXPLQJ�D�VSKHULFDO�QDQRSDUWLFOH�IRU�QG�� ����
QP�� �������7KH�ER[�ZLWK�VSDFHG�OLQHV�LV�D�UHSUHVHQWDWLRQ�RI�
WKH�YDOXHV�IURP�RSWLFDO�DEVRUSWLRQ�GDWD��VHH�)LJ�����E����

�
From the latter equation, for   � G    , the Au-NP 

absorption presents a maximum. The case: 
 5H � G       , the so-called the Frohlich condition  is 

associated with dipole mode [23]. 

7DEOH� ��� 6RPH� FDOFXODWHG� SK\VLFDO� SURSHUWLHV� DV��
FRQFHQWUDWLRQ�1��GLVWDQFH�EHWZHHQ�(U���$X�13��DYHUDJH�
VL]H�RI�$X�13V��

Physical parameter Average for all samples 
N(atom/cm3)  
Er3+ 

 
2.17×1020 

rm (Å) 25.5 ± 1.2 
Diffraction plane (111), size (nm) 0.91 ± 0.21 
Diffraction plane (200), size (nm) 1.25 ± 0.38 
 
Thus NPs can be excited by a predefined incident radiation 
through a direct coupling between the excited states of the 
both Er3+ ions and NPs, resulting in: (i) a local field increase 
(Frohlich condition), at S , (ii) a nonradiatively decay (heat 

generation by Joule effect) or (iii) a  radiative energy release 
which depends on the albedo of the NPs. Thereby, the exact 
response of LSPR will depend on the details of the physical 
system (e.g., G , arrangement), and usually not strictly 

symmetric about the resonant frequency. 
The dielectric constants     and  � G   reported in the 

Table 2 were determined from the refractive index 
measurements of the host matrix and from the data of Palik 
[25] for gold. The bold values indicate that the Frohlich 
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condition is < 0.8, i.e., absorption by NPs is quasi-effective. 
In other words, the Er3+:Au-NP system exhibits a good local 
field factor f. Consequently, a luminescence intensity 
enhancement is expected for the corresponding Er3+ 
transitions, presented in Table 2 – text in bold. 

7DEOH����)URKOLFK�FRQGLWLRQ�RI�(U���UDGLDWLYH�WUDQVLWLRQV�
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VFDWW4 ��DQG�  
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Electronic Transitions 
of Er3+ ion ((nm)) 

Re[()] 
(F/m) -2d() (F/m)  � �5D\

VFDWW4   
4F7/2

4I15/2  (488) -1.83 -8.30 -- 
4S3/2

4I15/2  (550) -7.11 -8.86 -- 
4F9/2

4I15/2  (650) -10.75 -7.88 <<<  1 
4I9/2

4I15/2  (800) -25.12 -7.74 80387.11 
4I11/2

4I15/2  (980) -44.69 -7.65 <<<  1 
�,�����,������������� �������� ������ �������
�
A schematic representation of the interaction process within 
the Er3+:Au-NP system is depicted in Figure 4. The 
calculated Rayleigh scattering values for different 
wavelength are reported in the Table 2, evidencing a more 
prominent scattering at  = 800 nm.  
�

 
Figure 4: (a) Schematic representation of the Er3+:Au-NP 
system, (i) absorption of the incident radiation Ip by the Er3+ 
ion while the Au-NP absorbs the excitation frequency 
resonant with p; (ii) activation of the Au-NPs by energy 
transfer from the Er3+:Au-NP coupling; (iii) by assuming 
that:   � G   < 0.8, a quasi-effective absorption occurs, 

enhancing the local field; (iv) the NPs oscillate with p and 
can decay nonradiatively by heat generation (Joule effect) or 
radiatively releasing energy that depends on the albedo of 
the NPs (Qscatt). (v) Au-NP transmitter, via electric dipole. 
Such coupling depends on the distance between the Au-NPs 
and Er3+ ions. Finally, the emission intensity is: IT = I1+I2. 
(b) Representation of metallic Au-NP for two different 

polarizations that depend N . 
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Figure 5: (a) Quenching is observed for all samples. 
However, enhancement of the 2H11/2

4I15/2 transition is 
observed for the sample heat treated for 5.0 h (b) 
Luminescence spectra at the telecommunication window. 
Quenching is observed for all samples. (c) Er3+ energy levels 
diagram. Pumping at 808 nm: (0) Absorption of Au-NPs (1) 
energy transfer from Er3+ (2H11/2

4I15/2 transition) to Au-
NPs. (2) energy transfer from Er3+ to Au-NPs. Quenching of 
the 4S3/2

4I15/2 transition. (3), (4) and (5) 4F9/2
4I15/2, 

2H11/2
4I13/2 and 4S3/2

4I13/2 transitions. Energy transfer 
from Au-NPs to Er3+ with an enhancement in local field due 
to proximity with p (6) Luminescence quenching for 
2H11/2ĺ4I13/2 (805 nm) and 4S3/2ĺ4I13/2 (840 nm) transitions 
electronic. Pumping at 808 nm. Center peak: a – 530, b – 
556, c – 675, d – 805, e – 830 and f – 1555 nm. NR: non-
radiative transition, ESA: Excited State Absorption and 
CET: Cooperative Energy Transfer.�
�
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One might expect that the most favored transitions are: 
4I9/2

4I15/2 (direct emission, with low probability) or 
2H11/2

4I13/2 and 4S3/2
4I13/2 (thermal population levels, 4-

levels transitions). In order to check these hypotheses, 
different excitation wavelengths were used to determine 
what process or transitions are favored into this tellurite 
glass. Energy transfer processes could have either a negative 
or a positive impact for a specific excited state depending on 
the efficiency coupling between Er3+:Au-NP, i.e., the size 
and shape of the Au-NP and their environment with the Er3+ 
ions.  
Figure 5 (a) shows the up-conversion (UC) emission spectra 
in the region from 510 up to 580 nm of the Er3+:Au-NPs 
doped glass samples pumped at 808 nm (4I15/2ĺ4I9/2 
transition). Quenching is observed for all samples. Ground 
state absorption is followed by non-radiative transition and 
excited-state absorption (ESA) from the 4I13/2 level to 2H11/2 
level. In parallel, the Au-NPs partly absorb the excitation 
beam due to its nearby wavelength with p, resulting in both 
UC and luminescence quenching (Figures 4 (a) and 4 (b)). 
$OWKRXJK�LW�ZDV�QR�SRVVLEOH�WR�UHFRUG�HPLVVLRQ�VSHFWUD�LQ�WKH�
��������QP�UDQJH��ZH�DVVXPHG�WKDW�D�ODUJH�HQKDQFHPHQW�RI�
WKH� OXPLQHVFHQFH� RFFXUV� LQ� WKLV� UHJLRQ� LQ� FRPSDULVRQ�ZLWK�
WKH� HPLVVLRQ� XSRQ� H[FLWDWLRQ� DW� ���� QP� �)LJXUH� �� �D�� DQG�
�E���� 2QFH� DJDLQ�� WKH� UHVXOWV� VXJJHVW� WKDW� WKH� REVHUYHG�
H[FLWHG�VWDWH�DEVRUSWLRQ��(6$��LV�IDYRUHG�E\�WKH�SUHVHQFH�RI�
WKH� $X�13V�� )LJXUH� �� �G�� SUHVHQWV� D� EDVLF� HQHUJ\� OHYHO�
GLDJUDP� RI� (U��� LRQV� DQG� GHVFULEHV� WKH� HPLVVLRQ� DQG�
H[FLWDWLRQ�SDWKZD\V�UHODWHG�WR�WKH�HPLVVLRQ�VSHFWUD�SUHVHQWHG�
LQ� )LJXUHV� �� �D�� DQG� �E��� DV�ZHOO� DV� WKH� $X�13� LQWHUDFWLRQ�
ZLWK�WKH�(U���LRQV��
Figure 6 shows the UC emission when the samples are 
pumped at 488 nm (4I15/2

4F7/2 transition). In the 520-580 
nm region (Figure 6 (a)), the luminescence quenching 
observed can be explained considering an energy transfer 
from Er3+ to Au-NPs, leading to 2H11/2

4I15/2 and 
4S3/2

4I15/2 transitions. Figure 6 (b) shows a large 
enhancement for the 4F9/2

4I15/2, 
2H11/2

4I15/2 and 
4S3/2

4I15/2 transitions, for all samples except the one for 2.5 
h. The enhancement observed for the 4F9/2

4I15/2 transition 
is own to the plasmon resonance at Frohlich condition (see 
Table 2), and not ESA as in previous cases. Additionally, in 
the region from 780 to 860 nm the Er3+ emission is close to 
p, i.e., an enhancement of both Er3+ ions and Au-NPs 
emission intensity is obtained.  
A particular behavior observed in the Figure 6 (c), in the 
telecommunication range, is that the sample heated for 7.5 h 
exhibits a large enhancement (~80% intensity increment) 
and a blue-shift for the 4I13/2

4I15/2 transition. Such feature 
can be related to the size of the Au-NPs, which is the 
smallest in comparison with the other samples (0.9 ± 0.1 nm 
of diameter), and therefore, the electric dipole is favored [7]. 
As for the luminescence studies at 808 nm excitation 
described above, a simplified energy level diagram for Er3+ 
ions is presented in Figure 6 (d) and describes the excitation 
pathways and the luminescence emission shown in Figure 6 
(a) to (c) and also the Au-NP:Er3+ interaction. 
 

 
)LJXUH�����D��/XPLQHVFHQFH�VSHFWUD�LQ�WKH�����XS�WR�����QP�
UHJLRQ�� 4XHQFKLQJ� LV� REVHUYHG� IRU� DOO� VDPSOHV� �E��
(QKDQFHPHQW� LQ� WKH�����XS� WR�����QP�UHJLRQ�DUH�REVHUYHG�
IRU�DOO� VDPSOHV�� H[FHSW� WKH� VDPSOH�ZLWK�DQQHDOLQJ�RI�����K��
7KH� (6$� SURFHVV� LV� EHQHILWHG� EHFDXVH� WKH� SUHVHQFH� RI� WKH�
$X�13V���F��3DUWLFXODU�FDVH�RI�����HQKDQFHPHQW�DQG�D�EOXH�
VKLIW�IRU�WKH��,�����,�����REVHUYHG�IRU�WKH�VDPSOH�KHDW�WUHDWHG�
IRU� ���� K�� �F�� %DVLF� HQHUJ\� OHYHOV� GLDJUDP� RI� (U��� LRQV�
SXPSHG� ZLWK� ���� QP�� ���� HQHUJ\� WUDQVIHU� IURP� (U���
��+����

�,�����WUDQVLWLRQ��WR�$X�13V������7KH�VDPH�RI�����EXW�
LQ� WKH� �6����,����� WUDQVLWLRQ�� ����� ���� DQG� ���� �)����,������
�+����

�,�����DQG��6����,����� � WUDQVLWLRQV�DUH�IDYRUHG�IRU�WKH�
SURFHVV� RI� HQHUJ\� WUDQVIHU� IURP� $X�13V� WR� (U��� WRJHWKHU�
ZLWK�DQ�HQKDQFHPHQW�RI�WKH�ORFDO�ILHOG�GXH�WR�FRYHU�S�LQ�WKLV�
UHJLRQ��ZLWK�WKH�H[FHSWLRQ�RI�WKH�VDPSOH�KHDW�WUHDWHG�IRU�����
K� � ���� /XPLQHVFHQFH� TXHQFKLQJ� IRU� �)����,����� ����� QP���
�+����ĺ�,����������QP��DQG��6���ĺ�,����������QP��WUDQVLWLRQV��
1HYHUWKHOHVV�� WKH� VDPSOH� ZLWK� ���� DQG� ����� K� RI� DQQHDOLQJ�
WLPH��VKRZ�DQ�LQFUHPHQW�RI�WKH�LQWHQVLW\�RI�HPLVVLRQ��$OO�WKH�
SURFHVVHV� DUH� SXPSHG� ZLWK� D� FZ� GLRGH� ODVHU� DW� ���� QP��
&HQWHU�SHDN��D�±������E�±������F�±������G�±������H�±�����DQG�
I�±������QP��
 
'HSHQGLQJ� RQ� WKH� SRODUL]DWLRQ� GLUHFWLRQ� RI� WKH� LQFLGHQW�
UDGLDWLRQ� RQ� WKH� $X�13�� D� EOXH�VKLIW� RI� WKH� SODVPRQ�
UHVRQDQFH�EDQG�LV�REVHUYHG�IRU�WUDQVYHUVH�PRGHV��DQG�D�UHG�
VKLIW� IRU� ORQJLWXGLQDO� PRGHV� >��@�� )LJXUH� �� �E��� )URP� WKH�
UHVXOWV�SUHVHQWHG�LQ�)LJXUHV���DQG����D�EOXH�VKLIW�LV�REVHUYHG�
LQ�PRVW� VSHFWUD��2QH�SRVVLEOH�FDXVH� IRU� WKLV� UHVXOW� LV� WKDW�D�
UDQGRPO\� $X�13V� GLVWULEXWLRQ�� SURGXFHG� D� UDQGRPO\�
SRODUL]DWLRQ� GLVWULEXWLRQ� �7(�70��� WKXV�� LQ� WKH� DGGLWLRQ� RI�
WKH� PRGHV� LQWHQVLW\�� VRPH� WHUPV� PD\� FDQFHOHG� HDFK� RWKHU�
EXW�WKH�UHVW�LV�VXIILFLHQW�IRU�VKRZV�EOXH�VKLIW� 
Figure 7 shows the lifetimes as a function on annealing time 
for the Er3+ ions, of the levels 2H11/2 and 4S3/2, pumped at 
pump = 488 nm and 100 mW. Measurements were 
performed with a 10 nm bandwidth filter centered at 800 and 
850 nm, respectively. Decay times obtained for Au-NPs 
without samples are also shown for comparison. 
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Luminescence enhancement is possible for the 2H11/2ĺ 4I13/2 
(805 nm) and 2S4/2ĺ 4I13/2 (840 nm) transitions, which can 
be explained by the increased excitation transition rate of the 
Er+3 ions due to the proximity between the p and the 
excitation wavelength. This increased excitation rate is 
responsible for the 2H11/2 and 4S3/2 lifetime lowering, in 
agreement with the results reported in references [7, 9].  
 

 
Figure 7: Decay times values for the levels 2H11/2 (805 nm) 
and 4S3/2 (850 nm), pumped with an OPO center in 488 nm, 
100 mW.  Luminescence enhancement occurred in the 
samples with Au-NP (solids bar) as indicated by the 
lowering of lifetime as compared with the respective 
samples without Au-NP (dashed lines).  
7KH� OLIHWLPH� LV�JLYHQ�E\� WKH� LQYHUVH�RI� WKH� WRWDO�GHFD\�UDWH��

  �
QUN    ��ZKHUH�� � LV� WKH� HPLVVLYH� UDWH� DQG� NQU� LV�

WKH� QRQUDGLDWLYH� GHFD\� UDWH�� 7KLV� NQU� LV� DVVRFLDWH� ZLWK� WKH�
TXDQWXP� \LHOG� RI� WKH� HQHUJ\� WUDQVIHU� WUDQVLWLRQ� �IURP� (U���
LRQV��� L�H��� WKH� IUDFWLRQ� RI� HQHUJ\� WUDQVIHU� LQ� WKH� (U��� LRQ�
H[FLWDWLRQ� HYHQW� > �� @�� �� $X 13V (U(     �� ZKHUH�

�(U  DQG� $X 13V  UHSUHVHQW� WKH� OLIHWLPHV� LQ� WKH�DEVHQFH�RI�
$X�13V�DQG�SUHVHQFH�RI�$X�13V�UHVSHFWLYHO\��DVVXPLQJ�WKDW�
WKH�VHSDUDWLRQ�GLVWDQFH�(U���$X�13V�LV�IL[HG�IRU�WKH�SUHVHQW�
FDOFXODWLRQ���7DEOH���VKRZV�WKH�WUDQVIHU�HIILFLHQF\��(��LQ�RXU�
VDPSOHV��

7DEOH� ���&DOFXODWHG� WUDQVIHU� HIILFLHQFLHV� LQ� WKH� VDPSOHV�
ZLWK�GLIIHUHQW�DQQHDOLQJ�WLPHV��

(OHFWURQLF�7UDQVLWLRQV� $QQHDOLQJ�WLPH��K��
� ���� ���� ���� �����

�+������a����QP�� ����� ����� ����� �����
�6�����a����QP�� ����� ����� ����� �����

�
7KH� YDOXHV� RI� �(U  DUH� VKRZQ� LQ� WKH� )LJXUH� ��� 7KHUHIRUH��
WKLV�IUDFWLRQ�RI�HQHUJ\�WUDQVIHU�IURP�(U���LRQV�IRU�$X�13V�LV�
UHVSRQVLEOH� IRU� WKH� OLIHWLPH� ORZHULQJ� RI� HOHFWURQLF�
WUDQVLWLRQV��

�� &RQFOXVLRQV�
In summary, we verified that the Au-NPs form electric 
dipoles with the emitters, the Er3+ ions. These are activated 
by the 4F9/2ĺ4I15/2, 

4I9/2ĺ4I15/2, 
4I11/2ĺ4I15/2 and 4I13/2ĺ4I15/2 

transitions of the Er3+ ions, forming a LSPR. For a plasmon 
wavelength of about 800 nm an enhancement of the Er3+ 
ions luminescence is observed for the band ranging from 
800 up to 840 nm upon excitation at 488 nm. Both effects 
are obtained for UC luminescence since the presence of Au-
NPs favors the ESA process. An enhancement of the 
luminescence spectrum is also observed in the region 640 up 
to 720 nm, excepted for the glass heated for 2.5 h. 
Furthermore, a luminescence quenching is observed in the 
telecommunication window. However, a large enhancement 
is observed in this window for the sample annealed for 7.5 h 
when excited at 488 nm. In this case, the formation of 
electric dipoles is found to be dependent with the NP size. 
These dipoles produce an enhanced local field and 
consequently an increment of the luminescence intensity. 
The decrease lifetime indicates that energy transfer occurs 
between the Er3+ ions and the Au-NPs, leading to an 
increase in the radiative transition rate from these levels, this 
is verified through TXDQWXP� \LHOG� RI� WKH� HQHUJ\� WUDQVIHU�
WUDQVLWLRQ� DERXW� ��� �� WR� XS� ��� �. Nevertheless, the 
formation and diffusion of Au-NPs in the TeO2-Na2O-ZnO-
GeO2-Er2O3 germanium-tellurite glass matrix is not 
favorable because of the small NPs size produced in the 
matrix and the induced mechanical stress resulting in 
microscopic cracks into the glass. 
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Abstract 
We report the evidence of plasmonic-photonic resonances 
in hybrid metallo-dielectric quasi-crystal nanostructures 
composed of aperiodically-patterned low-contrast dielectric 
slabs backed on a metal layer. Via both experimental and 
numerical studies, with specific reference to the Ammann-
Beenker octagonal tiling geometry, we analyze the resonant 
phenomena and investigate the underlying physics. We 
show that, by comparison with standard periodic structures 
with the same filling factor, a richer spectrum of resonant 
modes may be excited, characterized by a distinctive 
plasmonic or photonic behavior. Concerning the possible 
applications, we explore the structure functionalization via 
high refractive index overlays, as well as its surface 
sensitivity to deposition of nanolayers of materials 
mimicking bio-molecular binding. Finally, in connection 
with the energy-harvesting field, we also present a 
comparative study on the application of 1-D periodic- and 
quasiperiodic-based nanostructures as backreflectors for 
thin-film solar-cell photovoltaics.  

1. Introduction 
Currently, there is a great deal of interest in the study of 
out-of-plane resonances occurring in nanostructured 
metallic and dielectric films, stimulated by applications to 
highly strategic fields such as chemical and biological 
sensing. It is well known that flat metallic films can support 
surface plasmon polaritons (SPPs), which are due to 
coherent oscillations of the surface charge density bound at 
the metal surface[1]. Moreover, nanostructured metallic 
films may also give rise to local surface plasmon resonances 
which, in contrast with propagating SPPs, are confined 
around the nanostructure, and exhibit higher local field 
intensity [2]. Furthermore, dielectric photonic crystals (PCs) 
slabs [3] can support guided resonances (GRs) due to the 
coupling of leaky modes with the continuum of radiative 
modes of the surrounding environment [4]. Both types of 
resonant phenomena (henceforth, simply referred to as 
“plasmonic” and “photonic,” respectively) are characterized 
by peculiar spectral features and selectivity. In particular, 
they exhibit strong sensitivity in terms of wavelength shift 
to changes in the refractive properties of the surrounding 
environment. While well-established chemical/bio-sensing 

schemes are either plasmonic- (see, e.g., Refs. 5-7) or 
photonic-based (see, e.g., Refs. 8-9), some recent studies 
[10-12] have demonstrated the very promising potentials of 
hybrid plasmonic-photonic platforms based on metallo-
dielectric nanostructures. The potential interplay between 
plasmonic and photonic resonances can maintain the 
advantages offered by the single constituents, while 
overcoming their respective limitations such as the lossy 
character of plasmonic resonances. 2-D nanostructured  
metallo-dielectric plasmonic-photonic crystals have been 
successfully fabricated [10-12] via self-assembly of a 
dielectric PC structure constituted by a mono-layer of 
colloidal spheres on a metallic film. Such hybrid structures 
may exhibit very high-quality-factor plasmonic and 
photonic resonant modes, with a high degree of tunability 
and a strong sensitivity to external materials deposited on 
the dielectric PC surface. The inherent richness of 
interplaying resonant phenomena renders these structures 
extremely promising candidates for a variety of other 
applications (besides sensing [13]), e.g., to tunable light-
emitting and active filtering devices. 
The above plasmonic-photonic structures are inherently 
based on periodic nanostructuring, which can be easily 
achieved via self-assembly. However, recent studies on 
either plasmonic (e.g., arrays of sub-wavelength holes in 
metallic screens, [14] and arrays of plasmonic nanoparticles 
[15-16]) or photonic (holey dielectric slabs [17-20])  
structures, have demonstrated the possible advantages of 
using aperiodically-ordered lattice geometries. Such 
geometries, inspired by the concept of “quasi-crystal” (QC) 
in solid-state physics, [21-22] retain the essential 
characteristics of periodic-like light scattering (and, hence, 
the possibility of exciting plasmonic/photonic resonances) 
while introducing additional geometric degrees of freedom 
(e.g., higher-order non-crystallographic rotational 
symmetries, richer spatial spectra and defect states, etc.) 
that can be judiciously exploited for tuning/optimizing the 
response. Here we present a numerical and experimental 
study of hybrid plasmonic and photonic resonances in 
nanostructured low-contrast metallo-dielectric QCs. In 
particular, the metallo-dielectric nanostructure considered in 
this study is schematically represented in Fig. 1a. It 
essentially consists of a patterned (holey) dielectric layer 
backed by an unpatterned nanosized metallic (aluminum) 
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film laid on a sapphire substrate. The pattern is based on the 
octagonal (Ammann-Beenker) quasi-periodic square-
rhombus tiling [22] shown in Fig. 1b. We design and 
fabricate this structure and characterize its out-of-plane 
optical response in terms of plasmonic and photonic 
resonances, studying their dependence on nanosized 
deposited overlays. We also compare the results with those 
pertaining to a standard periodic (square) geometry with 
same filling factor, highlighting similarities and differences. 

Al2O3

Al

patterned
ZEP

(a)

a

(b)

370 nm
30 nm

 

(a)
480 nm

1 µm

(b)

510 nm

1 µm

 
 
Figure 1: (a) 3-D schematic (not in scale) of the hybrid 
metallo-dielectric structure with indication of the layer 
thickness values. (b) Ammann-Beenker tiling (third stage), 
with a zoom of the central region and the lattice constant a 
(square/rhombus tile sidelength) shown in the inset. SEM 
images of the QC (c) and square (d) lattices patterned onto 
the ZEP layer. The inset in (a) shows a magnified detail. 
The measured values of lattice constant a = 1 µm and hole 
diameter (480 nm in (c), and 510 nm in (d)) are also 
indicated. 

2. Fabrication and Characterization 
The nanometer-size patterns were defined in an electron-
beam positive resist by standard electron beam lithography 
(EBL). A 30 nm film of aluminum was first deposited on a 
sapphire substrate by direct-current magnetron sputtering in 
an ultra-high vacuum system at a base pressure of 8×10-8 
Torr. The sample was then spin-coated with ~ 370 nm of 
electron-beam positive resist (ZEP 520A, Zeon Chemicals) 
and baked on an hot plate for 2 min at 180°C. Subsequently, 
a 400×400 µm2 matrix of circular holes (placed at the tiling 
vertices) was patterned on the same substrate by using a 
Raith 150 EBL system with a voltage of 20kV and a dose of 
55 µC/cm2. In this process, the metallic film also acts as 
charge dissipation layer to avoid deflection of the electron-
beam during the writing process. After the electron-beam 
exposure, the sample was developed in a ZED N50 solution 
(Zeon Chemicals) for 45 sec, and subsequently rinsed in 
isopropanol. The scanning electron microscope (SEM) 
image of the fabricated structure is shown in Fig. 1(c). In 
order to highlight similarities and differences with the 
standard (periodic) case, we also fabricated a square crystal 
(shown in Fig. 1d), with same lattice constant and slightly 

different hole radius, to equalize the filling fraction (~21%). 
With the SEM metrology tools, the hole diameter was found 
to be 480 nm for the QC case, and 510 nm for the periodic 
case, while the lattice constant a  was found to be 1 µm in 
both cases.  
In order to characterize the hybrid photonic-plasmonic 
resonant behavior of the fabricated samples, we performed 
out-of-plane spectral reflectance measurements at normal 
incidence, via a standard reflection setup. We utilized a 
broad-band white light source directly coupled into a 
standard fiber-based reflection probe acting simultaneously 
as light launcher and collector. The reflection probe 
illuminates the entire patterned area via an optical fiber 
bundle with six outside fibers in ring-shaped configuration. 
The light reflected by the sample (placed on a motorized 
XYZ positioning stage enabling a 10 µm absolute on-axis 
accuracy) is collected by a central fiber (with a collection 
spot diameter ~350 µm) directly connected to an optical 
spectrum analyzer operating with a resolution of 0.4 nm. As 
a tradeoff between the fulfilling of paraxial (normal 
incidence) conditions and an adequate signal-to-noise ratio, 
we selected a distance of 7 mm between the sample and the 
reflection probe.  
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Figure 2: (a), (b) Experimental (black solid) and numerical 
(red dashed) reflectance spectra of the hybrid metallo-
dielectric QC and periodic samples shown Fig. 1(c) and 
2(d), respectively. The insets show the (quarter of) supercell 
(a) and unit-cell (b) used in the simulations. (c), (d) Electric 
field intensity maps (normalized with respect to the 
maximum value observed) at the reflectance minima in a 
section of the structure (shaded wall in the inset) for the QC 
and periodic case, respectively. 
 
The measured reflectance spectra were finally normalized 
with respect the (known) reference response of an 
aluminum mirror. The measured reflectance spectra for 
normally-incident un-polarized light are shown as black-
solid lines in Figs. 2a and 2b for the QC and periodic 
structures, respectively. For the QC case (Fig. 2a), three 
sharp resonant dips appear at 934 nm (with quality factor 
Q~41), 1146.5 nm (Q~51) and 1466 nm (Q~89). For the 
periodic case, two dips are observed at 1100 nm (Q~74) and 
1367 nm (Q~84). 
We also carried out numerical studies (via the finite-
element-based commercial software package COMSOL 
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Multiphysics [23]) aimed at assessing the predictability of 
the resonant phenomena and understanding their physical 
nature. For the simpler periodic case, also in view of the 
mirror symmetries involved, the computational domain was 
reduced to one-quarter of the unit-cell (shown as an inset in 
Fig. 2b) with perfectly-electric-conducting (PEC) and 
perfectly-magnetic-conducting (PMC) in-plane terminations 
compatible with normal-incidence illumination. In the more 
complex QC case, where the use of the unit-cell concept is 
prevented by the lack of translational symmetry, we relied 
on a periodic approximant based on a suitably large square 
“supercell” of sidelength aL ⋅+= )234( , [17-19] whose 
mirror symmetry also allowed its reduction to a single 
quarter (see the inset in Fig. 2(a)). The numerically 
computed reflectance spectra, also shown (as red-dashed 
curves) in Figs. 2(a) and 2(b), are in very good agreement 
with the experimental results. While this was somehow 
expectable for the periodic case, it was not to be taken for 
granted for the QC case. In fact, the actual applicability and 
effectiveness of periodic-approximant-based numerical 
modeling as a computationally affordable design tool for 
hybrid QC constitutes one of the key results of the present 
study. 

3. Resonances Classification 
The resonant dips in Figs. 2a and 2b are attributable to the 
excitation of plasmonic (SPP) and photonic (GR) modes. In 
the hybrid structure considered here, the patterned dielectric 
layer plays a two-fold role, acting both as a diffraction 
grating for the excitation of SPPs and, at the same time, as a 
guiding layer supporting photonic GRs. Both types of 
resonant phenomena arise from phase-matching conditions 
between modes supported by the structure and Bragg peaks 
in the spatial spectrum of the holey structure (reciprocal 
lattice). In view of their inherently richer spatial spectra, and 
the consequent easier achievement of phase-matching 
conditions, it is not surprising that the QC structure may 
exhibit a higher number of resonances (by comparison with 
the periodic counterpart) and offer extra degrees of freedom 
for their design.   

In order to identify the physical nature of the resonances, 
we studied the corresponding field distributions, which are 
expected to be mostly localized in the dielectric region for 
the GR case, and essentially bound at the metal-dielectric 
interface for the SPP case. As it can be observed from Fig. 
2c, for the QC case, the lowest-wavelength resonance 
exhibits a field distribution mostly concentrated in the 
dielectric region, and may accordingly be classified as 
photonic (henceforth labeled as GR1). Conversely, both the 
dips at 1146.5 nm and 1466 nm are attributable to 
plasmonic resonances (SPP1 and SPP2, respectively), since 
their field distributions turn out to be mostly bound at the 
metal-film interface. Likewise, for the periodic case shown 
in Fig. 2d, the resonance occurring at 1100 nm can be 
classified as photonic (GR0), whereas the one located at 
1367 nm as plasmonic (SPP0). 
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Figure 3: (a), (b) (a), (b) Experimental reflectance of the QC 
and periodic structures, respectively, for different values of 
the aluminum film thickness. (c), (d) Electric field intensity 
for the QC and periodic structures, respectively, at the 
reflectance minima for photonic (first column) plasmonic 
(second column), and different values of the aluminum film 
thickness. 
 

A further validation of our resonance classification may 
be derived investigating the effect of the metal film 
thickness on the observed resonances. Intuitively, a 
significant influence of the metal thickness on the 
plasmonic resonances excitation and modal field 
distribution is expected in view of the active role of the 
metal in supporting SPPs. Conversely, in the photonic case, 
a weaker influence is expected, since the metal film 
essentially plays the passive role of a mere reflective mirror. 
In this framework, we fabricated and characterized two 
additional samples with different values of aluminum 
thickness tAl (10 nm and 20 nm), with the other geometrical 
parameters kept constant. Closer to the resonances, two 
markedly different trends are observed. While the photonic 
resonance remains essentially stable, as expected, the 
plasmonic resonances become sharper and more 
pronounced. In particular, for both the QC and periodic 
cases, the higher-wavelength plasmonic resonances 
practically disappear for tAl =10 nm. As a further indication, 
Figs. 3c and 4d show the corresponding field distributions 
for the QC and periodic case, respectively. Differently from 
the photonic case, the plasmonic resonances are excited 
when tAl approaches 20 nm. Moreover, for increasing 
aluminum thickness, it can be observed that the resonant 
field distributions tend to become more concentrated (in the 
dielectric layer, for the photonic case; at the metal-film 
interface, for the plasmonic case). This may justify the blue-
shift observed in Figs. 3(a) and 3(b), which, in agreement 
with the numerical predictions in Ref. 24, is much stronger 
in the plasmonic case. However, small differences in the 
hole radii among the different samples (due to fabrication 
tolerances) may also contribute to such blue-shift.  
We point out that, although no specific parameter 
optimization was performed, the Q-factors exhibited by our 
hybrid metallo-dielectric structures are significantly larger 
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than those observed in typical plasmonic crystal 
configurations (see, e.g., Ref. 25). To summarize, in our 
parameter configuration, the highest Q-factor was observed 
for a plasmonic resonance in the QC case. Moreover, the 
QC structure was found to exhibit a richer resonant 
spectrum, with a resonance dip amplitude comparable with 
the periodic counterpart.  

800 900 1000 1100 1200 1300 1400 1500 1600
3

4

5

6

7

8

9

10

11

12

 

 

βa

Wavelength (nm) kxa kxa

k y
a

GR1

GR0

SPP1

SPP0

SPP2

(a) (b) (c)

 
Figure 4: (a) Dispersion curves of the lowest-order anti-
symmetrical TE bound mode supported by a homogenized 
grounded dielectric slab waveguide (magenta-solid), and the 
SPP mode supported at the interface between the aluminum 
and homogenized-dielectric media (orange-dashed). (b), (c) 
Spatial spectra of the QC and periodic PC, respectively, 
with overlayed the circles of radii aβ  pertaining to the 
resonant wavelengths (marked with crosses and labeled in 
the dispersion curves). 

4. Mode Coupling Mechanism 
From the physical viewpoint, the observed resonant 

phenomena may be understood via approximate semi-
analytical models based on phase-matching conditions 
between Bragg-type peaks in the lattice spatial spectrum 
(reciprocal lattice) and the photonic and plasmonic bound 
modes supported by an effective homogenized structure. 
For instance, Figure 4a shows the dispersion curves for i) 
the lowest-order anti-symmetric transverse-electric (TE1) 
photonic bound mode supported by a homogenized 
(assuming a filling-factor of 21%) dielectric slab waveguide 
backed by a perfectly conducting metallic wall[33] 
(magenta-solid), and ii) the SPP mode supported at the 
interface between the aluminum and homogenized-
dielectric media [1] (orange-dashed). From these curves, it 
is possible to extract the (real part of) in-plane propagation 
constant (normalized to the lattice constant a) pertaining to 
the resonant wavelengths in Figure 2 (marked with crosses 
and labeled in Figure 4a), and therefore assess the phase-
matching conditions aka n=β  (with

nk denoting a Bragg 
wave-vector in the reciprocal space) by drawing circles of 
radii aβ  overlayed on the spatial spectra of the QC and 
periodic PC, as shown in Figures 4b and 4c, respectively. It 
can be observed that, for both the QC and periodic PC case, 
all the circles fall rather close to certain orders of spectral 
peaks, and may therefore be associated to the corresponding 
phase-matching conditions. As a further illustration of the 
inherent richness of resonant phenomena in these hybrid 
structures, it is also observed that the same order of spectral 
peaks can yield resonances at different wavelengths by 
interacting with both a photonic and plasmonic mode (e.g., 
GR1 and SPP1, or GR0 and SPP0). 

Moreover, by comparing Figures 4a and 4b, it clearly 
emerges the inherently denser character of the QC spatial 
spectrum, and the consequent easier achievement of phase-
matching conditions. It is therefore not surprising that the 
QC structure may exhibit a higher number of resonances 
and offer extra degrees of freedom for their design.  
The intrinsic difference of the nature and spacing of the 
resonances in a QC can be exploited in a number of 
applications, such as solar cells or nonlinear phase 
matching, as well as chemical and biological sensing. For 
instance, in thin-film solar cells, the resonance spacing and 
coupling strength may be adjusted so as to match the 
spectral profile of the absorbing layer, whereas in nonlinear 
phase matching, non-evenly-spaced resonances may be 
useful in order to compensate for material dispersion. An 
additional feature of these structures is their potential ability 
to tailor the resonant optical field distribution so as to 
enhance the spectral sensitivity to local environmental 
changes, which plays a fundamental role in label-free 
sensors for chemical and biological detection. 

5. Resonance Tuning 
Tuning and re-configurability of resonant modes represent 
key features for components and devices to be incorporated 
in modern optical systems. In this framework, the use of 
nanosized HRI coatings represents an effective approach 
typically exploited to modify the modal distributions, and 
particularly suited to tailor the final spectral characteristics 
of optical components. In addition, the exploitation of 
suitable active HRI materials may open up promising 
perspectives for actively (e.g., electronically, magnetically, 
thermally) tuning the resonances of the functionalized 
device. In order to assess the applicability of this approach 
to our hybrid metallo-dielectric QCs, we deposited a 15nm-
thick layer of SiO (refractive index ~1.95) on the surface of 
a sample. For comparison, we also fabricated a periodic 
counterpart using the same procedure. 
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Figure 5: (a), (b) Reflectance spectra for uncoated (black 
solid) and 15nm SiO-coated (red dashed) QC and periodic 
structures, respectively. 
 

The reflectance spectra of the SiO-coated QC and 
periodic structures are compared in Fig. 5 with those 
pertaining to the uncoated samples. As it can be observed, 
the HRI functionalization produces three main effects: i) a 
red shift of all resonant modes, ii) the improvement of the 
quality factor of both photonic and plasmonic resonances, 
and iii) an increase of the reflectance baseline, also 
accompanied by a decrease of resonance visibility. 
Specifically, for the QC case, photonic and plasmonic 
resonances shift towards longer wavelengths (consistent 
with an increase of the effective refractive index of the 
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resonant modes due to the higher refractive index of the 
overlay with respect to the patterned dielectric), also 
exhibiting a dip amplitude reduction of ~18%. This clearly 
reveals that the SiO deposition, as expected, occurs either 
on the top surface of the structure or inside its holes, 
thereby enabling the electric field associated to both 
photonic and plasmonic modes to be modified by the HRI 
material. In particular, the red-shift exhibited by the 
plasmonic resonances SPP1 and SPP2 (∆λSPP1=17.6 nm and 
∆λSPP2 =18.0 nm) is more pronounced than that observed in 
the photonic case (∆λGR1=17.2 nm). A qualitatively similar 
behavior is obtained in the periodic case, where red-shifts of 
the same order are also observed for both the GR0 and 
SPP0 resonances. Here, however, the shift associated to the 
photonic resonance (∆λGR0= 19.2 nm) turns out to be larger 
than the plasmonic one (∆λSPP0= 15.2 nm).  
Another important advantage of the HRI functionalization is 
the Q-factor enhancement. Indeed, the reflectance spectra 
reported in Fig. 5 clearly show that the resonance dips 
become sharper after the SiO deposition. In particular, with 
reference to the QC case in Fig. 5a, a 27% Q-factor 
enhancement was calculated for the photonic resonance 
GR1, as well as of nearly 12% and 8% for the plasmonic 
resonances SPP1 and SPP2, respectively. This effect is also 
observed for the periodic structure (cf. Fig. 5b), but with a 
weaker Q-factor enhancement, namely ~9% for the 
photonic resonance GR0, and no sensible variation for the 
plasmonic resonance SPP0. Further optimization margins 
may be expected by exploiting the geometrical degrees of 
freedom in the aperiodic tiling, so as to favor a stronger 
modal overlap with the HRI overlay.  

6. Resonance Surface Sensitivity 
Due to the high surface sensitivity of the resonant modes 

demonstrated in the case of HRI functionalization, we 
performed a different experiment, using suitable nanosized 
overlays with refractive index similar to those exhibited by 
most of the biological species of practical interest. 
Specifically, we carried out the deposition of nanoscale (15 
nm thick) overlays of SiO2 (refractive index ~1.45), which 
well resembles the binding typical of biomolecular 
interactions [26].  
Figure 6a compares the reflectance spectra of the QC 
structure before and after the deposition. Also in this case, a 
red-shift of both resonance types occurs, but less evident 
than the SiO case, mainly due to the lower refractive index 
of SiO2.  In particular, the photonic resonance GR1 exhibits 
a slightly larger shift (∆λGR1=6.4 nm) than the plasmonic 
ones SPP1 and SPP2 (∆λSPP1=∆λSPP2=6.0 nm). For 
comparison, we show in Fig. 6e the reflectance spectra of 
the uncoated and SiO2-coated periodic samples. Also in this 
case, the wavelength shift observed for the photonic 
resonance GR0 (∆λGR0= 6.4 nm) is slightly larger than that 
associated to the plasmonic one SPP0 (∆λSPP0=4.0 nm). 
Interestingly, while the wavelength shifts of the photonic 
resonances observed in the QC and periodic cases turn out 
to be comparable, the plasmonic resonances in the QC case 
exhibit a sensitivity enhancement up to 50% with respect to 
the periodic counterpart. The above results reveal promising 

molecular sensitivity at monolayer scale, namely, surface 
sensitivities (in terms of resonance shift per nanometer of 
deposited overlay) as high as 0.40 nm and 0.43 nm for the 
plasmonic and photonic resonances, respectively. 
Considering the typical sizes of biological molecules (3.8-
5.2 nm), it can be inferred that the binding of a single 
biological monolayer to the sample surface is able to 
generate a resonance shift of approximately 1.5-2 nm, 
which may be easily detected via low-cost commercial 
spectrophotometer, thereby opening up new perspectives in 
label-free biochemical sensing. Moreover, for the QC case, 
further optimization margins exist by acting on the tiling 
geometry, so as to tailor the field distribution of the 
resonant modes for improving their surface sensitivity. 
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Figure 6: (a), (b) Reflectivity spectra for uncoated (black 
solid) and 15nm-SiO2 coated (red dashed) metallo-dielectric 
PQC (a) and PC (e) structures. The insets (b-d) and (f,g) 
show magnified details around the resonance dips for the 
PQC and PC case, respectively.  

7. Absorption Enhancement in Thin Film Solar 
Cells with Quasi-Periodic Backreflectors 

Due The ability to engineer the plasmonic and photonic 
resonances (e.g., number and spectral locations) may 
provide new solutions in a variety of highly strategic fields, 
such as thin-film solar cells. In this context, it is well known 
that a serious limitation to the overall efficiency stems from 
the poor light absorption, especially at longer wavelengths 
of the solar spectrum, which is in turn attributable to the 
limited thickness of the semiconductor (active) region with 
respect to the absorption length of near infrared photons[28] 
Accordingly, over the last few years, light-trapping 
techniques have been proposed in order to increase the 
optical thickness of the absorbing layer. A particularly 
promising approach relies on the use of metallic 
nanogratings on the back surface, which can couple the 
incoming radiation into both plasmonic (excited at the 
metal/semiconductor interface) and photonic modes (guided 
directly in the semiconductor layer).[28] In such 
configurations, the patterned metallic backreflector is 
capable of efficiently coupling the incoming light into 
photonic and plasmonic modes whose field distributions are 
mainly localized in the active region of the solar cell.[29] In 
this framework, QC backreflectors may be exploited to 
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judiciously tailor the number and location of 
photonic/plasmonic modes within the near-infrared 
wavelength range, so as to enhance the overall performance.   
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Figure 7: (a) Schematic (supercell for numerical simulation) 
of the solar cell with a Fibonacci-like nanograting as 
backreflector. (b) AM 1.5 solar spectrum (golden-dotted); 
absorption spectra for the TE polarization (red-solid) and 
TM polarization (blue-solid) of the structure in (a); 
absorption spectrum of the solar cell with a silver mirror as 
backreflector (black-dotted). (c) Same as (b), but with a 
periodic grating as backreflector. Details in the text. 
 
As a representative example, we evaluate the performance 
of a 1-D nanograting based on the generalized- Fibonacci 
deterministic aperiodic sequence. The proposed solar-cell 
structure is shown in Figure 7a. It essentially consists of a 
50 nm thick top layer of ZnO acting as a transparent 
electrode, a light-absorbing amorphous silicon middle layer 
(active region) with a thickness of 200 nm, and a silver 
nanograting which also serves as the bottom electrode. The 
grating is constituted of ridges of thickness 50 nm, placed 
according to the generalized-Fibonacci geometry with the 
scale-ratio parameter τν == ab dd /  (where ad  and 

ab dd ν=  denote the two scales of the model and   

2/)51( +=τ  the Golden mean) and width avdW 3.0= , 
with 425)1/()( =++= ττ baav ddd nm denoting the 
average spacing. The grating grooves are filled with 
amorphous silicon. 
The light absorption is calculated [29] as the flux of the 
Poynting vector (real part) through the surface of the 
amorphous-silicon layer (including the grooves) when the 
structure is illuminated by a normally incident plane wave. 
Similar considerations as for the previously studied 
(octagonal) structure hold, with the periodic approximant 
shown in Figure 7a (21-element supercell). The ZnO 
refractive index was extracted directly from measurements 
(1.96 @ λ=500  nm, and  1.77 @ λ=950 nm).  
Figure 7b shows the absorption spectra in the wavelength 
range 500-950 nm for both the transverse-electric (TE) and 
transverse-magnetic (TM) polarizations ( )(λTEA and 

)(λTMA , respectively), overlayed on the AM 1.5 
normalized solar spectrum )(λS . Several absorption peaks 
can be observed, each of which may attributable to the 
excitation of i) cavity resonances due to the Fabry-Peròt 
effect, ii) guided photonic modes in the amorphous-silicon 

planar waveguide, or iii) plasmonic modes at the 
semiconductor-metal interface (only for the TM case).[29]  
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Figure 8: Total-absorption excess enhancement factor 'E  
in (4), pertaining to a Fibonacci-like grating with respect to 
a periodic one, as function of the (average) period and 
filling factor. 
 
A detailed discussion and classification of these three 
effects is beyond the scope of the present work. Also shown 
in Figure 7b is the absorption spectrum )(λflatA  of the 
same solar cell with a flat silver mirror in place of the 
grating. The total-absorption excess enhancement factor E 
with respect to this reference configuration, defined as 
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was found to be 14.7 %. As a comparison, Figure 7c 

shows the absorption spectra pertaining to a periodic 
nanograting ( 1=ν ) with same average spacing and filling 
factor. In this case, fewer absorption peaks (for both 
polarizations) can be observed, likely attributable to the 
lower number of photonic and plasmonic modes excited in 
the structure, resulting in a 2.2 % lower enhancement factor. 
In order to facilitate direct comparison between periodic 
and aperiodic nanogratings, as a figure of merit, we 
evaluated the total-absorption excess enhancement factor 
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(with periodicη  defined as in (3) but for a periodic grating) 
for different combinations of the average period (within the 
range 150 - 500 nm) and filling factor (within 10% to 90%), 
with the results summarized as a false-color-scale plot in 
Figure 8. It can be observed that, although not fully 
optimized, the Fibonacci geometry may yield up to 7% 
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higher enhancements (against a maximum 2.7% loss) for 
given average spacings and filling factors. 
 

8. Conclusions 
In conclusion, we have reported here the first evidence 

of out-of-plane resonances in hybrid metallo-dielectric QC 
nanostructures. Via measurements and full-wave numerical 
simulations on structures characterized by octagonal 
(Amman-Beenker) geometry, we have observed the 
presence of sharp resonant dips in the reflectance spectrum, 
attributable to the excitation of plasmonic and photonic 
resonant modes, and verified the actual applicability of 
periodic-approximant-based computationally-affordable 
design tools. 

By comparison with a reference periodic (square) 
structure with same filling fraction, the proposed QC 
structure exhibits a richer resonant spectrum, which is 
attributable to the easier achievement of phase-matching 
conditions endowed by its denser Bragg spectrum. 
Moreover, the measured Q-factors, in the QC and periodic 
cases, turn out to be comparable and higher than those 
observed in periodic patterned fully metallic 
nanostructures.[28-31] We have also assessed the surface 
sensitivity with respect to nanosized deposition of SiO 
overlays (for response tuning/optimization), and  SiO2 
overlays (with refractive index resembling that of biological 
molecules). The proposed metallo-dielectric QC 
nanostructures exhibit remarkably high surface sensitivity, 
namely, �0.4 nm wavelength shift per nanometer of 
deposited SiO2 overlay, with an enhancement of 50% with 
respect to the plasmonic resonances in the periodic 
counterpart. By acting on the extra degrees of freedom 
typical of QCs, there exist further margin of optimization 
for the surface sensitivity, and therefore concrete 
perspectives to outperform PC-based chemical and 
biological sensors based on periodic nanostructures 
currently available on the market.  

Finally, we have shown that the resonance-engineering 
capabilities of QC nanostructures, in terms of tailoring the 
number and spectral positions of plasmonic and photonic 
resonances, may be effectively exploited in order to 
enhance the efficiency of thin film solar cells. 
Overall, the results and examples illustrated here pave the 
way to the development of novel nanodevices, with possible 
applications to a variety of highly strategic fields, ranging 
from chemical and biological sensing to energy harvesting.  
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Abstract 
We report the design, fabrication and characterization of a 
2D hybrid metallo-dielectric nanostructure supporting 
localized surface plasmon resonances (LSPR), directly 
realized by innovatively applying the electron beam 
lithography technique on the cleaved end face of a standard 
single mode optical fiber (SMF). In our configuration, the 
structure is illuminated in the out-of-plane direction and 
plasmonic-photonic resonances are excited due to the phase 
matching condition between the scattered waves and the 
modes supported by the hybrid nanostructure. The 
resonances can be easily tuned by acting on the physical 
and geometrical parameters of the structure. Moreover, with 
a view towards possible applications, we present some 
preliminary results demonstrating how the proposed device 
can work effectively as an optical probe for label free 
chemical and biological sensing as well as a microphone for 
acoustic wave detection. 

1. Introduction 
The “Lab on Fiber” concept essentially envisages the 
integration of highly functionalized materials at nano and 
micro scale within a single optical fiber and aims to develop 
a novel generation of miniaturized and advanced “all-in-
fiber” technological platforms (namely “Labs”) for both 
communication and sensing applications.  
The “Lab on Fiber” Technology would thus represent the 
cornerstone of a photonics technological revolution 
enabling the implementation of fiber-based multifunction 
sensing and actuating micro- and nano-systems, showing 
unique advantages in terms of miniaturization, light weight, 
cost effectiveness, robustness, power consumption and 
information control. Multifunctional labs integrated in a 
single optical fiber, exchanging information and combining 
sensorial data, could provide effective auto-diagnostic 
features as well as new photonic and electro-optic 
functionalities useful in many strategic sectors such as 
optical processing, environment, life science, safety and 
security. The labs design deals with all those phenomena 
that provide light manipulation and control at nanoscale, 
such as trapping and guiding effects in photonic crystals [1-
3] and quasicrystals [4, 5] as well as plasmonic 
nanostructures [6-9], eventually combined all together in 
hybrid metallo-dielectric devices [10-13]. 

However, the realization of highly integrated optical fiber 
devices requires that several micro and nanostructures be 
fabricated, embedded and connected all together in order to 
achieve the necessary light-matter interaction and physical 
connection. As a consequence, a critical issue to be 
addressed consists in the definition of a reliable fabrication 
procedure able to integrate and process, at micro- and nano-
scale, several materials with the desired physical, 
mechanical, magnetic, chemical and biological properties 
onto unconventional substrates such as the optical fiber tip.  
Promising approaches in this direction were recently 
introduced by Capasso’s group [14,15]. The proposed 
methodology relies on the preventive fabrication of metallic 
nanostructures on planar silicon wafers by means of 
electron-beam lithography (EBL), and their successive 
transfer to small and/or non conventional substrates (i.e. the 
fiber tip) [14]. 
A further method in this direction was also recently 
demonstrated by the same group through the use of soft 
lithography and mechanical sectioning, using an 
ultramicrotome equipped with a diamond knife. Dip coating 
technique was finally adopted to transfer onto the optical 
fiber facet composite nano-slices containing gold 
nanostructures with complex shapes [15] opening the way 
to the development of competitive all-fiber localized surface 
plasmon resonances (LSPRs)- and surface-enhanced raman 
spectroscopy-based sensing devices.  
Following the transferring approach, a monolithic silicon 
photonic crystal (PC) fiber tip sensor (for both refractive 
index and temperature sensing) was also recently proposed 
by Jung et al. [17] employing a complex combination of 
EBL and reactive ion etching (RIE) for the structure 
fabrication and focused ion beam (FIB) milling for the 
transferring step. A simpler and low cost method based on 
UV nano imprint and transfer lithography (NITL) technique 
was introduced by Scheerlinck et al. [18]. This procedure 
was applied for the fabrication of optical probes for 
photonic integrated circuits based on a waveguide-to-fiber 
gold grating coupler [18]. 
Although these methods rely on well-assessed fabrication 
processes on planar substrates, the final transferring step 
plays a fundamental role in determining both the fabrication 
yield and the performance of the final device. This aspect is 
crucial since it poses severe limitations in the ability to 
control the transferring procedure at nanoscale, as well as in 
the adhesive strength of the nanostructures. 
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To overcome these limitations, alternative approaches based 
on direct-write patterning of the fiber tip have been 
explored. The key aspect of these methodologies is to adapt 
all the standard fabrication processes and tools in terms of 
material deposition (spin coating, dip coating, sputtering, 
evaporation, etc..), sub-wavelength patterning and post-
processing (FIB, EBL, RIE, etc..) to operate on the optical 
fiber tip. This approach is not straightforward, however, 
since spin coating and etching procedures are very 
challenging when operating on such a substrate [14,15].  
Thus far, only few direct-writing attempts have been 
performed [19-20] in particular for creating metallic 
nanostructures, giving rise to LSPR effects exploited for 
chemical and biological sensing. In particular, FIB milling 
of gold-coated fiber tips has been used to fabricate ordered 
arrays of apertures with sub-wavelength dimensions and 
submicron periodicity [19]. Moreover, by using EBL and 
RIE, ordered arrays of gold nanodots have been fabricated 
on the fiber tip for biosensing demonstration [20].  

In this work we report on a reliable fabrication process 
that enables the realization of both dielectric and metallic 
nanostructures directly on the fiber facet, involving 
conventional nanotechnology techniques. 

Optical 
fiber tip

Dielectric overlay 
deposition

Dielectric overlay 
patterning

superstrate
deposition

(a)   

50 µm
(b) 

Figure 1: a) Schematics of the main technological steps for 
the fabrication of the hybrid metallo-dielectric PC based 
fiber tip device, (b) microscope image of the ZEP overlay 
deposited by spin coated on the fiber facet. 

2. Structure Fabrication 
The hybrid structure was realized by means of 

conventional nano-scale deposition and 
fabrication/patterning tools typically exploited for planar 
devices and here properly adapted to enable direct in-fiber 
operations. In particular, the fabrication steps (reproduced 
in Fig. 1a), are: 1) dielectric overlay deposition with flat 
surface over the fiber core, 2) dielectric overlay nano-
patterning and 3) metallic superstrate deposition. A positive 
tone electron beam resist (ZEP 520A, Zeon Chemicals, 
refractive index n~1.54) and gold have been selected as 
dielectric and metallic materials, respectively. One of the 

main innovations of this approach relies on the capability to 
deposit ZEP layers onto the fiber facet with controlled and 
uniform thickness over the fiber core by using a modified 
spin coating technique. Specifically, the modified spin 
coating technique enables the direct deposition of ZEP 
overlays onto the cleaved end of SMF, with controllable 
thickness ranging from 100 to 400 nm and flat surface areas 
nearly 50 µm in diameter large. With reference to Fig. 1a, 
the fiber facet of a SMF (core and cladding diameters of 9 
µm and 125 µm, respectively) was firstly coated with a 200 
nm-thick layer of ZEP by means of the modified spin 
coating technique.  

 

Figura 2: (a) SEM image of the patterned fiber and (b)  
zoomed detail. 

 
The microscope top view of the spinned fiber is shown 

in Fig. 1b: the concentric circles of different colors are 
attributable to the ZEP film thickness variation due to edge 
bead. However a uniform thickness area of approximately 
50 µm in diameter around the center of the optical fiber has 
been estimated to be sufficient to cover the active optical 
area. With the purpose of estimating the obtained layer 
thickness, an hole was drilled onto the coated fiber tip by an 
excimer laser, operating at 248 nm; then the layer thickness 
was measured via an optical profilometer (Veeco, Wyko 
9100 NT) and was found to be around 200 nm ± 10 nm. The 
square lattice, consisting of a 100×100 µm2 matrix of 
circular holes (holes radius r=225 nm, period a=900 nm), 
was written on the covered fiber tip, by using a Raith 150 e-
beam lithography system. Finally, a 40 nm gold layer was 
sputtered on the fiber tip to realize the photonic-plasmonic 
device. The SEM image (top view) of the fabricated device 
is shown in Fig 2a together with a zoomed-in image of the 
holey structure (Fig. 2b). The fabrication process follows 
almost ordinary lithographic techniques, allows rapid 
prototyping with a 90% yield and is able to produce robust 
and reusable devices. 

 

Figure 3: (a) schematic of the hybrid metallo-dielectric PC 
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structure integrated on the optical fiber tip. (b) 3D view of 
¼ of unit cell (computational domain). 

3. Numerical and Experimental Analysis 
When the realized hybrid structure is illuminated in out-

of-plane configuration, as the case of single mode fiber 
illumination in the paraxial propagation regime, hybrid 
plasmonic-photonic resonances are expected to be excited 
due to the phase matching condition between the scattered 
waves and the modes supported by the hybrid nanostructure 
[21]. A numerical analysis of the structure (schematically 
represented in Fig. 3a) has been carried out by the 
commercial software COMSOL Multiphysics (RF module) 
based on the finite element method. Following the same 
approach of [22], by exploiting the crystal translational and 
mirror symmetries, the computational domain can be 
reduced to one quarter of unit cell. The resulting structure 
(Fig. 3b) supports a transverse electromagnetic wave 
emulating the normally-incident plane-wave. The Lorentz–
Drude model was used for modeling gold in the IR 
wavelengths. Fig. 4 shows the numerically retrieved 
reflectance spectrum for the structure exhibiting period 
a=900 nm and holes radius r=225 nm, corresponding to a 
filling factor (radius to period ratio, r/a) of about 0.25.  

 

Figura 4: Simulated reflectivity of the hybrid metallo-
dilectric structure of Fig. 3a. The PC period is a=900nm and 
the holes radius is 450 nm. (inset) Electric field intensity 
distribution at the reflectivity minimum. 

 
The high reflectivity (>85%) base line is interrupted by a 

resonance dip centered at 1378 nm with a Q-factor of 53. In 
the inset of Fig. 4, the cross section of the electric field 
distribution corresponding to the resonant mode evaluated at 
the resonance wavelength is shown.  

According to PC theory, the resonant wavelength can be 
tailored for the specific application by a proper choice of the 
device parameters (lattice period, filling factor, dielectric 
and gold thickness). In order to experimental characterize 
the realized structure, the optical reflectance spectrum has 
been measured using as reference mirror a second optical 
fiber terminated with a 160 nm-thick gold film. The 
measured reflectance is shown in Fig. 5 (solid black curve).  

A resonance dip centered at 1311 nm was found with a 
Q-factor of about 23. Comparing the experimental 
reflectivity with the numerical counterpart it is possible to 

notice a considerable blue shift (67 nm), together with a 
reduction of both the visibility and the Q-factor. These 
discrepancies can be attributed to the fabrication tolerances 
and mainly to the numerical analysis carried out in the 
hypothesis of plane wave excitation assuming an infinite 
structure in the periodicity plane. In order to demonstrate 
the tunability of our device via a proper crystal design, we 
also fabricated other two samples with different periods 
(850 nm and 1000 nm) and same filling factor (r=213 nm 
and r=250 nm). Since the resonant wavelengths are directly 
related to the lattice period, a red shift is expected in the 
case of higher lattice period while a blue shift should occur 
in the opposite case. Indeed, we experimentally observed a 
red shift of about 100 nm for a=1000 nm and a blue shift of 
approx. 70 nm for a=850 nm (see Fig. 5). 

 

Figura 5: Measured reflectivity of hybrid metallo-dilectric 
PC-based structures characterized by a period a=850 
(dashed blue curve), a=900nm (solid black curve) and 
a=1000nm (dotted red curve). 

4. Refractive Index Measurements 
The metallo-dielectric nanostructure fabricated onto the 

fiber tip supports LSPRs, whose excitation wavelengths are 
very sensitive to variations of the surrounding refractive 
index. Therefore, a change in the local or bulk refractive 
index around the fiber tip device gives rise to a wavelength 
shift of the resonant peak due to a change of the phase 
matching condition. Actually, a 40 nm thick gold layer 
deposited on fiber tip strongly shields the external 
environment from the plasmonic mode excited within the 
hybrid crystal, resulting in a very weak sensitivity. In order 
to enhance the surface sensitivity of the final device, it is 
necessary to increase the light matter interaction with the 
external environment by properly tailoring the resonant 
mode field distribution. To this aim, we can exploit all the 
degrees of freedom exhibited by the hybrid nanostructures, 
e.g. the lattice design and layer thickness. On this basis, we 
fabricated and tested a different sample with a gold layer 
thickness of only 20 nm (keeping constant the other 
geometrical parameters i.e. a=900 nm, r=225 nm and 
tZEP=200 nm). 
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Figura 6: Reflectance spectra of a sample with a 20 nm  
thick gold thickness, immersed in water (solid blue), 
ethanol (dashed green) and isopropyl alcohol (dotted red); 
(inset) relative wavelength shifts of the reflection dips as a 
function of the SRI. 

The new sample was then immersed in different liquid 
solutions such as water (n=1.333), ethanol (n=1.362) and 
isopropyl alcohol (n=1.378) and the reflectance spectra were 
measured. The experimental results are shown in Fig. 6, in 
which is evident the typical red-shift of the curves with 
increasing values of the surrounding refractive index (SRI). 
In particular, in the inset of Fig. 6 we plot the relative 
wavelength shifts of the reflection dips as a function of the 
SRI. The graph demonstrates a sensitivity of ~125 nm/RIU 
for detecting changes in the bulk refractive indices of 
different chemicals surrounding the fiber tip device.  
We point out that no attempts at this stage have been made 
to optimize the platform performances. However, by 
exploiting the degrees of freedom offered when dealing with 
composite metallo-dielectric nanostructures, some 
optimization strategies for performance improvement are 
presently under investigation.  

5. Acoustic Detection 
As a further application, we also investigated the 

capability of our LSPR-based fiber tip device to detect 
acoustic waves. Indeed, by taking advantage from the 
typical low Young’s modulus of the patterned ZEP, 
significant variations in the geometrical characteristics of the 
patterned dielectric slab are expected in response to an 
applied acoustic pressure wave, hence promoting a 
consequent shift of the resonant wavelength. It is important 
to stress, in this case, the fundamental and active role played 
by the dielectric structure to determine the acoustic 
performance of the final device. 

As proof of principle, preliminary acoustic experiments 
have been carried out by testing the sample characterized by 
a period a=900 nm (whose reflectance spectrum is shown in 
Fig. 5). A schematic representation of the exploited setup is 
shown in Fig. 7. An acoustic tone of frequency f was 
generated by an audio speaker and then launched onto the 
fiber facet. The sample was interrogated by means of a 
tunable laser (Thotlabs – INTUN TL1300-B) locked at the 
wavelength corresponding to the steepest slope of the 
resonance right edge. The optical power reflected by the 

fiber tip is modulated as a consequence of the resonance 
shift induced by the applied acoustic wave, depending on the 
effective strain acting on the hybrid structure. The 
modulated reflected power is delivered through a circulator 
to a photo-detector whose electrical response is proportional 
to the intensity of the applied wave. Finally the electric 
signals are amplified and stored via a PC. Furthermore, in 
order to gather information about the actual incident 
acoustic pressure, a reference microphone was placed in 
close proximity of the fiber sensor.  

 

Figura 7: Experimental setup exploited for the acoustic 
measurements. 

 
In Fig.8.a (upper curve) it is reported the typical time 
response of the hybrid crystal-based device to a 4kHz 
acoustic tone with duration of about 250ms. For comparison, 
the response of the reference microphone is also reported in 
Fig. 8.a (lower curve).  

Data clearly reveal the capability of the fiber sensor to 
detect the incident acoustic wave along with the good 
agreement with the reference device. As evident, the 
electrical signal is delayed in respect with the optical 
counterpart, the delay being due to the slightly longer 
distance at which the reference microphone is located from 
the acoustic source. In addition it is worth noting that, 
although a relatively high noise level is visible in Fig. 8.a 
(the standard deviation of the sensor signal - σnoise - in 
absence of acoustic wave is nearly 0.1V), that can be 
attributable to the instability of the utilized tunable laser, the 
response of the metallo-dielectric fiber facet device was 
found to be more than an order of magnitude higher than the 
noise level. In Fig. 8.b the FFT spectra obtained by the same 
optical fiber microphone in response to three acoustic tone 
with different frequencies (4, 4.5 and 5 kHz) are also shown.  

The ability of the optical device to discriminate among 
them is clearly evident. The different amplitude of the 
sample response to the three tones is due to the different 
amplification the optical signal undergoes during the 
electronic processing. Once again, we emphasize that the 
above results are only preliminary and no efforts have been 
made to optimize the performance of the final device. 
Hence, also in this case, further optimization margins exist 
through varying the crystal design and metallic layer 
thickness in order to maximize the dependence of the 
resonant wavelength on the geometric features of the 
patterned polymer. 
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Figure 8: (a)Typical time responses of the hybrid metallo-dielectric fiber tip device (top) and reference microphone 
(bottom) to a 4KHz acoustic pressure pulse with duration 250 ms. (b) FFT spectra obtained by the optical fiber sensor 
in response to three acoustic tones with increasing frequency (4, 4.5 and 5 kHz) 
 
 

6. Conclusions 
To summarize, we report the design, fabrication and 

characterization of a 2D hybrid metallo-dielectric 
nanostructure supporting LSPR, directly realized on the end 
face of a SMF. In particular, using a customization of the 
standard spin coating method, we were able to deposit ZEP 
overlays onto the cleaved end of SMF, with controllable 
thickness and flat surface areas nearly 50 µm around the 
fiber core. Moreover, via measurements and numerical 
simulations, we observed the presence of a resonant dip in 
the reflectance spectrum due to the phase matching 
condition between the scattered waves and the modes 
supported by the hybrid metallo-dielectric PC structure. As 
reported, the resonance dip can be easily tuned by acting 
also on the geometrical parameters of the lattice. Moreover, 
with a view towards possible applications, we first present 
some preliminary results demonstrating the capability of our 
platform to be used for label free chemical and biological 
applications with a bulk sensitivity of about 125 nm/RIU. 
Finally, we also show the surprising capability of the 
proposed platform to detect acoustic waves taking advantage 
from the low elastic modulus of the patterned polymer. 
Overall, our results demonstrate how the definition of viable 
“Lab on Fiber” technologies would open up the realization 
of technological worlds completely integrated in a single 
optical fiber to be exploited in many application fields. 
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Abstract 
In this paper, we report the design, the fabrication and the 
near field optical microscopy of Negative Index Material 
(NIM) flat lenses. They were fabricated on the basis of an 
InP-based photonic crystal technological platform and show 
the possibility of subwavelength focusing by NIM. 
Particular attention is paid to the analysis of SNOM images 
using three-dimensional simulations. Finally, preliminary 
results for a GRadient INdex (GRIN) slab and for a two-
dimensional cloaking device are presented. 

1. Introduction 
All-dielectric artificial propagation media – including 
photonic crystals (PCs), metamaterials and transformation 
optics based devices – appear as potential candidates to 
achieve advanced functionalities in the field of integrated 
nanophotonics at infrared and visible wavelengths [1-5]. The 
common feature of all these approaches is their dispersion 
engineering – and resulting ultrarefraction phenomena – 
which occur at various wavelength scales depending on the 
targeted applications. In this paper, three paths to control 
light propagation and focusing at infrared (1.55 µm) are 
explored. They result from a close collaboration between 
Institut Fresnel/Marseille and IEMN/Lille for design (home-
made code for device design and commercial FDTD 
software for two and three-dimensional virtual prototyping), 
IEMN/Lille for fabrication (single mask original process 
using a negative resist) and ICB/Dijon for characterization 
(scanning near field optical microscopy – SNOM – set-up). 

First, an optimized PC-based flat lens optimized in 
resolution (~ 0.8λ) and transmission efficiency (~ 30 %) is 
presented. It operates in the negative refraction regime  
(n = -1) [6-8] with a patterning scale (a/λ) of 0.3 (a denotes 
the crystal period). The double focusing of a quasi-point 
source was unambiguously experimentally assessed and 
validated by three dimensional (3D) simulations. Second, 
the focusing of a plane wave was studied by means of so-
called GRIN (gradient index) lenses [9]. Square lattices of 

hole and pillar arrays were designed, operating for 
complementary optical field polarization, in the long 
wavelength regime (a/λ < 0.1). Index variation in the 
direction transverse to the direction of propagation is 
obtained by varying the hole or pillar diameters while the 
lattice period is kept constant. Here again, the focusing is 
clearly evidenced by means of SNOM measurements. Then, 
in a prospective manner, partial invisibility was searched by 
means of two dimensional (2D) transformation optics 
concepts to go beyond initial proposals based on mixed 
pass- and stop- band photonic crystals [10]. Here, the idea 
consists in decreasing the scattering by an object deposited 
on a reflector [11]. A preliminary feasibility study of such a 
device will be initiated.  

The plan of the paper is as follows: Section 2 is devoted to 
fundamental physical principles which allow us to exploit 
ultra-refraction phenomena using local and bulk dispersion 
engineering in patterned dielectrics. In section 3, the InP-
based technological platform used to fabricate hole and 
pillar arrays at nanometer scale are presented. In Section 4, 
experimental results by means of near field optical 
microscopy are shown and analyzed notably by means of 3D 
FDTD simulations. Section 4 contains concluding remarks 
and prospects towards cloaking devices or integration of flat 
photonic lenses in imaging systems are evoked.  

2. Dispersion engineering in all-dielectric 
propagation media 

To perform dispersion engineering in all-dielectric artificial 
materials, two main research axes are privileged, depending 
on the structuring scale of the matter (a) versus operating 
wavelength (λ). For a/λ ratios above 0.3, we face the 
domain of PCs, intrinsically periodic, and whose ultra-
refraction phenomena are extracted from band-structure 
calculations. Generally, it consists in a “bulk” dispersion 
engineering to reach one particular operating mode. One of 
the most well-known examples of this class of devices is 
undoubtedly the “flat lens”, detailed in section 2.1. For 
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lower a/λ ratios, typically around 0.1, we reach the 
“metamaterial” regime with no requisite of periodicity and, 
using the tools of transformation optics, localized dispersion 
engineering becomes possible to develop GRIN (gradient 
index) lenses, for example (see section 2.2) or more 
complex devices towards the goal of invisibility.  

2.1. Photonic crystal based flat lens 

Figure 1 summarizes the main characteristics of the 2D PC- 
based flat lens we designed. In brief, we use a 2D PC of air 
holes etched in a semiconductor matrix. The refractive 
index of the latter is set to 3.26 and corresponds to the one 
of the first propagating mode in an InP/InGaAsP/InP 
heterostructure aimed to operate in monomode regime 
around 1.5 µm. Lattice period and air filling factor are 
adjusted to reach an n = -1 regime (crossing between the 
light line and a pass-band with negative slope) in the second 
pass-band of the PC for a/λ = 0.31. The triangular 
arrangement of air holes is used to promote isotropic 
behavior in terms of refraction.  
 

2D Photonic Crystal: 

Hole diameter 

Lattice period 

Filling factor 

Effective index (neff) 

 

347 nm 

476 nm 

48 % 

3.26 

 

 

 

Anti-reflecting coatings (ARC): 

Triangle height (h) 

Triangle base (b) 

Semiconductor thickness in 

front of a hole (t) 

 

329 nm 

238 nm 

 

33 nm  

Flat lens: 

Number of rows 

Thickness : 

 - Without ARC 

 - With ARC 

Resolution at 1.55 µm 

Focusing lengths 

 - d1 

 - d2 

 

13 

 

5.36 µm 

6 µm 

640 nm (0.41λλλλ) 

 

2.24 µm 

2.35 µm 

 

d1 d2

 

 
 

Figure 1: Dimensioning and expected performances of the 
2D PC based flat lens at 1.55 µm. 
 
As it is commonly admitted in the field of PCs, an n = -1 
index value is not sufficient to guarantee the fabrication of a 
performing flat lens. Indeed, in terms of surface impedance, 
such an n value is not synonymous of z = 1, the necessary 
condition to match that of the adjacent air. Moreover, 
extraction of effective permittivity (ε) and permeability (µ) 
which can be performed (with caution for such a/λ values) 
on such crystals shows that not only ε and µ are far from 
unity but they also vary strongly with the incidence angle of 
the wave impinging on the crystal. To overcome this 
limitation and to obtain high light transmission efficiency 
through the lens, anti-reflection coatings (ARCs) have been 
superimposed on both sides of the lens. The main concern 
was to ensure matching for the largest incidence angle range 
possible. 2D simulations of PCs covered by ARCs 
composed of triangles situated between two successive 
holes of the PC (see Figure 1, middle row) yielded 
transmission levels higher than 80% for incidence angle as 
high as 60°. 
  

As shown in Figure 2, which illustrates the double focusing 
obtained for an incident point source with a flat lens, 
promising performances are obtained with a very low level 
of reflection at the input of the lens and a well-defined and 
bright spot on the right hand side whose position fits merely 
the expected value using geometrical optics. A slight 
difference between d1 and d2 (theoretically perfectly equal) 
that is observed is probably due to the presence of the ARCs 
whose thicknesses are not negligible compared to the lens 
thickness (10 %). The estimated resolution reaches 0.41λ, 
which is lower than the Rayleigh limit, bringing this lens in 
the field of “superlenses” but it remains higher than the 
structuring scale as it can be expected (far from the concept 
of “perfect lens” that only uses effective constitutive 
parameters but ignores the real patterning scale). 
 

 
 
Figure 2: 2D FDTD simulation of the PC based flat lens 
described in Figure 1.  

2.2. GRIN lenses 

The double focusing of a point source using a flat lens 
obtained by negative refraction is not the sole operating 
mode which could be interesting to reach using flat lenses 
in the field of nanophotonics. Even if the previous lens 
possesses interesting properties in terms of applications, 
notably the fact that it behaves very differently versus the 
nature of the incident wave (fully transparent in theory for a 
plane wave and focusing for a point source), the opposite 
behavior could also be of interest: the focusing of a plane 
wave. GRIN lenses, for GRadient INdex lenses, have been 
discovered a long time ago but very few have been 
engineered up to now for integrated nanophotonics. In this 
area, our ability to engineer dispersion using periodic or 
pseudo-periodic PCs or metamaterials can be helpful to 
design original and efficient lenses? 
 
Figure 3 illustrates an approach that can be developed based 
by changing some of the parameters of a PC lattice to 
modify locally its effective refractive index. Let us mention 
here that what matters to control precisely the propagation 
of light in the device is the index difference between two 
regions of space. The origin of this gradient, i.e. whether it 
arises from a domain with positive or negative index values, 
is not fundamental. This explains why such gradients can be 
obtained for low a/λ values by exploiting for example the 
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slope of the first band of an all-dielectric PC, slope whose 
amplitude depends mainly on two coupled parameters: the 
lattice period and the filling factor. Moreover, as a local 
engineering is needed and has to operate for a particular 
incidence angle, most of the constraints developed in the 
previous paragraph concerning isotropy for impedance 
matching are here relaxed. Additional degrees of freedom 
will exist for the design of GRIN lens, such as the use of 
hole or pillar arrays, as shown in the following.  
 

Hole diameter engineering  
 
Figure 3: GRIN lens design by local hole diameter 
engineering of a 2D photonic crystal 
 
Since, the effective index in the first band of a PC is a direct 
consequence of the filling factor, it appears natural, for a 
fixed lattice period, to diminish the air hole diameter 
(Figure 3) or to increase the semiconducting pillar diameter 
if one wants to increase the local index. Also, it can be 
shown that a parabolic variation of the index in the direction 
normal to the direction of the propagation makes optical 
rays bend towards a specific point of the real space.  

Parabolic index variation

Hole diameter : r(y)/a = 0.25 + 1.042 10-3 y2

Plane wave
injection

 
Figure 4: 2D FDTD simulation of the focusing of a plane 
wave by a PC based GRIN lens at 1.55 µm.  
 
Figure 4 shows a 2D FDTD simulation of a GRIN lens 
based on a hole diameter engineering at 1.55 µm starting 
from a PC equivalent to the one described for the flat lens. 
A 0.6λ spot size is obtained. Here, given that geometrical 
changes are required, a crucial issue is to estimate the range 
of particle, hole or pillar, diameters within reach of our 
technological platform.  

3. Technological platform 
The all-dielectric prototypes developed in the following 
make use of a common one-mask technological process. It 
allows us to create the different building blocks including 
the devices and their environment: optical waveguide for 
injecting and/or collecting light as well as hole or pillar 
arrays for the active zones.   
 
To build the 2D ½ photonic devices, we start from an InP-
based heterostructure grown by molecular beam epitaxy: 
Superstrate InP (0.2 µm) / Core InGaAsP (0.5 µm) / InP 
(1.3 µm) / InP Substrate. Based on such a heterostructure, it 
is possible to confine light in a plane (in the direction of 
growth) and to use a unique propagation mode. This 
propagation can then be modulated in the other two spatial 
directions by a 2D-PC. The transverse propagation mode is 
characterized by an effective index which is found to be 
3.26.  
 
Fabrication of PCs for near-field and infrared operation, or 
even towards the visible range, relies on exploiting the most 
advanced micro- and nanotechnologies. These are electron 
lithography and deep etching, respectively. The first allows 
us to define the pattern and geometry according to the 
nanometric scale, while the second allows us to make holes 
as well as define pillars with a high aspect ratio and 
anisotropy. The technological process that we will describe 
briefly draws its originality from its simplicity, that is to say 
a unique mask allowing us to define large plots and/or 
guides (several dozen or hundreds of µm long) and the 
lattice of submicronic holes in a single step. This same 
mask is used also for etching. Figure 5(a) details the process 
developed while Figure 5(b) illustrates some results 
obtained at different stages of the process. 
 

 
Figure 5: (a) One-mask technological process and (b) SEM 
view of fabricated devices. 
 
The technological process relies on the use of a negative 
electronic resist, hydrogen silsesquioxane (HSQ), which is 
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well known for its resolution (~3–8 nm) and its capacity to 
resist plasma attacks after oxidation. Moreover, its 
negativity implies that only written zones will remain in 
place after development. This represents an undeniable 
advantage for our structures, insofar as the optical wave 
guides (narrow at 0.4–0.6 µm, but long at some mm) and 
the PC (with hole filling factor approaching 50%) can be 
simultaneously defined. 
 
In short, a resist thickness of approximately 500 nm is 
deposited on the epitaxial layer. After looking for an 
optimal dose and fine correction of the proximity effects, a 
stage of electronic lithography allows us to describe the 
pattern to be created in the resist. This pattern integrates 
rectangular structures with a high length/width aspect ratio 
and discs that are submicronic in size but high in density. 
Non-exposed resist is dissolved with a KOH developer. The 
remaining resist is then oxidized and acquires a hardness 
that is sufficient to withstand etching of the semiconductor 
epitaxial layer. Etching is done by inductive coupled 
plasma, with a gas of the type Cl2/H2/CH4, allowing us to 
obtain the desired anisotropic etching with the high aspect 
ratio after optimization. Width/diameter ratios for the holes 
of approximately five to 10 can be obtained, allowing us to 
reach the 2D½ regime we are looking for. Figure 5(b) 
illustrates some results obtained showing the large 
regularity obtained for the lattice associated with the 
perfectly defined etching flank for the lens. The same 
approach is used to fabricate the ARCs on both sides of the 
lens or for the fabrication of pillar arrays. In this last case, 
special attention is paid to the deep etching since its 
dynamic differs (species evacuation) compared to the hole 
formation.  
  

4. Experiments and Analysis 

4.1. SNOM measurements 

Figure 6 shows SNOM (scanning near filed optical 
microscope) measurements which illustrates the double 
focusing effect with an n = -1 PC based flat lenses at λ = 
1.55 µm. In the first case (1), which corresponds to a bare 
21-rows lens, a focused spot with a low intensity, 
approximately 1/100e of the incident power, is registered at 
the expected position behind the lens (about 4.3 µm / half 
the lens thickness for an equivalent source-lens distance). 
The associated resolution, taking into account the finite 
dimension of the probe is estimated to 0.8λ. The second set 
of experiments (2) tests the behavior of 13-row lenses 
covered by ARCs. Several different ARC designs were used 
to test the robustness of our theoretical approach to 
technological constraints. In all cases, the transmission light 
efficiency is significantly increased compared to the bare 
lens to reach a maximum estimated about 30 %. In this last 
case, resolution is close to λ, probably due to a set of PCs 
with higher propagation losses due to less deep holes 
obtained during the etching process.  
 

Such a result is however extremely encouraging, even if 
from the 2D design process to the 3D prototype reality, 
many parameters can cause a slight shift of the optimal 
operating wavelength around the targeted value (around a 
few per cent). Moreover, the ARC design which tolerates a 
large range of incidence angles remains resonant in 
wavelength and is also designed for a precise wavelength. 
Here also, small deviations from the initial mask design to 
the fabricated lens interface can be obtained. This quite 
general issue of 3D reality versus 2D design will be 
addressed in the next paragraph.  
 

(1) 21-row n = -1 flat lens without ARCs / λ = 1.55 µm

(2) 13-row n = -1 flat lens with ARCs / λ = 1.55 µm  
 
Figure 6: Double focusing experiments (using SNOM set-
up) using  PC based n = -1 flat lenses at 1.55 µm 
 

pillar array hole array
incident

plane wave

focal point
 

 
Figure 7: Focusing of a plane wave by a pillar-based (left 
side) or hole-based (right side) GRIN lens at 1.55 µm 
 
Figure 7 illustrates the preliminary results obtained in the 
case of hole-based or pillar-based GRIN lenses also at 1.55 
µm. As a major difference compared to flat focusing lenses, 
one can observe the injection region which consists of a 
large (three times the lens dimension) aperture cut 
waveguide to generate a quasi-plane wave. In practice we 
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start from a classical optical waveguide, as before, but 
instead of keeping it at a subwavelength dimension up to 
the vicinity of the lens, this “horn” waveguide is 
progressively widened, over a distance much longer than 
the guided wavelength to avoid extra losses. As seen on the 
SNOM images, it allows us to define a planar wavefront as 
expected. For the two lenses, a focus spot is obtained at the 
output of the lens at the position anticipated by the FDTD 
calculations (0.7λ). In the hole case, the width of this spot is 
about 0.8λ (taking into account the probe finite dimension), 
close to the expected theoretical value. In the pillar case, a 
larger spot is unexpectedly obtained which remains to be 
fully interpreted.  

4.2. Three dimensional analysis 

In the field of nanophotonics making use of PCs and/or 
metamaterials to exploit abnormal refraction properties, 
most of the designing procedures are carried on 2D models. 
By essence, reality is intrinsically 3D and so are the 
fabricated prototypes. The analysis of measurements 
becomes thus sometimes difficult when exclusively 
compared to 2D simulations. Erroneous conclusions can 
even be drawn from a careful study of experimental images.  
 
To avoid such misguided interpretations, 3D calculations 
are required even if they may be impractical for 
optimization purposes due to the calculation time and 
memory space requirements needed to obtain sufficient 
precision. However, for reverse engineering, a post-2D 
numerical image reconstruction is particularly information-
rich. Figure 8 illustrates such an approach dedicated to the 
double focusing experiment by an n = -1 flat lens evaluated 
using SNOM images.  
 

3D Simulation : Image at a given height (1.6 µm above the substrate)

3D Simulation :
Image reconstruction
following the SNOM

probe  course

SNOM measurements
The SNOM probe

follows the 
device topology
(variable height)

A few nm above the substrate 1.6 µm above the substrate

 
 
Figure 8: Analysis of SNOM images using 3D FDTD 
simulation of the double focusing experiment by a flat lens 
 
In practice, a SNOM image is formed by recording the 
optical power coupled to a probe which follows the device 
topology at a given distance, and thus at a variable absolute 

altitude. Looking at Figure 5(b), this means that the 
reconstructed image is composed of information collected at 
different heights and does not correspond to the case of a 
2D simulation which presupposes invariance in the 
transverse direction. To obtain simulated images as close as 
possible to the experimental ones, shown at the bottom of 
Figure 8, we start from a full 3D FDTD device simulation 
(taking into account the epitaxial sequence in the vertical 
direction, the input waveguide, the real lens height and 
finite depth of holes, ARCs, …) and extract the calculated 
optical field using the topology map given by the SNOM. 
Such a procedure has been applied for two distinct SNOM 
probe courses: a few nanometers (left side of figure 8) and 
1.6 µm (right side of figure 8) above the surface. Behind the 
lens this latter distance corresponds to the longitudinal 
plane of the quantum well of the confining heterostructure 
and thus to the plane where maximum optical power is 
expected. 
 
Strong similarities between SNOM and such reconstructed 
images can be evidenced. One of the main added values of 
the approach concerns the spot size estimation. It is very 
tempting using SNOM images to claim a subwavelength 
resolution using the image corresponding to a probe course 
close to the substrate (left side of Figure 8). However in this 
case, the spot position is too close from the output interface 
of the lens compared to the targeted operating regime, and 
do not respect Snell’s law of refraction for n = -1. On the 
contrary, the right hand side images, calculated in the 
quantum well plane of the confining heterostructure, give 
larger spots, not subwavelength (between 0.8λ and λ), but 
correctly positioned. This shows the extreme difficulty of 
interpreting SNOM images directly, especially when 
devices have rough surfaces and a probe which follows their 
topology at a fixed distance.  
 
Despite these necessary precautions, our 3D analysis has 
unambiguously confirmed that the measured phenomena 
were those expected and optimized using a 2D approach. 
Excellent performances have been obtained both for flat 
lenses and GRIN lenses at optical wavelengths. However, 
the 2D picture of a double focusing using a PC based flat 
lens or plane wave focusing using a GRIN lens is often too 
simple to evaluate resolutions and a fully 3D approach is 
required to predict the real performance of such devices for 
applications in future integrated photonic circuits. 

5. Concluding remarks and prospects 
At this stage, we have shown the ability of full dielectric 
periodic or pseudo-periodic 2D½ crystals to reach 
interesting  performances as focusing lenses (for point 
sources or plane waves) using bulk or localized dispersion 
engineering. We have also seen that, on a practical side, both 
hole and pillar based approaches for patterning a 
semiconducting heterostructure can be employed. 
 
 If it is commonly accepted now that PC based devices will 
not reach outstanding performances in terms of 
subwavelength resolution for example due to their 
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structuring scale compared to the promises of metamaterials, 
they are undoubtedly the most mature systems for 
applications at optical wavelengths. To deepen our 
knowledge, the next development stages of such devices can 
be envisaged in two main directions. 
 
First, can the field of transformation optics rich of proposals 
for manipulating light at ultra-short scale be explored using 
all-dielectric structures [12-13]? One possible avenue would 
be to design geometries mixing holes and pillars. As shown 
in Figure 9, our technological “single mask” process can 
fully meet these objectives. In this case, the main practical 
challenge is to evaluate the ultimate limits in dimensions for 
pillar or hole diameters and heights we are able to fabricate 
to fulfill the stringent precision of dispersion required by the 
theory of transformation optics to perform cloaking or 
routing functions at optical wavelengths. 
 

pillars

holes   
Figure 9: Towards transformation optics based devices: 
combination of holes and pillars in a single technological 
process for a metamaterial which mimics a flat mirror.  
 
The second research axis consists in understanding how the 
fabricated lenses could be of use for more complex 
applications for detection and/or imaging [14]. Preliminary 
results for infrared detection and imaging, inspired by 
tomography in reflection, including an n = - 1 flat lens have 
been proposed [15]. These works are currently pursued with 
GRIN lenses in a transmissive approach.  
 
In all cases, it is believed that the performances reached by 
all-dielectric devices at optical wavelengths open right now 
the way for future innovative applications for integrated 
nanophotonics. 
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Abstract 
A novel formulation of radiation from a localized line 
source placed in two-dimensional photonic crystals 
consisting of layered periodic arrays of parallel circular 
cylinders is presented. The method employs the spectral 
domain approach. The spectral response of the photonic 
crystals to the line source excitation is calculated using the 
lattice sums, the T-matrix of a circular cylinder and the 
generalized reflection and transmission matrices of the 
layered system. The far-zone radiated field is obtained using 
the conventional asymptotic method to the spectral response. 
The radiation patterns of the localized line source 
sandwiched by two photonic crystals are numerically 
studied. It is shown that the directivity is uniquely 
characterized by the transmission windows of the photonic 
crystals in the frequency and angular spectral domains and 
the Fabry-Perot resonance condition for the radiated field in 
the space surrounding the source. 
 

1. Introduction 
Photonic crystals are periodic dielectric or metallic 
structures [1], in which the propagation of electromagnetic 
waves in particular direction is prohibited or allowed within 
a certain frequency range. Because of these distinct features, 
the photonic crystals have received a growing attention for 
their applications to antennas and waveguide components in 
microwave and millimetre wave regions. For the antenna 
applications, the electromagnetic crystals have been used as 
substrates [2] and superstrates [3] for the radiating elements. 
The electromagnetic radiation from antennas coupled to 
photonic crystals has been extensively investigated using the 
array scanning method [4] combined with the method of 
moments, the phased array method [5] combined with the 
plane-wave expansion method, the finite difference time 
domain method [6]. These studies have reported that the 
radiation patterns of antennas are remarkably improved 
through the interaction with photonic crystals.  
In this paper, we propose a novel approach to formulate the 
radiation from a line source placed in photonic crystals 
consisting of layered periodic arrays of parallel circular 
cylinders. The method employs the spectral domain 
approach. The line source is transformed into an infinite 
periodic array of linearly phased line sources in the spectral 

domain. For each of spectral components, the periodic line 
sources excite a set of weighted space-harmonic fields. The 
spectral response of the photonic crystal to the line source 
excitation is calculated using the lattice sums [7], the T-
matrix of a circular cylinder, and the generalized reflection 
and transmission matrices of the layered system [8]. The 
radiated field is obtained by the finite integral of the spectral 
response. The directivity and beam shaping of radiation 
related to the far-zone fields can be calculated by the 
conventional asymptotic method without performing the 
integration.  
In this manuscript, we give the physical insight into why the 
radiation patterns are modified in the presence of the 
photonic crystals. For this purpose, the lattice sums and 
generalized reflection matrix technique in the spectral 
domain is useful because the radiated far field is obtained in 
closed-form using the generalized reflection and 
transmission matrices of photonic crystals. It is shown that 
the directivity of radiation is uniquely determined by the 
location of transmission windows of the photonic crystal in 
the frequency and angular spectral domains and the Fabry-
Perot resonance condition for the radiated field in the space 
surrounding the source. Numerical examples demonstrate 
the validity of the theoretical analysis. 
 

2. Formulation of the Problem 
We consider a two-dimensional model of a localized source 
coupled to a photonic crystal as shown in Fig. 1. An 
impressed electric line source with ˆ( , ) ( ) ( )x y x yG G J z  is 
located at the origin of x-y coordinate system. The line 
source is sandwiched in between a photonic crystal and a 
dielectric slab backed by a perfect conductor with separation 
distances 1t and 2t , respectively. The background medium is 
a free space. The crystal consists of N-layered periodic 
arrays of circular cylinders, which are infinitely long in the z 
direction and periodically spaced with a common distance h  
in the x  direction. The cylindrical elements should be same 
along each layer of the arrays but those in different layers 
need not be necessarily the same in material properties and 
dimensions. Figure 1 shows a typical configuration of the 
square lattice, where the identical arrays of cylinders with 
the same radius a and relative permittivity H  are layered 
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with an equal spacing in the y direction. The relative 
permittivity and thickness of the dielectric slab are sH and d , 
respectively.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Since the system concerned is not periodic, the conventional 
Floquet mode expansion method cannot be directly used. 
Instead, let us consider the expression of the localized line 
source in terms of an infinite periodic array of linearly 
phased line sources in the spectral domain. Using the 
identities: 

/
2 /

/

1 1) e e e
2 2

(
h

i x i x h i x

h
x d d

S
[ S [

S

G [ [
S S

f f

 �f�f �

  ¦³ ³A

A
              

(1) 

  2 /1( ) ei x hx h
h

SG
f f

 �f  �f
�  ¦ ¦ A

A A
A ,                            (2) 

 
we have the following expression: 
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It follows that if , ( , , )z PE x y [  is the electric field radiated 
from a periodic array of line sources defined as: 
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the radiated field ( , )zE x y from a localized line source: 
   

     0 ( , ) ( ) ( )J x y x yG G                                          (5) 

is given by: 
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Thus the problem is reduced to calculate the electric field 
, ( , , )z PE x y [  radiated from the infinite periodic array of 

linearly phased line sources ( , , )PJ x y [ . 
Using the Fourier integral representation of the Hankel 
function, the primary field ( , , )i

zE x y [ radiated from the 

periodic line sources ( , , )PJ x y [ defined by (4) is 
expressed as follows: 
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with 
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where 0 02 /k S O , (1)
0H  is the zero-th order Hankel  

function of the first kind and U A  is the local  coordinate 
with the origin at the A -th line source. Since the primary 
field is expressed as a superposition of the Floquet mode, the 
scattered fields can be calculated using the technique of the 
reflection and transmission matrices of layered periodic 
arrays for the incidence of plane waves. The periodic line 
sources located on the plane 0y   excite a set of space 
harmonic fields up-going in the region 0y !  and down-

going in the region 0.y �  Employing [ ( ) ]ei x y[ N [rA A  
( 0, 1, 2, ) r rA " as the basis for the field representation, 

the up-going and down-going space harmonics given by (7) 
are expressed in terms of the amplitude vector ( )[s defined 
as follows:  

                              
2

( )
( ) .

h
[

N [
 
ª º
« »¬ ¼

s
A

                        (9) 

 
Using the lattice sums and generalized reflection matrix 
technique, radiation problem is reduced to a reflection and 
transmission problem of electromagnetic crystal for space 
harmonic fields [ ( ) ]{e }i x y[ N [�A A , where 2 /l l h[ [ S �  
( 0, 1, 2, )l  r r " . The details of the calculation procedure 

Fig.1. A line source sandwiched in between 2D
photonic crystal and a dielectric slab backed by a
perfect conductor. 
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are presented in [9,10]. Following the proposed analysis by 
the authors, the amplitude vector  ( )[c  of space harmonic 
fields characterizing the transmitted field into the upper 
half-space is obtained as follows [9,10]: 
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with 
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where 1 ( )[R and 1( )[F are the generalized reflection and 

transmission matrices of the upper crystal, 2 ( )[R  is the 
reflection matrix of the dielectric slab backed by a perfect 
conductor, ( )[s  denotes the vector of the spectral amplitude 

of the line source excitation and llG c is the Kronecker’s delta. 
Applying the steepest-decent method to the transmitted field 
in the spectral domain expressed in terms of ( )[c , the far 
field of radiation is obtained as follows: 
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where 0 ( )lT [  represents the (0, )l -element of the matrix 

T defined in Eq.(10), 2 2x yU  �  and M  is the  
observation angle measured from the x-axis. In what follows, 
we shall focus the present analysis on the case 
of 0/ 1.0h O � , which is usually assumed in the antenna 
applications of photonic crystals. In this case, the principal 
nature of the far field given by Eq.(15) is governed by the 
fundamental space-harmonic component with 0l   because 
all other harmonic components contained in 0 ( )lT [ become 
the non-propagating evanescent waves in the y direction.  

Approximating  00 0( cos )T k M  by the principal terms, we 
have: 
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           0
0 1,00 0 2,00 0

2 sin( , ) 1 e ( , ) ( , )i k tD k R k R kMM M M � .    (18) 

Since 0 0 cos )(ks M  in Eq.(9) is proportional to 1/sinM , it 
follows that the directivity of radiation is proportional to 

2
00 0( , )| |T k M . In (16)-(18), 1,00 0( , )R k M  and 1,00 0( , )F k M  

have unique features distinct from those of conventional 
dielectrics and magnetic materials. For photonic crystals, 
there exist stopbands or transmission bands in which the 
propagation of electromagnetic waves in particular direction 
is prohibited or allowed within a certain frequency range. 
The locations of the stopbands and transmission bands and 
their strengths depend on the lattice parameters and sizes of 
the crystal. 1,00 0( , ) 1R k M  and 1,00 0( , ) 0F k M   in 

stopbands, 1,00 00 ( , ) 1R k Md �  and 1,00 00 ( , ) 1F k M� d  
in the transmission bands. On the other hand, 

2,00 0( , ) 1R k M   over 0 180M� � q  because the lower 
dielectric slab is backed by a perfect conductor.  
 
 

3. Design Principle of Directivity of the Line 
Source Coupled to Photonic Crystals 

 
Equations (16)-(18) indicates that the directivity depends on 
three functions 1,00 0( , )F k M , 0( , )D k M and 0( , )K k M . Since 

0( , )K k M  is a smooth function of M  for a fixed wave-

number 0k , the directivity is governed by the frequency and 
angular-spectral response of 1,00 0( , )F k M  and 0( , )D k M . 
Bearing this in mind, the directivity is categorized into three 
cases as follows: 
 
Case [1]:  1,00 0( , ) 0F k M  and 1,00 0( , ) 1R k M   for       
0 180Md d q ; 
In this case, the transmission of electromagnetic waves 
through the electromagnetic crystal is prohibited for a given 
frequency and hence there is no radiation into the upper 
half-space for 0 180Md d q . 
 
Case [2]:   1,00 0( , ) 1R k M |  and 0( , ) 0D k M | ; 
In this case, the space sandwiched by the grounded dielectric 
slab and the upper crystal behaves as a Fabry-Perot 
resonator to the line source. The primary field radiated from 
the line source resonates when 0( , ) 0D k M   is satisfied 
and the radiation is enhanced in the particular direction M  

which satisfies 0( , ) 0D k M |  for the given frequency. 
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Taking into account 1,00 0( , ) 1R k M |  and 2,00 0( , ) 1R k M  , 

we may express 1,00 0( , )R k M  and 2,00 0( , )R k M  as follows: 

                               1 0
1,00 0

( , )( , ) ei kR k T MM |                   (19) 

                                2 0
2,00 0

( , )( , ) ei kR k T MM                  (20)                                          

where 1T and 2T represent the phase angles of the reflection 

coefficients. Then the resonance condition 0( , ) 0D k M   
for the Fabry-Perot resonator is expressed as follows: 

     0 1 20( , ) 2 sin ( ) 2 ( 1, 2,3, )P k k t n nM M T T S � �   "                                  
(21) 

where 0( , )P k M  defines the phase function in the transverse 
direction and 1 2t t t � . It should be noted that even if the 
resonance condition (21) is satisfied for a particular 
direction M , the radiation into the upper half-space does not 
occur so long as the transmission window with 

1, 00 0( , ) 0F k M z  is not opened in that direction. 
 
Case [3]: 1, 00 00 ( , ) 1F k M� d and 0( , ) 0D k M z ; 
In this case, the resonance condition is not satisfied and 
hence the primary field from the line source is directly 
radiated into the upper half space through the transmission 
windows of the upper crystal. Then the directivity strongly 
depends on the intrinsic electromagnetic nature of the crystal. 
 
 

4. Numerical Validation of the Theory 
 
To validate the proposed principle for designing the 
directivity, we have simulated the radiation pattern of the 
line source shown in Fig. 1 for several different resonator 
size 1 2t t t � . The photonic crystal consists of a square 
lattice formed by the parallel circular cylinders having 
radius / 0.13a h   and relative permittivity 9.8H  . The 
relative permittivity and thickness of the lower dielectric 
slab are 3.5sH  and / 1.0d h  . The line source is excited 
at the frequency 0/ 0.49h O   where 00 2 / kO S . At this 
normalized frequency only the 0-th order space harmonic 
becomes the propagation wave. All of these parameters are 
fixed throughout the numerical examples. 
Firstly, we calculated the generalized reflection 1,00R and 

transmission 1,00F coefficients of the upper crystal with 

12N  and the phase function 0( ),P k M . Figure 2 shows 

1,00R and 1,00F  as functions of the observation angleM .  
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For the given frequency 0/ 0.49,h O  there exist wide stop-

bands in the directions of 25 82Mq q� � and 
98 155Mq q� � .Within the stop-bands, the crystal behaves 

as a perfectly reflecting superstrate with 1,00 1R   , which 
does not allow the transmission of electromagnetic waves 
radiated from the line source.  We can see that the reflection 
coefficient is almost zero at 10M q|  and 170M q| and 
narrow transmission bands are formed around these two 
directions. It could be seen also that the transmission 
coefficient is 1,00 0.18F |  at 90M q and the reflection 

coefficient 1,00R  is very close to 1.0 in this direction. On 

the other hand, 2,00 1R    for 0 180Mq q� � , because the 

Fig.2. Generalized reflection 1,00 0( , )R k M and 

transmission 1,00 0( , )F k M  coefficients of the 
electromagnetic crystal with 12N   as functions of the 
angle M  of observation. 

Fig.3. Phase function 0( ),P k M  versus the angleM  of 

observation for different values of the distance 1t
between the line source and the electromagnetic crystal, 
where 2 / 0.5t h  and 12N  . 
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dielectric slab is backed by a perfect conductor. Figure 3 
shows the phase function 0( ),P k M  defined by Eq.(21) as 

functions of M  for 2 / 0.5t h   and three different values of 

1t : 1 / 0.45,t h   0.55 and 0.5982.  Note that the size of the 
resonator 1 2( )t t t �  increases with 1.t We can see that the 

phase function 0( ),P k M  at around 90M q approaches to 

the resonance as 1t  increases. When 1 / 0.5982t h  , a 
complete resonance, which satisfies Eq. (21) with 1n   is 
obtained at 90M q .  

The characteristics of 1,00 0( , ) ,R k M 1,00 0( , )F k M  and 

0( ),P k M shown in Figs. 2 and 3 are used to analyze the 
directivity of radiation under the prescribed parameters. The 
results are compared with those numerically calculated using 
Eq. (15).  Figure 3 shows that when 1 / 0.45t h  , the phase 
function 0( ),P k M  is far from the resonance condition 

Eq.(21) over 0 180 .Mq q� �  Then the energy radiated from 
the line source is transmitted in the three directions of 

10 ,M q|  90q and 170q through the transmission windows 
of the upper crystal as shown in Fig. 2. When 1 / 0.55,t h   
the phase function 0( ),P k M  approaches to the resonance for 

90M q  and hence, the radiation in this direction is 

increased, whereas the radiation in 10M q|  and 170q is 
decreased because these directions are far from the 
resonance. When 1 / 0.5982,t h  the phase function satisfies 
the resonance condition for 90M q  and hence the resonant 
radiation in this direction will occur with a suppression of 
the directional side lobes in the directions of 10M q| and 

170q . The directivity of radiation calculated using Eq. (15) 
is shown in Fig. 4 for three different values of 1t . We can 
confirm that the directivity predicted from the analysis on 

1,00 0( , ) ,R k M  1,00 0( , )F k M  and 0( ),P k M  agrees well with 
those obtained from the rigorous field analysis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5 shows the phase function 0( , )P k M  when 1t  is 

further increased to 1 / 1.20t h   and 1.618 . The phase 

function for 1 / 1.20t h  satisfies the resonance condition 
(21) with 1n  at 45M q|  and 135 .q  However, we note that 

there occurs no resonant radiation because 1,00 0( , ) 0F k M   
in these directions as shown in Fig. 2. In this case, the 
radiated energy is transmitted through the transmission 
windows at 10 , 90M q q| and 170q  of the upper crystal. We 

also note that 0 )( ,90 3P k Sq |  when 1 1.20/ .t h   This 
means that the transmission into the direction of 90M q| is 
in anti-resonance and hence the radiation in this direction is 
significantly decreased.  When 1 / 1.20,t h   therefore, we 
can expect a directivity with enhanced directional lobes in 
the directions of 10M q| and 170q . When 1 / 1.618t h  , on 

the other  hand,  the phase function 0( , )P k M  satisfies the 

resonance condition (13) at 35 , 90M q q|  and 145q . For this 
case, there is no radiation in the direction of 35M q| and 

1( ) / 0.45a t h   

1( ) / 0.55b t h   

1( ) / 0.5982c t h   

Fig.4. Radiation patterns of the line source placed with (a) 

1 / 0.45,t h  (b) 1 / 0.55t h  and (c) 1 / 0.5982,t h  
where 2 / 0.5t h  and 12N  . 
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145q because 1,00 0( , ) 0F k M   in these directions, whereas 
we can expect a strong resonant radiation in the direction of 

90M q|  through the transmission window as shown in Fig.2. 
The directivity calculated using Eq.(15)  is illustrated in Fig. 
6.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

We can confirm again that directivity predicted from the 
analysis on 1,00 0( , ) ,R k M  1,00 0( , )F k M  and 0( , )P k M  
agrees well with those obtained from the rigorous field 
analysis. 
 

5. Conclusions 
A novel formulation of radiation from a localized line source 
embedded in photonic crystals consisting of layered periodic 
arrays of parallel circular cylinders is proposed. The method 
employs the spectral domain approach. The line source is 
transformed into an infinite periodic array of linearly phased 
line sources in spectral domain. In the spectral domain the 
radiation problem is reduced to the problem of reflection and 
transmission of the space harmonic waves by the finite 
photonic crystals. The spectral response of the photonic 
crystal to the line source excitation has been calculated using 
the lattice sums, T-matrix of a circular cylinder, and the 
generalized reflection and transmission matrices of the 
layered system. The directivity of radiation from a localized 
source coupled to photonic crystals has been investigated 
theoretically using a two-dimensional model. The closed 
form expression for the far field of radiation has been 
derived and used to analyze the directivity. We have shown 
that the directivity is uniquely determined by the 
characteristics of the transmission windows of the crystals 
and the Fabry-Perot resonance condition for the radiated 
field in the space surrounding the source. This peculiar 
feature could be used to design and control the radiation 
pattern of photonic-crystal-based antennas. 
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Abstract 

We introduce a novel design of wide Slot Photonic Crystal 
Waveguides (SPCW) by structuring the slot as a comb. This 
allows performing dispersion engineering in order to 
achieve very low group velocities over a few nanometers 
bandwidth. This kind of SPCW offers opportunities to 
realize devices requiring strong interactions between light 
and an optically non-linear low index material by providing 
an ultra-high optical density while easing the filling of the 
slot due to its width. We will present dispersion engineering 
results by Plane Wave Expansion method and Finite 
Difference Time Domain analysis, followed by 
experimental realization. 

1. Introduction 

Photonic Crystals Waveguides (PCW) operating in slow 
light regime are promising devices for all-optical signal 
processing and enhanced light-matter interactions [1]. 
However, the issue of propagation losses at low group 
velocities is still challenging their generalization, whereas it 
has partially addressed by dispersion engineering [2]. The 
strong dependence of the nonlinear phase shift on the group 
velocity gives rise to strong benefits of slow light for 
nonlinear operations [3]. This gain can be further enhanced 
with the introduction of a slot, allowing the use of nonlinear 
polymers with higher figures of merit than silicon [4]. 
Indeed, for χ(2) nonlinear polymers, efficient electrooptic 
modulation has already been successfully reported [5-6]. 

Opening a slot along the line defect of PCW pulls the 
fundamental mode of the slot within the photonic bandgap 
[7]. This slope is positive in the First Brillouin Zone (FBZ), 
unlike the standard defect mode. Depending on the slot 
width, these two guided modes with the same even 
symmetry can coexist [8], but the W1 defect mode exits the 
photonic bandgap in case of large slots. The latter has 
received more interest than the slot one, because of the 
stronger optical confinement in narrow slots and an easier 
coupling from/to a photonic nanowire. Due to a stronger 
confinement in narrower slots and an easier coupling, the 
W1 defect band has received more interest [5-6,8-9]. But 
wider slots improve the poling efficiency of χ(2) polymers 
and are more easily filled [6]. 

We report here a method to obtain a SPCW with wide 
slot, i.e. > 150 nm, operating in a flat band slow light 
regime. We realize this dispersion engineering by adding 

corrugations to the slot, similar to Bragg gratings. This 
provides three additional degrees of freedom and allows 
tailoring the guided mode in order to obtain a flat band 
group index curve. It is shown that these corrugations 
improve the localization of the electric field along the 
waveguide direction. 

We engineer the dispersion curves of the two modes, 
because the W1 defect mode presents an easier coupling 
from a strip waveguide due its mode profile and this mode is 
guiding light when the slot is narrow, whereas the “slot” 
mode is relevant when the slot is very large, which can be 
required in applications such as sensing despite a lower 
coupling efficiency, as explained in [10]. 

2. Dispersion engineering of the slot 

2.1. Introduction of a slot mode 

The SPCW is optimized through calculations performed by 
Plane Wave Expansion method using the MPB software [11] 
for a quasi-TE polarization. Eigenmodes are calculated in 
the unit cell depicted in fig. 1, consisting in a Silicon On 
Insulator (SOI) slab with a lower silica layer and an upper 
cladding layer (e.g. polymer), with indices nSilicon=3.48, 
nSilica=1.44 and nPolymer=1.6, respectively. The slab thickness 
h is fixed to 260 nm, the lattice constant a=400 nm, and the 
hole radius r is 120 nm to ensure a wide TE bandgap. As 
explained in our previous work [12], the optimization 
process begins with the choice of the desired slot width Wslot. 
For technological reasons, it is preferable to work with large 
slots, at least larger than 150 nm. This requires an 
enlargement of the line defect in order to keep the guided 
mode within the photonic bandgap. Therefore, we change 
the W1 defect to W1.25, i.e. a width of 1.25√3a. 

2.2. Tuning the slot mode 

The W1.25 photonic crystal waveguide is taken as a starting 
point. We then calculate the dispersion diagram for 
increasing values of Wslot, in order to evaluate the suitable 
Wslot value giving a flat dispersion curve under the light line 
to the “slot” mode. The dispersion curve is progressively 
flattened for increasing Wslot values, as the frequency values 
increase near the edge of the FBZ at k=0.5. The optimum is 
found around Wslot=0.4a because for larger values, the 
dispersion curve slope becomes positive. In the same time, 
the increasing values of Wslot reject the W1 defect  
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Figure 1: Schematic draw of the unit cell with all relevant 
parameters in the yz plane. 
 
mode outside the photonic bandgap when it reaches 
Wslot=0.4a. Next, it is here necessary to pre-compensate the 
slope of the guided mode before introducing corrugations to 
the slot by shifting the W2 and W3 hole rows. Forecoming 
simulations indeed show that decreasing the two values of 
W2 and W3 (which are nominally equal to 0.5√3a) makes 
the slope negative under the light line. 

We then introduce corrugations on the slot as described 
in fig. 1. The comb possesses three parameters: the duty 
cycle l, the depth dy of the gratings, and the displacement dx 
of the comb grating regards to the center of the first hole 
row. It is crucial to keep the periodicity of the comb exactly 
the same as that of the photonic crystal. Therefore, the 
bandgap remains controlled by the hole lattice, and the comb 
provides the three additional degrees of freedom previously 
mentioned for dispersion engineering. Results about the 
obtained group index values by considering W1.25, 
W2=W3=0.4√3a, Wslot=0.4a, dx=0, l=0.8, dy=0.35a, 
respectively, are reported on fig.2. By referring to the 
definition of the group index bandwidth product (GBP): 

 

 
Figure 2: a) Band diagram of the dispersion engineered slot 
mode. b) Corresponding group index. c) Cross-section of 
the ε|E|! pattern at k=0.45 in the yz plane. d) Same pattern 
viewed in the xy plane. 
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where <ng> stands for the average group index over a 
bandwidth ∆ω and ω0 the central wavelength, we obtain a 
GBP of 0.139. It has to be kept in mind that this GBP is not 
as large as in some previous studies [2] because of the 
cladding layer index considered here (nPolymer=1.6) which 
enlarges the light cone compared to air cladding, thus 
reducing the available bandwidth.  

We express the optical confinement [12] by defining 
the ratio of optical power within the slot over the total 
power, and the optical intensity I as divided by the cross-
section of section of the slot, i.e. h*Wslot with h the height of 
the silicon slab. We include the effect of electromagnetic 
density enhancement due to slow light propagation by 
setting this confinement as the product of the previous 
optical intensity and the group index ng for the m-th mode:  
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We find here for our structure a confinement factor of 
144 µm-2, for an in-slot confinement of 15% of the total 
power. We recall for comparison that in the case of total 
internal reflection slot waveguide with the same slot width, 
the confinement factor is only around 10 µm-2, representing 
a fifteen-fold enhancement of the confinement. Interestingly, 
compared to SPCW without any structuration of the slot, the 
narrowing of the slot provides a stronger confinement of the 
mode along the waveguide direction, as seen on fig. 2 d). 
Despite an expectable increase of the scattering losses, it 
still remains interesting since the modal volume becomes 
strongly reduced by this structuration, and the same goes for 
the nonlinear effective area of the guided mode. 

2.3. Tuning the W1 mode 

Similar dispersion engineering to the one presented in the 
previous section can be applied to tune the W1 defect mode. 
The origin of this mode being different, it is less sensitive to 
the structuration of the comb, when the mode is far from the 
air band. Nevertheless, we can apply the same procedure. 
We start with the choice of an adequate slot width, the slope 
is adjusted by changing the values of W2 and W3, and 
finally, we tailor the comb. If we want to engineer the 
dispersion of a SPCW with a wider slot, it is better to work 
with an enlarged PCW channel, e.g. W1.4, but we lose the 
benefit of a stronger localization of light at the narrowing, 
and it is harder to tailor the W1 defect mode which is more 
sensitive to the modification of the hole array. Moreover, a 
W1.25 defect still strongly reduces the overlap between the 
mode and the holes, and leaves the slot as the main source 
of scattering, then reducing the losses if compared to W1 
SPCWs. After structuring the slot, we can see that the 
parameter dx affects the mode profile. An optimum 
confinement is found when dx=0.5a, as depicted on fig. 3. 
This means that where the mode is naturally localized in the 
slot, adding a corrugation there will strongly enhance the 
local intensity in the slot,  even more if the comb duty cycle 
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Figure 3: a) Band diagram of the dispersion engineered W1 
defect mode (green curve). b) Corresponding group index. c) 
Cross-section of the ε|E|! pattern at k=0.45 in the yz plane. d) 
Same pattern viewed in the xy plane. 
 
l is increased, leading to very sharp corrugations. We finally 
tune the mode to obtain a flat band group index curve by 
reducing the radius r1 of the first hole row to 0.28a and by 
increasing the radius r2 of the second hole row to 0.38a, 
similarly to [9]. In this case, with the following parameters: 
W1.4, W2=0.65, W3=0.45, Wslot= 0.35a, dx=0.5a, dy=0.4a, 
l=0.75, r1=0.28a, r2=0.38a, we obtain a mean group index 
of 48 over a bandwidth of 4.5 nm, giving a GBP of 0.147. 
This configuration gives a field concentration of 13% in the 
slot, and a confinement factor of 177 µm-2. We do not 
exploit the “slot” mode in this case, although present in the 
photonic bandgap, since the shape of the comb decreases 
the confinement of the mode in the slot, thus reducing its 
interest. 

3. FDTD Analysis 

After optimization of the guided mode in the SPCW, it is a 
necessity to compute the transmission of a complete device 
for the evaluat ion of the propagation losses.  The 
transmission spectrum of the photonic crystal waveguide is 
calculated by Finite Difference Time Domain simulation 
using the MEEP software [13]. The implemented structure is 
shown on fig. 4. It consists of a SPCW with input and output 
waveguides. The strip waveguides are converted by a 15 µm 
long taper into slot waveguides with a high coupling 
efficiency [14] in order to convert adiabatically the mode 
within the slot, at the input and output of the SPCW. Then, 
the slot waveguide mode can be coupled to the SPCW one 
using two transitions regions to adapt the fast light 
propagation to a slow light regime by slightly stretching the 
PC lattice in the longitudinal direction [15]. In the injection 
zone, and next to the reflection zone, the lattice constants ainj 
and arefl are stretched to 420 nm and 410 nm, respectively, 
while the lattice constant a remains 400 nm in the central 
part of the SPCW. As a whole, the length of the photonic 
crystal crystal waveguide is 88.7µm, which keeps the device 
footprint to an acceptable value, and the length of the  

 
Figure 4: Representation of the FDTD computational cell 
with different detailed views. The source and the sensors are 
highlighted in red and blue, respectively. 
 
complete structure with all sub-regions is 177.5 µm. The 
computational cell is wide enough to avoid coupling with 
the Perfectly Matched Layers. We perform here 2D FDTD 
calculations with slab effective index approximation for two 
reasons: 3D FDTD is excessively time consuming for long 
devices and out-of-plane losses are not a drawback, since we 
work exclusively under the light line and backscattering is 
the main source of losses. The effective index of the silicon 
in the present case is evaluated to 2.83 by slab optical mode 
solver. The simulation time range is 70 ps (i.e. 50,000 c/a 
time units) and the source is a broadband gaussian pulse 
centered at 1,550 nm with a spectral width of 500 nm. The 
sensors have a resolution of 50 pm. The grid resolution is 20 
nm per pixel. This represents a computation time of 50 hours 
on 16 CPU. The parameters of the photonic crystal are 
W1.4, W2=0.65, W3=0.45, r1=0.25a, r2=0.38a, r=0.3a, and 
those of the comb are Wslot=0.4a, dy=0.5a, dx=0.5a, and 
l=0.75. The engineered SPCW has a “W1” mode with group 
index plateau of 45 over 5 nm as shown in fig. 5 and 
calculated by PWE method. The group index dependence 
with respect to the bandwidth is extracted from the Fabry-
Perot fringes as described in [16]. The transmission is 
around -12dB, even close to the band edge, confirming the 
efficiency of the mode conversion and a low level of 
intrinsic losses and coupling losses. However, we find a 
mismatch between the group index curves calculated by  

 

 
Figure 5: Up: group indices obtained by PWE calculation 
(red curve) and FDTD calculation (blue dotted curve). 
Down: corresponding FDTD transmission spectrum. 
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PWE and FDTD methods due to a difference of the 
definition of the computation grid, making hard to retieve 
the same flat band group index curve with the same 
parameters obtained by PWE. Moreover, the band edge is 
shifted of approximately 5 nm. However, we retrieve a flat 
band group index curve by FDTD calculation, confirming 
the operation in slow light regime with a mean group index 
of 35 on a 6 nm bandwidth. We underline here that the 
running time is a critical parameter for the observation of the 
interference fringes: indeed, physically, the slow pulse needs 
to reach the output in order to be detected by the sensor. 
Therefore, group indices above 70 are not consistent. 
However, this computation gives a good estimation of the 
level of coupling and intrinsic losses in the SPCW and 
shows that it is possible to manipulate slow light by FDTD 
method by directly linking it to the transmission spectrum. 

4. Conclusions 

We have demonstrated that a comb photonic crystal 
waveguide is a suitable structure for strongly confining light 
in a low index material. We have shown that a proper 
dispersion engineering of the slot itself ensures a flat band 
group index curve, enabling a slow light operation over a a 
few nanometers bandwidth. Two structures relying on two 
different guided modes have been presented. They are   
operating in slow light regime with group indices of 40 and 
48 over bandwidths of 5 nm and 4.5nm, respectively, with 
slot widths above 140 nm at the narrowest parts. In-slot 
optical confinements of 15% and 13 % are reported. The slot 
enlargement is not realized at the expense of a low optical 
intensity, and the narrowing of the slot into the comb 
presents a high localization of the electric field, which is of 
interest for configurations requiring small modal volume and 
nonlinear effective area. 

Finally, FDTD calculations showed an efficient mode 
conversion from the photonic wire to the SPCW and a high 
transmission near the band edge. The simulated structure 
shows slow light operation with a flat band group index of 
35 over a bandwidth of 6 nm and a transmission of -12 dB at 
the band edge. The high localization of the electric field will 
offer a good opportunity for sensing devices and nonlinear 
optical effects. 

The next task is to work towards the experimental 
achievement of slow light propagation in a dispersion 
engineered comb photonic crystal waveguide by analyzing 
the interference fringes in a Mach-Zehnder Interferometer.  
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Abstract

Self-collimation of light is explored in novel photonic crys-
tals structures that combine either positive and negative in-
dex layers or homogeneous and etched dielectric materials.
These novel photonic crystals are demonstrated to present
resonant or slow light self-collimation effects. In metama-
terials of zero-average optical index, diffraction-free beams
are in addition propelled with a cancelled total phase de-
lay. In all dielectric structures based on 2D photonic crys-
tal properties, self-collimation is shown to arise for almost
non-etched structures and in a slow light regime. A beam
propagation model is developed and gives a comprehensive
interpretation of these beam shaping properties.

1. Introduction

Beating light diffraction with linear optical devices has at-
tracted much attention the last decade because of potential
applications for telecommunications, biophotonics or imag-
ing systems. Using photonic crystals (PhCs) and more re-
cently metamaterials, it has been shown that diffraction-free
beams can be generated without the help of any nonlinear
process such as Kerr effect. This linear property known
as self-collimation effect has firstly been introduced by H.
Kosaka in his pioneering works on PhCs[1]. In this ap-
proach, self-collimation stems from the use of ”flat disper-
sion curves” that present parallel group velocities for all the
Bloch waves constituting the beam. An other route to stop
diffraction relies on the unusual properties of metamateri-
als. This alternative has been recently explored in some the-
oretical studies [2], [3], [4] and in an experiment involving
dielectric PhC superlattices [5]. These structures are based
on 1D PhCs with a unit cell consisting of layers with com-
plementaries electric and magnetic permittivities have led
to the concept of zero-average index metamaterials [6],[7],
[8]. Such metamaterials, presenting a null average index
over a lattice period, are known to present a forbidden band
named zero-n̄ gap that is insensitive to the period scaling,
to disorder or to the light polarization [7]. These properties
have been experimentally demonstrated with metamaterials
layers presenting double negative electric and magnetic per-
mittivities alternated with air layers at GHz frequencies [9].
These experimental demonstrations have been transposed
in the near-infrared spectrum of light with photonic crys-
tal superlattices [10], [5]. Kocaman and co-authors have in
addition proven that the phase delay of a signal propagat-
ing through an average index material is cancelled when its

frequency lies in the zero-n̄ gap. Although the transmis-
sion efficiency is very low in that case, these experimental
results show the ability of zero average index material to
control the light phase [11].

In recent works, we have shown that the self-
collimation effect can be made resonant or be combined
with slow light regime in layered media [4], [12]. Here,
we first present a beam propagation theory in layered me-
dia that provides the key parameters for getting the meso-
scopic self-collimation or the phase compensation mech-
anism. Then we consider zero-average index metamate-
rials and demonstrate that resonant self-collimated beams
lying in zero-n̄ gap allow to cancel the phase delay of the
signal while maintaining a high transmission efficiency -
conversely to the recent results of Kocaman and co-authors
[11]. The role of material dispersion and its impact on the
resonance conditions in the zero-n̄ gap will be discussed.
In the third part, we will demonstrate that zero-average
index materials are not necessary to get self-collimation.
Photonic crystal superlattices of all-positive optical index
materials will be shown to propel diffraction-free beams.
Guided by the theoretical model, we will demonstrate that
mesoscopic self-collimation of light is governed by a scale-
invariant law. This theory leads to the design of original
devices with very low filling factors in air and presenting
slow light and self-collimation effects.

2. Theory of mescocopic self-collimation

Let us consider a layered media whose unit cell consists
in two slabs of thicknesses d1 and d2 (of lattice constant
D = d1+d2), characterized by their dispersion relations of
the form k

y
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x

). These photonic dispersions represent
either the effective optical properties of a metamaterial slab
or the photonic band diagram of a PhC layer. A Gaussian
beam U(x, 0) = exp(�x
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pinges the structures at y = 0. Assuming that reflections at
the layer interfaces are neglected, the electromagnetic field
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For a given direction propagation, a dispersion curve
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the case of a homogeneous medium, n
c

simply equal to
the optical index, but it can take positive or negative values
for metamaterial or 2D PhC media. Plugging Eq.(2) into
Eq.(1), one can derive the expression of the beam propagat-
ing through a lattice period D:
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This expression shows that to important parameters control
the phase and shape of the beam. It appears that the wave
accumulates the mean phase hk

y

(!, 0)iD = k1d1 + k2d2

and that the initial Gaussian beam can be retrieved when the
average curvature is null:

D
1
n

c

E
= 0. By introducing the

ratio in thickness layers ↵ = d2/d1, this condition writes:

1/n

c1 + ↵/n

c2 = 0 (4)

This result demonstrates that beams self-collimated at the
mesoscopic scale obey to a scale-invariant law since it not
depends on the period D. In the following sections, we will
see that those parameters have a direct impact on the phase
compensation and self-collimation effects.

3. Self-collimation in zero-average index

metamaterials

Before demonstrating resonant and slow light self-
collimation in zero-average index metamaterials, let us re-
call the necessary conditions to open a zero-n̄ and resonant
modes. For a 1D PhC consisting of a set of periodic lay-
ers of thickness d1 and d2, optical indices n1 and n2 and
impedances ⌘1 and ⌘2 respectively, the dispersion relation
reads:

cos(D) = cos(hkiD) + ⌧ sin(n1kd1) sin(|n2|kd2), (5)

where ⌧ =

(⌘1�⌘2)
2

2⌘1⌘2
and k = 2⇡/� is the wave number

in vacuum and  the Bloch wave vector. For mismatched
impedances, the zero-n̄ gap appears when the average phase
over a lattice period is null i.e hkiD = 0. In the case
of homogeneous layers this leads to the zero-average in-
dex condition n1d1 + n2d2 = 0 [7]. Singular resonances
can however exist when the Fabry-Perot (FP) condition,
kn1d1 = m⇡ is satisfied (m being an integer). As dis-
cussed in [4], for dispersive materials the opening of the
zero-n̄ gap and the obtention of the FP resonance can occur
for different frequencies. The offset between both condi-
tions dramatically disturbs the band diagram since the res-
onance broadening reduces the extend of the zero-n̄ gap.
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Figure 1: (a) and (c): dispersion relation. (b) and (d): Re-
flection coefficient for the structure composed of N = 50

periods. Black and red curves correspond to the non-
dispersive and dispersive cases respectively. The parame-
ters are n1 = 1, n0

2 = �2, ⌘1 = 1, ⌘2 = 0.5, d1 = 2D/3,
d2 = D/3 and D/�0 = 13/8. In (a) and (b) the dispersion
parameter is C = 0.5/�0 and in (c) and (d) the dispersion
increases to C = 1/�0.
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Figure 2: (a) dispersion relation, (b) reflection coeffi-
cient where black and red curves correspond to the non-
dispersive and dispersive cases respectively. Same parame-
ters as in Fig. 1 but D/�0 = 1.5.

The impact of dispersion is studied by considering that
n2(�) = n

0
2 + �n2(�), where �n2(�) = C(� � �0) is

assumed in first approximation to be a linear function van-
ishing at the wavelength �0. Figures 1 and 2 show that
the FP peak broaden when the dispersion parameter C in-
creases.

However, when the FP and the zero-average index con-
ditions are simultaneously satisfied for the same frequency,
a sharp resonance appears whatever the material dispersion,
Fig. 2. These results indicate that a high control of the
material parameters is needed to create the right electro-
magnetic environment for the excitation of FP modes in the
zero-n̄ gap. Conversely to common defect modes localized
in microcavities embedded in Bragg mirrors, FP modes in
zero-average index materials are obtained without break-
ing the lattice period and propagate throughout the whole
structure without an exponential decay. This unique prop-
erty allows us to envisage resonant beam shaping opera-
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tions such as self-collimation. Since a FP mode is charac-
terized by singulars wavevector and frequency, its disper-
sive properties cannot been deduced from a band diagram
analysis. However, the previous theory shows that meso-
scopic self-collimation is obtained when the dispersion cur-
vature are compensated for. In the case of homogeneous
slabs this condition writes d1/n1+ d2/n2 = 0. Combining
the zero-average index condition with the latter mesoscopic
self-collimation leads to d1 = d2 and n1 = �n2, which
are the parameters settled in V. Mocella’s experiment [5].
Figure 4 shows the propagation of a self-collimated beam
through 200� zero-average index metamaterial for the re-
duce frequency D/� = 1.5 corresponding to the resonant
FP mode of Fig. 2.
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Figure 3: (a) Modulus of the electromagnetic field for a
self-collimated FP mode. (b) Phase of the signal inside the
zero-average index metamaterial.

Beyond the resonant behavior of this diffraction-free mech-
anism, one can see that the phase of the signal is exactly
compensated over one lattice period. This zero-phase de-
lay is in agreement with Eq.(3) where the accumulate phase
is null when the zero-average index condition is satisfied
i.e. hk

y

(!, 0)iD = 0. This property as recently been ex-
perimentally observed but in a devices that not support FP
modes leading to a very low transmission efficiency smaller
than 20dB [11]. Here, this zero-phase delay can be com-
bined with a resonant self-collimated beam carrying a high
amount of energy. The simulation of Fig. 3 shows that
the transmission coefficient is larger than 90% and finally
the incident beam seems to be translated over hundred of
wavelengths without any change in its phase or shape. This
result also proves that beam shaping operation can be disso-
ciated from the value of the optical index but rather depends
on the local dispersion curvature. This property can be used
to tune the mesoscopic self-collimation frequency at the de-
sired frequency in the photonic band diagram. The operat-
ing frequency can in particular be shifted near a photonic
band gap edge where the speed of light is known to dra-
matically decrease. Figure 4 gives the dispersion curve and
group index (n

g

= c/v

g

) for a zero-average index metama-
terial presenting a self-collimated condition at the boundary
of a zero-n̄ gap. High group index of 40 can be expected in
this configuration, showing the versatility of layered posi-
tive and negative index structures.

0.6

0.7

0.8

0.9

0 0.1 0.2 0.3 0 10 50

D /! zero!n gap

" (2  /D)# ng

(b)(a)

Figure 4: Band diagram and group index of a structure
whose parameters are n1 = 1, n

0
2 = �1.25, ⌘1 = 1,

⌘2 = 0.5, d1 = 5D/9, d2 = 4D/9, D/�0 = 39/55

and C = 1/�0. The red dashed line indicates the self-
collimation frequency D/� = 0.612.

4. Self-collimation in photonic crystal

superlattices

Photonic crystals superlattices have firstly been introduced
to mimic zero-average index metamaterials but in the near-
infrared spectrum of light. This approach has successfully
proven that negative index slab of metamaterials can be re-
placed by 2D PhC layers of -1 effective index leading thus
to open a zero-n̄ gap [5], [11]. However, we have recently
demonstrated that these complex nanophotonic structures
can also been used to generate self-collimated beams with-
out the need of zero-average index devices. Our approach
relaxes the numerous optical conditions introduced in the
previous section and enables to go further in the control
of light [12]. We start with the first dispersion band of a
2D PhC consisting of a square lattice of air holes etched
in a dielectric material of optical index n2. In TM polariza-
tion, one recognizes a frequency domain presenting flat iso-
frequency curves used for guiding self-collimated beams
[13], Fig. 5. As shown Eq.(3), the local curvature of the dis-
persion curve drives the divergence of the beam during its
propagation through the PhC. In our case, flat iso-frequency
curves are associated to a null curvature in the �M direc-
tion at the reduce frequency a/� = 0.235, Fig.6a. The
curvature changes sign either side of this frequency with a
2D PhC passing from a dispersive to a focalizing regime for
higher frequencies. Let us stress that here, the focalization
is related to the curvature of dispersion relation and not to a
specific value of the effective phase index.

Mesoscopic self-collimation stems from the focaliza-
tion power of 2D PhCs to compensate diffraction in homo-
geneous layers. Consider now a photonic crystal superlat-
tice alternating periodically the previous 2D PhC sized in a
layer of thickness d1 and a homogeneous slab of thickness
d2 and optical index n2. The null average curvature con-
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Figure 5: Iso-frequency curves of the first band and for TE
polarization. The PhC parameters are r/a = 0.2 and n2 =

2.9. The arrows indicate the direction of the group velocity
and the red and blue areas correspond respectively to IFCs
of positive and negative curvatures.

Figure 6: Curvature function 1/n

c

computed in �M di-
rection versus the reduce frequency. (a) For the infinite
2D PhC of unit cell depicted in the inset. The intersection
points between 1/n

c

and the straight dashed-lines for ↵ =

0, 1 and 3 correspond respectively to the self-collimation
frequencies for the unbounded 2D PhC and for PhC super-
lattices of two filling ratios in PhC layers. (b) Graph of
1/n

c

computed for the supercell corresponding to a PhC
superlattice with ↵ = 1 and d1 = 3a

p
2 shown in the inset.

dition over a macro period D writes 1/n

c

= �↵/n2 with
↵ = d2/d1 showing that a continuous set of operating fre-
quency can be chosen providing that 1/n

c

is negative. Self-
collimation is then expected to appears at the reduced fre-
quencies 0.241 and 0.244 for ↵ = 1 and ↵ = 3 respectively.
These frequencies agree within an error of 1% to the exact
values extracted from superlattices band structures. For in-
stance with ↵ = 1, the dispersion diagram obtained for the
unit cell depicted in the inset of Fig.6.b gives a null curva-
ture at 0.239. These results are also confirmed by FDTD
simulations of beam propagation through superlattices pre-
senting two ratios ↵ = 1 and ↵ = 3, Fig.7. Notice that the
filling factor in air is dramatically reduced since it attains
only 3% for ↵ = 3. This demonstrates that self-collimation
is achievable in almost non-etched devices.
Similarly to zero-average index metamaterials, a smart en-
gineering of the dispersion relation allows us to push the

Figure 7: Map of the magnetic field modulus for a Gaus-
sian beam of waist W0 = 8a (a) At the reduce frequency
a/� = 0.239 for a PhC superlattice for d1 = 4a

p
2 and

↵ = 1. (b) At the reduce frequency 0.243 for d1 = 3a

p
2

and ↵ = 3. (c) The same Gaussian beam propagating in
a homogeneous medium of optical index n2 = 2.9 and for
a/� = 0.239.
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Figure 8: Band diagram in the �M direction and group in-
dex of the PhC superlattice for ↵ = 1. The red dashed lines
indicate the self-collimation frequency a/� = 0.239. (a)
The macro period is D = 6a

p
2. (b) The macro period is

D = 8a

p
2. In that case the self-collimation effect appears

in the slow light regime.

mesoscopic self-collimation frequency around a band gap
edge by tuning the size of the macro period D. Figure 8
shows dispersion band diagrams and their associated group
index for superlattices having a fixed ↵ = 1 but with two

4



distinct macro periods. New photonic band gaps originating
from Bragg interferences open now in the frequency rang
corresponding to the transparent window of the unbounded
2D PhC. It is seen that an additional forbidden band ap-
pears at the vicinity of the mesoscopic self-collimation fre-
quency for D = 8a

p
2. In that case high group index of

30 to 50 can be found, enabling a slow light regime [12].
These results show that self-collimation can be combined
with slow light in superlattices, a property unattainable with
other PhC based devices.

5. Conclusions

Layered metamaterials provide a new way for beating
light diffraction. We have shown that a mesoscopic self-
collimation effect takes place at the scale of the macro
period of the layered media thanks to a periodic focus-
ing property that exactly balances diffraction. The disper-
sion curvatures seen by light during its propagation through
consecutive layers plays a fundamental role in the self-
collimation effect. This property being scale invariant, it
is possible to play with the dispersive properties of meta-
materials to render self-collimation resonant or to combine
it with slow light. In the case of all-dielectric devices, 2D
PhCs slab are shown to present negative curvature - allow-
ing us to propose almost non etched superlattices presenting
slow self-collimated light. These unique properties pave at-
tractive perspectives to increase light-matter interaction in
the diffraction-free regime.
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Abstract 

Photonic metamaterials made of graded photonic crystals 
operating near the bandgap frequency region are proposed 

for field manipulation around !=1.5µm. Proof-of-concept 
structures have been studied using Hamiltonian optics and 
FDTD simulation, fabricated, and characterized using far-
field optical measurements. Experimental results are in 
good agreement with predictions, showing the interest of 
graded photonic crystals as an (ultra-low loss) alternative 
solution to the use of metamaterials combining dielectric 
and metallic materials with sub-wavelength unit cells. 

1. Introduction 

Controlling light trajectories and beam cross-sections of 
waves in slab optical structures has received a strong 
interest for some years. The main proposed approach is 
based on the use of metamaterials [1-4]. With the formalism 
of coordinate transformations, this method has led to several 
results showing the possibility to control the flow of 
electromagnetic fields in almost arbitrary shape 
waveguiding structures [5-10]. However, strongly 
anisotropic metamaterials with complicated permittivities 
and permeabilities are needed at optical wavelengths, while 
strong losses often appear due to the use of metals. This is 
why experimental results have been mostly obtained by 
reducing the goals to the use of all-dielectric structures, i.e. 
by using sub-wavelength dielectric structures to control the 
local average optical index of planar waveguides [11,12]. 

We present here another approach for the control of 
optical beams, which relies on strong index contrast (silicon 
on insulator: SOI) photonic crystals operating near the 
photonic bandgap and allows to: i) remove the use of 
metals, ii) operate with dielectric corrugation with periods 
around 400nm to lead to easier clean room fabrication. 

Proof-of-concept structures made of one or several 90°-
bends have been theoretically studied, designed, fabricated 
using e-beam lithography and ICP etching techniques, and 
optically characterized in the near infra-red around 

!=1.5µm. 

2. Design 

To address light manipulation properties in the diffraction 
regime, it was decided to design a 90°-bending structure 

relying on a graded photonic crystal (GPhC) area. The 
considered structure is made of a two dimensional gradient 
of air hole filling factor in a square lattice photonic crystal 
with lattice constant a=390nm on the 260nm thick silicon 
film of SOI wafer. Hole radius of GPhC area varies in x-y 

coordinate by a function of r/a(")=0.35.exp(-"2/2R2), where 

"=#(x2+y2) is distance from the bottom left corner (0,0) 
point of GPhC area (zero point), as shown in Fig. 1, with 
R=62µm. The PhC lattice in considered configuration was 
rotated by 45° to minimize the incident angle around zero. 
Practically, in the GPhC area, the maximum value of holes 
radius is 136nm at zero point and hole radius is limited to 
85nm for lattice points located above the distance 0.96R 
from the origin. 

 
Figure 1: Graded photonic crystal (GPhCs) structure with 
two-dimensional chirp of air hole filling factor 

 
The chosen configuration also includes two additional 

input and output tapering regions which are made of a two-
dimensional chirp of the air hole radius and a one-
dimensional chirp of the lattice period. The purpose of 
using these two tapers is to minimize the impedance 
mismatch for electromagnetic waves at the slab 
waveguides/GPhC interfaces and thus minimize the power 
reflection. Input light beam is chosen to be injected to the 
GPhCs area at the (x=0,y=R/2) incident point. 

Within the proposed configuration, the photonic 
bandstructure (PBS) locally varies with in space due to the 
two-dimensional chirp of the structure. Fig. 2a shows the 
calculated PBS of a 2D PhC made of r/a=0.31 normalized 
radius (value of the air hole radius at the incident point) in a 
2.95 index host material, and performed using the MIT 
Photonic Band (MBP) software. This index value was 
chosen as it corresponds to the effective index obtained for a 
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260nm thick silicon on insulator (SOI) slab waveguide at 

!=1550nm for the TE light polarization. Fig. 2b presents the 
equi-frequency surfaces (EFSs) exploited in reciprocal space 
for the first band and obtained by considering again the 
photonic lattice at the incident point. Due to the strong 
periodic corrugation, EFSs departs for circles above the 
homogenization regime and turns into square shapes around 

the M points for a/! approaching 0.20-0.22. The operating 
frequencies designed for the considered configuration are in 
the first TE band with normalized frequency a/λ around 
0.25, near the bandgap between the first and second band 
where EFSs have circle-like shape, close to M point as seen 
in Fig. 2b. 

 

 
(a) 

 
(b) 

Figure 2: (a) Photonic bandstructure of the first band of a square 
lattice photonic crystal made of air holes with r/a=0.31 normalized 
radius (value to be considered at the incident light point) in TE light 
polarization, in a 2.95 effective index slab waveguide, and (b) Equi-
Frequency Surfaces in a quarter of the first Brillouin area for the same 

band, with values of the normalized frequency a/!.. 

 
Fig. 3(a) shows the simulated light path within the 

considered GPhC configuration using two-dimensional 
Finite-Difference Time-Domain (FDTD) method. In this 
simulation, a Gaussian beam waist of 7a (2.6µm) was used 
to excite the electric field in transverse electric (TE) 
polarization [13]. 

 
(a) 

 
(b) 

 
(c) 

Figure 3: (a) Distribution of electric field at normalized frequency 

a/!=0.25 inside the GPhC structure with input/output tapers, (b) 
and (c) Overall transmission spectrum of the studied configuration 
calculated using FDTD simulation as a function of frequency and 
wavelength, respectively. 

 

As can be seen, after penetrating into the GPhC region, 
light path is bended to the right, i.e. towards the region of 
large radius air holes. Such a property could not be 
observed with a sub-wavelength corrugation of the photonic 
crystal area. The structure was designed to frequencies close 
to the bandgap between band 1 and band 2 but below the 
light line to minimize the out-off-plane losses. As can be 
seen in Fig. 3b, the calculated transmission is around 90% 
for the targeted operating frequencies (0.23-0.25). This 
transmission power was collected by the sensor for 
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transmission. A good agreement between the calculated 
transmission spectra in Fig. 3b and the band structure in 
Fig. 2a is obtained. For frequencies lower than 0.2, 
transmission power is almost zero, as at this frequency light 
tends to goes straight, whereas in the range of 0.26-0.28, 
frequency is inside the photonic bandgap between the first 
and second band, thus making the transmission power 
negligible. 

Pursuing similar ideas, a for 4-channel demultiplexer 
configuration was designed by combining three 90°-
bending structures, as shown in Fig. 4a. Fig. 4b presents the 
field steady-state maps obtained for four frequencies: 0.255, 
0.25, 0.245 and 0.24, respectively. It clearly shows a left to 
right shift of the beam for decreasing frequencies. Within 
this configuration, the overall insertion loss is around -2dB 
for each of four channels and the crosstalk is around -10dB 
as seen in Fig. 4c. 

 

 
(a) 

 

 

(b) 

 
(c) 

Figure 4: FDTD simulation of 270°-bending structure that allow the 
four-channel demultiplexers (a) Overview of the structure dielectric 

permittivity, (b) Steady-state Hz fields obtained for four frequencies 

$=0.2545; 0.25; 0.245 and 0.24, respectively and (c) Calculated 

transmission at each output channel 

3. Fabrication and experimental results 

For fabrication, we turned back to simpler structures. Their 
processing contained two stages. Strip waveguides were 
first defined using a RAITH150 electron beam lithography 
process using negative resist. The GPhC structure was then 
separately insolated by mean of a lithography process with 
positive resist. The photoresist patterns were transferred to 
the 150nm thick top silica cladding layer using a reactive 
ion etching system, This layer served as mask to etch the 
silicon film through a SF6/O2 anisotropic etching process. 

To give a better picture of the fabricated GPhCs 
devices, three SEM images are shown in Fig. 5a, 5b and 5c 
for the 90° bending structure, 90°-bending structure for 2-
channel demultiplexer, and 270°-bending for 4-channel 
demultiplexer. 

 

  
(a)                                     
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(b) 

 
(c) 

 
Figure 5: Scanning electron microscope images: (a) Overall view 
of studied GPhCs structure with input/output waveguides, (b) 
GPhCs with two output waveguides for two-channel 
demultiplexer, and (c) a 270°-bending configuration. 

 
 
 
The fabricated devices have been characterized by using 

a tunable laser which gives a wide spectra band from 
1390nm to 1620nm. Light was set to a polarization 
controller to provide TE polarization, then through an 
optical fiber at the entrance facet of structure, and coupled 
into the input a strip waveguide of 3µm width. The first 
output waveguide has a width of 90µm to cover all the 
GPhC area width, i.e. to collect the whole light power after 
the 90°-turn inside the PhC area. This output waveguide is 
then slowly reduced to 3µm width with a 1 mm transition 
length. A microscope objective was used to collect the 
output transmission power, and the signal was then used to 
measure the optical transfer function a MT9820A using 
optical component tester. To estimate the optical losses in 
fabricated GPhCs device, the measured results were 
normalized by the signal obtained in the normalization 
samples that has exactly the same dimensions and 
input/output beam conditions. 

 

 
(a) 

 
(b) 

 
Figure 6: (a) Experimental overall transmission of studied GPhCs 
showing the 90°-bending effect at optical wavelength and (b) 
Operation of two-channel demultiplexer based on GPhCs channel 

1: λ1 = 1552nm and channel 2: λ2 = 1616nm. 
 
 
The normalized 90°-turn light transmission powers 

through the one and two output waveguides configurations, 
respectively,  are shown in Figs. 6a and 6b . The observed 
ripples are due to Fabry-Perot resonances at the two edges 
of the sample. Fig. 6a shows that light is bended and 
transmitted through the GPhC area with low loss. It can be 
also seen that light bending occurs at slightly shorter 
wavelengths that predicted using FDTD simulation, and that 
the band width is smaller in comparison with the simulation 
result (see Fig. 3c). This wavelength shift and the 
bandwidth constrain can be understood by the fact that 2D 
simulation was done with the effective index approximation 
[15]. 

Results of Fig. 6b show a correct agreement between 
experiments and simulation, with again a slight wavelength 
blue-shift, just like already pointed out. Two centered 
wavelengths of the demultiplexer are well separated and 
then collected at two output channels with low loss (<2dB) 
and low crosstalk (less than -20dB). 
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4. Conclusions 

In order to explore the possibility of light manipulation by 
photonic metamaterials, a graded photonic crystal relying 
on an all-dielectric structure to minimize the optical losses 
has been chosen and studied. The structure was designed to 
work in the diffraction regime, thus enabling the 
reconfiguration of the light paths by wavelength tuning and 
facilitating the technological fabrication if compared with 
sub-wavelength structures. 

The obtained experimental results are in good 
agreement with the predictions performed using the 
equations of Hamiltonian optics and Finite-Difference 
Time-Domain simulations [13,14,15]. They show the low 
level of optical loss in the fabricated graded photonic crystal 

structure (%2dB). As a whole, the reported results open 
opportunities for light manipulation and applications in 
photonic circuits using a combination of unusual dispersive 
phenomena in PhCs and additional degrees of freedom 
brought by a generalized two-dimensional chirp of PhCs 
lattice parameters. This is also an alternative solution to the 
use of photonic metamaterials combining dielectric and 
metallic materials with sub-wavelength unit cells. 
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DV\PPHWULF� WUDQVPLVVLRQ� DUH� NQRZQ� LQ� WKH� VWUXFWXUHV� WKDW�
FRQWDLQ� LVRWURSLF� DQG� OLQHDU� FRQVWLWXHQWV� RQO\�� ,Q� IDFW�� WKH\�
QHHG� HLWKHU� DQRPDORXV� UHGLVWULEXWLRQ� RI� WKH� LQFLGHQW�ZDYH�
HQHUJ\� LQ� IDYRU�RI� KLJKHU�GLIIUDFWLRQ�RUGHUV� >���@�� RU� UDWKHU�
VWURQJ� SRODUL]DWLRQ� FRQYHUVLRQ� >���@�� ,Q� WKLV� SDSHU��
VLPLODULWLHV� DQG� GLIIHUHQFHV� RI� WKHVH� WZR� PHFKDQLVPV� DUH�
GLVFXVVHG�� 7KH� HPSKDVLV� ZLOO� EH� SXW� RQ� WKH� RSHUDWLRQ�
UHJLPHV�ZLWK� WUDQVPLWWDQFH�EHLQJ�KLJK� LQ�RQH�GLUHFWLRQ�DQG�
QHDUO\�]HUR�LQ�WKH�RSSRVLWH�GLUHFWLRQ���

$V� NQRZQ�� WKH� VSDWLDO� LQYHUVLRQ� V\PPHWU\� EUHDNLQJ��
H�J��� VWUXFWXUDO� DV\PPHWU\� RI� WKH� VODE� ZLWK� UHVSHFW� WR� WKH�
PLGSODQH��LV�D�QHFHVVDU\�FRQGLWLRQ�IRU�REWDLQLQJ�DV\PPHWULF�
WUDQVPLVVLRQ��6ODEV�RI�SKRWRQLF�FU\VWDOV� �3&��ZLWK�RQH�VLGH�
FRUUXJDWLRQV� NQRZQ� DV� WKH� QRQV\PPHWULF� 3&� JUDWLQJV� >�@�
DQG� JUDWLQJV� WKDW� DUH� PDGH� RI� XOWUDORZ�LQGH[� PDWHULDOV�
�8/,0�� >�@� DUH� WKH� SHUIHFW� FDQGLGDWHV� IRU� WKH� REWDLQLQJ� RI�

WKH� GLIIUDFWLRQ� LQVSLUHG� DV\PPHWULF� WUDQVPLVVLRQ�� ,Q� WKHVH�
VWUXFWXUHV�� XQLGLUHFWLRQDO� WUDQVPLVVLRQ�� L�H��� D� VLJQLILFDQW�
WUDQVPLVVLRQ� DW� WKH� FRUUXJDWHG�VLGH� LOOXPLQDWLRQ� DQG� D�
YDQLVKLQJ�WUDQVPLVVLRQ�DW�WKH�RSSRVLWH�VLGH�LOOXPLQDWLRQ�FDQ�
EH� REWDLQHG� GXH� WR� WKDW� WKH� FRXSOLQJ� FRQGLWLRQV� IRU� KLJKHU�
RUGHUV�DUH�GLIIHUHQW�DW�WKH�WZR�VLGHV��'RXEOH�OD\HU�DUUD\V�WKDW�
FRQWDLQ� PHWDOOLF� HOHPHQWV� GHVLJQHG� WR� VKRZ� FKLUDOLW\� DUH�
DVVRFLDWHG� ZLWK� WKH� SRODUL]DWLRQ� FRQYHUVLRQ� EDVHG�
PHFKDQLVP� RI� DV\PPHWULF� WUDQVPLVVLRQ�� ,QGHHG�� WKH� FURVV�
SRODUL]HG� FRPSRQHQWV� RI� WUDQVPLVVLRQ� FDQ� DSSHDU� IRU� D�
OLQHDUO\� SRODUL]HG� LQFLGHQW� ZDYH�� ZKLFK� DUH� VHHQ� DV�
DV\PPHWULF� RQHV�� SURYLGHG� WKDW� WKH� LQFLGHQW� ZDYH� KDV� WKH�
VDPH� SRODUL]DWLRQ� DW� WKH� IURQW�VLGH� DQG� WKH� EDFN�VLGH�
LOOXPLQDWLRQ�� ,W� ZLOO� EH� VKRZQ� WKDW� WKHVH� WZR� PHFKDQLVPV�
FDQ� EH� FRQVLGHUHG� DV� WKH� FRXQWHUSDUWV� RI� WKH� XQLILHG�
PHFKDQLVP� RI� DV\PPHWULF� WUDQVPLVVLRQ�� &OHDUO\�� HDFK� RI�
WKHP�KDV� LWV�RZQ�DGYDQWDJHV� DQG�GLVDGYDQWDJHV��GHSHQGLQJ�
RQ�WKH�DSSOLFDWLRQ���7KH�FRPPRQ�SUREOHP�WKDW�RIWHQ�UHPDLQV�
XQVROYHG� LV� REWDLQLQJ� RI� �QHDUO\�� WRWDO� WUDQVPLVVLRQ� LQ� RQH�
GLUHFWLRQ��7KXV�� QXPHULFDO� UHVXOWV�ZLOO� EH� SUHVHQWHG� IRU� WKH�
VWUXFWXUHV�WKDW�IXOILOO�WKLV�UHTXLUHPHQW�LQ�WKH�EHVW�ZD\��

�� 'LIIUDFWLRQ�,QVSLUHG�$V\PPHWU\�
)LUVW�� OHW�XV�GLVFXVV� WKH�EDVLF� IHDWXUHV�RI� WKH�GLIIUDFWLRQ�

LQVSLUHG� PHFKDQLVP� RI� DV\PPHWULF� WUDQVPLVVLRQ�� ,I� WKH�
LQFLGHQW� ZDYH� LV� OLQHDUO\� SRODUL]HG�� DOO� WKH� ZDYHV� LQYROYHG�
LQWR� GLIIUDFWLRQ� NHHS� WKH� VDPH� SRODUL]DWLRQ�� )RU� WKLV�
PHFKDQLVP���]HUR��RUGHU��PXVW��EH��QRW��FRXSOHG��WR��)ORTXHW���

�
)LJXUH����%HDP�GLDJUDPV�LOOXVWUDWLQJ�WKH�GLIIUDFWLRQ�LQVSLUHG�
XQLGLUHFWLRQDOLW\�DW�QRUPDO�LQFLGHQFH�� ���ZKHQ�WZR�KLJKHU�
RUGHUV� DUH� FRXSOHG� WR� D� )ORTXHW�%ORFK� ZDYH� DW� WKH�
FRUUXJDWHG� LQWHUIDFH�� OHIW� ±� FRUUXJDWHG�VLGH� LOOXPLQDWLRQ��
ULJKW� ±� QRQFRUUXJDWHG�VLGH� LOOXPLQDWLRQ�� EURZQ� DUURZV� ±�
LQFLGHQW� EHDP� �,��� QDY\� DUURZV� ±� WUDQVPLWWHG� EHDPV� �7Q���
DQG�GDUN�EOXH�DUURZV���UHIOHFWHG�EHDPV��5Q����
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%ORFK�ZDYH�V�� LQ� WKH� 3&��ZKLOH� WKH� FRQGLWLRQV� RI� FRXSOLQJ�
IRU�KLJKHU�RUGHUV�PXVW�EH�GLIIHUHQW�DW�WKH�WZR�LQWHUIDFHV�GXH�
WR�WKH�GLIIHUHQW�SHULRGV���

)LJXUH� �� SUHVHQWV� WKH� EHDP� GLDJUDP� WKDW� LV� DVVRFLDWHG�
ZLWK� WKH� XQLGLUHFWLRQDO� VSOLWWLQJ� UHJLPH� >�@�� ,W� PD\�
FRUUHVSRQG� WR� DQ\� VKDSH� RI� WKH� HTXLIUHTXHQF\� GLVSHUVLRQ�
FRQWRXUV� �()&V��� IRU� ZKLFK� WKHUH� LV� QR� FRXSOLQJ� ZKHQ� WKH�
WDQJHQWLDO�ZDYH�YHFWRU�N[ ���LQ�FRQWUDVW�WR�D�FHUWDLQ�UDQJH�RI�
YDULDWLRQ� RI� _N[_!NE�� 7KLV� UHJLPH� FDQ� EH� UHDOL]HG�� IRU�
H[DPSOH�� LQ� RQH�GLPHQVLRQDO� 3&V� ZLWK� K\SHUEROLF�
GLVSHUVLRQ��RU�WZR�GLPHQVLRQDO�VTXDUH�ODWWLFH�3&V�ZLWK�()&V�
ORFDWHG� DURXQG� 0� RU� ;� SRLQWV�� 7KHQ�� VRPH� KLJKHU� RUGHUV�
PD\�EH�FRXSOHG�WR�D�)ORTXHW�%ORFK�ZDYH�RI�WKH�3&�LQ�D�RQH�
ZD\�PDQQHU��ZKLOH�]HUR�RUGHU�LV�XQFRXSOHG�UHJDUGOHVV�RI�WKH�
LOOXPLQDWLRQ�VLGH��SURYLGHG��WKDW��WKH��FRUUXJDWLRQ��SHULRGV��DW��
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)LJXUH� ��� 7UDQVPLVVLRQ� IRU� 3&� JUDWLQJ� ZLWK� RQH�VLGH�
FRUUXJDWLRQV� REWDLQHG� E\� UHPRYLQJ� HYHU\� VHFRQG� URG� IURP�
RQH�RI� WKH� LQWHUIDFH� OD\HUV�RI�D�VTXDUH�ODWWLFH�3&�FRPSRVHG�
RI� WZHOYH� OD\HUV� RI� GLHOHFWULF� URGV� ZLWK� SHUPLWWLYLW\�  ����
DQG� URG�GLDPHWHU�WR�ODWWLFH�FRQVWDQW� UDWLR� G�D ���� DW�  ���
SORW� �D�� ±� FRUUXJDWHG�VLGH� LOOXPLQDWLRQ�� SORW� �E�� ±�
QRQFRUUXJDWHG�VLGH�LOOXPLQDWLRQ����

WKH�WZR�VLGHV�DUH�GLIIHUHQW��&KRRVLQJ�D�SURSHU�SHULRG�DW�RQH�
RI� WKH� LQWHUIDFHV� DQG� UHPDLQLQJ� WKH� RWKHU� RQH� ZLWKRXW�
DGGLWLRQDO� FRUUXJDWLRQV�� RQH� FDQ� REWDLQ� WKH� VLWXDWLRQ� ZKHQ�
WKH�ILUVW�RUGHU�WUDQVPLVVLRQ�DSSHDUV�LQ�WKH�IRUZDUG�FDVH��L�H���
DW� WKH�FRUUXJDWHG�VLGH�LOOXPLQDWLRQ�� 011   tt fwfw � 00 t fw ���
ZKLOH� WUDQVPLVVLRQ� LV�EORFNHG� LQ� WKH�EDFNZDUG�FDVH�� L�H��� DW�
WKH� QRQFRUUXJDWHG�VLGH� LOOXPLQDWLRQ� � 0011   ttt bwbwbw ���
$Q�H[DPSOH�LV�SUHVHQWHG�LQ�)LJ����DW�WKH�7(�SRODUL]HG�SODQH�
LQFLGHQW� ZDYH�� 7KH� UDQJH� RI� XQLGLUHFWLRQDO� WUDQVPLVVLRQ�
H[WHQGV�KHUH� IURP�N/ ����WR�N/ ������JUDWLQJ�SHULRG�/ �D��
D�LV�ODWWLFH�FRQVWDQW���ZKHUH� 57.0T fw �ZKLOH� 0Tbw ����

)LJXUH� �� VKRZV� WKH� EHDP� GLDJUDP� IRU� WKH� VLQJOH�EHDP�
XQLGLUHFWLRQDO�GHIOHFWLRQ�UHJLPH�>�@��,W�QHHGV�UDWKHU�DUELWUDU\�
()&� VKDSHV�� DPRQJ�ZKLFK� QDUURZ� FLUFXODU�()&V� DURXQG��
SRLQW� DUH� VLPSOHVW�� 7KH� ODWWLFH� DQG� FRUUXJDWLRQ� SDUDPHWHUV�
FDQ� EH� FKRVHQ� VR� WKDW� WKH� IRUZDUG� WUDQVPLVVLRQ� FDQ� EH�
VLJQLILFDQW�WKDQNV� WR�WKH�FRXSOLQJ�RI�WKH�ILUVW�QHJDWLYH�RUGHU�

� 01 t
fw ��� ZKLOH� WKHUH� LV� QR� EDFNZDUG� WUDQVPLVVLRQ�

� 0001  ttt fwbwbw ��� )LJXUH� �� SUHVHQWV� DQ� H[DPSOH� RI� WKH�
WUDQVPLVVLRQ� VSHFWUXP� LQ� 7(�FDVH�� 7KH� UDQJH� RI�
XQLGLUHFWLRQDO� WUDQVPLVVLRQ� H[WHQGV� KHUH� IURP� N/ ����� WR�
N/ ������ZKHUH�� 6.0T fw �DW�WKH�)DEU\�3HURW�W\SH�PD[LPD��
ZKLOH� 0Tbw ��,W�LV�ZRUWK�QRWLQJ�WKDW�WKH�FLUFXODU�()&V�FDQ�
EH� REWDLQHG� E\� XVLQJ� DQ� 8/,0� LQVWHDG� RI� D� 3&�� +HQFH��
XQLGLUHFWLRQDO� WUDQVPLVVLRQ� WKDW� LV� VLPLODU� WR� )LJ�� �� FDQ� EH�
REWDLQHG�LQ�DQ�8/,0�JUDWLQJ�>�@��

7KH�NQRZQ�SHUIRUPDQFHV�RI� WKH�3&�DQG�8/,0�JUDWLQJV�
IRU� XQLGLUHFWLRQDO� WUDQVPLVVLRQ� VXIIHU� RI� D� UDWKHU� ODUJH�
WKLFNQHVV�� ZKLFK� LV� W\SLFDOO\� QR� OHVV� WKDQ� WKUHH� IUHH�VSDFH�
ZDYHOHQJWKV�� 9HU\� UHFHQWO\�� WKH� QHZ� GHVLJQ� KDV� EHHQ�
SURSRVHG�� ZKLFK� LV� EDVHG� RQ� WKH� VWDFNHG� KROH� DUUD\� WKDW�
VKRZV� H[WUDRUGLQDU\� WUDQVPLVVLRQ� DQG� LV� DVVHPEOHG� ZLWK� D�
JUDWLQJ�DW�RQH�RI�WKH�LQWHUIDFHV��VR�WKDW� WKH�WKLFNQHVV�LV�OHVV�
WKDQ�RQH�ZDYHOHQJWK� >�@�� ,Q� WKH�JHQHUDO�FDVH��GHVLJQ�RI� WKH�
VWUXFWXUHV� IRU� WKH� GLIIUDFWLRQ� LQVSLUHG� XQLGLUHFWLRQDO�
WUDQVPLVVLRQ� VKRXOG� EH� EDVHG� RQ� D� FRPSURPLVH� EHWZHHQ�
WKLFNQHVV��WUDQVPLVVLRQ�HIILFLHQF\��DQG�EDQGZLGWK���

�
)LJXUH����6DPH�DV�)LJ�����EXW�DW�!���LQ�FDVH�ZKHQ�D�VLQJOH�
KLJKHU�RUGHU�LV�RQO\�FRXSOHG�WR�D�)ORTXHW�%ORFK�ZDYH�DW�WKH�
FRUUXJDWHG�LQWHUIDFH���
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)LJXUH����6DPH�DV�)LJ�����EXW�DW� ���GHJUHHV����

�� $V\PPHWU\�%DVHG�RQ�3RODUL]DWLRQ�&RQYHUVLRQ�
,Q�FRQWUDVW�WR�3&�DQG�8/,0�JUDWLQJV��ZKHUH�DV\PPHWULF�

WUDQVPLVVLRQ� LV� QHFHVVDULO\� FRQQHFWHG� ZLWK� WKH� HIIHFW� RI�
KLJKHU� GLIIUDFWLRQ� RUGHUV�� �TXDVL�SODQDU� DUUD\V� RI� WKH�
VSHFLDOO\� GHVLJQHG�PHWD�DWRPV� DOORZ� D� GHVLUHG� SRODUL]DWLRQ�
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PDQLSXODWLRQ��ZKLFK�FDQ�DOVR� UHVXOW� LQ�VWURQJ�DV\PPHWU\� LQ�
WUDQVPLVVLRQ�� ,I� VXFK� DQ� DUUD\� LV� LOOXPLQDWHG� E\� D� 7(�
SRODUL]HG� ZDYH� IURP� WKH� IURQW� VLGH�� RQH� FDQ� REWDLQ� D�
WUDQVPLWWHG�ZDYH�ZLWK�WKH�GRPLQDQW�FRQWULEXWLRQ�RI�WKH�70�
SRODUL]HG� �FURVV�SRODUL]HG�� FRPSRQHQW�� +RZHYHU�� LI� LW� LV�
LOOXPLQDWHG� ZLWK� WKH� SODQH� ZDYH� RI� WKH� VDPH� SRODUL]DWLRQ�
IURP� WKH�EDFN�VLGH�� WUDQVPLVVLRQ�FDQ�EH�]HUR�� WKDW�GRHV�QRW�
FRQWUDGLFW�ZLWK�WKH�UHFLSURFLW\�SULQFLSOH�>�@���

,Q� OLQH� ZLWK� WKH� -RQHV�PDWUL[� DSSURDFK�� LQ� WKH� IRUZDUG�
WUDQVPLVVLRQ� FDVH�� WKH� HOHFWULF� ILHOG� DPSOLWXGHV� RI� WKH�
LQFLGHQW�ZDYH�� I fwx � I fwy ��DQG�WUDQVPLWWHG�ZDYH��T fwx �T fwy ��
DUH� FRQQHFWHG� WR� HDFK� RWKHU� IRU� WKH� FRQVLGHUHG� W\SH� RI�
V\PPHWU\�DV�IROORZV�>�@���
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ZKHUH� TT fwyyfwxx  �� T fwxy ��DQG� T fwyx ��,Q�WXUQ��LQ�
WKH�EDFNZDUG�FDVH��RQH�REWDLQV��
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$FFRUGLQJ� WR� ���� DQG� ����� LI� 0 II bwxfwx ��� 0 II bwyfwy ��
DQG� �  �� WUDQVPLVVLRQ� LV� SRVVLEOH� RQO\� GXH� WR� WKH� FURVV�
SRODUL]HG� WHUPV�� L�H��� 0 �DQG� 0 �� 7KLV� FDQ� OHDG� WR�
VWURQJ�DV\PPHWU\�LQ�WUDQVPLVVLRQ��SURYLGHG�WKDW�  ��DQG��  ��
DUH�VWURQJO\�GLVWLQJXLVKHG��7KXV�� WKH�GHVLJQ�VWUDWHJ\�VKRXOG�
EH� EDVHG� RQ� VXSSUHVVLRQ� RI� WKH� FR�SRODUL]HG� WUDQVPLVVLRQ�
DQG�PDNLQJ�WKH�GLIIHUHQFH�EHWZHHQ�WKH�FURVV�SRODUL]HG�WHUPV�
DV�VWURQJ�DV�SRVVLEOH��

)LJXUH���SUHVHQWV�DQ�H[DPSOH��LQ�ZKLFK�WKH�UHODWLYH�VL]HV�
RI�/�DQG�,�HOHPHQWV�DUH�FORVH�WR�WKRVH�LQ�)LJV�������LQ�5HI�����
EXW�WKH�SK\VLFDO�VL]HV�DUH�UHVFDOHG�WR�XVH�DW�7+]�IUHTXHQFLHV���
)RU� WKH� VDNH� RI� GHILQLWHQHVV�� ZH� UHIHU� WR� WKH� FDVH� ZKHQ�
LOOXPLQDWLRQ� LV� IURP� WKH� VLGH� RI� ,� HOHPHQWV� DV� WKH� IRUZDUG�
WUDQVPLVVLRQ�� ,Q� WXUQ��ZKHQ� LOOXPLQDWLRQ� LV� IURP�WKH�VLGH�RI�
/� HOHPHQWV�� LW� LV� UHIHUUHG� WR� DV� WKH� EDFNZDUG� WUDQVPLVVLRQ���
7KH�VWUXFWXUH�LV�LOOXPLQDWHG�ZLWK�D�7(�SRODUL]HG�SODQH�ZDYH�
�(� ILHOG� YHFWRU� LV� DORQJ� \� D[LV��� ZKLFK� FRUUHVSRQGV� WR�

1 II bwyfwy �DQG� 0 II bwxfwx �LQ� ���� DQG� ����� ,Q� WKH�

YLFLQLW\� RI� I ���7+]�� TT bwyyfwyy  �DQG� T fwyx �VKRZ� WKH� GLSV��

+RZHYHU�� Tbwyx �UHPDLQV� UDWKHU� ODUJH�� OHDGLQJ� WR� WKDW� WKH�
EDFNZDUG� WUDQVPLVVLRQ� LV� VXEVWDQWLDOO\� ODUJHU� WKDQ� WKH� IRU�
ZDUG�RQH��7KH�WUDQVPLWWHG�ZDYH�VKRZV�HOOLSWLFDO�SRODUL]DWLRQ�
ZLWK� D� ELJ� GLIIHUHQFH� EHWZHHQ� WKH� D[HV�� PDNLQJ� WKLV� FDVH�
UDWKHU� FORVH� WR� WKDW� RI� OLQHDU� SRODUL]DWLRQ�� � ,Q� WXUQ�� WKH� FR�
SRODUL]HG�WHUPV�GRPLQDWH�DW�I ���7+]�DQG�I ����7+]��

)LJXUH� �� SUHVHQWV� RQH� PRUH� H[DPSOH�� 7KH� PDLQ�
VWUXFWXUDO� DQG� V\PPHWU\� IHDWXUHV� DUH� VLPLODU� WR� WKH� GHVLJQ�
XVHG�LQ�>�@�DV�VWDUWLQJ�SRLQW��EXW�VL]HV�DUH�FKRVHQ�QRZ�WR�EH�
FRQVLVWHQW�ZLWK�WKRVH�LQ�)LJ�����,Q�RWKHU�ZRUGV��WKH�DUUD\�WKDW�
FRQVLVWV�RI�WKH�PHWD�DWRPV�VKRZQ�LQ�)LJ����FDQ�EH�REWDLQHG�
IURP�WKDW�LQ�)LJ����E\�WUDQVIRUPLQJ�WKH�8�VKDSHG�UHVRQDWRUV�
�865V��LQWR�/�HOHPHQWV�DQG�URWDWHG�865V�LQWR�,�HOHPHQWV��,Q�

)LJ�� ��� T fwyx �LV� VXEVWDQWLDOO\� ODUJHU� WKDQ� TT bwyyfwyy  �LQ� WKH�
YLFLQLW\� RI� WZR� IUHTXHQFLHV�� I ����7+]� DQG� I ����7+]��
)XUWKHUPRUH��VLQFHTbwyx ��LV��ZHOO��VXSSUHVVHG��DW��OHDVW���LI���I����
�
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)LJXUH����7UDQVPLVVLRQ�YV�IUHTXHQF\�IRU�DQ�LQILQLWH�DUUD\�RI�
/�,�W\SH�PHWDDWRPV��IRUZDUG�±�LOOXPLQDWLRQ�IURP�WKH�VLGH�RI�
,�LQWHUIDFH�� EDFNZDUG� ±� LOOXPLQDWLRQ� IURP� WKH� VLGH� RI� /�
LQWHUIDFH��DUURZ�DQG�DVWHULVN�GHQRWH� UHJLPHV�RI�DV\PPHWULF�
DQG�V\PPHWULF�WUDQVPLVVLRQ��UHVSHFWLYHO\��
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)LJXUH����6DPH�DV�)LJ�����EXW�IRU�PHWD�DWRPV�UHSUHVHQWLQJ�DQ�
865�±�URWDWHG�865�SDLU��

LV� YDULHG� IURP� ����7+]� WR� ���7+]�� DV\PPHWU\� PDQLIHVWV�
LWVHOI� DOVR� LQ� WKDW� WKH� SRODUL]DWLRQ� DW� WKH� EDFNZDUG�
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WUDQVPLVVLRQ� UHPDLQV� QHDUO\� OLQHDU� ZLWKLQ� D� ZLGH� UDQJH� RI�
YDULDWLRQ� LQ� I�� ZKLOH� WKDW� DW� WKH� IRUZDUG� WUDQVPLVVLRQ� LV�
HOOLSWLFDO� EHLQJ� FORVH� WR� D� OLQHDU� RQH� DW� FHUWDLQ� IUHTXHQFLHV�
RQO\�� 1RWH� WKDW� WKH� GLIIUDFWLRQ�IUHH� WUDQVPLVVLRQ� FDQ� EH�
DFKLHYHG�LQ�YHU\�WKLQ�FKLUDO�VWUXFWXUHV��)RU�H[DPSOH��WKH�WRWDO�
WKLFNQHVV�RI�WKH�VWUXFWXUH�LQ�)LJ����DW��7+]�LV�����$�SURSHU�
FKRLFH�RI�WRSRORJ\�RI�D�XQLW�FHOO�DQG�V\PPHWU\�SURSHUWLHV�LV�
YHU\�LPSRUWDQW�IRU�WKLV�PHFKDQLVP���

�� 8QLILHG�0XOWLFKDQQHO�7KHRU\�
7KH� XQLILHG� WKHRU\� RI� DV\PPHWULF� WUDQVPLVVLRQ� LQ�

UHFLSURFDO�VWUXFWXUHV�FDQ�EH�EXLOW�EDVHG�RQ�WKH�PXOWL��FKDQQHO�
�PXOWLSRUW�� WUDQVPLVVLRQ� FRQFHSW�� )LJXUH� �� SUHVHQWV� WKUHH�
H[DPSOHV� WKDW� LOOXVWUDWH� SRVVLEOH� VFHQDULRV� RI� DV\PPHWULF�
WUDQVPLVVLRQ��7KH�LQFLGHQW��WUDQVPLWWHG��DQG�UHIOHFWHG�ZDYHV�
DUH� VKRZQ� LQ� WKH� IRUZDUG� WUDQVPLVVLRQ� FDVH� LQ� WKH� VDPH�
FRORU��7KH� VDPH� UHPDLQV� WUXH� LQ� WKH�EDFNZDUG� WUDQVPLVVLRQ�
FDVH��3ORWV��D��DQG��E��FRUUHVSRQG�WR�WKH�GLIIUDFWLRQ��LQVSLUHG�
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)LJXUH� ���2Q� WKH�PXOWLFKDQQHO� �PXOWLSRUW�� LQWHUSUHWDWLRQ� RI�
DV\PPHWULF�WUDQVPLVVLRQ���D��FDVH�RI�3&�JUDWLQJ�LQ�)LJV�������
�E�� FDVH� RI� 3&� JUDWLQJ� LQ� )LJV�� ����� �F�� FDVH� RI� PHWD�DWRP�
DUUD\V�LQ�)LJV��������

DV\PPHWULF�WUDQVPLVVLRQ��7KH�GLIIHUHQFH�EHWZHHQ�WKHVH� WZR�
VFHQDULRV� LV� WKDW� WKH� ODWWHU�FDQ�EH� UHDOL]HG�XVLQJ�3&V�PHGLD�
ZLWK�()&V�WKDW�DUH�QDUURZHU�WKDQ�LQ�DLU��DW�QRQ]HUR�DQJOHV�RI�
LQFLGHQFH� >���@�� OLNH� LQ� )LJV�� ����� ZKLOH� WKH� IRUPHU� FDQ� EH�
REWDLQHG� DW� QRUPDO� LQFLGHQFH� LI� ()&V� DUH� DEVHQW� LQ� WKH�
YLFLQLW\�RI�]HUR�WDQJHQWLDO�ZDYHQXPEHU�>�@��OLNH�LQ�)LJV�������

3ORW��F��FRUUHVSRQGV�WR�D�GLIIUDFWLRQ�IUHH�VFHQDULR��DOO�KLJKHU�
RUGHUV� DUH� HYDQHVFHQW�� WKDW� LV� UHOHYDQW� WR� SRODUL]DWLRQ�
FRQYHUVLRQ�� ,W� LV� VLPLODU� WR� WKDW� GHPRQVWUDWHG� IRU� WKH� WZR�
FKLUDO�VWUXFWXUHV�LQ�6HF�����,QGHHG��WKH�LGHDO�FDVH�LV�DVVXPHG�
LQ� )LJ�� ��F��� L�H���ZKHQ� WKH� FR�SRODUL]HG� WUDQVPLVVLRQ� WHUPV�
DUH�]HUR��ZKLOH�DOO� WKH� LQFLGHQW�ZDYH�HQHUJ\� LV� WUDQVIRUPHG�
WR� WKH�FURVV�SRODUL]HG� WHUP�LQ�D�RQH�ZD\�PDQQHU��7KLV�FDVH�
LV�SDUWLDOO\�VLPLODU�WR�WKDW�REVHUYHG�LQ�WKH�YLFLQLW\�RI�����7+]�
LQ�)LJ����� �1RWH� WKDW�SRODUL]DWLRQ�EHLQJ�FORVHU� WR� OLQHDU�RQH�
WKDQ� WKDW� LQ� )LJV�� ���� PLJKW� EH� REWDLQHG� E\� XVLQJ� RSWLPL�
]DWLRQ�� &RPELQDWLRQ� RI� WKH� SRODUL]DWLRQ� DQG� GLIIUDFWLRQ�
UHOHYDQW�VFHQDULRV�LV�DOVR�SRVVLEOH��QRW�SUHVHQWHG���

�� &RQFOXVLRQV�
7KH� GLIIUDFWLRQ� LQVSLUHG� DQG� SRODUL]DWLRQ� FRQYHUVLRQ�

EDVHG� PHFKDQLVPV� RI� DV\PPHWULF� UHFLSURFDO� WUDQVPLVVLRQ�
KDYH�EHHQ�FRPSDUHG��7KHLU�FRPPRQ�IHDWXUH�LV��LQ�IDFW��WKDW�
DW� OHDVW� RQH� DGGLWLRQDO� WUDQVPLVVLRQ� FKDQQHO� LV� UHTXLUHG� WR�
FRPSHQVDWH� IRU� WKH� ODFN� RI� DQLVRWURSLF� RU�DQG� QRQOLQHDU�
FRPSRQHQWV��)RU�WKH�IRUPHU�PHFKDQLVP��VXFK�D�FKDQQHO�FDQ�
RFFXU�GXH�WR�D�KLJKHU�GLIIUDFWLRQ�RUGHU�� ,Q�WKLV�FDVH��DOO� WKH�
ZDYHV� NHHS� WKH� VDPH� OLQHDU� SRODUL]DWLRQ�� )RU� WKH� ODWWHU�
PHFKDQLVP�� VXFK� D� FKDQQHO� LV� FRQQHFWHG� ZLWK� WKH�
DSSHDUDQFH�RI�VWURQJ�FURVV�SRODUL]HG�WHUPV�LQ�WUDQVPLVVLRQ��
,Q� WKLV� FDVH�� XOWUDWKLQ� GHVLJQV� DUH� SRVVLEOH�� 6WURQJ�
DV\PPHWU\� DSSHDUV� LQ� WUDQVPLVVLRQ� DV� D� UHVXOW� RI� H[WUHPH�
UHGLVWULEXWLRQ�RI�WKH�LQFLGHQW�ZDYH�HQHUJ\�LQ�IDYRU�RI�WKHVH�
QHZ�WUDQVPLVVLRQ�FKDQQHOV���

$FNQRZOHGJHPHQWV�
7KLV� ZRUN� KDV� EHHQ� VXSSRUWHG� E\� 'HXWVFKH� )RUVFKXQJV�
JHPHLQVFKDIW� XQGHU� 3URMHFW� 1RV��� 6(��������� DQG�
6(����������WKH�DXWKRU�WKDQNV�3URI��(��2]ED\�DQG�0��0XWOX��
%LONHQW�8QLYHUVLW\��$QNDUD�IRU�IUXLWIXO�GLVFXVVLRQV���

5HIHUHQFHV�
>�@ $�(�� 6HUHEU\DQQLNRY�� 2QH�ZD\� GLIIUDFWLRQ� HIIHFWV� LQ�

SKRWRQLF� FU\VWDO� JUDWLQJV� PDGH� RI� LVRWURSLF� PDWHULDOV��
3K\V��5HY��%�������������������

>�@ $�(�� 6HUHEU\DQQLNRY� DQG� (�� 2]ED\�� 8QLGLUHFWLRQDO�
WUDQVPLVVLRQ� LQ� QRQ�V\PPHWULF� JUDWLQJV� FRQWDLQLQJ�
PHWDOOLF�OD\HUV��2SW��([SUHVV�������������������������

>�@ 9�$��)HGRWRY��3��/��0ODG\RQRY��6��/��3URVYLUQLQ��HW�DO���
$V\PPHWULF� SURSDJDWLRQ� RI� HOHFWURPDJQHWLF� ZDYHV�
WKURXJK� D� SODQDU� FKLUDO� VWUXFWXUH�� 3K\V�� 5HY�� /HWW�� ����
��������������

>�@ &��0HQ]HO��&��+HOJHUW��&��5RFNVWXKO��HW�DO���$V\PPHWULF�
WUDQVPLVVLRQ� RI� OLQHDUO\� SRODUL]HG� OLJKW� DW� RSWLFDO�
PHWDPDWHULODV��3K\V��5HY��/HWW���������������������

>�@���0��%HUXHWH��0���9��7RUUHV��0��1DYDUUR�&LD��$��(���
�������6HUHEU\DQQLNRY��DQG�0��6RUROOD��8VLQJ�H[WUDRUGLQDU\�����
�������WUDQVPLVVLRQ�PHWDPDWHULDO�LQ�FRPSDFW�GLRGH�OLNH�XQL��
�������GLUHFWLRQDO�GHYLFH��VXEPLWWHG�WR�0(7$¶����
>�@���;��;LRQJ��:��+��6XQ��<��-��%DR��HW�DO���&RQVWUXFWLRQ�RI�

D� FKLUDO� PHWDPDWHULDO� ZLWK� D� 8�VKDSHG� UHVRQDWRU�
DVVHPEO\��3K\V��5HY��%�������������������
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$EVWUDFW�
=Q2�QDQRVWUXFWXUHV�IXUQLVK�D�WUDFN�WR�D�PRGHUQ�FUHDWLRQ�RI�
GHYLFHV��,Q�WKLV�ZRUN��YHUWLFDOO\�]LQF�R[LGH��=Q2��QDQRURGV�
KDYH� EHHQ� VWURQJO\� V\QWKHVL]HG� WKURXJK� DQ� XQFRPSOLFDWHG�
K\GURWKHUPDO� SURFHVV� RQ� VLOLFRQ� VXEVWUDWHV�ZLWKRXW� WKH� DLG�
RI� D� FDWDO\VW��� 6LOLFRQ�VXEVWUDWH� ZLWK� VHHG� OD\HU� ZDV� WKHQ�
YHUWLFDOO\� LQVHUWHG� LQWR� WKH�DTXHRXV�SUHFXUVRU�VROXWLRQ��7KH�
DV�V\QWKHVL]HG� =Q2� QDQRZLUHV� KDYH� GLDPHWHUV� EHWZHHQ�
��������QP�DQG� OHQJWKV�DURXQG����P�� � ,W�H[KLELWV�D�VWDEOH�
89�HPLVVLRQ� DW� DURXQG�����QP��7KH� FXUUHQW�YROWDJH� �,�9��
FKDUDFWHULVWLFV�RI�SODWLQXP��3W���=Q2�QDQRURGV�SKRWRVHQVRU�
XQGHU� GDUN� DQG� LOOXPLQDWLRQ� FRQGLWLRQV� ZDV� VWXGLHG�� � 7KH�
LGHDOLW\� IDFWRU� �Q�� DQG�6FKRWWN\� EDUULHU� KHLJKW� �6%+��ZHUH�
DVFHUWDLQHG� E\� WKH� ,�9� PHWKRG�� :HOO�GHILQHG� UHVSRQVH� WR�
89�LOOXPLQDWLRQ� LQ� WKH� IRUZDUG�ELDVHG�VWDWH�EHFDXVH�RI� WKH�
SKRWRJHQHUDWLRQ�RI�IXUWKHU�HOHFWURQ±KROH�SDLUV��
�
�

�� ,QWURGXFWLRQ�
'XULQJ� WKH� SDVW� IHZ� \HDUV�� WKHUH� KDV� EHHQ� D� JURZLQJ�

DWWHQWLRQ� LQ� DOLJQHG� RQH�GLPHQVLRQDO� ���'�� =Q2�
QDQRPDWHULDOV� �QDQREHOWV�� QDQRWXEHV�� QDQRURGV� DQG�
QDQRZLUHV�� IRU� WKHLU� GRUPDQW� XVHV� LQ� IDEULFDWLQJ�
QDQRHOHFWURQLF�� QDQRSKRWRQLFV�� VHOI�SRZGHUHG�QDQRV\VWHPV��
RSWRHOHFWURQLF� GHYLFHV�� XOWUDYLROHW� �89�� ODVHU�� QHZ�
JHQHUDWLRQ� VRODU� FHOOV� HQHUJ\� FRQYHUVLRQ�� /('V�� KLJK�
HIILFLHQW� FKHPLFDO� VHQVRU�� SLH]RHOHFWULF� ILHOG� HIIHFW�
WUDQVLVWRUV�DQG�QDQRJHQHUDWRUV�>���@���
8QWLO� WKH� SUHVHQW� WLPH�� PDQ\� =Q2� QDQRVWUXFWXUHV� KDYH�

EHHQ� IDEULFDWHG� ZLWK� ZLUHV�� URGV�� WXEHV�� DQG� ZDOOV�� $V� WKH�
ODUJH� VXUIDFH� WR� YROXPH� UDWLR� RI� QDQRZLUHV�� VXUIDFH� SOD\V�
YLWDO� IXQFWLRQ� WR� DVFHUWDLQ� LWV� SURSHUWLHV�� � 7KH� QDQRZLUHV�
VWUHQJWKHQ� WKH� QRYHO� HOHFWULFDO� SURSHUWLHV� DQG� RSWLFDO�
FKDUDFWHULVWLFV� RI� PDWHULDOV� >���@�� 4XDQWXP� FRQILQHPHQW�
HIIHFW� EHFDXVH� RI� WKH� VZLWFK� LQ� QDQRVFDOH�� VKDSH� DQG�
VWUXFWXUH�RI�VHPLFRQGXFWRU�QDQRSDUWLFOHV�FDQ�DOWHU�WKH�HQHUJ\�
EDQGV�RI�WKH�VHPLFRQGXFWRUV�DQG�LQVXODWLQJ�R[LGH�PDWHULDOV��
,Q�UHFHQW�\HDUV��=Q2�QDQRVWUXFWXUHV�KDYH�EHHQ�JURZWK�E\�

PDQ\� PHWKRGV�� IRU� H[DPSOH� WKHUPDO� HYDSRUDWLRQ�� YDSRU�
SKDVH� WUDQVSRUW� SURFHVV�� K\GURWKHUPDO�� HOHFWURFKHPLFDO�
GHSRVLWLRQ��DOXPLQD�WHPSODWHV��PHWDO�RUJDQLF�FKHPLFDO�YDSRU�
GHSRVLWLRQ�� HWF� >����@�� +\GURWKHUPDO� PHWKRG� LV� QHFHVVDU\�
GXH� WR� LWV� HDV\�� VLPSOLFLW\�� ORZ� V\QWKHVLV� WHPSHUDWXUH�� ORZ�

FRVW��XQFRPSOLFDWHG�URXWHV�DQG�JRRG�SURVSHFW�IRU�ODUJH�VFDOH�
SURGXFWLRQ� >�����@�� ,Q� WKH�K\GURWKHUPDO�SUHSDUDWLRQ��ZKHUH�
WKH�ZDWHU�LV�XWLOL]HG�DV�WKH�UHDFWLRQ�VROYHQW��3UHVVHG�GRZQ�E\�
K\GURWKHUPDO� FLUFXPVWDQFHV�� QXPHURXV� VWDUWLQJ� PDWHULDOV�
FDQ� JR� WKURXJK� WUXO\� XQSUHGLFWHG� UHDFWLRQV� WKDW� DUH� DOZD\V�
IROORZHG�E\�WKH�V\QWKHVLV�RI�QDQRPDWHULDO�PRUSKRORJLHV�WKDW�
DUH�QRW�DSSURDFKDEOH�E\�FODVVLFDO�WHFKQLTXHV�>�����@���
,Q�YLHZ�RI�VLOLFRQ�LV�ORZ�FRVW�DQG�SRWHQWLDO�IRU�LQWHJUDWLRQ�

ZLWK� 6L�EDVHG� PLFURHOHFWURQLFV� GHYLFHV�� LW� LV� GHVLUDEOH� WR�
IDEULFDWH� KLJK� TXDOLW\� =Q2� QDQRVFDOH� PDWHULDO� RQ� 6L�
VXEVWUDWHV��,Q�WKLV�VWXG\��ZH�VWXG\�DQ�XQFRPSOLFDWHG�URXWH�WR�
IDEULFDWH� =Q2� QDQRURGV� RQ� VLOLFRQ� VXEVWUDWH� XQGHU�
K\GURWKHUPDO� FRQGLWLRQV�� 7KH� PRUSKRORJ\� DQG� RSWLFDO�
SURSHUW\� RI� WKH� =Q2� QDQRURGV� DUH� GLVWLQJXLVKHG� DQG� LWV�
DSSOLFDWLRQ�DV�SKRWRVHQVRU�LV�GLVFXVVHG��

�

�� ([SHULPHQWDO�
=Q2� QDQRZLUHV� ZHUH� V\QWKHVL]HG� XVLQJ� D� K\GURWKHUPDO�

PHWKRG� RQ� VLOLFRQ� �6L�� VXEVWUDWH� >�@��7KH� =Q2� VHHG� OD\HU�
VROXWLRQ�ZDV�SUHSDUHG�XVLQJ�������0�]LQF�DFHWDWH�GHK\GUDWHV�
GLVVROYHG� LQ� ��� PO� DEVROXWH� HWKDQRO�� )RU� WKH� SXUSRVH� RI�
HQKDQFH� WKH� ZHWWLQJ� RI� WKH� VHHG� OD\HU� RQ�VLOLFRQ�VXEVWUDWHV��
WKH�VXEVWUDWHV�ZHUH�LOOXPLQDWHG�E\�89�ODPS�IRU����PLQ��7KH�
IRUPDWLRQ� RI� WKH� VHHG� OD\HU� RQ�VLOLFRQ�VXEVWUDWH� ZDV�
FRQGXFWHG�YLD�GURS�FRDWLQJ�WHFKQLTXH���
$� VHHG� OD\HU� LV� YLWDO� LQ� WKH� V\QWKHVLV� RI� DOLJQHG� YHUWLFDO�

QDQRURGV� DV� WKH� VHHG� ZLOO� SHUIRUP� WR� ORZHU� WKH� QXFOHDWLRQ�
EDUULHU�� $IWHU� =Q2� VHHG� OD\HU� FRDWLQJ� RQ�
WKH�VLOLFRQ�VXEVWUDWHV�� WKH� VXEVWUDWHV� ZHUH� SRVW� DQQHDOHG� LQ�
DLU�DW�����R&�IRU����PLQ���6LOLFRQ�VXEVWUDWHV�ZLWK�VHHG�OD\HU�
ZHUH� WKHQ� YHUWLFDOO\� LQVHUWHG� LQWR� WKH� DTXHRXV� SUHFXUVRU�
VROXWLRQ���
7KHQ�=Q2�QDQRURGV�ZHUH�JURZQ�RQ� WKH� VHHG� OD\HU�XVLQJ�

K\GURWKHUPDO�PHWKRG�LQ������0�DTXHRXV�SUHFXUVRU�VROXWLRQ�
RI� ]LQF� DFHWDWH� GHK\GUDWH� �=Q�$F����+�2�� 6LJPD�$OGULFK��
����� DQG� KH[DPHWK\OWHWUDPLQH� �+07$�� 6LJPD�$OGULFK��
����� GLVVROYHG� LQ�� ���� PO� GHLRQL]HG� ZDWHU� DW� ORZ�
WHPSHUDWXUH� ���R&�� IRU� �� KRXUV��$IWHU� QDQRURG� JURZWK�� WKH�
VXEVWUDWH� ZDV� VHSDUDWHG� IURP� WKH� FKHPLFDO� GLVVROYHQW��
DFFRPSDQLHG� E\� ULQVLQJ� ZLWK� ',� ZDWHU�� DQG� IROORZHG� E\�
GULHG� LQ� DLU�� 7KH� OHQJWK� RI� =Q2� QDQRZLUHV� FDQ� EH� VHOI�
UHVWUDLQHG�E\�WKH�QXPEHU�RI�UHSHWLWLYH�FKHPLFDO�UHDFWLRQ�DQG�
WLPH�SDUDPHWHUV���



��
�

7KH� PRUSKRORJLHV� DQG� QDQRVWUXFWXUHV� RI� WKH� DV�
V\QWKHVL]HG�=Q2�QDQRZLUHV�ZHUH� VWXGLHG�E\� ILHOG� HPLVVLRQ�
VFDQQLQJ� HOHFWURQ� PLFURVFRS\� �)(�6(0��� $W� URRP�
WHPSHUDWXUH�� WKH�GHSHQGHQW�SKRWROXPLQHVFHQFH��3/��VSHFWUD�
DUH�DFTXLUHG�XVLQJ�WKH�����QP�OLQH�RI�D�+H±&G�ODVHU��
)RU� WKH� ZDIHU� ZHW� OHDQLQJ� SURFHVV� SUHYLRXV� WR�

PHWDOOL]DWLRQ� RI� WKH� FRQWDFW�PHWDO� OD\HU�� WKH� =Q2�QDQRURGV�
VDPSOHV�ZHUH�LPPHUVHG�LQ�D������1+�2+�+�2�VROXWLRQ�IRU�
�� V� IROORZHG� E\� GLS� LQ� D� ����� +)�+�2� VROXWLRQ� >��@��
$IWHUWKDW��LW�ZDV�FOHDQHG�ZLWK�GLVWLOOHG�ZDWHU�DQG�EORZQ�GU\�
ZLWK�D�QLWURJHQ�JDV�EORZHU��7KH��3W��6FKRWWN\�FRQWDFWV�ZHUH�
FRDWHG�E\�VSXWWHULQJ�V\VWHP�ZLWK�D�PHWDO�PDVN�LQ�SDWWHUQLQJ�
RI� WKH� FRQWDFW� VWUXFWXUH�� � 3W� LV� XWLOL]HG� DV� WKH� 6FKRWWN\�
FRQWDFW� PHWDO� IRU� DOO� WKH� IDEULFDWHG� GHYLFHV� EHFDXVH� RI� LWV�
KLJK�PHWDO�ZRUN�IXQFWLRQ��
060� SKRWRGLRGH� LV� D� SODQH� GHVLJQV� FRUUHVSRQG� WR� WZR�

IRUN�VKDSHG� LQWHUGLJLWDWHG�FRQWDFWV�RSSRVLWHO\� OD\LQJ�RQ� WKH�
VHPLFRQGXFWRU�H[WHULRU�VXUIDFH��7KHVH�FRQWDFWV� IXQFWLRQV�DV�
EDFN� WR� EDFN� 6FKRWWN\� FRQWDFWV� ZLWK� ILQJHUV� ZLGWK� RI� ����
ȝP�� ILQJHU� VSDFLQJ� RI� ���� ȝP�� DQG� WKH� OHQJWK� RI� HDFK�
HOHFWURGH�ZDV�DERXW�����PP���,W�FRQVLVWV�RI���ILQJHUV�DW�HDFK�
HOHFWURGH�>��@���
3KRWRFXUUHQW� DQG� GDUN� FXUUHQW� RI� WKH� IDEULFDWHG�

SKRWRGLRGHV�ZHUH� WKHQ�PHDVXUHG�E\�.HLWKOH\� KLJK�YROWDJH�
VRXUFH�PHDVXUH�XQLW� PRGHO� ����VHPLFRQGXFWRU� SDUDPHWHU�
DQDO\]HU�>��@��7KH�LGHDOLW\�IDFWRUV��Q��DQG�HIIHFWLYH�6FKRWWN\�
EDUULHU� KHLJKWV� �6%+V�� DUH� GHGXFHG� IURP� ,�9�PHDVXUHPHQW�
DVVXPLQJ� WKH� UHVXOWV� FDQ� EH� GHVFULEHG� E\� WKH� VWDQGDUG�
WKHUPLRQLF�HPLVVLRQ�HTXDWLRQ�>��@��

�

�� 5HVXOWV�DQG�'LVFXVVLRQ�
�
7KH� PRUSKRORJ\� RI� WKH� K\GURWKHUPDO� VDPSOH� ZDV�

REVHUYHG� E\� ILHOG� HPLVVLRQ� VFDQQLQJ� HOHFWURQ� PLFURVFRSH�
�)(�6(0���7KH\�H[KLELWV�D�WHQGHQF\�WR�JURZ�SHUSHQGLFXODU�
WR�WKH�VLOLFRQ�VXUIDFH��=Q2�QDQRURGV�ZLWK�GLDPHWHUV�RI�����
���� QP� ZLWK� D� QDUURZ� ZLUH�ZLUH� GLVWDQFH� FDQ� EH� VHHQ� LQ�
)LJXUH� ��� �1R� RWKHU� QDQRVWUXFWXUHV� DUH� REWDLQHG� H[FHSW� IRU�
WKH� =Q2� QDQRURGV�� LW� H[KLELWLQJ� WKH� KLJK� SXULW\�� 7KH� 6(0�
LPDJHV� SHUFHSWLEO\� H[KLELW� WKDW� XQLQWHUUXSWHG� QDQRURGV� FDQ�
EH�JURZQ�RQ�WKH�VLOLFRQ�VXEVWUDWH�VXUIDFHV�ZLWK�KLJK�GHQVLW\���
�

�
)LJXUH����=Q2�QDQRZLUHV�JURZQ�RQ�D�VLOLFRQ�VXUIDFH��

�

7KH�VKDUS�FU\VWDOORJUDSKLF�SODQHV�RI�WKH�KH[DJRQDO�VKDSHG�
QDQRZLUHV� FDQ� EH� REYLRXVO\� LGHQWLILHG�� SURYLGLQJ� ILUP�
HYLGHQFH�WKDW�WKH�=Q2�QDQRZLUH�RULHQWDWH�SDUDOOHO�ZLWK�WKH�F�
D[LV���2QH�RI�WKH�PRVW�VDWLVIDFWRU\�IHDWXUHV�RI�6(0�DQDO\VLV�
LV�HQHUJ\�GLVSHUVLYH�;�UD\V�DQDO\VLV��(';����)LJXUH���LV�WKH�
(';� VSHFWUXP� FRPSLOHG� IURP� WKH� QDQRURGV��7KH� REVHUYHG�
SHDNV�VLPLODU�WR�=Q�DQG�2��GLVSOD\LQJ�WKDW� WKH�QDQRURGV�DUH�
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Abstract 
Thin layers of all-dielectric metamaterials based on TiO2 
spherical particle resonators are investigated. A new method 
based on spray-drying of dissolved nanoparticles is used in 
the fabrication process. Spectral footprints of electric and 
magnetic dipoles are reported numerically and through 
experimental tests. It is a promising step for the 
construction of novel three-dimensional isotropic 
metamaterials exhibiting desired electromagnetic properties 
for terahertz applications.  

1. Introduction 
Since their advent, metamaterials have been explored  for 
their potential use in sub-diffraction-limited imaging [1], 
medical imaging [2], sensing applications [3], cloaking [4] 
and so on. We focus in this paper on the study of All 
Dielectric (AD) metamaterials based on layers of Titanium 
Dioxide (TiO2) microspheres. Their effective electric and 
magnetic responses are related to Mie resonances in each 
single particle. For high-enough dielectric permittivity of 
the particles, it is then possible to achieve e.g. negative 
effective magnetic permeability [5]. Although AD 
metamaterials have raised broad interests [6], only few of 
them have been experimentally shown to present a magnetic 
resonance in the THz spectral range. For example, laser 
micromachining was employed to fabricate a tunable THz 
metamaterial made of SrTiO3 rods [7]. Majority of other 
works focused on the microwave region. For instance, Zhao 
et al. demonstrated experimentally a negative magnetic 
permeability at microwave frequencies in a three-
dimensional dielectric composite metamaterial based on 
high dielectric permittivity cubic particles of Ba0.5Sr0.5TiO3 
(BST) coated with Teflon [8]. Vendik et al. [9] in their 
works investigated theoretically and numerically a periodic 
composite medium consisting of two lattices of dielectric 
spherical particles with different diameters or dielectric 
constants at microwave frequencies. The authors showed 
that effective isotropic double negative media (DNG) can 
be realized in the frequency region where the resonance of 
the TM mode in one kind of particles and of the TE mode in 
the other kind of particles are achieved simultaneously. 

Moreover, Peng et al., [10] observed experimentally a left-
handed behaviour at gigahertz frequencies in an array of 
standard dielectric resonators. Lepetit et al. [11] have 
measured a negative refractive index in all-dielectric 
metamaterial in the microwave frequency range. Shibuya et 
al. [12] predicted theoretically a left-handed behaviour in a 
lattice combining two sets of TiO2 cubes with two different 
sizes.  

2. Our investigated metamaterials   
In this work, inexpensive methods were used to fabricate 
monodisperse micron-sized spheres. First, we mixed 
commercial TiO2-nanoparticles with ethanol to obtain a 
liquid suspension, which was suddenly dried upon spraying 
through a flame. This resulted in assembling TiO2-
nanoparticles into fragile mostly spherical dense clusters . 
These microspheres were then sintered in a tube furnace at 
1200°C for 2 hours, in order to solidify them and to 
minimize their porosity. A scanning-electron-microscope 
image of these particles is shown in Fig. 1b. 
 

 
 
 
 
 
 
 
 
 
 
 

(a) (b) 
Figure 1: (a) Schematic view of the simulated microspheres-
based metamaterial, with the relevant geometrical 
dimensions: diameter d = 45 µm, period P = 103 µm, and 
the appropriate electric and magnetic field polarizations. (b) 
Scanning electron microscope images of our TiO2 
microspheres before the sorting procedure.  
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The microspheres were finally sieved and sorted along their 
diameters d. We investigated powders with the following 
diameters:  (i) MS<38, d < 38 µm, (ii) MS38-40, 
38 µm < d < 40 µm, and (iii) MS40-50, 40 µm < d < 50 µm.  

3. Result of numerical and experimental 
characterization 

We measured the complex transmission and reflection of 
the samples by terahertz time domain spectroscopy (THz-
TDS) to retrieve the effective electromagnetic response of 
the metamaterial structures. Thin layer of TiO2 
microparticles has been spread randomly between two thick 
blocks of sapphire separated by a 70 µm thick teflon 
(PTFE) o-ring. This fixes and controls the thickness of the 
film which is then essentially composed of a single layer of 
the microparticles.  
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(b) 

Figure 2: (a) Scheme of the pulse propagation through the 
structure AXB (sapphire – powder – sapphire) and within 
the three associated reference measurements. The reflected 
beams are shifted vertically for graphical clarity. (b) 
Example of the time-domain signal transmitted through the 
structure AXB. Dotted lines delimit the intervals containing: 
I – main pulse (E0-AXB); II – 1st echo in A (E1-AXB); III – 
superposition of 1st echo in B and 2nd echo in A. 
 
THz pulses passing through the structure directly carry 
information about the complex transmittance of the powder 
while THz pulses coming from internal reflections in the 
blocks and from the partial reflection on the 
sapphire/powder interface carry information also about the 
complex reflectance of the powder (Fig. 2a). These pulses 
are resolved as a sequence of echoes in the time-domain 
signal transmitted through the entire structure [13] (see 
Fig. 2b). The sapphire block B is about 2 times thicker than 
the block A which ensures that the first internal reflection in 
the block A does not mix with the internal reflections from 

the block B. The measurement has to be supplemented by 
three reference measurements: (i) waveform transmitted 
through the block A (including the first echo), (ii) 
waveform transmitted through the block B and (iii) 
waveform transmitted through an empty space. The 
complex transmittance and reflectance spectra of the 
metamaterial are then calculated from 
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where zA and zB are the relative wave impedances of the 
blocks A and B, respectively, and E denotes the Fourier 
transformations (spectra) of the time-domain signals defined 
in Fig. 2a. The use of the same blocks in the reference 
measurements ensures that the transmittance and reflectance 
phase is not corrupted by a possible uncertainty in the 
determination of the thickness of these blocks. We used 
thick sapphire blocks (3 and 6 mm). The internally reflected 
pulses (echoes) are thus separated by more than 60 ps (see 
dotted lines in Fig. 2b) which enables a good spectral 
resolution [1/(60 ps) ≈ 0.03 THz]. The transmission and 
reflection spectra  are then extracted numerically as shown 
in Fig. 3. In the related numerical simulations, we 
considered a periodic array of monodisperse spheres (d = 
45µm, filling factor = 10%), as illustrated in Fig. 1(a). We 
found that TiO2 microparticles have a relative dielectric 
permittivity of about 92 and a moderate loss-level of about 
5% (tanδ ∼ 0.05) at terahertz frequencies. The overall 
agreement between simulation and experiment is rather 
good, keeping in mind that a regular structure is simulated 
while the measured sample is necessarily irregular and the 
microspheres may touch each other. We notice minor 
differences in the simulated phases compared to the 
measured ones (c.f. Fig. 3(b) and 3(d)) above the first Mie 
mode around 0.75 THz, which is probably due to the  
polydispersity of microspheres. 
 

 
Figure 3: Spectra of the sample MS40-50: simulated (solid 
lines) and measured (hollow circles) magnitude of the 
reflection (a), phase of the reflection (b), magnitude of the 
transmission (c), phase of the transmission (d).  
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4. Retrieval of the effective electromagnetic 
parameters  

Using the retrieval method based on the inversion of Fresnel 
equations [14], we determined the effective permittivity and 
permeability. The result of the extraction procedure is given 
in Fig. 4. There is a good agreement between the simulated 
and the measured effective magnetic response (Fig. 4b). We 
believe that magnetic resonances are excited individually 
within each particle forming the metamaterial and it is only 
weakly influenced by the mutual coupling between particles 
[7,16,17]. Both measured and calculated effective dielectric 
permittivities are rather low (Fig. 4a), which is due to the 
low filling factor (about 10%) and low percolation degree 
which is controlled by the actual structure of the film [15]. 
 

 
    
 
 
 
 
 
 
 
 
  

 
Figure 4: Dielectric permittivity (a), and magnetic 
permeability (b) of the sample MS40-50. Circles: measured 
data, lines: simulations incorporating inhomogenous 
broadening. (c) Configuration of the dimer, with the probing 
electric field parallel to its axis. (d) Real part of the 
dielectric permittivity of the dimer (sphere diameters 50 µm, 
filling factor 15%) compared to the experimental 
permittivity from figure (a).  
 

Furthermore, the calculated permittivity at low frequencies 
is significantly lower than the measured one and the 
resonance observed here is not as strong as the measured 
one. This difference between simulation and experiment can 
be partly explained by the complex topology of our samples 
[note that a simple square lattice of microspheres was 
considered in the simulations represented in Fig. 1(a)]. In 
order to attempt reproducing the resonant behavior of the 
electric response, we performed further numerical 
calculations taking into account pairs of microspheres in 
contact (dimers) arranged in a rectangular lattice, as 
illustrated in Fig. 4(c). The resonant behavior, similar to the 
experimental one shown in Fig. 4(d) is then observed in the 
permittivity spectra for probing electric field parallel to the 
dimer axis. 
 On the one hand, polydispersity of the spheres in 
samples broadens the resonance and prevents µ from 
reaching negative values. On the other hand, numerical 
simulations show that using much larger filling fraction 
(e.g. 50%) provides a metamaterial with µ < 0 in spite of the 
inhomogeneous broadening. This implies that the 
microparticles fabricated by our method can induce a 
negative-permeability metamaterial for large filling 
fractions. Unfortunately, the high absorption for filling 
fractions exceeding ~15% precluded an accurate 
experimental determination of the permeability in such 
structures.  

5. Conclusions 
In conclusion, TiO2 microparticles based metamaterials were 
fabricated using inexpensive spray-drying method. 
Numerical calculations and experimental characterizations 
have been conducted, demonstrating effective electric and 
magnetic response at terahertz frequencies, due to Mie 
resonances. It is a promising step for implementing 
improved electromagnetic functionalities, involving cheap 
and easy made metamaterials.  
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QDWXUH�RI�WKH�FRUDO�VSHFLPHQ��7KH�IHDWXUH�LV�XQXVXDO�LQ�SRRU�
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1. Introduction 

It is a well-known fact that Maxwell’s equations are form-
invariant under coordinate transformations [1]. In other 
words, under a coordinate transformation Maxwell’s 
equations preserve their mathematical form, but the 
constitutive parameters (i.e. the permittivity, permeability 
and conductivity) are modified. In order to account for the 
resulting change in the field behavior after the coordinate 
transformation, the original material parameters are 
replaced by anisotropic and spatially-varying constitutive 
parameters, yielding a duality relationship between 
geometry and constitutive relations. The concept of form 
invariance of Maxwell’s equations under coordinate 
transformations is not new, but dates back to early twentieth 
century and has been first investigated by the mathematical 
physicist H. Bateman [2]. However, the idea became 
popular after almost a century, when it was demonstrated 
that it is possible to build an “invisibility cloak” by using a 
specific coordinate transformation [3]. The anisotropic 
material which is dictated by this transformation bends 
electromagnetic waves around the object in such a way that 
the object becomes invisible to an observer. This exciting 
discovery has been followed by other applications of 
transformation media (i.e., material media whose 
constitutive parameters are obtained by means of coordinate 
transformations), such as electromagnetic reshaping, lenses, 
rotators, etc [4-11]). 
 The main aim of this paper is the utilization of virtual 
reality transformation media in computational 
electromagnetics for the effective and efficient numerical 
modeling and solution of certain electromagnetic wave 
propagation problems in time or frequency domains. In other 
words, the concept of coordinate transformations is utilized 
only in the numerical models and the accompanying 
software (and therefore, they are named as software 
metamaterials, in order to distinguish them from the 
metamaterials constructed and used in the physical world), 
which implies that the spatial and/or temporal complexity of 
their constitutive parameters do not pose any challenge, 
since they only reside in virtual reality. Although there are 
several possible usages of software metamaterials in 
computational electromagnetics, three important 

applications of this approach will be discussed in this paper 
as explained below. 

2. Applications of Software Metamaterials 

(i) A coordinate transformation is introduced in order to 
handle curved geometries by using a Cartesian grid or mesh 
in finite methods such as the Finite Element Method (FEM) 
or the Finite Difference Time Domain (FDTD) method. The 
transformation is depicted in Fig. 1, where an object (e.g. a 
scatterer in the case of a scattering problem) with a curved 
boundary is illustrated. The object is placed within a 
hypothetical metamaterial layer and the region inside the 

software metamaterial layer M!  is mapped to the region 

M! = ! " !  by using the transformation given below: 

                ( ) ( )b cTr r r K r r r# = = $ +
         (1)  

where   a c a b/K r r r r= $ $
   

.  The vectors   r


 and r
  are 

the position vectors of the points P  and P  in the original 

and transformed coordinate systems, respectively. Also, ar


, 

br


 and cr


 are the position vectors of the corresponding 

points. By means of this transformation, a one-to-one 
correspondence is achieved between the boundary of the 
object and the inner boundary of the virtual reality material 
layer which is conformal to a Cartesian grid. As a result, the 
curved geometry of the original object (which needs a 
discretization in terms of a non-uniform triangular mesh) 
can be handled by means of a software metamaterial layer 
whose boundary is conformal to a Cartesian coordinate 
system, which implies that a simpler uniform mesh with 
rectangular elements can be used in the numerical solution. 
 
 (ii) The second application is devised for the efficient 
solution of electromagnetic boundary value problems 
involving electrically-small geometric features. In FEM 
modeling, the difficulty associated with this problem can be 
resolved by means of local mesh refinement in the vicinity 
of fine geometric features. However, this is not an easy task 
in FEM, and it is formidable in finite difference schemes. 
Therefore, the coordinate transformation approach may be 
utilized in order to handle small-scale geometric 
subdomains efficiently. As an example of such a case, an 
object coated with an electrically-thin dielectric layer is 



2 
 

shown in Fig. 2. By means of a coordinate transformation, it 
is possible to use FEM without mesh refinement, with an 
easy-to-generate mesh by introducing a software 
metamaterial layer into the computational domain. In the 

design of the metamaterial, the region M d! = ! " !  is 

mapped to the region d! = ! , by using (1). This 

transformation expands the fields inside the thin dielectric 
layer to the metamaterial region. 
       
 (iii) Another application area of the coordinate 
transformation technique is the numerical modeling of 
electromagnetic boundary value problems involving non-
convex objects. It is well-known that a non-convex object 
introduces an excessive white space region in FEM or 
FDTD models. This is a result of the fact that finite element 
or finite difference discretizations are approximations of 
boundary value problems governed by partial differential 
equations and in the case of a non-convex object, mutual 
coupling and/or multiple reflections from different parts 
must be handled. By means of a software metamaterial 
region, it is possible to compress the excessive space and 
guide the electromagnetic interactions through this region 
without causing any distortion in the electromagnetic field 
distribution. The utilization of transformation media in 
spatial compression is shown in Fig. 3. The coordinate 

transformation is designed by mapping M!  to the region 

M! = ! " ! , by using (1). 

 

 

Fig. 1. Coordinate transformation for handling a curved 
geometry by means of a Cartesian grid. 
 

 
Fig. 2. Modeling an object coated by an electrically-thin 
dielectric layer. 

 
Fig. 3. Compression of excessive space. 

 

3. Computation of Metamaterial Parameters using 
Form Invariance of Maxwell’s Equations Under 

Coordinate Transformations 

A general coordinate transformation ( T :! # ! , 

( )Tr r r# =
   ) maps any point  ( ), ,r x y z=


 within the 

original space !  to the point ( ), ,r x y z=
     in the new space 

! . Under this transformation, the electromagnetic field is 
also modified. It is possible to change the direction of 
propagation of an electromagnetic wave by means of this 
transformation. The role of a software metamaterial 
designed via a coordinate transformation is to obtain the 
required modification in the electromagnetic field for a 
simpler and more efficient numerical modeling. 
 The effect of a coordinate transformation on the 

electromagnetic field ( E


, H


) is to transform the original 
material medium to a new anisotropic medium with 
constitutive parameters depending on the nature of the 
coordinate transformation. In this way, the mathematical 
expressions of Maxwell’s equations remain invariant, with a 
proper modification of the constitutive parameters. As a 
specific example, assume that the original medium is free 
space with the permittivity and permeability parameters 

( 0 0,% µ ). In this case, Maxwell’s equations are expressed as: 

( ) ( )0E r j H r&µ' ( = $
  

     (2) 

( ) ( )0H r j E r&%' ( =
  

     (3) 

The coordinate transformation yields a new anisotropic 
medium with the tensor permittivity and permeability 

parameters given by  ( ,% µ ), and Maxwell’s equations 

become: 

( ) ( )E r j H r& µ' ( = $ )
   

    (4) 

( ) ( )H r j E r& %' ( = )
   

     (5) 

The Jacobian matrix of the transformation plays an 
important role in the determination of the new field 
variables and constitutive parameters: 
 

( )
( )

, ,
J = 

, ,

x x x y x z
x y z

y x y y y z
x y z

z x z y z z

* * * * * * 
*  = * * * * * * *

 * * * * * * 

  
  

  
  

  (6) 

The relationship between the original and transformed field 
variables is given as [1]: 
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( ) ( )TJE r E r= )
          (7) 

( ) ( )TJH r H r= )
         (8) 

The constitutive parameters of the transformation medium 
are obtained as follows [1]: 

0% %= +         (9) 

0µ µ= +        (10) 

( )
-1

T(det J ) J J+ = )       (11) 

4. Numerical Results 

The performance of each application in Sec. 2 is tested with 
various simulations performed by our finite element code or 
finite difference time domain code in the context of TMz 
electromagnetic scattering problems. 
 (i) First, we consider the technique designed to handle 
curved geometries by using a Cartesian grid or mesh. In 
Fig. 4, we consider the scattering by a circular object whose 

radius is 1.8, [,=1 m is wavelength]. In the solution of this 
canonical problem by means of finite methods, the mesh 
must be fitted to the curved boundary of the object to get 
reliable results. Fig. 4(a) shows the standard finite element 
solution by using a triangular mesh that is conformal to the 
boundary. However, if a Cartesian mesh is employed, 
staircased modeling of the boundary will obviously cause 
errors due to non-conformal mesh. Fig. 4(b) shows the 
solution of the proposed approach which employs a 

matematerial layer of thickness 1.2, fitted to the Cartesian 
grid. The metamaterial layer creates a virtual reality in the 
sense that Fig. 4(a) and 4(b) must be equivalent and must 

yield identical field values inside the free-space region (!). 
To confirm this claim, we measure the mean-square 
percentage difference between the field values of these two 
simulations as 0.0970%.  
 The second simulation is performed by the finite 
difference time domain method for the trapezoidal geometry 
shown in Fig. 5 and excited by a sine wave at 3 GHz. We 
measure the performance of the equivalent problem 
employing a metamaterial region in Fig. 5(b) over the 
original problem Fig. 5(a) at different time instants.  The 
original problem is staircased on a “fine” Cartesian grid 
such that the staircasing error is reduced to a certain value 
by adjusting the grid size sufficiently small. The mean-
square percentage difference between the field values of 
these two cases is 4.68e-5% (at n=800), 5.41e-4% (at 
n=1000), and 7.92e-4% (at n=1200). 
 The results demonstrate that the proposed approach can 
reliably be used without the need for changing simple 
Cartesian grids. 
 (ii) Second, we consider the approach for handling 
electrically-small geometric features. In Fig. 6, we assume 

that a circular object of diameter 2, is coated by a thin 

dielectric layer of thickness ,/20 and dielectric constant 4. 

The thickness of the metamaterial layer is 0.5,. In Fig. 6(a), 

a non-uniform mesh is created with element size ,/200 

within the dielectric layer and ,/40 outside. However, in 

Fig. 6(b), a uniform mesh is used with element size ,/40 
everywhere. The mean-square percentage difference 
between these two simulations is 8.20e-4%. 
 

 
Fig. 4. Electric field distribution for scattering by a circular 
object [finite element method]: (a) Solution with a non-
uniform mesh conformal to the curved boundary of the 
object, (b) Solution with a matematerial layer fitted to a 
uniform Cartesian grid. 
 

 
Fig. 5. Electric field distribution for scattering by a 
trapezoidal object at different time instants [finite difference 
time domain method]: (a) Solution with fine Cartesian grid, 
(b) Solution with a matematerial layer. 
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Fig. 6. Scattered electric field distribution from a circular 
object coated by a dielectric layer [finite element method]: 
(a) Original problem with refined mesh within the dielectric 
layer, (b) Equivalent problem with metamaterial layer, (c) 
Radar Cross Section (RCS) profiles.  
 
 (iii) Finally, we consider the transformation medium 
acting as a spatial space compressor. Fig. 7 illustrates a 
scattering problem, where a plane wave is incident to a thin 

half-circular inlet-like object whose diameter is 4,. In this 
figure, we plot the scattered field distribution and the RCS 
profiles corresponding to the original and equivalent 
problems. In the equivalent problem, we design the 
metamaterial layer by using unit vectors directed along the 
center (Pc) shown by the ‘black dot’. Note that the 
equivalent problem achieves 40% reduction in unknowns, 
in comparison to the original problem. 

5. Conclusions 

We have proposed new techniques for computational 
electromagnetics by placing anisotropic metamaterial 
regions, whose parameters are obtained by the coordinate 
transformation, within the computational domain in order to 
alleviate certain numerical difficulties. We have observed, 
through numerical results, that theoretical predictions are in 
good agreement with the numerical simulations. 
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Abstract

We review our recent results on a new framework for trans-
formation optics based on nonlocal coordinate transforma-
tions in the spectral (wavenumber) domain, rather than in
the conventional spatial domain. Our proposed approach
supports a physically-incisive and powerful geometrical in-
terpretation in terms of deformation of the equi-frequency
contours, and it may open intriguing venues in dispersion
engineering of electromagnetic metamaterials.

1. Introduction
Spatial dispersion [1, 2] in electromagnetic (EM) metama-
terials is currently eliciting growing attention, in view of its
relevance in many homogenized (effective-medium) mod-
els [3, 4] and anomalous wave interactions [5]–[7], as well
as for the novel degrees of freedom that its proper tailoring
may endow [8].

During recent years, the transformation optics (TO)
paradigm, based on the form-invariant properties of
coordinate-transformed Helmholtz [9] and Maxwell’s equa-
tions [10], has become a very powerful and versatile frame-
work for designing metamaterials with prescribed field-
manipulation capabilities (see, e.g., [11] for a recent re-
view). In spite of the several extensions and generaliza-
tions (see, e.g., [12]–[14]) proposed in order to enlarge the
class of “transformation media” that may be obtained, at-
tention and applications have been hitherto focused on local
effects.

In a recent study [15], we have introduced a
spectral-domain-based TO framework to engineer spatially-
dispersive transformation media capable of yielding given
nonlocal field manipulation effects. In what follows, we re-
view the basic theory underlying this approach as we have
given in [15], as well as some application-oriented aspects.

2. Nonlocal TO framework
2.1. Basic theory

As we have expressed in [15], our proposed framework re-
lies on coordinate transformations in the spectral domain,
where nonlocal constitutive relationships can easily be dealt
with in terms of wavenumber-dependent constitutive oper-
ators.

Following our work in [15], for illustration, we start
considering the (algebrized) Maxwell’s curl equations in
the time-harmonic [exp(!i!t)] spectral wavenumber do-
main k!

ik! " Ẽ!(k!) = i!µ0H̃
!(k!)! M̃!(k!), (1a)

ik! " H̃!(k!) = !i!"0Ẽ
!(k!) + J̃!(k!), (1b)

which describe the radiation of assigned electric and mag-
netic source distributions (J! and M!, respectively) in an
auxiliary (primed coordinate) vacuum space. Here and
henceforth, boldface symbols identify vector quantities,
and the tilde # identifies spectral-domain quantities. Next,
we apply a real-valued coordinate transformation to a new
spectral domain k,

k! = !̃
T
(k) · k = F̃ (k) , (2)

where the double underline identifies a second-rank ten-
sor operator, and the superscript T indicates the transpose.
Similar to the standard (spatial-domain) TO approach [10],
the form-invariant properties of Maxwells equations in the
mapped spectral domain k can be exploited to relate the
corresponding fields, sources, and constitutive relationships
to those in the original vacuum domain, viz.,

!
Ẽ, H̃

"
(k)= !̃

"T ·
!
Ẽ!, H̃!

"#
F̃ (k)

$
, (3a)

!
J̃, M̃

"
(k)=

"1
det

%
!̃
&
!̃ ·

!
J̃!, M̃!

"#
F̃ (k)

$
, (3b)

!
"̃, µ̃

"
(k)=

"1
det

#
!̃ (k)

$
!̃ (k) · !̃

T
(k) , (3c)

where det(·) denotes the determinant, the superscript "T

the inverse transpose, and "̃, µ̃ the relative permittivity and
permeability tensors, respectively. The relationships in
(3) in principle resemble those encountered in the stan-
dard (spatial-domain) TO approach [10], and trivially re-
duce to them in the case of linear spectral mapping [i.e.,
k-independent !̃ in (2)], which corresponds to the local co-
ordinate mapping

r! = !̃
"1

· r. (4)

However, as we mentioned in [15], a general nonlinear
spectral mapping in (2) would yield k-dependent constitu-
tive tensors in (3c), i.e., nonlocal constitutive relationships.



Moreover, specific physical properties may be directly en-
forced via suitable restrictions in the coordinate mapping.
For instance, the Hermitian condition

!̃
T
(k) = !̃

#

(k) (5)

yields lossless media, whereas the center-symmetry condi-
tion

!̃ (k) = !̃ (!k) (6)

yields reciprocal media.
The above spectral field/source transformations can be

used to systematically design a desired response in a fic-
titious curved-coordinate spectral domain, which may be
equivalently obtained in an actual physical space filled
up by a spatially-dispersive transformation medium whose
constitutive “blueprints” are explicitly given in (3c).

2.2. Geometrical interpretation

Our nonlocal TO approach admits a geometrical interpreta-
tion in terms of direct manipulation of the dispersion char-
acteristics via deformation of the equi-frequency contours
(EFCs). Figure 1 exemplifies this interpretation with spe-
cific reference to an (x, z) two-dimensional (2-D) scenario,
by showing the deformation of the circular EFC pertaining
to the vacuum space [Fig. 1(a)]

k!
2
x + k!

2
z = k20 , (7)

as an effect of the spectral mapping

F̃ 2
x (kx, kz) + F̃ 2

z (kx, kz) = k20 , (8)

with k0 = !/c0 denoting the vacuum wavenumber, and
c0 = 1/

$
"0µ0 the corresponding speed of light. As

we stated in [15], depending on the single- or double-
valuedness of the mapping, this may result in a moder-
ate deformation [Fig. 1(b)] or the appearance of an extra
branch [Fig. 1(c)], respectively.

2.3. Possible applications

The geometrical interpretation above enables for direct ma-
nipulation of the kinematical (wavevector and velocity)
properties of the wave propagation and reflection/refraction
[16], and establishes a straightforward connection between
the multi-valuedness of the mapping and the presence of
additional extraordinary waves.

Moreover, considering the the same 2-D scenario as
above with a single-valued coordinate mapping, and look-
ing at the relationship between the 1-D spatial spectra of
two (x-dependent) aperture transverse field distributions at
two planes [say, "̃0 at z = 0, and "̃d at z = d],

"̃d(kx) = exp (ikzd) "̃0(kx) % T̃ (kx)"̃0(kx), (9)

we note that a desired modulation transfer function T̃ (kx)
may be in principle engineered via the mapping

kz = !
i

d
log

#
T̃ (kx)

$
, (10)

which defines in explicit form the EFC shape that is re-
quired. Within our framework, this shape may be obtained,
for instance, via the spectral mapping [15]

F̃x(kx)=

'
k20 +

1

d2
log2

#
T̃ (kx)

$
, F̃z(kz)=kz . (11)

It is evident that the applicability of our approach relies
on the possibility to approximate the constitutive blueprints
in (3c) within given frequency and wavenumber ranges.
While this is significantly more challenging than what en-
countered in standard spatial-domain TO, we have shown in
[15] that it is still possible to engineer interesting nonlocal
effects based on simple artificial materials that can be de-
scribed by nonlocal homogenized models. Here, we review
the example [15].

3. Example of application
3.1. Problem statement

As an example of application, in what follows, we illustrate
the design of a nonlocal transformation-medium half-space
capable of splitting a transversely-magnetic (TM) polarized
(i.e., y-directed magnetic field) plane wave with assigned
wavevector k! = ki [with angle #i from the z-axis and as-
sociated group velocity v!

g(ki) = c0ki/|ki|, cf. Fig. 1(a)]
impinging from vacuum into two transmitted waves with
prescribed directions, i.e., group velocities forming angles
#t1 and #t2, respectively, with the z-axis.

3.2. Synthesis procedure

First, we note that a transmitted-wave wavevector kt is the
image of the incident wavevectorki in the deformed ECF(s)
(8), subject to the tangential-wavevector continuity ktx =
kix and to the radiation condition Re(ktz) > 0 (see Fig. 1
for illustration), with corresponding group velocity (normal
to the deformed EFC) via

vg(kt) %
$!

$k

((((
ki

= ±
c0J̃

T
(kt) · F̃ (kt)

|F̃ (kt) |
, (12)

where J̃(k) % $k!/$k denotes the Jacobian matrix of the
transformation in (2), and the ± sign is dictated by the ra-
diation condition Re(vgz) > 0.

Our problem can be posed as finding a double-valued
spectral-domain transformation (2) which maps [via (8)]
the incident wavevector ki into two transmitted wavevec-
tors kt1 and kt2 with conserved tangential (i.e., x-) compo-
nents and desired group-velocity directions, viz.,

kt1x = kt2x = kix = k0 sin #i, (13a)
vgx(kt1,2)

vgz(kt1,2)
= tan #t1,2, (13b)

with vg given by (12). For simplicity, as we have done in
[15], we assume a variable-separated algebraic mapping

F̃x(kx) = kx
)
a0 + a2k2x, (14a)

F̃z(kz) = kz
)
b0 + b2k2z , (14b)
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Figure 1: (From [15]) Schematic of EFCs pertaining to the auxiliary vacuum space (a) and the deformed versions obtained via
a single-valued (b) and double-valued (c) spectral coordinate mapping. Also shown are the wavevectors and group velocities
pertaining to a refraction scenario (details in the text).

which, substituted in (8) [with (13a)], yields kt1 and kt2

in analytical closed-form (see [15] for details). Then, an-
alytical solution of the algebraic system of equations aris-
ing from (13b) [with (12) and (14)], yields two unknowns
coefficients (say b0 and b2) in (14). This identifies a fam-
ily of (infinite) coordinate transformations which, for the
given incidence conditions, ensures the desired directions
#t1 and #t2 of the transmitted waves (see [15] for details).
For instance, assuming #i = 40o, and #t1 = 70o (i.e., posi-
tive refraction) and #t2 = !45o (i.e., negative refraction), a
candidate double-valued EFC is shown [blue (solid) curves]
in Fig. 2(a), with transformation parameters given in the
caption. The degrees of freedom a0 and a2 in the transfor-
mation can be exploited so as to facilitate the engineering of
the transformation medium. Additional degrees of freedom
are available in the choice of the tensor operator !̃, whose
association [via (2)] to the vector mapping F̃ in (14) is not
unique, reflecting the fact that different materials may ex-
hibit identical EFCs. We consider a simple diagonal form

!̃ =

*

+
F̃x/kx 0 0

0 !̃yy 0
0 0 F̃z/kz

,

- , (15)

where, for the assumed TM-polarization, the component
!̃yy is a free parameter. Similar to the spatial-TO approach
[17], it may be desirable to chose this parameter so as to
ensure µ̃yy = 1, i.e., an effectively non-magnetic material,
which may be more easily scalable towards optical frequen-
cies. From (3c), it is readily understood that this condition
may be obtained by choosing

!̃yy =
F̃xF̃z

kxkz
, (16)

which yields a uniaxial anisotropic medium with relevant

permittivity components

"̃xx(kz) =
1

b0 + b2k2z
, (17a)

"̃zz(kx) =
1

a0 + a2k2x
, (17b)

shown [blue (solid) curves] in Figs. 2(b) and 2(c) for the
same parameters as above.

The variable-separated rational form of the permittivity
components in (17) closely resembles the nonlocal homog-
enized model derived in [18] for a 1-D multi-layered pho-
tonic crystal (PC). This suggests that, at a given frequency
and within limited spectral-wavenumber ranges, such a
simple artificial material may be exploited to approximate
our TO-based constitutive blueprints. Within this frame-
work, we consider a 1-D PC made of alternating layers of
homogeneous, isotropic materials (with relative permittiv-
ity "a and "b, and thickness da and db, respectively) peri-
odically stacked along the x-axis, as illustrated in the inset
of Fig. 2(b). In order to derive the homogenized model,
we developed a modified version of the procedure in [18],
likewise based on matching the arising dispersion law with
the McLaurin expansion of the exact Bloch-type dispersion
law of the PC (see [15] for details). Finally, as shown in
[15], via a semi-analytical procedure based on the match-
ing between the above nonlocal homogenized model and
the TO-based blueprints in (17) (see [15] for details), we
were able to determine the parameters of a PC approximant,
which, for the example considered, resulted in "a = 2.752,
da = 0.0668%0, "b = !2.082, db = 0.0332%0 (with
%0 = 2&/k0 denoting the vacuum wavelength).

The corresponding exact (i.e., Bloch) EFCs and (non-
local homogenized) constitutive parameters are also dis-
played [red (dashed) curves] in Fig. 2, showing a satisfac-
tory agreement with the TO-based blueprints, especially in
those regions of direct relevance to the refraction scenario
of interest, i.e., nearby the transmitted wavevectors kt1 and
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Figure 2: (From [15]) Examples of EFCs (a) and constitutive parameters (b,c) pertaining to a refraction scenario featuring the
splitting of a plane wave with incidence angle #i = 40o into two transmitted waves with angles #t1 = 70o and #t2 = !45o.
Blue (solid) curves represent the TO-based blueprints, obtained from (14) and (17) with a0 = 0.877, a2 = !0.0289k"2

0 ,
b0 = 0.0934, b2 = !0.0014k"2

0 . Red (dashed) curves pertain to the synthesized 1-D PC (unit-cell shown in the inset) with
"a = 2.752, da = 0.0668%0, "b = !2.082, db = 0.0332%0 (see [15] for details). The vertical dotted line in (a) defines the
incident wavenumber kix, from which the transmitted wavevectors (marked with crosses) are determined.

kt2 (marked with crosses).

3.3. Validation

In order to validate the above results, in [15] we carried out
a finite-difference-time-domain (FDTD) simulation [19] in-
volving a finite-size PC slab consisting of 890 unit cells
[geometry and parameters as in Fig. 2(b)] with a total
size of 89%0 (along x) " 15%0 (along z). The PC slab
is illuminated by a collimated Gaussian beam with waist
of size 15%0, impinging from a vacuum region vacuum
(z < 0) with an angle #i = 40o with respect to the z-
axis. We used a uniform spatial discretization of step #x =
#z = %0/120, with time sampling #t = #x/(5

$
2c0)

(i.e., five-time below the Courant numerical stability limit),
and second-order Mur-type absorbing boundary conditions
for terminating the computational domain. At this stage,
we neglected material losses so as to better highlight the
wave-splitting phenomenon of interest. In particular, for
the negative-permittivity layers, we implemented (via the
auxiliary differential equation method [19]) a plasma-type
model

"b(!) = 1!
!2
p

!2
, (18)

with !p = 1.756!.
From the field map shown in Fig. 3, it can be observed

the splitting of an incident wide-waisted Gaussian beam
into two transmitted beams, as well as the good agreement

between the actual and prescribed transmitted directions.
We point out that, while the positively-refracted beam

arises from local effects and may accordingly be predicted
by standard effective-medium modeling, the negatively-
refracted beam stems from the excitation and coupling
of surface-plasmon-polaritons propagating along the inter-
faces between the negative-permittivity and dielectric lay-
ers of the PC, which are clearly visible in Fig. 3. This ad-
ditional extraordinary wave can therefore be predicted (and
controlled) only via nonlocalmodeling.

The above results validate the synthesis procedure out-
lined in Sec. 3.2, and demonstrate that its outcomes are
robust with respect to spatial truncation of the structure and
illumination. More details can be found in [15].

4. Conclusions
In this review talk, we have summarized our recent results
on a spectral-domain-based TO framework for the system-
atic synthesis of spatially-dispersive metamaterials embed-
ding prescribed nonlocal field-transformation effects.

Our approach admits a physically-incisive and power-
ful geometrical interpretation in terms of EFC deformation,
and relies on nonlocal homogenized models which are be-
coming increasingly available within the current research
trends in materials engineering. Therefore, its relevance
and practical applicability to a growing number of scenarios
in spatial dispersion engineering may be envisaged within
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Figure 3: (From [15]) FDTD-computed magnetic-field intensity (|Hy|2) map illustrating the transmission of a collimated
Gaussian beam in a finite-size PC with parameters as in Fig. 2. The dashed line indicates the vacuum-PC interface, whereas
the cyan and green thick arrows indicate the incident-beam and (prescribed) transmitted-beam directions, respectively.

the near future.
Also worth of interest is the exploration of non center-

symmetric coordinate transformations for the engineering
of nonreciprocal effects.
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Transformation-optics generalization of tunnelling ef-
fects in bi-layers made of paired pseudo-epsilon-
negative/mu-negative media, J. Opt., 13: 024011,
2011.

[15] G. Castaldi, V. Galdi, A. Alù, N. Engheta, Nonlocal
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Abstract  

The   design   of   a   frequency   selective   surface   (FSS)   screen  
constructed   using   a   coupling   configuration   to   implement   a  
broadband  microwave   absorber   is   presented   in   this   paper.  
The   reflectivity   representation   recognizes   the  
characterization   of   the   absorber.   Simulation   and  
measurement   results   are   presented   and   analyzed.   A  
coupling  FSS  screen  is  introduced  in  order  to  obtain  a  better  
bandwidth   and   absorption.   The   bandwidth   with   the  
reflectivity   below   -10dB   could   get   5.45-18GHz,   compared  
with   the   6.28-18GHz   of   the   absorber   with   square   patches  
FSS,  provided  that  the  thickness  of  the  absorber  is  4mm.    

1.   Introduction  

Microwave  absorber   is  a  kind  of   function  material   that  can  
be  used   in  stealth   technology.  The  applications   in  areocraft  
such   as   battleplan   and  missile   determine   that   the   absorber  
must  have  broadband  wave  absorbing  performance  to  reduce  
the  probability  of  being  explored.  As  a  potential  candidate  of  
high   performance   wave   absorber,   the   researches   of   the  
metamaterial   absorber   are   mostly   concentrating   on   the  
perfect   and   multi-bands   absorption   [1-5].   Usually   the  
Jaumann  screen  and  lossy  frequency  selective  surface  (FSS)  
could  realize  broadband  radar  absorber  [6-9].  Because  of  the  
egregious   thickness   of   the   Jaumann   screen   [6],   lossy   FSS  
absorber,   which   is   consist   of   resistive   FSS   and   dielectric  
substrate,  is  the  best  choice  of  the  broadband  absorber  [9].  

The  main  means  of  study  the  FSS  absorber  are  numeric  
method   and   equivalent   circuit   method   [9-10],   also   some  
optimization   method   is   necessary   due   to   the   parameters  
determining  the  wave  absorbing  performance  [11-12].  As  to  
the   single   layer   lossy   FSS   absorber,   broadband   wave  
absorbing   performance   can   be   realized   through   any   FSS  
patterns   [8-9].   But   the   optimal   bandwidths   of   the   familiar  
FSS   absorbers   have   not   been   reported   up   to   now.   On   the  
other   hand,   unlike   the   numerous   FSS   patterns   designed   in  
the   HIP   (high   impedance   surface)   field   [13-16],   the   FSS  
patterns  reported  in  the  lossy  FSS  absorber  by  far  are  simple,  
such  as  square  patch,  crisscross,  and  ring,  whose  impedance  
are  represented  by  series  RLC  circuit  [9].  In  this  letter,  based  
on   the   optimized   results   of   the   conventional   absorber,   we  
report  a  broadband  lossy  FSS  absorber  using  crisscross  and  

fractal   square   patch   to   form   a   compact   single  particle.  The  
reflectivity   of   the   absorber   exhibits   three   apexes   in   the  
frequency  range  of  2-18GHz.  Moreover,  owing  to  symmetry  
geometry,  the  absorber  is  independent  on  the  polarization  of  
an  incident  wave.  

2.   Design  

On   the   basis   of   the   conventional   square   patches   shape,   a  
complex  and  coupling  FSS  structure  is  presented,  as  shown  
in  Figure  1  (b).  
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Figure.1   FSS   screen   of   the   absorber.  The   black   represents  
the  FSS  and  the  blue  indicates  the  dielectric  substrate.  
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Compared   with   the   square   patches,   the   coupling  
structure   has  more   optimizing   parameters.   The   reflectivity  
properties,  optimized  by  GA,  are  proposed  for  the  coupling  
FSS  absorbers  and  those  of  the  square  patches  FSS  absorber  
are   also   proposed   for   comparison,   as   shown   in   Figure   2.  
The  results  shown  in  Figure  2  indicate  that  the  bandwidth  is  
improved   by   using   coupling   FSS   structure   and   there   are  
three  reflectivity  nulls  in  the  considerable  frequency  range.  

  
Figure  2:  Modeled  reflectivity  of  the  absorber  with  different  
FSS  pattern.  

        To   get   an   insight   into   the   origin   of   the   bandwidth  
broadening,  we  monitor   the  surface  current  densities  on   the  
coupling  FSS  at  resonance  frequencies  as  shown  in  Figure  3.  

(a)   

(b)   
Figure  3:  Distribution  of  the  surface  currents  on  the  FSS  at  
the  resonance  frequencies  

        The  current  distribution  shown  in  Figure  3  indicates  
that   there   are   two   resonances   in   the   coupling   FSS,   one   of  
which  is  due  to  the  coupling  between  the  crisscross  and  the  
fractal   square  patch  along  the  magnetic   field  direction.  The  
other   occurs   between   the   adjacent   unit   cells   along   the  
electric   field   direction.   We   can   predict   that   the   double  
resonances  are   the  main   factors   bringing   the   broadening   of  
the  bandwidth.  

The   optimized   parameters   of   the   absorbers   are   list   in  
Table.1.  

Table.1  Optimized  parameters  of  the  designed  absorber  

FSS  shape   a  
(mm)  

b  
(mm)  

c  
(mm)  

d  
(mm)  

l1  
(mm)  

l2  
(mm)  

w1  
(mm)  

w2  
(mm)   εr  

Rs  
(Ω/□)  

Square  patches   13.7   10.3   /   /   /   /   /   /   1.8   99.8  
Coupling  FSS   17.8   13.9   3.6   3.8   11.4   4.8   0.45   1   1   29.7  

  

3.   Experiment  and  Result  

The  feasibility  of  the  broadband  absorber  was  demonstrated  
by   experimental   prototype.   The   resistive   patterns  
representing   the   lossy  FSS  have   been  manufactured   by   the  
silk   printing   technique   through   a   photo   etched   frame.   The  
commercial   rigid   polyurethane   foam   was   used   as   the  

dielectric   substrate.   The   pictures   of   180mm×180mm  
broadband  sample  is  shown  in  Figure  4  
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Figure   4:   Fabricated   sample   of   the   4mm   broadband   lossy  
FSS  absorber  

We   verified   the   absorption   performance   of   the  
broadband   absorber   in   a  microwave   anechoic   chamber.  An  
Agilent  8720ET  vector  analyzer  and  two  broadband  double-
ridged   horn   antennas   are   used   to   emit   and   receive   the  EM  
wave.  Owing  to  the  metal  ground  plane,  the  transmission  is  
zero   and   the   reflectivity   represents   the   absorption.   The  
measured   reflectivity,   compared   with   simulated   result,   is  
plotted  in  Figure    5  

  
Figure   5:   Comparison   of   the   reflectivity   of   the   broadband  
absorber  between  experimental  (black  curve)  and  simulated  
(red  curve)  results  

Three   absorption   nulls   exist   in   the   considerable  
frequency   range,  which   is  consistent  with  the  design  result.  
The   difference   of   the   absorption   intensity   between   the  
experiment   and   design   is   reasonably   ascribed   to   the  
fabrication   tolerances,   such   as   the   square   resistance  
deviation   of   the   lossy   FSS.   Both   the   simulation   and  
experimental   results   indicate   that   the   coupling   in   the   FSS  
unit   cell   induces   the   absorption   null   in   the   low   frequency,  
and   lead   to   the   enhancement   of   the   bandwidth   of   the  
absorber.  

In  conclusion,  a  broadband  metamaterial  absorber  with  
coupling   FSS   was   design   and   fabricated.   The   design   and  
experimental   results   show   that   the   bandwidth   with   the  
reflectivity  below  -10dB  of  the  4mm  thick  absorber  can  get  
5.27-18GHz,   which   is   broader   than   6.28-18GHz   of   the  
corresponding  absorber  with  square  FSS  pattern.  
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Abstract 
In this paper we propose to investigate a metasurface 
designed, fabricated and characterized for an operation at 
microwave frequencies. A good quantitative agreement has 
been observed between simulations performed using finite 
element method-based commercial code HFSS and 
experiments made using a free space setup, based on vector 
network analyzer and horn antennas. Our proposed 
metasurface has further been validated as a Partially 
Reflecting Surface in a Fabry-Pérot cavity, with the aim to 
enhance the directivity of conventional microstrip patch 
antennas. 

1. Introduction 
Frequency Selective Surfaces (FSSs) are considered as 
spatial filters, which are generally realized using planar 
periodic structures [1-4]. Once exposed to an 
electromagnetic radiation, the FSS acts as a spatial filter, 
causing some wavelengths to be transmitted and others to 
be reflected. The response of a FSS is entirely determined 
by the size and geometry of the unit element, periodicity, 
and also by electrical properties of the dielectric substrate. 
FSSs have been initially used in military applications for 
stealth technology so as to reduce the Radar Cross Section 
(RCS) of an antenna system outside its frequency band of 
operation. In the last few years, many research groups have 
contributed to their development and integration in modern 
telecommunications systems. Considered as a subclass of 
metamaterial surfaces also known as metasurfaces, FSSs 
with their remarkable properties in controlling the 
propagation of electromagnetic waves have found many 
applications, which make them promising solutions to 
antennas and microwaves circuit’s problems. Some 
examples are reflector antennas, radome design, polarizers, 
beam splitters and planar radar absorbers.  

In this present work, we propose to investigate a 
Frequency Selective Surface. The sample is illuminated by 
a plane wave with TM polarization (i.e. E//z, H//y and k//x), 
at normal incidence with only one layer along the direction 

of propagation k. The dependency of the FSS on the 
incidence angle of the electromagnetic exciting wave is 
evaluated. The response of our FSS remains relatively 
unchanged for incidence angles between ± 45°. An 
enhancement of the selectivity of our FSS is validated by 
stacking several layers of our prototype sample along the 
direction of propagation k, and regularly spaced by an air 
gap. We also propose theoretically an original way to tune 
the response of our FSS. The basic idea consists in stacking 
two layers of our FSS (double-layered FSS) spaced by an 
air gap, and to apply a lateral displacement d to only one 
layer with regard to the other. Almost 22% tunability is 
observed using this method. 

This FSS is then proposed as a metasurface acting as a 
Partially Reflecting Surface (PRS) in a Fabry-Pérot (FP) 
cavity with the main goal to enhance the directivity of a 
printed patch antenna inserted in this cavity. Numerical 
calculations, prototypes fabrication and experimental 
characterizations are performed in the microwave regime at 
around 9 GHz. Simulations and measurements agree very 
well, demonstrating a high directivity of the device. 

2. Spectral response of the FSS 
The proposed FSS is shown in Fig. 1(a). It consists of 35 
µm thick metallic (copper) patterns printed on a single face 
of 0.5 mm thick dielectric substrate (Epoxy, εr = 4.4, tan(δ) 
= 0.02). The relevant geometrical dimensions of the FSS 
unit cell are as follows: a = 4 mm, b = 3 mm, c = 1 mm and 
d = 3 mm. Using the full wave electromagnetic simulator 
HFSS based on finite element method, we performed 
simulations in order to predict the spectral response of the 
structure. The sample is illuminated by a plane wave with 
TM polarization (i.e. E//z, H//y and k//x), at normal 
incidence with only one layer along the direction of 
propagation k. Microwave measurements have been done 
on a fabricated prototype composed of 23×25 cells. The 
reflection and transmission measurements have been 
performed applying an ABMillimetreTM network vector 
analyzer and horn antennas in a quasi-optical configuration. 
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In the transmission measurements, the incident plane waves 
are normal to the sample surface and the transmitted 
intensity is normalized with respect to transmission in free 
space between the two horn antennas. Similarly, the 
reflection coefficient, measured with a directional coupler 
in the reflection geometry, is normalized using a sheet of 
copper as reflecting mirror. Fig. 1(b) shows the simulated 
and measured transmission responses of the FSS. A pass 
band frequency behavior centered around 40 GHz with a 
bandwidth at -3 dB estimated at 6 GHz is observed. The 
bandwidth is rather wide, which indicates the poor 
selectivity of the spatial filter. The transmission peak 
reaches a maximum value of about -1 dB at 40 GHz and a 
good agreement is reported between simulations and 
experiments. The dip in the measured transmission around 
38 GHz near the resonant frequency is due to the finite 
nature of the fabricated prototype, since we simulated an 
infinite 2D structure, which is fully illuminated by plane 
wave. Further numerical calculations that have been 
performed, but not shown here, demonstrated the critical 
influence of a more realistic and finite prototype on the 
spectral response. 

 
Figure 1: (a) Experimental prototype of our investigated 
Frequency Selective Surface with relevant geometrical 
dimensions a = 4 mm, b = 3 mm, c = 1 mm, d = 3 mm and t 
= 0.5 mm. The appropriate polarization of the electric and 
magnetic fields is also shown. (b) Magnitude of the 
simulated (solid line) and measured (line and symbols) 
transmission coefficient. 
 

Depending on the targeted application, the selectivity of a 
spatial filter can be a very important and critical 
characteristic in its functionality, which should be taken into 
account during the design procedure. We propose here to 
enhance the selectivity of our FSS by stacking several layers 
of our prototype along the direction of propagation k, and 
regularly spaced by an air gap gair = 1 mm. Indeed, the 
selectivity of the spatial filter is significantly increased as 
shown in Fig. 2(a) and a fairly good quantitative agreement 
between the simulated (solid lines) and measured (lines and 
symbols) transmission coefficient for 1, 2, 3 and 4 FSS 
layers is observed. The bandwidth of the filter at -3 dB goes 
from 6 GHz to 3 GHz for 4 FSS staked layers. We also 
notice a decrease in the level of transmission at the 40 GHz 
resonant frequency, with a minor shift towards lower 
frequencies in the measured responses, in the case of 3 and 4 
staked layers, compared to the simulated responses. This 

shift may be due to the physical displacement that can occur 
between the metallic patterns when the layers are stacked.   

 
(a) 

 
(b) 

 
(c) 

Figure 2: (a) Magnitude of the calculated (solid lines) and 
measured (lines and symbols) transmission coefficient for 1, 
2, 3 and 4 stacked layers respectively along the direction of 
propagation k, (b) Our FSS under investigation, for the 
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angular study, (c) magnitude of the transmission coefficient 
of the FSS, measured for different incidence angles θinc 
between -45° and +45°. 
 

The dependency of the FSS on the incidence angle of 
the electromagnetic exciting wave has also been evaluated. 
Fig. 2(b) shows the typical scenario used for the oblique 
incidence study of a single metasurface. The transmitting 
and receiving antennas remain fixed, while the sample 
under investigation is rotated. The response of our FSS 
remains relatively unchanged for incidence angles between 
± 45° as depicted in Fig. 2(c), which is potentially very 
interesting and useful for oblique incidence applications. 
The dip appearing near the resonant frequency, which has 
been previously mentioned, is much more pronounced 
beyond ±15° incidence since the number of unit cells 
illuminated by the incident wave-fronts is reduced. 
However, measurements performed on a larger prototype 
should give better results.  

3. Tunability of the spectral response of the FSS 
Frequency tunable responses of electronic and 
electromagnetic devices are highly desired since they offer 
the possibility to operate at different frequencies. The most 
common method to obtain tunability is to change the 
effective electric length or the effective permittivity of the 
structure, and the techniques used to reach this goal are 
various and widely discussed in scientific literature. Here, we 
propose theoretically an original way to tune the response of 
our FSS. The basic idea consists in stacking two layers of our 
FSS (double-layered FSS) spaced by an air gap gair = 1 mm, 
and to apply a lateral displacement d to only one layer with 
regard to the other, as illustrated in Fig. 3(a). 

3.1. Double-layered FSS 

The horizontal displacement d introduce additional peaks 
around 42.5 GHz, 45.9 GHz and 62.7 GHz respectively, as 
illustrated by the reflexion coefficient (black-solid-line) of 
Fig. 3(b) in the case d = 100 µm. For a better understanding 
of the origin of these peaks, we have performed a series of 
numerical simulations on our investigated double-layered 
FSS. Our investigations reveal that each peak is in fact a 
contribution of different sub-elements constituting the unit 
cell of the double-layered FSS, thus the resulting response 
is the superposition of each sub-element%s response. Indeed, 
the unit cell of our investigated double-layered FSS can be 
regarded as a combination of an array of shifted metallic 
continuous-wire pairs in the direction of the electric field 
and an array of double-plate pairs. The first and the second 
higher order modes that appear around 42.5 GHz and 46 
GHz, comes from the shifted metallic continuous-wire pairs 
and the third higher order mode that occurs at about 62.7 
GHz corresponds to the contribution of the double-plate 
pairs, as it can be clearly observed in Fig. 3(b). Similar 
effect has been previously observed for multiple-frequency 
band applications in terahertz regime [5-7]. At this stage, it 
is important to note that when the air gap gair and the 
horizontal shift d are set to 0, the double-layered FSS can be 

assimilated to the previously reported fishnet structure [8-
9], presenting a negative effective index. However, due to 
the air gap of 1 mm used in our study, negative index will 
not be observed. 

 
(a) 

 
(b) 

 
Figure 3: (a) Configuration of our system which leads the 
tunability of the spectral response of the double-FSS, one 
layer of the double-FSS is translated horizontally along the 
yy% axis, while the second layer remains fixed, (b) 
illustration of the origin of additional peaks that appear on 
the reflection coefficient during the lateral displacement d. 
Tunability of the transmission (c) and the reflection (d) 
coefficients, for different values of the displacement d along 
yy%  axis from 0 µm to 500 µm. 
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3.2. Tunable FSS 

The tunability effect can be explained as follows: the total 
structure can be regarded as an electric equivalent LC 
circuit having a resonant frequency fr. The resonant 
frequency strongly depends of the electric properties of the 
material used and the geometrical dimensions of the unit 
cell of the sample. As detailed in Ref. 8 for the fishnet 
structure, the FSS is composed of a slab (plate) and a neck 
(continuous wire). The resonant frequency of our 
investigated FSS is given by the following approximate 
expression [9]: LCfr π21= , where L corresponds to the 
inductance of the metallic patterns of the unit cell along the 
direction of the electric field E

r
 and C corresponds to the 

capacitance created between the two metallic patterns 
separated by the dielectric substrate and the air-gap. The 
capacitance C takes into account both the capacitance Cn of 
the neck pair and the capacitance Cs of the slab pair. The 
lateral displacement along the yy’ axis of one layer in the 
double-layered FSS causes a misalignment of the metal 
patterns, changing Cn and thus modifying the resonant 
frequency of the structure. In this case, Cs is unchanged. 
Figs. 3(c) and 3(d) show the tunability effect on the 
transmission and reflection spectra, respectively for 
different values of parameter d. The resonant frequency 
decreases from its nominal value 41 GHz to 32.5 GHz, 
when d goes from 0 µm to 500 µm (about 22% of 
tunability). From our calculations, we have also noticed that 
the translation of one layer along the electric field E

r
 

direction (polarized along zz% axis) does not affect 
significantly the response of the FSS, creating only a minor 
level of tunability. In this type of translation, we will be in 
presence of two possible situations; either one neck faces 
another neck or one neck faces a slab. In both cases, Cn will 
be similar. However, Cs will be modified, but only slightly, 
explaining the minor level of tunability. The main 
transmission peak centered at about 41 GHz splits into new 
peaks which move in opposite directions. The fundamental 
mode decreases in intensity and moves towards low 
frequencies from 41 GHz to 32.5 GHz when d increases 
from 0 µm to 500 µm. As pointed out in the beginning of 
this section, higher order modes are observed in both 
transmission and reflection coefficients at the 
aforementioned frequencies. 

4. Directivity enhancement of microstrip patch 
antennas 

Following our investigations on the FSS in the above 
sections, we now propose a potential and interesting 
application of this metasurface. Indeed, the FSS can be very 
useful as a metasurface reflector in Fabry-Pérot (FP) cavities. 
Since the pioneering works of G. V. Trentini in the 50’s [10], 
these cavities have been studied as reflex-cavity antennas for 
their directive emissions. Consequently, we propose to 
evaluate the studied FSS as a Partially Reflecting Surface 
(PRS) in a FP cavity so as to enhance the directivity of 
antennas based on the use of a single feeding source. This 
class of antennas has received renewed interest, particularly 

with the development of metallo-dielectric periodic 
structures [11-16].  

 
(a) 

 
(b) 

Figure 4: (a) Calculated (solid lines) and measured (lines and 
symbols) magnitudes (a) and phases (b) of transmission and 
reflection coefficients. 
 

For antenna experimental measurement setup 
availability, we carry out this application investigation in the 
X band at around 9 GHz. Here we design our FSS in order to 
act as the PRS in such a reflex-cavity antenna. Using a 
standard printed circuit board and optical lithography, a 
planar prototype composed of 9×9 cells having optimized 
geometrical dimensions: a = 18 mm, b = 12 mm, c = 3.5 mm 
and d = 12 mm, has been fabricated on the epoxy substrate of 
thickness 1.6 mm in order to validate simulation results. 
Measurements have been carried out in an anechoic chamber 
using a network vector analyzer, and two broadband horn 
lens-antennas working in the [2 GHz - 18 GHz] frequency 
band are used as emitter and receiver. Fig. 4(a) shows the 
calculated (solid lines) and measured (lines and symbols) 
spectral responses of the structure. We observe a good 
quantitative agreement between theory and experiment. Our 
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proposed structure can be regarded as a pass-band spatial 
filter, with a first resonant mode localized at about 7.5 GHz. 
The reflection phase shown in Fig. 4(b) varies from +180° to 
-180° and passes through zero at resonance. The reflection 
phase values are used to calculate the thickness h versus 
frequency at which maximum boresight directivity (θ = 0°) 
can be obtained (Fig. 5(a)). This resonance thickness is 
determined by the following equation:  

 ( )
24
λ

π
λ

ϕϕε Nth rPRSrr ±+=+ , (1) 

where ϕPRS represents the reflection phase of the partially 
reflecting surface, ϕr is the reflection phase of the reflector 
screen near the antenna, λ is the operating wavelength and 
N is an integer corresponding to the order of the cavity’s 
electromagnetic mode. t and εr are the thickness and the 
relative dielectric permittivity dielectric substrate 
supporting the feeding source, respectively. At 9 GHz, a 
reflection phase close -180° is observed, suggesting a cavity 
thickness close to λ/2. We shall note that the reflection at 
this frequency is quite high (about -1 dB), which is 
necessary for confining electromagnetic waves in the 
cavity. This confinement allows achieving high directivity 
since directivity is given by D = (1+R)/(1-R) [11]. To 
illustrate the directivity enhancement, we performed 
numerical simulations and measurements on the cavity 
using the FSS reflector.  

 
(a) 

 
Figure 5: (a) Schematic view of Fabry-Pérot cavity antenna 
with the FSS as a partially reflecting surface. Calculated 
(solid lines) and measured (lines and symbols) radiation 
patterns for E-plane (b) and H-plane (c) for both patch 
antenna (red color) and Fabry-Pérot cavity (black color), 
respectively. 
 

The cavity is fed by a microstrip patch antenna 
patterned also on an epoxy substrate. Figs. 5(b) and 5(c) 
show the calculated and the measured radiation patterns in 
E- and H-planes for the patch feed source and for the 15 

mm thick resonant FP cavity, respectively. The 
performances obtained from measurements (lines with 
symbols) carried out on the fabricated prototypes agree very 
well with the numerical calculations (solid lines). The 
directivity of our investigated system is considerably 
enhanced and goes from 8 dB for the patch antenna to 20 
dB for the cavity and the parasitic side lobes level of the 
cavity remains below -10 dB. These results show the 
potential application of our proposed FSS in a FP cavity for 
highly directive emissions. Moreover, the study performed 
on the frequency tunability of the double-layered FSS 
suggests the possibility of a frequency reconfigurable cavity 
using such type of FSS as reflector.  

5. Conclusions 
To summarize, we have theoretically and experimentally 
investigated a planar FSS that has been designed, fabricated 
and characterized for an operation frequency in the 
microwave regime. The selectivity of the studied FSS is 
considerably enhanced when stacking several layers. The 
angular robustness of the transmission response was 
demonstrated, and an original technique has been proposed 
in order to obtain a tunability of the spectral response. The 
FSS has been used as a Partially Reflecting Surface in a 
Fabry-Pérot cavity where the radiation patterns have shown 
a highly directive emission. 
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IDFWRU��)RU�H[DPSOH��WKH�IRXUWK�SHDN��ZKLFK�LV�WKH�QDUURZHVW�
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Abstract 

A novel flexible uniplanar Artificial Magnetic Conductor 
(AMC) design is presented. A prototype is manufactured 
and characterized under flat and bent conditions in anechoic 
chamber. The designed prototype shows broad AMC 
operation bandwidth, polarization angle independency and 
high angular stability margin when operating under oblique 
incidence.  

1. Introduction 

Metamaterials exhibit unique properties in controlling 
the propagation of electromagnetic waves which make them 
very attractive as potential solution for some microwaves 
circuits and antennas problems. 
At microwave frequencies, uniplanar Frequency Selective 
Surfaces (FSSs) over a metallic ground plane can be used as 
Electromagnetic Band-Gaps (EBGs) (exhibiting one or 
several frequency bands in which no mode propagation is 
allowed) or as Artificial Magnetic Conductors (AMCs) 
(exhibiting in-phase reflection). In the absent of via holes, 
both EBG frequency band and AMC frequency band do not 
necessarily coincide [1]. At the resonance frequency, both 
EBGs and AMC structures, exhibit high impedance surface 
and so they are also called High Impedance Surfaces (HIS) 
[2]-[6]. 
AMCs are electromagnetically dual to Perfect Electric 
Conductors (PEC) and behave as Perfect Magnetic 
Conductors (PMCs) over a certain frequency band (as 
PMCs do not exist in Nature), the so-called AMC frequency 
band. AMCs can be used as reflectors, in the design of low-
profile and highly efficient antennas and to reduce the 
antenna radiation to the body in wearable applications. 
The interest in flexible AMCs is growing since it would be 
desirable to have AMC being object-shape-adapted for 
many applications as RFID tags over metallic objects [7], 
wearable antennas [8]-[11] and RCS reduction [12]-[13]. 
This would require the AMC to be flexible but without 
losing its functionality. In addition, the AMC performance 
for different polarization of the electrical incident field 
(under normal incidence) and under oblique incidence is 
very important. AMC designs with as higher angular 
stability as possible are desirable [14]. 
In this contribution a novel flexible AMC design is 
presented in section 2. It has several additional advantages 

as being uniplanar, compact and without via holes which 
makes it cost-reduced. A prototype of the flexible AMC is 
manufactured using a bendable dielectric substrate.  Section 
3 describes the AMC prototype characterization process and 
results, showing that in addition, the novel design exhibits 
broad AMC operation bandwidth together with high angular 
stability in both flat and bent conditions. Finally, some 
conclusions are given in section 4. 

2. AMC design 

Each unit-cell of an AMC structure implements a 
distributed LC network with one or more resonance 
frequencies at 1 2π LC( )  where the structure exhibits high 
surface impedance meanwhile the in-phase reflection 
bandwidth is proportional to L C . At frequencies below 
the resonance frequency the surface impedance of the 
periodic structure is inductive and supports TM waves 
whereas at frequencies higher than the resonance frequency, 
the surface impedance is capacitive and supports TE waves. 
The unit-cell geometry together with the substrate relative 
permittivity and thickness mainly determine the AMC 
resonant frequency and AMC frequency bandwidth. So 
those are the elements modified by a designer in order to 
obtain an AMC at a specific frequency and with a given 
bandwidth. To increase the AMC bandwidth a thicker 
dielectric substrate is needed, as it increases the equivalent 
L, meanwhile it decreases the resonance frequency. Another 
way of increasing the equivalent L and so the AMC 
bandwidth, is including narrow strips in the geometry 
design. In addition, by reducing the substrate’s relative 
dielectric permittivity εr and increasing the gap between 
adjacent unit-cells the equivalent C can be reduced and the 
AMC bandwidth will be also increased. Finally, it has to be 
taken into account that higher εr reduces the resonance 
frequency and the AMC bandwidth. In sum, to obtain both 
compact size and broad AMC operation bandwidth a trade-
off solution has to be taken considering substrate thickness 
and εr. 
Taking all these facts into account a uniplanar AMC [15]-
[16] at 6GHz has been designed using ROGER3003 
substrate with a thickness h=0.762 mm, relative dielectric 
permittivity εr = 3.0 and loss tangent tgδ=0.0013. The 
geometry of the AMC unit-cell is shown in Fig. 1 and the 
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final optimized dimensions for operation at 6GHz using 
Ansoft HFSS [17] are detailed in table I.  
HFSS simulation set-up used to obtain the reflection 
coefficient phase based on Finite Element Method (FEM) 
and Bloch-Floquet theory is shown in Fig.2. It models a 
single unit-cell of the structure with periodic boundary 
conditions (PBCs) on its sides, to resemble the modelling of 
an infinite structure  [2],[15]. To illuminate the periodic 
surface normal plane waves are launched using a waveport 
positioned a half-wavelength above it. The phase reference 
plane is taken on the periodic surface and the phase of the 
reflection coefficient for the AMC structure is compared to 
that of a PEC plane taken as reference, placed at exactly the 
same position as the AMC, in the same way as in  [2]. 
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Figure 1: AMC unit-cell geometry top view. 
 

Table 1: Unit-cell dimensions. 
Dimensions (mm) 

W a b c d 
12.000 6.456 1.646 1.827 0.609 

e f g1 g2 i 
0.945 0.730 0.032 0.154 0.522  

 
Fig. 4 shows the reflection coefficient phase simulation [15] 
results for the designed AMC. As it could be expected, at 
low frequencies compared to the resonance frequency, the 
reflection coefficient phase is 180º, and the periodic 
structure behaves like a PEC. The reflection phase crosses 
through zero at the resonance frequency and returns to -180º 
above it. When the surface impedance exceeds the free 
space impedance the reflection phase falls in -90º, 90º. 
Image currents are in-phase rather than out of phase within 
this range, as in a PMC, and for this reason it is generally 
considered the AMC operation bandwidth. The inherent in-
phase reflection property of AMCs makes possible antenna 
elements lay directly on the periodic surface without being 
short-circuited or malfunctioning.   
From the reflection coefficient phase simulation results (see 
Fig.4) an AMC operation bandwidth of 500 MHz (8.33%) 

is obtained under normal incidence. It is a broad bandwidth 
for a very thin AMC (!0/65.6 at 6GHz). 

Waveport

PBCs PBCs

Ground plane

h

Unit-cell

Waveport

PBCs PBCs

Ground plane

h

Unit-cell

 
Figure 2: Simulation set-up for determining the reflection 
properties of the AMC. 
At the resonance frequency an AMC behaves as a PMC 
exhibiting high surface impedance due to a very low value 
(ideally null) of the tangential magnetic field. To verify this 
fact, simulations have been carried out for a normal incident 
plane wave using the setup of Fig 2 (with PBCs so that the 
structure mimics an infinite AMC). Fig 3. shows the 
magnetic field variation along a plane at three different 
positions of the AMC unit-cell for different frequencies. As 
it could be expected, at the resonance frequency (6GHz) the 
magnetic field (H) on the periodic surface considerably 
decreases compared to its value at the other frequencies out 
of the AMC frequency band.  

f=5.4GHz

f=6.0GHz

f=5.0GHz

f=6.6GHz
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Figure 3: Magnetic field distribution on an AMC unit-cell 
with periodic boundary conditions at different frequencies. 
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Angular stability [14] is a key fact in AMC design and even 
more in flexible ones as in may of the intended applications, 
such as RFID tags or wearable antennas, it has a direct 
impact on their performance. For example, when combining 
and AMC with an antenna for an RFID tag, the AMC 
angular stability influences the antenna radiation 
performance and so the reading range. In sum, it is desirable 
an AMC with as higher angular stability as possible.  
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Figure 4: Simulation results of AMC reflection coefficient 
phase for TE polarization under different incidence angles 
θinc=0º, 20º, 40º and 60º . 
 
Concerning AMC stability for different polarizations of the 
incident electric field, this can be ensured by using a 
symmetric design as the one presented in this contribution 
which exhibits four symmetry planes. 
The reflection coefficient phase versus frequency for 
different incident angles θinc between 0º and 60º has been 
simulated for transverse electric (TE) polarized waves 
aiming to study the angular stability margin [14] of the 
presented structure. From Fig. 4 it can be obtained the 
absolute and relative deviations of the resonant frequency 
which are respectively 96MHz and 1.6%. So, it can be 
concluded that the presented AMC design is highly stable as 
it exhibits an angular margin of θinc=±60º. 

3. AMC prototype characterization 

A 12x12 cells AMC prototype has been manufactured using 
laser micromachining. The prototype physical size is 
14.4cm x 14.4cm 
Fig. 5 shows the reflection coefficient measurement setup in 
anechoic chamber (similar to the one used in [15]). Two 
horn antenna probes working in the band 5-7 GHz have 
been chosen as Tx and Rx, being 3m the separation between 
each probe and the object-under-test. The followed 
methodology [2],[15] is based on the utilization of a 
reference measurement (a metallic plate considered as PEC) 
to calculate the reflection coefficient of the AMC and is in 
fact the same used for the full-wave simulation. Taking into 
account the measured prototypes physical size (PEC and 

AMC have the same size), for the upper frequency (f = 7 
GHz), the far field distance (RFF = 2D2 / λ) is RFF,7GHz ~ 
0.97m, whereas for the lower frequency (f = 5 GHz) it 
decreases until RFF,5GHz ~ 0.69m. So the prototypes have 
been measured in far field conditions. 
 

 
Figure 5: Reflection coefficient measurement set-up in 
anechoic camber. 
 
There are many possible ways of bending an AMC. Two 
typical different bending patterns for the AMC have been 
selected and tested (see Fig.6) a “creeping” pattern which 
can be caused in textile AMC integrated in the garment for 
example when the arm is bent at the elbow, and a “smooth” 
pattern which can be caused in the torso or in the shoulder.  
 

 
Figure 6: AMC manufactured prototype and bending 
patterns: a) Flat manufactured prototype b) smooth 
prototype with Ws=125mm, and hs=30mm; c) creeping 
prototype with Wc1=60mm, Wc2=52mm, hc1=18mm, and 
hc2=15mm 
 
The measured reflection phase of the flat and bent 
manufactured prototypes for normal incidence conditions 
are shown in Fig. 7. The flat prototype has the resonance at 
6.178GHz which means a 2.9% deviation with respect to 
the simulation (6.0GHz) due to under-etching in the laser 
micromachining. There is no frequency shift for the 
creeping bent prototype with respect to the flat prototype 
resonance, whereas the smooth bent prototype has its 
resonance at 6.208GHz, which means just a 1.69% 
deviation with respect to the flat prototype.  
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The flat prototype shows a 430MHz (6.96%) AMC 
operation bandwidth in good agreement with simulated 
value (8.33%) whereas the creeping bent prototype exhibits 
625MHz (10.07%) and the smooth bent AMC shows 
487MHz (8.02%), even slightly wider than that of the flat 
prototype.  
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Figure 7: AMC reflection coefficient phase under flat and 
bent conditions. 
 
Under normal incidence (θinc = 0º) the flat prototype 
presents the same reflection phase for any polarization due 
to the unit cell symmetry. In the case of the bent prototype, 
this invariance with respect to the polarization angle is also 
present.  
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Figure 8: Reflection coefficient phase of the manufactured 
flat prototype for different incident angles (θinc). 

 
The reflection coefficient phase versus frequency, for 
different incident angles θinc has been measured. As it was 
explained in the previous section, simulation results (see 
Fig.4) show an angular margin of θinc=±60º for transverse 
electric (TE) polarized waves with 1.6% relative deviation 
of the resonant frequency. In measurement this angular 
margin decreased due to finite size of prototypes. For the 

flat prototype resonance conditions are met within an 
angular margin of θinc=±10º (see Fig.8) whereas for the 
smooth and creeping bent prototypes (see Fig.9 and Fig.10) 
the obtained angular margin is θinc=±8º.  
These results show that it is possible to obtain a flexible 
AMC without reducing the bandwidth of AMC performance 
with respect to a rigid AMC that uses the same unit cell 
design and preserving its angular stability under oblique 
incidence. 
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Figure 9: Reflection coefficient phase of the manufactured 
smooth prototype for different incident angles (θinc). 

 

0º

4º
8º

-4º

-8º

5.4 5.6 5.8 6  6.2 6.4 6.6
-180

-135

-90

-45

0   

45

90

135

180

Frequency (GHz)

R
e
fl
e
ct

io
n

 P
h

a
s
e
(º

)

 

 

0º

4º
8º

-4º

-8º

0º

4º
8º

-4º

-8º

0º

4º
8º

-4º

-8º

5.4 5.6 5.8 6  6.2 6.4 6.6
-180

-135

-90

-45

0   

45

90

135

180

Frequency (GHz)

R
e
fl
e
ct

io
n

 P
h

a
s
e
(º

)

 

 

0º

4º
8º

-4º

-8º

5.4 5.6 5.8 6  6.2 6.4 6.6
-180

-135

-90

-45

0   

45

90

135

180

Frequency (GHz)

R
e
fl
e
ct

io
n

 P
h

a
s
e
(º

)

 

 

0º

4º
8º

-4º

-8º

0º

4º
8º

-4º

-8º

 
 

Figure 10: Reflection coefficient phase of the 
manufactured creeping prototype for different incident 
angles (θinc). 

4. Conclusions 

The presented novel uniplanar low-profile flexible AMC 
design without via holes exhibits broad AMC operation 
bandwidth, polarization angle independency under normal 
incidence and high angular stability under oblique 
incidence. Its low cost, simple fabrication and integration 
make it very attractive for applications involving antennas 
in RFID tags, wearable systems, and RCS reduction. 
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Abstract
An enhanced metamaterial absorber based on the circum-
scribed-cross resonator is introduced in this paper. The new
structure is polarization-independent, due to the symmetry
of its unit cell, and is proven efficient for the attenuation
of obliquely incident waves. The absorption mechanism is
thoroughly investigated and is found to be mainly related to
the losses of the dielectric substrate. Furthermore, by ex-
ploiting the scalability property of metamaterials, the oper-
ational bandwidth of our design can be drastically improved
by placing unit cells with properly scaled resonators adja-
cent to each other. In this context, various combinations
of three, four, and nine unit cells, that can increase the full
width at half maximum up to as much as 11.18%, are deve-
loped. The overall performance of the proposed configura-
tions is deemed promising for the realization of microwave
metamaterial absorbers for several practical applications.

1. Introduction
Metamaterial absorbers have, recently, triggered a notable
scientific investigation with an escalating impact on mod-
ern microwave systems. To this objective, the combina-
tion of an electric-LC (ELC) resonator with a split-wire
has been proposed for the construction of an almost per-
fect arrangement, which, in its initial design, has been very
sub-wavelength (around !0/35) [1]. Although quite nar-
rowband and basically effective only for normally incident
waves, this device inspired several researchers to probe its
absorption mechanism [2], [3]. In the meanwhile, a con-
siderable variety of instructive ideas have been launched in
order to produce efficient metamaterial absorbers in the mi-
crowave, terahertz, and infrared frequency regions [4]-[10].

However, contemporary real-world applications, like
RCSminimization from airplanes, steamboats and other ve-
hicles or protection from electromagnetic interference due
to mobile phones and local area networks, require more
sophisticated features, while preserving the ultra-thin size
of the original approach. Amid them, one can discern the
larger bandwidth or multiple bands of operation as well
as the wide-angle and polarization-independent absorption
rates [11]-[17]. Essentially, most of the structures reported
in the literature focus on the improvement of just one of
the prior characteristics, thus turning the construction of an
overall optimized device into a challenging design problem.

r

dw

g

(a)

x

z

(b)
t

y

p

Figure 1: (a) Front and (b) perspective view of the CCR
absorber. Dimensions: r = 2.06mm, d = 0.40mm, g =
0.39mm, w = 0.37mm, p = 8mm, and t = 1mm.

In this paper, a novel metamaterial absorber with im-
proved bandwidth performance that operates around the
middle of the microwave X-band (8.0 ! 12.0GHz), is pre-
sented. The proposed design, implemented by means of the
circumscribed-cross resonator (CCR), exhibits remarkable
wide-angle absorption and independence on the polariza-
tion of the incident radiation. Moreover, taking avail of
metamaterial scalability, the operational bandwidth of the
structure is significantly enhanced by combining appropri-
ately tailored unit cells in certain periodic arrangements. In
this way, the demanding obliquely incident waves are ef-
ficiently absorbed, without any other non-physical conven-
tions. The merits of the optimized absorber are thoroughly
validated via different metal and dielectric material setups,
while some possible future extensions are finally discussed.

2. Theory and design of the CCR absorber
The primary design concept of the proposed device is based
on the CCR, depicted in Fig. 1a, which belongs to the class
of ELC resonators [18] and its first resonance is usually ex-
cited by an electric field component parallel to one of its
crossed wires. The CCR is imprinted on a standard 1mm-
thick FR-4 substrate ("r = 4.3, tan # = 0.022), whereas
the opposite face of the dielectric spacer is covered with
a copper layer (Fig. 1b), so as to ensure zero transmission
throughout the structure. Additionally, periodic boundary
conditions are applied along the x- and y-axis in order to
model an infinite array of unit cells. For our analysis, all
simulations are carried out through the frequency domain
solver of CST MWSTM computational package [19].
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Figure 2: Absorption and reflectance of the proposed struc-
ture. The absorption peak of 96.41% occurs at the fre-
quency of 9.90GHz and the FWHM is 4.96%.

Starting with arbitrary dimensions and considering a
normally incident plane wave propagating along the z-
direction with its electric-field component polarized along
the x-axis, a genetic algorithm is employed to reach the op-
timal unit cell parameters for maximum absorption near the
middle of the X-band. The absorption of the structure is cal-
culated from the values of the simulated scattering parame-
ters through its definition asA($) = 1!R($)!T ($), with
R($) = |S11|2 and T ($) = |S21|2 being the reflectance
and transmittance, respectively. Since T ($) = 0 due to the
copper plane, Fig. 2 illustrates the reflectance and absorp-
tion of the device, revealing an absorption peak of 96.41%
at 9.90GHz and a full width at half maximum (FWHM)
of 4.96% around this center frequency. Note, also, that
the complete symmetry of the unit cell along the x- and y-
direction ensures the accomplishment of similar absorptive
behavior for arbitrary polarizations of the incident wave.

3. Angle-independent absorption
characteristics of the CCR absorber

In this section, the response of our device to obliquely inci-
dent radiation is examined. To this end, angles % and & are
defined, as those formed between the propagation vector of
the incident wave and the z-axis over the yz- and xz-plane,
respectively (see Fig. 1b for axes definition). Initially, an-
gle % is varied, while keeping & = 0!. The corresponding
absorption curves are illustrated in Fig 3, indicating an al-
most angle-independentperformance up to % = 70!. On the
other hand, by setting % = 0! and varying angle &, Fig 4 is
obtained. Again, the absorption spectrum remains almost
unchanged, except for a slight downshift of the maximum
absorption frequency for & = 40!.

Although the above results constitute a strong indica-
tion for the angle-insensitive performance of the proposed
absorber, it is crucial to explore the most general case of
obliquely incident radiation. For this goal, angles % and &
are varied simultaneously (with a step of 10! each). The
peak absorption values for all possible angle combinations,
are given in the surface plot of Fig. 5. Very efficient ab-
sorption for any angle & and for % values up to 70! can be

9 9.5 10 10.5 11
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Frequency (GHz)

Ab
so

rp
tio

n

 

 

θ=10°

θ=30°

θ=50°

θ=70°

Figure 3: Absorption for various % angles and & = 0!.
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Figure 4: Absorption for various & angles and % = 0!.
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Figure 5: Absorption maximum for various combinations
of obliquely incident waves (variations of % and & angles
from 0! to 80!, with a 10! increment for both of them).

promptly observed. However, slight variations in the center
frequency of the maximum absorption occur, especially for
angles larger than 60!, as provided in Table 1. These find-
ings are indeed very promising and seem to even transcend
other similar results available in the literature [15].

4. Investigation of the loss mechanism
The absorption mechanism should be an issue of systematic
investigation, since it can offer valuable physical interpreta-
tions. Actually, there are two generally accepted loss mech-
anisms; dielectric losses arising from the imaginary part of

2



Table 1: Maximum absorption frequency fmax (GHz) for
various oblique incidence angles % and &.

Angle & Angle %
0! 20! 40! 60! 80!

0! 9.90 9.84 9.81 9.83 9.80
20! 9.88 9.86 9.85 9.82 9.72
40! 9.80 9.79 9.76 9.61 9.67
60! 9.85 9.83 9.83 9.62 9.61
80! 9.85 9.88 9.85 9.83 9.71
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Figure 6: Absorption performance for different dielectrics
(lossless or lossy) and metal properties (copper or PEC).

the substrate’s dielectric constant and ohmic losses due to
the finite conductivity of the structure’s metallic parts.

Herein, we perform additional simulations for all possi-
ble combinations of dielectric (lossless or lossy) and metal
(copper with finite conductivity or perfectly electric con-
ductor (PEC)) types to reveal their actual contribution to the
absorption performance, presented in Fig. 6. As expected,
the PEC-lossless dielectric case exhibits zero absorbance
over the whole frequency range. Moreover, in the copper-
lossless substrate scenario, A($) reaches a peak value of
23% at 9.90GHz. Such an outcome could lead to the as-
sumption that both absorption mechanisms are involved in
the CCR structure with additive effects. Nonetheless, in
the case of a lossy dielectric, the absorbance plot remains
almost unchanged when replacing copper with a PEC ma-
terial, substantiating that practically only dielectric losses
affect the optimized absorber’s overall performance.

5. Bandwidth-enhanced variants
To further enhance the absorption bandwidth of the novel
design, the scalability property of metamaterials is utilized.
In particular, by multiplying the dimensions of the origi-
nal CCR along the x- and y-axis with a scaling factor s,
the center frequency can be downshifted (s > 1) or up-
shifted (s < 1), while the absorption curve retains its orig-
inal shape and fractional bandwidth. This property may be
used for the synthesis of multiband absorbers, as in [15].
It is mentioned that unit cells with different absorbing fre-
quencies, owing to their scaled CCRs, can be alternately
placed to form a multiband absorbing metasurface.
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Figure 7: (a) Combined structure with three unit cells and
(b) absorption performance of variants with different scal-
ing factors, as explained in Table 2.

Table 2: Scaling factors and FWHM for the different vari-
ants of Fig. 7b.

Orig. Var. 1 Var. 2 Var. 3
s1 1.000 0.990 0.985 0.980
s2 1.000 1.010 1.015 1.020

FWHM 4.96% 5.66% 6.36% 7.68%

In this framework, we employ a similar idea to the orig-
inal unit cell of Section 2, which can be considered as the
borderline case of a multiband design. Specifically, by ar-
ranging unit cells with scaling factors very close to unity,
adjacent to each other, a new, larger unit cell is formed with
multiple overlapping absorptive regions. In the following
subsections, diverse implementations with three, four, and
nine unit cells are suggested and studied in order to improve
the FWHM of the initially introduced CCR absorber.

5.1. Three unit-cells

First, our approach is applied to a set of three unit cells
(Fig. 7a). As observed, two scaled unit cells, with scaling
factors s1 and s2, respectively, are combined with the orig-
inal one. Three different variants with enhanced FWHM
values are illustrated in Fig. 7b, for the scaling factors sum-
marized in Table 2. It becomes apparent that for scaling
factors gradually departing from unity, the absorption spec-
trum of each individual unit cell starts to discriminate from
the whole, leading to decreased overlapping and lower ab-
sorption peaks. However, it is stressed that in all variants of
Fig. 7b, the FWHM is significantly increased from 4.96%
of the original unit cell up to 7.68% for variant 3.
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Figure 8: (a) Combined structurewith four unit cells and (b)
absorption performance of variants with different scaling
factors, as explained in Table 3.

Table 3: Scaling factors and FWHM for the different vari-
ants of Fig. 8b.

Orig. Var. 1 Var. 2 Var. 3 Var. 4
s11 1.000 0.985 1.000 0.980 0.970
s12 1.000 1.005 0.980 1.010 0.990
s21 1.000 1.015 1.020 1.020 1.010
s22 1.000 0.995 1.000 0.990 1.030

FWHM 4.96% 6.36% 6.97% 7.37% 8.79%

5.2. Four unit-cells

Next, the same concept is utilized in a set of four unit cells,
as in Fig. 8a. Various possibilities arise by properly control-
ling scaling factors sij , for (i, j) = 1, 2. Specifically, four
different variants with improved FWHM values are demon-
strated in Fig. 8b, for the scaling factors listed in Table 3.
Again, we can readily detect the considerable bandwidth
enhancement that is achieved through the pertinent selec-
tion of sij . For instance, in variant 4 of Fig. 8b, the FWHM
is increased from 4.96% of the original unit cell to 8.79%.

5.3. Nine unit-cells

As our final configuration, we investigate the combined de-
vice of Fig. 9a, comprising nine unit cells, which offers ad-
ditional design perspectives via the appropriate choice of
scaling factors sij , for (i, j) = 1, 2, 3. In a similar fashion
with the scenario of the previous subsection, four differ-
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Figure 9: (a) Combined structure with nine unit cells and
(b) absorption performance of variants with different scal-
ing factors, as explained in Table 4.

Table 4: Scaling factors and FWHM for the different vari-
ants of Fig. 9b.

Orig. Var. 1 Var. 2 Var. 3 Var. 4
s11 1.000 1.000 1.000 1.000 1.000
s12 1.000 0.985 0.980 0.980 0.960
s13 1.000 1.005 1.010 1.020 1.040
s21 1.000 1.010 1.015 1.020 1.040
s22 1.000 1.000 1.000 1.000 1.000
s23 1.000 0.990 0.985 0.980 0.960
s31 1.000 0.995 0.990 0.980 0.960
s32 1.000 1.015 1.020 1.020 1.040
s33 1.000 1.000 1.000 1.000 1.000

FWHM 4.96% 5.98% 8.08% 9.96% 11.18%

ent variants with enhanced values of FWHM are considered
and their performance is shown in Fig. 9b, for the scaling
factors of Table 4. From the results, one can deduce that in
all variants the FWHM is significantly raised; from 4.96%
of the original unit cell up to 11.18% for variant 4.

6. Discussion and conclusions
A class of robust metamaterial absorbers based on the CCR
geometry has been presented in this paper. The proposed
devices have been shown to exhibit several attractive char-
acteristics, such as wide-angle and polarization-insensitive
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absorption, by implementing an electrically thin (!0/30
at the resonance frequency), low-cost FR-4 dielectric sub-
strate. In essence, analysis has proven that their perfor-
mance is principally related to the dielectric losses of the
substrate. Additionally, the possibility to attain bandwidth-
enhanced structures has been extensively discussed and the
FWHM of the original unit cell has been increased from
4.96% to 11.18%. Possible extensions of the new absorber
can be envisaged in terms of tunable metamaterials, as an
alternative path to performance-enhanced components. For
example, by loading the CCRs with varactor elements, a
fully controllable surface may be attained, as in [20], pro-
viding supplementary degrees of freedom to the design pro-
cedure presented herein. Hence, the aforementioned assets
can render this structure a potential candidate for diverse
real-world applications in the microwave spectrum.
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Abstract 
A dual-band Artificial Magnetic Conductor (AMC) is 
presented in this paper. The proposed metasurface is based 
on a spiral geometry in which an additional resonance has 
been introduced thanks to a physical understanding of the 
structure’s behavior. The design is compact and the two 
frequency bands can be adjusted independently. 
Furthermore, an analytical model is developed which can 
predict both the frequencies at which the metasurface 
reflects incident waves in-phase. 

1. Introduction 
Metasurfaces such as High Impedance Surfaces (HIS) have 
a great potential regarding antenna applications [1]. These 
surfaces can exhibit two interesting properties. One is an 
Electromagnetic Band Gap (EBG) which forbids the 
propagation of surface waves. This property can help in 
reducing the mutual coupling between different antennas of 
an array for example. The second one is the in-phase 
reflection of incident waves that makes the metasurface 
behaving like an Artificial Magnetic Conductor (AMC). 
This second property allows locating such a metasurface 
close to an antenna in order to enhance its directivity by 
acting as a reflector. 

AMC metasurfaces are resonant surfaces composed of 
printed unit-cells over a grounded dielectric slab. So the in-
phase reflection of incident waves is achieved only about 
their resonance frequency. However, antennas are 
frequently operating at different frequencies 
simultaneously. Consequently, multi-band AMC are 
required.  

Dual-band behavior can be obtained using two or more 
layers of metallic printed patterns [2, 3], or using lumped 
components [4, 5]. However, both these approaches 
increase the cost of the AMC. Thus, several uni-planar 
designs have been proposed in order to achieve either dual-
band [6-11] or multi-band characteristics [12]. However, 
these surfaces are not easy to design because their 
frequency bands cannot be adjusted independently. In [13], 
a simple dual-band design based on a square patch and a 
slot is proposed for which two frequency bands can be 
adjusted independently. However, the unit-cell is relatively 
large and comparable to the size of a wideband monopole 
antenna [13]. This may be a problem especially if the 
surface available for the AMC is not large. A compact unit-
cell design insures that a sufficient number of unit-cells can 

be located over a limited size surface in order to produce an 
in-phase reflection. 

In this paper, a new dual-band AMC based on a spiral 
pattern is introduced. The proposed design is uni-planar and 
does not contain any vias in order to obtain an inexpensive 
and easy-to-fabricate structure. Each band can be tuned 
independently and to facilitate the design, an analytical 
model is given which can predict the resonance frequency 
of both the bands. Section 2 presents the spiral-based 
single-band AMC along with analytic formulae. In section 
3, an additional resonance is introduced to achieve the dual-
band behavior and the related analytical model is given. In 
section 4, a dual-band GPS application is considered and 
related designing issues are discussed. Finally, a conclusion 
is drawn in section 5. 

2. Single-band AMC 

2.1. Design 

The proposed structure is based on a spiral unit-cell 
introduced in [14] which presents the advantage to be 
compact while exhibiting a bandwidth similar to other 
bigger patterns [15]. However, unlike in [14], the spiral used 
here does not contain any metallic vias and the structure is 
consequently similar to the one found in [16]. A quarter of 
the unit-cell is presented in figure 1. To obtain the complete 
unit-cell, the spiral has to be mirror duplicated along x- and 
y-axis. The metallic pattern is constructed with the 
geometrical parameters lspir and g. g is the gap between 
spiral’s arms and lspir is related to the gap g and the width of 
spiral’s arms wCPW with: 

 gwl CPWspir +=  (1) 

So the length of this quarter unit-cell is 8lspir. The spiral is 
printed on a grounded dielectric slab. In figure 1, the 
grounded dielectric slab is actually composed of two 
dielectric layers of thickness h1, h2 and relative permittivity 
εr1, εr2, respectively. Only the lower layer (h1, εr1) has a 
ground plane. Two layers are taken into account in order to 
consider the following scenario. The upper layer is a 
dielectric substrate, necessary for the spiral to be printed, 
whereas the lower layer is only vacuum (which in practice 
can be foam or honeycomb structure). This vacuum layer is 
useful in order to increase the thickness of the structure, and 
so the AMC bandwidth, without increasing significantly 
neither the weight nor the losses. 
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Figure 1: Single-band spiral AMC quarter unit-cell. 

2.2. Analytical Modeling 

In order to obtain a dual-band AMC, it is necessary to add a 
second resonance to the metasurface. To do so, we firstly 
analyze the resonance phenomenon involved in the spiral. 
The figure 2 presents the full spiral unit-cell. At the 
frequency for which the surface behaves like an AMC (i.e. 
when the reflected phase is null), a resonance occurs. A 
stationary wave is established in the split strip presented in 
blue color in figure 2 (the incident electric field is 
considered polarized along x-axis). This strip supports a 
coplanar waveguide (CPW)-like quasi-TEM mode of 
propagation with grey lines being its ground plane. Yellow 
lines are parts of the neighbor resonating strips. Note that 
when the electric field is polarized along y-axis, resonating 
strips become the ground plane and vice versa. So the 
structure is equivalent to a CPW stepped-impedance dipole. 
Consequently, its resonance frequency can be analytically 
determined. 

 

Figure 2: CPW stepped-impedance dipole identification. 

By considering the first mode of a stepped-impedance 
resonator, resonance conditions are satisfied when [17]: 

 ( ) ( ) zR=21 tantan θθ  (2) 

where θ1 et θ2 are the electrical lengths showed in figure 2 
and equal to: 
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with ω the angular frequency, c the light velocity, l1 = 6.5lspir 
and l2 = 9.5lspir - g/2. Rz is the ratio between the 
characteristic impedance Z2 of the dipole’s part whose line 
length is θ2 and width WCPW2 = lspir-g and the characteristic 
impedance Z1 of the part of length θ1 and line width 
WCPW1 = 2lspir-g. So the impedance ratio is equal to: 
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Consequently, by determining Rz and the effective 
permittivity of each part of the dipole, the resonance 
frequency can be found by solving equation (2). 

Characteristics of a multilayered substrate conductor-
backed CPW can be determined with conformal mapping 
[18, 19] by assuming a propagating quasi-static TEM mode. 
Thus, the effective permittivity can be calculated using the 
following set of equations: 
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where K is the complete elliptic integral of the first kind and: 
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To obtain the value of Rz from equation (5), impedances Z1 
and Z2 are determined with: 
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2.3. Numerical validation 

To validate the proposed model, an example of spiral using 
no substrate but vacuum is firstly considered (so 
εr1 = εr2 = 1). Dimensions are (h1 + h2) = 4.73 mm and 
g = 0.4 mm. lspir value ranges from 1.1 mm up to 4.7 mm. 
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The AMC behavior occurs when the CPW stepped-
impedance dipole resonates. This resonance frequency is 
determined analytically by solving equation (5) and results 
are compared with those obtained from a full-wave-analysis 
with the frequency domain solver of CST Microwave 
Studio. From full-wave-analysis, the frequency at which the 
reflected phase is null in the AMC’s plane is determined 
following the procedure described in [20]. Results are shown 
in figure 3. As expected, it is observed that when the size of 
the spiral increases (i.e. when lspir increases), the null phase 
frequency decreases. Also, analytical and full-wave results 
are in good agreement, except when lspir is small and so the 
null phase frequency is high. This can be explained by the 
fact that the analytical model supposes a quasi-static TEM 
mode of propagation. This assumption is valid as long as the 
substrate thickness is small compared to the wavelength. 
When the operating frequency increases, the thickness 
h1 + h2 becomes larger with respect to the wavelength. 
Nevertheless, for the given example, the model gives quite 
accurate results for frequencies below 2 GHz, even though 
the finite ground plane size, bends, open-end discontinuities 
and the coupling between the neighbor dipoles are not taken 
into account. 

1 2 3 4 50
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Figure 3: Influence of the spiral size (through parameter 
lspir) on the null phase frequency (εr1 = εr2 = 1, 
(h1 + h2) = 4.73 mm, g = 0.4 mm). 
 

As a second example, the presence of a dielectric layer 
is now considered. Dimensions are the same as previously 
except that lspir is kept constant at 2.1 mm, h1= 3.15 mm and 
h2 = 1.58 mm. The effect of the relative permittivity εr2 is 
investigated and its value ranges from 1 up to 9. Analytical 
and full-wave results are shown in figure 4. One can notice 
that the null phase frequency decreases from 1.57 GHz 
down to 0.75 GHz (from full-wave results) as the 
permittivity increases from 1 up to 9. When εr2 = 1, 
analytical and full-wave results are in good agreement. 
However, the error increases as the permittivity increases, 
reaching about 11% when εr2 = 9. It appears that, in the 
given example, the analytical model is more accurate for 
lower permittivity values. This may be explained by the fact 
that the higher the permittivity, the more the field is 
concentrated in the dielectric, thereby inducing more 

dispersion which is not taken into account in the analytical 
model. 
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Figure 4: Influence of the relative permittivity εr2 on the null 
phase frequency (εr1 = 1, h1 = 3.15 mm, h2 = 1.58 mm, 
g = 0.4 mm, lspir = 2.1 mm). 

3. Dual-Band AMC 

3.1. Design and concept 

The proposed dual-band geometry is presented in figure 5. 
Because of its symmetry, only a quarter of the structure is 
shown. Knowing that the current circulating along a CPW is 
mainly concentrated along line edges, a slot can be etched in 
the middle of the CPW without disturbing too much the 
propagation along it. By doing so, the slot creates an 
additional propagation structure: a Coplanar Strip Line 
(CPS) of gap value wCPS. This structure, being short-
circuited at one end and open-circuited at the other end, 
introduces an additional resonance when its equivalent 
length (lCPS) is equal to a quarter of guided wavelength. So 
by adjusting the length of the slot, it is possible to adjust the 
resonance frequency of the CPS while keeping unchanged 
the resonance frequency of the CPW. 

To validate the concept, full-wave simulations are 
performed with CST Microwave Studio using the following 
properties: εr1 = εr2 = 1, (h1+h2) = 4.73 mm, g = 0.4 mm, 
wCPS = 0.2 mm, lspir = 2.1 mm and lCPS varies from 26.75 mm 
up to 33.4 mm, which is the longest possible CPS length. At 
this value, the physical CPS length is equal to the physical 
CPW length (lCPS = l1 + l2). Reflection phase results are 
shown in Figure 6. One can observe that the reflection 
becomes null twice over the frequency band of interest. At 
the lower frequency, the resonance is due to the CPW 
stepped-impedance dipole. At the upper frequency, the 
resonance is due to the CPS and so the frequency changes 
significantly for different values of lCPS. Thus, two different 
null reflected phase frequencies can be adjusted 
independently which is highly suitable for dual-band 
designing. 
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Figure 5: Dual-band spiral AMC quarter unit-cell. 
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Figure 6: Reflection phase full-wave simulation results: 
influence of lCPS (εr1 = εr2 = 1, (h1+h2) = 4.73 mm, 
g = 0.4 mm, wCPS = 0.2 mm, lspir = 2.1 mm). 

3.2. Analytical Modeling 

Considering the quarter-wavelength resonance of the CPS, 
the resonance frequency is thereby given by: 

reffCPS

CPS

l
cf
ε40

=    (16) 

By again performing a conformal mapping based on a quasi-
static TEM mode assumption and by neglecting the presence 
of the lower ground plane, the effective permittivity of the 
CPS can be determined by [18]: 
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using same parameters than previously except that: 
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3.3. Numerical validation 

The accuracy of the proposed CPS model is studied by 
taking an example similar to the previous one with a 
vacuum substrate (εr1 = εr2 = 1) and the following 
dimensions are: (h1+h2) = 4.73 mm, lspir = 2.1 mm, 
g = 0.4 mm and wCPS = 0.2 mm. lCPS varies from 25.75 mm 
up to 33.4 mm, which is the longest possible CPS length. 

Analytical results obtained from equation (16) are compared 
with a full-wave analysis in figure 7. The model and the 
full-wave analysis results are in good agreement although 
the lower ground plane is not taken into account. The gap 
wCPS being narrow, the electromagnetic field is largely 
concentrated in its proximity and so the lower ground plane 
has little influence on the propagating mode. 

24 26 28 30 32 342.2

2.4

2.6

2.8

3

lCPS (mm)

f 0 (G
H

z)

 

 

full-wave
analytical

 

Figure 7: Influence of the CPS length (through parameter 
lCPS) on the CPS null phase frequency (εr1 = εr2 = 1, 
(h1+h2) = 4.73 mm, g = 0.4 mm, wCPS = 0.2 mm, 
lspir = 2.1 mm). 
 
The second example considers the presence of a dielectric 
layer. Dimensions are the same than previously except that 
lCPS is now equal to 26.75 mm, h1= 3.15 mm and 
h2 = 1.58 mm. The effect of the relative permittivity εr2 is 
investigated and its value ranges from 1 up to 9. Analytical 
model is compared to full-wave analysis in figure 8. The 
null phase frequency decreases from 2.84 GHz down to 
1.3 GHz as the permittivity increases from 1 up to 9. 
Results are in very good agreement. Since the CPS’s gap 
wCPS is small with respect to the wavelength, the quasi-static 
TEM mode assumption is largely satisfied. 
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Figure 8: Influence of the relative permittivity εr2 on the 
CPS null phase frequency (εr1 = 1, h1 = 3.15 mm, 
h2 = 1.58 mm, g = 0.4 mm, wCPS = 0.2 mm, lspir = 2.1 mm, 
lCPS = 26.75 mm). 
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4. Design Considerations 
In some dual-band applications, the two operating 
frequencies are relatively close to each other. For instance, 
GPS operating bands L1 and L2 are centered on 1.57 GHz 
and 1.22 GHz, respectively. Designing a wideband AMC 
able to cover the upper and the lower bands simultaneously 
is challenging [4] and may lead to very thick metasurfaces. 
Thus, dual-band AMCs appear to be a possible solution. 
However, regarding this application, a ratio fu/fl = 1.28 
between upper and lower frequencies is required. Such a 
low ratio is not easy to obtain with conventional dual-band 
AMC. Even with our proposed design where two distinct 
propagating structures can resonate, it can be observed, 
from previous sections, that this ratio may be difficult to 
obtain. For instance, by comparing the CPW resonance 
frequency obtained for lspir = 2.1 mm in figure 3 (i.e. 
1.57 GHz) and the CPS one obtained in figure 7 for the 
maximum slot length (i.e. 2.31 GHz), the ratio fu/fl reaches a 
value of 1.47. That is why an additional degree of freedom 
available within the structure is now investigated: the gap g. 
Its influence on the effective permittivity of each line can be 
simply and efficiently investigated with analytical models 
previously developed.  

According to figure 1, a vacuum layer with a thickness 
h1 = 3.15 mm and a substrate of permittivity εr2 = 2.5 with a 
thickness h2 = 1.58 mm is considered. Design parameters 
have following values: lspir = 2.3 mm, lCPS = 35.3 mm (this is 
the maximum possible value for which lCPS = l1 + l2) and 
wCPS = 2.3 mm. Results regarding the resonance frequencies 
of CPW and CPS lines are shown in figure 9. The gap g has 
no significant influence on the CPS’s resonance. However, 
when g increases, the CPW’s resonance frequency increases 
too and so the ratio fu/fl decreases. Consequently, the 
parameter g can be used to adjust the CPW resonance 
frequency, within the limit of the structure (the CPW width 
WCPW and gap g are related through equation (1): when g 
increases, WCPW decreases). For g = 1 mm, the upper 
frequency (CPS) is 1.625 GHz and the lower one (CPW) is 
1.265 GHz. So a ratio fu/fl = 1.28 is achieved. 
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Figure 9: Influence of the gap g on the CPW and CPS null 
phase frequency (εr1 = εr2 = 1, (h1+h2) = 4.73 mm, 
lspir = 2.3 mm, lCPS = 35.3 mm). 

 

Finally, taking into account previous comments, a final 
AMC is designed and simulated in CST Microwave Studio. 
After optimization, the following parameter values are 
found: εr1 = 1, εr2 = 2.5, h1 = 3.15 mm, h2 = 1.58 mm, 
lspir = 2.3 mm, lCPS = 35.3 mm, g = 1.45 mm, wCPS = 0.2 mm. 
The obtained reflected phase is shown in figure 10. Null 
phase frequencies occur at 1.26 GHz and 1.61 GHz and so 
exhibit a ratio fu/fl = 1.28. The bandwidth defined with the 
+/-90° criteria on the reflected phase [1] are: 

• lower-band: ∆f = 4.3 MHz (3.4%) 
• upper-band: ∆f = 1.13 MHz (0.7%) 

The lower band can cover the L2 bandwidth (1.7 %); 
however the upper band cannot cover the L1 bandwidth 
(1.5 %). Consequently further efforts should be done in 
order to increase this bandwidth. 

 

Figure 10: Dual-band AMC: reflection phase full-wave 
simulation results (εr1 = 1, εr2 = 2.5, h1 = 3.15 mm, 
h2 = 1.58 mm, lspir = 2.3 mm, lCPS = 35.3 mm, g = 1.45 mm, 
wCPS = 0.2 mm). 

5. Conclusions 
In this paper, a new dual-band Artificial Magnetic 

Conductor (AMC) has been introduced. It has been shown 
that the two operating frequencies at which this AMC 
reflects incident waves in-phase can be set independently, 
which largely facilitates the designing process.  

Based on a compact modified spiral pattern, the 
proposed AMC takes benefit of two different resonances 
involved within the structure. We have identified that one 
resonance takes place in a coplanar waveguide (CPW)-like 
structure whereas the other one occurs in a coplanar stripline 
(CPS)-like structure. Thanks to this identification, an 
analytical model based on conformal mapping has been 
developed. The model is able to predict with accuracy the 
null phase frequency of both bands under quasi-static 
assumption. Results obtained by the model have been 
validated with a commercial full-wave analysis software. 
Finally, it has been proved that the proposed design is 
capable of working on two bands close to each other, with a 
ratio fu/fl = 1.28 between upper and lower frequencies. These 
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results along with the analytical expressions make the 
proposed AMC an easy-to-design and versatile metasurface. 

Acknowledgements 
The research leading to these results has received funding 
from the European Defence Agency (EDA) under grant 
agreement MIMiCRA (Metamaterial Inspired Microwave 
Conformal Radar Antennas). 
 

References 
[1] D. Sievenpiper, et Al., “High-Impedance 

Electromagnetic Surfaces with a Forbidden Frequency 
Band”, IEEE Trans. on Microwave Theory and Tech., 
vol. 47, no. 11, pp. 2059–2074, 1999. 

[2] H.J. Lee, K.L. Ford, and R.J. Langley, “Dual band 
tunable EBG”, Electronics Letters , vol. 44, no. 6, 
pp. 392-393, March 2008. 

[3] J.H. Yoon, E.Y. Kim, Y. Lim, and Y.J. Yoon, 
“Equivalent circuit model and reflection phase control 
methods for dual-band AMC”, EUCAP Conference, 
pp. 1222-1226, April 2011. 

[4] M. Pigeon, C. Morlaas, and H. Aubert, “A Dual-band 
High Impedance Surface mounted with a spiral antenna 
for GNSS applications”, IEEE APWC Conference 
pp. 994-997, Sept. 2011. 

[5] M.G. Bray and D.H. Werner, “A novel design approach 
for an independently tunable dual-band EBG AMC 
surface”, IEEE APS Symposium, vol. 1, pp. 289-292, 
June 2004. 

[6] W. Wang, X.Y. Cao, R. Wang, and J.J. Ma, “A Small 
Dual-band EBG Structure for Microwave”, ICMMT 
Conference, pp. 1637-1639, April 2008. 

[7] N. Chahat, M. Zhadobov, R. Sauleau, and K. 
Mahdjoubi, “Improvement of the on-body performance 
of a dual-band textile antenna using an EBG structure”, 
LAPC Conference, pp. 465-468, Nov. 2010. 

[8] X. Chen, C.H. Liang, L. Liang, and Z.J. Su, “A low 
profile dual-band inverted L antenna with slotted 
electromagnetic band-gap (EBG) structures”, Int. Work. 
on Metamaterials, pp. 341-343, Nov. 2008. 

[9] L. Qi, H.M. Salgado, A.M. Moura, and J.R. Pereira, 
“Dual-band antenna design using an EBG Artificial 
Magnetic Conductor ground plane”, LAPC Conference, 
pp. 217-220, March 2008. 

[10] O. Folayan and R. Langley, “Compact EBG antenna”, 
EuCAP Conference, pp. 1-4, Nov. 2006. 

[11] H.H. Xie, Y.C. Jiao, K. Song, and Z. Zhang, “A Novel 
Multi-Band Electromagnetic Band-Gap Structure”, 
PIERS, vol. 9, pp. 67-74, 2009. 

[12] D.J. Kern, D.H. Werner, A. Monorchio, L. Lanuzza, 
and M.J. Wilhelm, “The design synthesis of multiband 
artificial magnetic conductors using high impedance 
frequency selective surfaces”, IEEE Trans. on Ant. and 
Propa., vol. 53, no. 1, pp. 8- 17, Jan. 2005. 

[13] N.A. Abbasi and R. Langley, “A wideband printed 
monopole antenna over dual-band AMC”, LAPC 
conference, pp. 221-224, Nov. 2010. 

[14] Q. R. Zheng, Y. Q. Fu, and N. C. Yuan, “A Novel 
Compact Spiral Electromagnetic Band-Gap (EBG) 
Structure”, IEEE Trans. on Ant. and Propag., vol. 56, 
no. 6, pp. 1656–1660, 2006. 

[15] F. Costa, S. Genovesi, and A. Monorchio, “On the 
bandwidth of printed frequency selective surfaces for 
designing high impedance surfaces”, IEEE Ant. Propag. 
Symp. 2009, pp. 1-4, June 2009. 

[16]  L. Mouffok, et Al. “Mutual coupling reduction between 
dual polarized microstrip patch antennas using compact 
spiral artificial magnetic conductor”, EUCAP 
conference, 902-912, 2011. 

[17] M. Makimoto, and S. Yamashita, “Bandpass Filters 
Using Parallel Coupled Stripline Stepped Imepdance 
Resonators”, IEEE Trans. on Microwave Theory and 
Tech., vol. 28, no. 12, pp. 1413–1417, 1980. 

[18] R.N. Simons, “Coplanar Waveguide Circuits, 
Components, and Systems”, John Wiley & Sons, 2001 

[19] E. Carlsson, and S. Gevorgian, “Conformal Mapping of 
the Field and Charge Distributions in Multilayered 
Substrate CPW's”, IEEE Trans. on Microwave Theory 
and Tech., vol. 47, no. 8, pp. 1544–1552, Aug. 1999. 

[20] Y. Zhang, J. von Hagen, M.Younis, C. Fischer, and W. 
Wiesbeck “Planar Artificial Magnetic Conductors and 
Patch Antennas”, IEEE Trans. on Ant. and Propag., 
vol. 51, no. 10, pp. 2704-2712, Oct. 2003. 



 META’12 CONFERENCE, 19 – 22 APRIL 2012, PARIS - FRANCE 

  

Holographic metasurfaces for terahertz focusing:  
design, fabrication and experiment 

 
Sergey Kuznetsov1,2,*, Mikhail Astafyev1,2, Miguel Navarro-Cia3,  

Alexander Gelfand4, Andrey Arzhannikov1,2, and Manfred Thumm1,5 
 

1Analytical and Technological Innovation Center “High Technologies and Novel Materials,”  
Novosibirsk State University, Novosibirsk, Russia 

2Budker Institute of Nuclear Physics SB RAS, Novosibirsk, Russia 
3Experimental Solid State Group, Department of Physics, Imperial College London, London, UK 

4Institute of Semiconductor Physics SB RAS, “TDIAM”, Novosibirsk, Russia 
5Karlsruhe Institute of Technology, Karlsruhe, Germany 

*corresponding author, E-mail: SAKuznetsov@nsm.nsu.ru 
 
 

Abstract 
In this contribution we exploit the controlled reflection 
provided by metasurfaces together with holographic 
techniques to design non-profiled diffractive optical 
elements working at 334 GHz. The required 
metasurfaces are synthesized via an iterative algorithm, 
fabricated by photolithography and experimentally 
validated using a submillimeter-wave BWO 
spectrometer. 

1. Introduction 
Cosmetics have come a long way from the days of thick 
creams and pancakes powders. Using optically complex 
pigments and particles that scatter light, today’s 
cosmetic industry has engineered sophisticated new 
products that enhance people’s features rather than 
cover up their skin. Likewise, metamaterials, whose 
underlying physics relies as well in engineering the 
building block of the structure, hold promise to 
improve electromagnetic as well as acoustic devices 
[1]. However, great deal of research has done in 
microwaves and truly useful devices at higher 
frequencies are scarce. This lack of devices is even 
more dramatic at the terahertz spectrum (0.3 to 10 THz) 
because of its inherent underdevelopment compared to 
microwaves and optics arisen from historical reasons 
(founded on natural and technological limitations) [2]. 

2. Design 
Within this framework, we aim to make the leap from 
theory to real application by designing, numerically 
analyzing, fabricating and measuring diffractive 
terahertz elements. The design’s rule relies in the 
classical concept of holography. However, the practical 
implementation is based on metamaterial resonators 
given their great flexibility to map the continuous ideal 

spatial-dependent reflection with an accurate staircase 
approximation. 

The schematic of our approach can be seen in 
Fig. 1. It relies on an artificial impedance surface [3] 
with spatial-dependent impedance. The required 
reflection was realized by geometrical morphing of the 
U-shape resonators from patches to split-rings along the 
metasurface. For an accurate performance, the 
reference beam, i.e. the beam incident to the 
metasurface, was characterized experimentally and its 
profile was included in the Gerchberg-Saxton iterative 
algorithm [4]. Subsequently, the designed patterns with 
overall dimensions 70 mm × 70 mm were then 
fabricated by photolithography on grounded 
polypropylene slabs. For the experimental 
characterization, a pyroelectric detector mounted on 2D 
raster scanning system combined with a subterahertz 
BWO spectrometer was used. 

 
Figure 1: Schematic of the diffractive terahertz element 
based on the holographic metasurface. 
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3. Results 
In this work, we developed and studied several 
holographic metasurfaces for reflective terahertz 
focusing designed for the frequency of 334 GHz. The 
devices included ones for focusing radiation into a 
single spot and four spaced spots. Fig. 2 and Fig. 3 
illustrates examples of the experimentally measured 
intensity on the focal plane for both cases. The intensity 
is normalized to that of the incident beam. The obtained 
results demonstrate the operability of the proposed 
approach for creating flat (non-profiled) diffractive 
elements for the terahertz band. 
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Figure 2: Experimental results on radiation focusing 
into a single spot at frequency 334 GHz. 

 Figure 3: Experimental results on radiation focusing 
into four spaced spots at frequency 334 GHz. 
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Abstract- In this work, annular ring microstrip antennas (ARMSA) on metamaterial substrates are 
modeled and analyzed using full-wave analysis in conjunction with Ansoft HFSS. The influence of 
the permeability tensor of the split ring resonator (SRR) medium on the resonant characteristics of 
the antenna is considered. Numerical results for typical resonant frequency behavior and return loss 
are presented as function of the metamaterial properties and antenna structural parameters.  

 
In recent years, artificially structured metamaterials have received widespread attention in high frequency 

applications because of their ability to offer electromagnetic responses unavailable in conventional materials 
[1]-[2]. It has been considered a great potential substrate for a new generation of low-profile antennas and 
components for modern microwave technology [3]-[5]. Microstrip antennas are used in a broad range of 
applications such as mobile radio, wireless communications, aircraft, missile and satellite applications, due to 
their attractive features. In this work, annular ring antennas printed on metamaterial substrates are under 
consideration. From the modeling used in [5], it is possible to obtain the propagation characteristics of the 
ARMSA as a function of some geometrical dimensions and metamaterial properties. We consider enhanced 
positive electric permittivity and magnetic permeability for microwave applications [4].  

The cross section view of the proposed antenna employing a metamaterial as substrate is depicted in Fig. 1. 
The annular ring patch is taken as perfectly conducting and has inner radius r1 and outer radius r2. The ground 
plane is assumed to be infinitely long and perfectly conducting. Dielectric region (1) is air-filled, with ε0 and µ0 

denoting the free-space values of the permittivity and permeability, respectively.   

 

Fig. 1 – Geometry of an annular ring microstrip antenna. 

For the ARMSA supported by metamaterial substrate (Fig. 1, region 2), the permittivity tensor and the 
permeability tensor are, respectively, given as [5]: 
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Results are obtained taking into account two possible configurations of the metamaterial tensors by 
considering the variations of the effective permeability. In this paper, we consider that the components of the 
permittivity assume values εzz = ερρ = εr . On the other hand, only z-component of the permeability assume 
effective values therefore µρρ = 1 and µzz = µ eff  for the CASE 1. In the CASE 2, the only z-component of the 
permeability assume relative value therefore µρρ = µeff  and µzz = 1.  

The analysis considers that the periodic arrangement of metallic elements is embedded in a dielectric with 
permittivity εr= 4.4 and permeability µr = 1, composed of arrays of resonant cells each of which contains the split 
ring resonator (SRR), as shown in Fig. 2. The resonant frequency of this structure can be controlled by tuning the 
SRR dimensions. The component of the permeability tensor in the direction perpendicular to the plane of the 
SRR is given by [3]: 

m
2
m0

2

2

eff j
F1

ωζ+ω−ω
ω

−=µ  (2) 

The effective permeability response to frequency variation of a periodic array of SRRs is depicted in Fig. 2, 
which exhibits the resonant behavior predicted by Eq. (2). The SRR unit cell was designed on FR4 substrate with 
εr = 4.4. The effect of the radius variations on the effective permeability is shown. For r = 15 mm, we choose that 
µeff is approximately 3.21 at 2.45 GHz. Also, it can be shown that the resonant frequency of the SRR structure 
shifts to a higher frequency when the radius r decreases.  

 
Fig. 2 – Effective permeability as a function of resonant frequency. 

 

In Fig. 3, numerical simulations using the Ansoft HFSS are carried out for an ARMSA supporting 
metamaterial substrate (CASE 1) with d = 4 mm, εr = 4.4, and µeff = 3.21. The ARMSA is designed to resonate at 
2.45 GHz, with outer radius r2 = 13.5 mm. The results show that the resonant frequency of the proposed antenna 
on metamaterial substrate shifts to 2.48 GHz with a return loss of -14.6 dB and 2.28 GHz through full-wave 
analysis as described in [5], for the mode TM11, showing a good agreement and validating the technique 



            

developed in this work. If the antenna is printed on isotropic substrate (εr = 4.4), the resonant frequency 
approaches 2.55 GHz with a return loss of -15.8 dB. It can be seen that for the same resonant frequency, 2.48 
GHz, the antenna on metamaterial substrate has better performance and a compression factor of the resonant 
frequency. 

The input return losses for the metamaterial patch antenna (εr = 4.4, µ eff = 3.21) and for the conventional 
patch antenna (εr = 4.4, µr = 1) are shown in Fig. 4. The resonant frequency of the metamaterial antenna (µeff = 
3.21, r1 = r2/2, r2 = 13.5 cm) is chosen at 2.48 GHz. The resonant frequency of the conventional antenna (µr = 1, 
r1 = r2/2, r2 = 13.9 cm) is chosen at 2.48 GHz. It is also verified that the return losses are equal to -14.64 dB and 
-18.42 dB for the antenna printed on metamaterial and isotropic layer, respectively. The curves show that for the 
CASE 1 tensor configurations, the results of the resonant frequency and dimensions are very close to those 
obtained for the antenna on isotropic substrate. 

 
Fig. 3 – Return loss as a function of resonant frequency. 

 

 
Fig. 4 – Return loss as a function of resonant frequency. 



 

Fig. 5 shows the variation of the return losses with the frequency for two different configuration of tensors, 
CASE 1 and CASE 2. Numerical simulations using the Ansoft HFSS are carried out for a patch antenna 
supporting metamaterial. From the results, it can be seen that for a given value of r2, other resonant frequency 
appears for the CASE 2. The results give a return loss of -20.50 dB at 1.66 GHz. For the same antenna design, 
through full-wave analysis as described in [5], the resonant frequency is 1.28 GHz in the mode TM11.   

 
Fig. 5 – Return loss as a function of resonant frequency. 

 
Conclusions - In this work, theoretical and numerical investigations have been carried out to study the effect of 
the metamaterial substrates on the resonance behavior of the annular ring microstrip patch antennas. It can be 
seen that the use of metamaterials, as antenna substrates, yields to the miniaturization of these structures. The 
results show the influence of the tensor of the metamaterial in the behavior of the ARMSA. 
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Abstract-In this paper, the propagation constant of a rectangular metallic waveguides 
partially and symmetrically filled with single negative metamaterial slab is studied. A 
rigorous study of the transverse operator method (TOM) is described to study the 
propagation in this waveguides followed by an application of the Galerkin’s method. The 
results are compared to those previously published and they show a good agreement. 

 
Introduction 

Many researches have been interested in the propagation in guides of metamaterial [1-3]. 
H. Cory [4], Y. Xu [5] and D. Zhang [6] have studied the wave propagation in a rectangular 
metallic waveguide loaded with metamaterial slab. 
In this paper, we have developed the TOM [7,8] followed by Galerkin’s method to study a 
rectangular metallic waveguide partially filled with metamaterial slab. The TOM takes into 
account the discontinuities of these mediums applied in the transverse fields. We present a 
comparison with the literature.  
 
Analysis  

In a system of rectangular coordinates in an orthonormous reference mark of space 
( , ,x y zu u u
  

), one may consider the structure of figure 1 comprising the media characterized by 
their scalar permittivity and permeability with i  the order of the media ( 1,  2,  3i = ). In other 
words, let us consider the propagation of an electromagnetic wave in this structure according 
to Oz. zE  and zH  which will respectively be the longitudinal components of the electric and 
magnetic fields. Accordingly, tE  and tH  will respectively be the transverse components of 
the fields E  and H .  
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Fig. 1 The rectangular waveguide partially filled with metamaterial slab 

 
     The Maxwell equations describing the propagation of the electromagnetic field in an 
isotropic medium number i  are written as 
                                                                            iE j Hωµ∇× = −

  
                                                              (1) 

                                                                            iH j Eωε∇× =
  

                                                                         (2) 
By setting :  

' 0
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                                                                          (3) 

we may get 
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                                                                   (5) 
with                                                                       2 2

0 0 0k ω µ ε=                                                                         (6) 
and ∇×


 is the rotational operator. 
TOM consists in eliminating the longitudinal components zE  and zH  from the propagation 
equations (1) and (2). Thus, we ontain the following system of eauations 
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L̂  is called the transverse operator which is expressed by [7,8] 
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By realising an algebraic calculation, we obtain a system of propagation equations in tE  
according to 

                                  ɵ
' 2

t tzL E k E=
 

                                                                         (10) 
with zk is the propagation constant according to z. 
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For the structure of figure 1, the expressions of the transverse electric field checking the 
boundary conditions ( 0tE = , for 0x =  or a , 0y =  or b ), can be broken up in the following 
form 

,
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By applying the Galerkin method [8], we obtain the system with the eigenvalues according to 
                                                    2

zt t
TE Ek=                                                                            (14) 

T is a square matrix of order 2N with N the number of modes ; m and n are natural entireties 
such as ( , ) (0, 0)m n ≠ . The values and the proper vectors of T are respectiveley the 
propagation constants and the coefficients of the developpement of the real guide fields.  
 
Simulation Results 

Let us consider a rectangular guide of waves of width 25 a mm=  as schown in fig. 1, 
partially and symmetrically filled with single negative metamaterial slab of relative permittivity 

2 2rε = −  and relative permeability 2 1rµ =  of thickness 5 d mm= . We compare our results of 
the constant of propagation of the higher order mode with those of ref. [5].     
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Fig. 2 The curves of the propagation constant according to the frequency 

____________ : mode of order 1 (our results with TOM) 
- - - - - - - - - - - : mode of order 2 (our results with TOM)   

                              * * * * * * * * * * : Results of the ref. [5]. 
 

The obtained curves with the TOM of the propagation constant according to the 
frequency, are compared in fig. 2 with the curves schown with asterisks which are obtained 
in ref. [5]. From this figure, the cutoff frequencies increase with the thickness of the slab for 
all curves. It is found that the agreement between two methods is very good. We can say that 
the present method is effective for this problem.  

 
Conclusion 

We have studied the propagation of the rectangular metallic waveguide partially filled with 
metamaterial by the method called TOM which is rapidly and satisfying for this problem. 
Propagation constants and cutoff frequencies are calculated and increase with frequency.  
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Abstract

The current industry needs for new results require current 

capabilities of computer technology can solve problems on 

a  whole  new  level.  This  article  briefly  describes  the 

algorithms for obtaining the structures and the appearance 

of discontinuities in the growth of crystals.

1. Introduction

Solution of some technological issues requires study the 

internal structure of electron shells. There is a problem of 

explaining  the  phenomenon  of  increasing  orders  of  the 

electronic resistivity silicon with the introduction of a probe 

by the diffusion of electrons. To elucidate the structure of 

the outer  electron  shells  of  the 18 copper  is  an  essential 

knowledge  of  the  inner  radius  of  these  shells  that  is  the 

outer radius of the lower shells. Reference data on X-ray 

spectra  have become an  important  and reliable  source  of 

information  on  the  geometrical  dimensions  of  the  inner 

electron shells of atoms of any chemical element.

2. Computer simulation of Cu structure

For  example,  for  copper  Z  =  29,  R  =  0,004915  nm. 

Computer  simulation  was  carried  out  in  the  cluster 

approximation, which consists in the fact that the volume of 

the crystal was cut limited selection, the initial positions of 

the atoms which correspond to their positions in the nodes 

of the real crystal lattice. For copper in figure 1 is shown the 

sphere-rod  model  third  sphere  of  the  fcc  lattice  with  24 

atoms, but the model is rotated 45є around the axis z.

In figure 2 is shown the sphere-rod model seventh sphere 

fcc lattice with 48 atoms. The model is rotated 45є about 

the axis of x. Atoms and bond rods are shown in different 

colors.

The modeling of properties shows that the crystal 

structure within a certain distance a gap of uniform growth 

occurs in the distances from the central atom. For copper, a 

spatial gap occurs after  321-th atomic node in the cluster. 

Further, these discontinuities are repeated periodically. And 

this is a defect associated with impaired growth are not in 

real  crystals  and  the  properties  of  the  ideal  lattice.  The 

instability of the first cluster and the introduction of a defect 

in  the  corresponding  crystal  structure  is  the  very  first 

principle on which to conduct a fairly accurate analysis of 

the growth process of a real crystal and the resulting defects 

in it.

Figure 1:  The sphere-rod model third sphere model of the 

fcc lattice with 24 atoms. The model is rotated 45є around 

the  axis  z.  Atoms and  bond rods  are  shown in  different 

colors.

Figure  2:  The sphere-rod model seventh sphere model of 

the  fcc  lattice  with  48  atoms.  The  model  is  rotated  45є 

about  the  axis  of  x.  Atoms and  bond rods are  shown in 

different colors.

Copper  is  a  metal,  but  also  for  semiconductors, 

computer  simulation  provides  essential  information  for 

subsequent  analysis  of  the  process  of  their  growth  and 



ultimate properties. For example, computer simulation was 

conducted for the AsGa in the cluster approximation, which 

consists in the fact  that the volume of the crystal  was cut 

limited selection, the initial positions of the atoms of which 

comply with their provisions at the nodes of the real crystal 

lattice.

The lattice with a radius of 6 in her coverage of the atomic 

cores  is  considered.  Calculation  of  the  AsGa  parameters 

were  performed  using  the  package  we  have  created 

programs.  As  a  cluster  model  was  chosen  918-atom 

fragment  of  the  crystal  lattice  of  quantum dots  based  on 

GaAs.  The  properties  of  clusters  depend  on  their  size. 

Electron spectroscopy gives information averaged over the 

ensemble non isometric clusters  on the surface and in the 

bulk solid. Therefore, to improve the accuracy and reliability 

of  the  information  is  necessary  to  create  ensembles  of 

clusters with a low dimensional variance.

Consider the finite crystal  with unbroken intervals (except 

for the crystal boundary violation). For simplicity, we take a 

large  number  of  cores,  when  there  is  a  nearly  ideal 

periodicity  of  the  crystal.  In  this  case,  the  parameters 

obtained from the mathematical formalism for the analysis 

of the band spectrum are periodic functions, except for the 

boundary  of  the  crystal.  The  crystal  potential  and  wave 

functions have a period equal to the distance between the 

cores, depending on the chosen direction. The energies have 

multiple frequency modulus of the wave vector in the quasi-

momentum space [1]-[3]. Now turn to the crystal with a very 

small number of cores. In such a crystal frequency is not as 

ideal  as  in  the  previous  case.  The  simulation  of  such  a 

crystal is insurmountable difficulties for traditional methods, 

but this is the case is taken by us as a basic demonstration 

version.  The  object  in  question  is  distant  from  a  perfect 

crystal due to its limited size. And despite this, the technique 

presented  by  us  showed  the  periodicity  of  the  above 

parameters. Thus in our problems are not used the condition 

of periodicity and Bloch's theorem as the necessary initial 

conditions. The figure 3 shows it on the example of GaAs.

Figure 3: The As atoms and Ga for the radius of coverage 6. 

Red marked  atoms As,  in  blue denote atoms Ga.  Central 

atom is As.

2.1. Computer modeling of the crystal structure of GaAs

In  computer  modeling  of  the  crystal  structure  of  GaAs, 

combined with three-and five-valent elements are observed 

the following regularities (see Table I).  When the radius of 

coverage is two in this range there are 38 cores. As the first 

atomic core in the center of origin, the four Ga atoms are 

located at a distance of 3 next 12 As atoms at a distance of 8. 

Nine Ga atoms at a distance there are 11. Six As atoms at a 

distance of 16, three Ga at a distance of 19 and three Ga at a 

distance of 27.

Table 1: The Combined lattice GaAs.

№ x y z d2 Ion

0 0 0 0 0 As

1 −1 −1 1 3 Ga breaking

2 −1 1 −1 3 Ga

3 1 −1 −1 3 Ga

4 1 1 1 3 Ga

5 0 2 −2 8 As breaking

6 0 2 2 8 As

7 0 −2 −2 8 As

8 0 −2 2 8 As

9 −2 2 0 8 As

10 −2 −2 0 8 As

11 2 2 0 8 As

12 2 −2 0 8 As

13 −2 0 2 8 As

14 −2 0 −2 8 As

15 2 0 2 8 As

16 2 0 −2 8 As

17 1 3 −1 11 Ga breaking

18 1 −1 3 11 Ga

19 −3 1 1 11 Ga

20 −1 3 1 11 Ga

21 3 1 −1 11 Ga

22 1 −3 1 11 Ga
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23 −1 1 3 11 Ga

24 3 −1 1 11 Ga

25 1 1 −3 11 Ga

26 0 4 0 16 As breaking

27 −4 0 0 16 As

28 4 0 0 16 As

29 0 0 −4 16 As

30 0 0 4 16 As

31 0 −4 0 16 As

32 3 3 1 19 Ga breaking

33 1 3 3 19 Ga

34 3 1 3 19 Ga

35 1 5 1 27 Ga breaking

36 5 1 1 27 Ga

37 1 1 5 27 Ga

Total number of cores with zero: 38

From this calculation, the differences in distance between 

the various groups are as (1): 

Δr1 = r2−r1=3

Δr2 = r3−r2=5,

Δr3 = r4−r3=3,

Δr4 = r5−r4=5, (1)

Δr5 = r6−r5=3,

Δr6 = r7−r6=8.

We observe quasiperiodic change in the difference. At the 

border radius of coverage this periodicity is broken. When 

increasing the radius of coverage this periodicity is restored 

to  the  previous  radius,  but  is  broken  on  the  new  range. 

Thus,  the  boundary  conditions  lead  to  a  violation  of  the 

periodicity.  Simulated  lattice  shown  in  the  following 

figures. The first figure shows the four first neighbors As in 

the lattice.  Neighbors’  ions  Ga (blue)  form a tetrahedron 

with the center of As (red).

The  boundary  atoms  can  approximately  account  for 

modeling the interface of the quantum dot with the matrix. 

The figure 4 shows the grid with a radius of coverage 1. 

There  are  5  atomic  cores  in  it.  There  is  a  periodic  step 

structure. The structure of the central ion and its neighbors 

on the tetrahedron is stored and located in the center of this 

lattice.

Figure 4: The grid with a radius of coverage where there are 

5 atomic cores.

The figure 5 shows the grid with a radius of coverage 2. 

There  are 38 atomic cores  in it.  There  is  a  periodic step 

structure. The structure of the central ion and its neighbors 

on the tetrahedron is stored and located in the center of this 

lattice.  The  figure  6  shows  the  grid  with  a  radius  of 

coverage 3. There are 110 atomic cores in it. There is again 

a  periodic  step  structure.  The  structure  of  the  previous 

lattice is preserved. And while the structure of the central 

ion  and  its  neighbors  on  the  tetrahedron  is  stored  and 

located in the center of this lattice. The figure 7 shows the 

grid with a radius of coverage 4. There are 282 atomic cores 

in it. Again, there is a periodic step structure. The structure 

of the previous lattice is preserved. Again, the structure of 

the central ion and its neighbors on the tetrahedron is stored 

and located in the center of this lattice. The figure 8 shows 

the grid with a radius of coverage 5. There are 498 atomic 

cores in it. There is a periodic step structure. The structure 

of the previous lattice is preserved. And the structure of the 

central ion and its neighbors on the tetrahedron is stored and 

located in the center of this lattice.
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Figure  5:  The grid with a radius of coverage 2 where there 

are 38 atomic cores.

Figure 6: The grid with a radius of coverage 3. where there 

are 110 atomic cores.

Figure 7: The grid with a radius of coverage 4. where there 

are 282 atomic cores.

Figure 8: The grid with a radius of coverage 5. where there 

are 498 atomic cores.

The figure 1 shows the grid with a radius of coverage 6. 

There are 918 atomic cores in it. There is a periodic step 

structure. The structure of the previous lattice is preserved. 

And the structure of the central ion and its neighbors on the 

tetrahedron is stored and located in the center of this lattice.

It  can be seen as an increase in the radius of coverage is 

restored periodicity in the lattice covered by the previous 

radius and there is a new violation of the periodicity on the 

boundary spanning lattice. The depth of violation increases 

with the radius of coverage.  This is  well  observed in the 

tables you demonstrated for different cores. 

On the basis of the direct lattice can construct the reciprocal 

lattice and define the properties of the Fermi surface. And 

the radius of coverage can be taken arbitrary (millions of 

skeletons). 

The  calculated  structure  allows  to  reach  a  real-time 

implementation and to take into account of defects and of 

real devices based on GaAs, because these are high-speed 

computing now by our proposed method. 

On the basis of the direct lattice we can also construct the 

reciprocal  lattice  and  define  the  properties  of  the  Fermi 

surface. And the radius of coverage can be taken arbitrary 

(millions  of  skeletons).  High-speed  computing  enables  a 

dynamic  computer  simulation  of  the  properties  of  real 

crystals of the GaAs. 

Since  the  GaAs  lattice  is  identical  to  the  lattice  of  Si, 

sphalerite  and  diamond,  we  can  apply  the  technology 

provided by and for these substances.

In  calculating  of  coordination  spheres  cells  of  FCC- and 

BCC-lattices  are presented  as  superlattice  structure  to  fill 

own nodes by atoms of cells and additional  nodes of the 

simple  cubic lattices  (SCL)  — interstitial  atoms [2].  The 

completing  of  coordination  spheres  with  atoms  is 
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determined on the basis of a small SC-lattice,  taking into 

account octahedral, tetrahedral internodes.

If  atoms in the lattice arrange with the dense packing,  P-

nodes are centers of the inter-body lattices in the methods of 

presentment  of  the  spatial  distribution  of  atoms  and 

internodes  along  the  coordination  spheres  in  the  crystals. 

Tetrahedral  and octahedral  internodes in the ion-interionic 

terminology mean inter-body lattice  space  surrounded by 

the atoms in the crystal lattice nodes.

The Table 1 contains the number of atoms and the distance 

from the central  atom of  the  diamond-like structure.  The 

distance is given in units of the lattice constant a.  Let  us 

choose the maximum distance  based on these  conditions, 

forming  a  set  of  atoms  contributions  on  which  the 

calculation of the potential are taken into account.

3. The crystal potential for crystals with the 

diamond structure

In  this work we consider the crystal  potential for crystals 

with the diamond structure.  The Coulomb potential is the 

sum  of  the  capacity  building  of  the  nucleus  and  the 

electrons occupied levels:

Uc = Un + U0, (2)

where Un = −2Z/r. Here,  Z — number of the element,  r — 

distance from the atom to the specified point.

Potential Uо is a solution of the Poisson equation:

∇2Uо = –8 πρо(r), (3)

where ρо(r) — the density of the electrons of the occupied 

levels  at  the distance  r  from the center  of  the atom. The 

density is calculated as follows:

( ) ( )∑=
ln

nl rRrr
,

22

0 .ρ (4)

Function  Rnl(r)  —  the  radial  part  of  the  electron  wave 

function for a hydrogen atom [4], [5]. Using the principle of 

superposition of the electronic densities and the additivity 

of the integral equation (3) can solve as follows:

( ) ( ),
0

0 ∑
=

=
I

i
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,
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where I — the set of the number of atoms minus one, ri — 

the distance from the center of the i-th atom to the specified 

point

.ii arr


−= (7)

Here ai — the radius-vector of the i-th atom with respect to 

the center of origin. Let us obtain the Poisson equation for 

an electron of i-th atom:

( ) ( ).π8 222

inli
rRrru inl


−=∇ (8)

Solving (8), we obtain

( ) ( ) .π8
,

2∑ ∫∫−=
ln

iinli rdruru


(9)

Directly  using  the  functions  (5,  6,  7,  8,  9)  we  find  the 

potential  U0(r).  This  approach  allows  us  to  calculate 

effectively  and  accurately  the  electronic  potential.  We 

rewrite  the expression (2)  accounted  for  the entire  set  of 

atoms:

( ) ( ) ( ) .0 rUrUrU
i

inс


+= ∑ (10)

Thus,  the  Coulomb  potential  is  calculated  from  all  the 

surrounding atoms [1], [6].

This approach allows us to select any line capacity in any 

direction from the lattice points, and may be any length of 

line. Moreover, we can specify a curved line capacity.

The cell potential near the nucleus has a singularity, and the 

distance from the nucleus is close to zero in hyperbole. For 

a  single  atom  inside  the  Wigner-Seitz  sphere  the  main 

contribution comes from the nucleus of an atom [6], [7].

Consider the cell potential obtained at the line potential. In 

this  case,  clearly  seen  the  potential  frequency,  which  is 

created by all the atoms are now set. In passing through the 

core potential becomes singular. The potential between the 

atoms is identical and negligible in the magnitude. There is 

a little effect of the atoms located at the centers of the faces 

of the two face-centered cubic lattices [8].

The obtained simulation results show the crystal potential, 

the crystal can be modeled with all its features. In contrast 

to known methods of calculating of the crystal potential as 

described  in  the  engineering  calculations  of  the  crystal 

potential  is  universal.  It  gives  the results  without making 

any  correction  factors,  does  not  require  the  use  of 

logarithmic  scales,  and  other  non-uniform,  allows  you  to 

quickly calculate the crystalline potential for all elements of 

the  given  crystal  structure.  There  are  facilities  for  the 

further developments of such technology in the direction of 

accounting  for  various  disturbances.  It  will  allow  a 

calculating  the  electronic  potential  even  more  precisely. 

However, even without taking into account the properties of 

an  ideal  crystal,  this  calculation  provides  sufficiently 

accurate results.  To illustrate the power and versatility of 

the described technique for the calculating of the potential 

capabilities  it  is  shown  an  interaction  potential  on  line 

drawn along the main diagonals  of  the two face-centered 

cubic lattices in figure 9.
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Figure  9:  An interaction potential on line drawn along the 

main diagonals of the two face-centered cubic lattice.

In  determining the energy spectra of quantum-mechanical 

problems for periodic structures,  it  often uses methods of 

the broadcast. In particular, semiconductors have a periodic 

structure.  The crystal  potential,  having the grating period, 

usually modeled by the expression [1], [9]:

( ) ( ) ( ) ( ).exh0

0

n rVrUrVrV
N

i

i


++&

'

(
)
*

+
= ∑

=

(11)

where  Vn(ri) — the potential created by the i-th nucleus at 

the point r; U0(r) — the electronic potential, formed by the 

electrons of the core at some point r and is determined from 

the Poisson equation

( ) ( ).π8 00

2 rrU


ρ−=∇ (12)

Here ρ0(r) — the electronic density of the occupied levels at 

a  distance  r from  the  center  of  the  atom;  Vexh(r)  —the 

exchange  potential  at  point  r;  ri=,r-ai, — the  distance 

from the i-th node to the point r; ai — the node location; N 

— the number of neighbors taken into account relatively to 

the cores.  The solution of Schrцdinger  equation based on 

the potential (11) is carried out by the Hartree-Fock-Slater 

[10].

The specificity of a solid compared to other bodies, is the 

decisive role of spatial-structural properties: a lattice type, a 

location and an interaction of the defects, a structure of core 

lattices and inter-ionic space. The period of the inter-ionic 

lattice coincides with the period of the core lattice. Spatially 

periodic  structure  of  two  weakly  coupled  and  oppositely 

charged objects is the cause of the stability of rigid body — 

in this case the semiconductor  GaAs — because between 

these objects appear spatially periodic Coulomb forces. In 

the geometric structure of each inter-ionic space surrounded 

on six sides by positive ion cores, and the ionic core in turn 

— intervals. For a uniform distribution of electrons in the 

space  of  interaction  between  them becomes  energetically 

unfavorable.  There  is  the  possibility  of  an  orderly 

arrangement of electrons in space, the emergence of the so-

called  Wigner  or  "electron  crystal".  The  geometrical 

structure of the crystal consists not only of the atomic cores, 

but  inter-ionic  space  intervals.  The  valence  electrons  in 

inter-ionic space intervals are also elements of the crystal, 

along with the atomic cores. The inter-ionic space is gap, 

i.e. the most probable location of the valence electrons. In 

addition, inter-ionic space intervals are also still a kind of 

“elements” of the crystal. But then the conclusion is that in 

the crystal  lattice there are two — the well-known lattice 

consisting  of  the  atomic  cores,  and  another,  equally 

important  for  the  existence  of  the  crystal  lattice  of  the 

valence electrons are concentrated between the cores. The 

lattice periodicity of the atomic cores immediately implies 

the lattice periodicity of the inter-ionic space.  Even more 

natural in such a conclusion, if you do not forget that the 

atomic cores of the crystal lattice — not a point in space, 

but the figures, which occupy a significant part of the whole 

space of the crystal, and inter-ionic space also has a periodic 

structure,  as  well  as  skeletons.  The  period  of  this  lattice 

coincides with the usual of the core of the lattice. Figure 10 

shows a two-dimensional lattice with the lattice constant a0. 

The coordinate origin of the system Oxy is at the center of 

one of the cores,  and the origin of the coordinate system 

O'x'y' is located in the center of one of the inter-ionic cells. 

The coordinate system O'x'y' is formed by the translation of 

the coordinate system Oxy in a0n/2, where n = {0, 1, 2, ...}. 

We assume inter-ionic intervals are the inter-ionic elements 

of the lattice, which is shifted with respect to a core of the 

lattice by half a lattice constant in all coordinate axes.

Figure  10:  A  two-dimensional  lattice  with  the  lattice 

constant a0. Cores and inter-ionic space two-dimensional 

lattice include 1) frame, 2) inter-ionic space.

The determining the location of the centers of the location 

of  the  centers  of  the  inter-ionic  intervals  can  be  easily 

receive from the definition of the basis vector for the nodes 

of the crystal (the core) of the lattice with any structure. But 

it should be noted that by increasing the radius of inter-ionic 

volumes (not just their centers) there is a change the number 

under the consideration inter-ionic space compared to the 

amount covered by the cores. Since you want to cover all 

inter-ionic  space  surrounding  covered  the  skeletons,  the 

radius  of  coverage  inter-ionic  space  few  more  skeletons 

examined.  Crystal  is  in  a  stable  condition  thanks  to  the 

orderly  arrangement  of  opposite  charges.  Most  of  the 

properties of crystals (eg, electrical conductivity, magnetic 

susceptibility),  are  caused  not  only  property  of  the  host 

lattice,  but  also  the  existence  of  inter-ionic  lattice.  This 

inter-ion  lattice  in  addition  to  the  core  determines  the 

physical  properties  of  the  crystal.  Specificity  of  a  solid 

compared to other bodies is that in them play crucial role 

spatial  structural  properties:  the  lattice  type,  location  and 

interaction of defects, the structure of the nucleus and inter-
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ion lattice. The period of the inter-ion lattice coincides with 

the period of the core lattice. Spatially periodic structure of 

two weakly coupled and oppositely charged objects is the 

cause of the stability of rigid body — in this case the GaAs 

— because between these objects appear spatially periodic 

Coulomb forces.  In  the geometric  structure of each inter-

ionic cell surrounded on six sides by positive ion cores, and 

the ionic core in turn — the inter-ionic gaps.

4. Discussion

Computer simulation of the properties of the crystal lattice 

gives to use up to 1010 ч 1012 atoms. Using the described 

technique  can  be  obtained  from  any  of  these  atomic 

systems,  as  well  as  changes  in  the  radii  of  coordination 

spheres at various distances. Simultaneously, you can get a 

number of nearby neighbors, the location of atoms on the 

coordination sphere.

Thus,  algorithms  are  developed  for  the  FCC,  BCC  and 

diamond-like  structures  for  determining  the  orderly  and 

semiregular  Archimedean and Platonic figures,  as well as 

their complexes.

We can develop an algorithm for constructing the structure 

of  compound  semiconductor-type  A3B5,  based  on  this 

principle.  For  example,  to  the  type  of  A3B5  of 

semiconductor compounds it is used compound GaAs. It is 

crystal  lattice  of  two  face-centered  cubic  lattices  shifted 

relative to each other at ј spatial diagonal. Each Ga atom 

has  four  nearest  neighbors  located  at  the  tops  of  a 

tetrahedron.  Each  ion  is  surrounded  by  four  nearest 

neighboring ions of opposite sign. There are four ions with 

qi qj= –1 at a distance a02Ѕ/2, eight ions of opposite sign of 

qi qj = +1 at the 2 distance a02Ѕ. The system of links of the 

GaAs  structure  establishes  the  order  of  the  atomic  body 

along  tetrahedral  combinations  [2],  [3].  For  such 

compounds of the tetrahedral group of atoms is one-eighth 

of  the  basic  lattice,  so  it  is  convenient  to  consider  as  a 

superstructure. The cell of the GaAs lattice consists of four 

tetrahedral sublattices.

One  of  the  advantages  of  the  described  technique  is  its 

application to systems with short-range order,  which does 

not use Bloch's theorem as the initial conditions. This was 

possible due to the fact that translational invariance follows 

as  a  consequence  of  the  calculations,  and  not  postulated 

initially. Thus, translational invariance in real space and in 

the  quasi-momentum  space  is  not  a  prerequisite  for  the 

determination of the crystal  potential, wave functions and 

energies in wave vector space.

This, in turn, allows you to define these parameters not only 

for infinite crystals, but also for the real limits on the size of 

the  crystals.  Therefore,  it  is  possible  to  determine  the 

properties  of  crystals  with  impaired  structure  of  a  single 

scheme, with no additional idealizations. Individual interest 

is  a  violation  of  the  periodicity  on  the  boundary  of  the 

crystal. In fact, it is inherent in all real crystals violation of 

the ideal (i.e. infinite) crystal structure.

The violation of  a  perfect  crystal  at  the border  no doubt 

affects the theoretical study of the band spectrum. Boundary 

effects appear in the form of decay phase portraits of the 

main parameters (the crystal  potential, the wave functions 

and energies in wave vector space) in all directions of the 

crystal boundaries (in our case spherical).

5. Conclusions

In  the study of solid-state we considered two sites within 

the crystal, virtually connected to each other. A theoretical 

study of solid-state is easily accomplished with the use of 

these  facilities  both  qualitative  and  quantitative  methods. 

But the most effective way of investigating solids is to use a 

direct  computer  simulation,  and  that  we  have  done  for 

simple structures.

Thus, the use of techniques discussed in the article allows 

the  calculation  of  real  properties  of  GaAs  crystals  with 

defects and other constraints.
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PDWHULDOV� DWWUDFWLYH� WR� UHVHDUFKHV� GXH� WR� WKHLU� XQFRQYHQ�
WLRQDO� FRQVWLWXWLYH�SDUDPHWHUV� DQG�GLIIHUHQW� DQRPDORXV� HI�
IHFWV� WRR��=HUR�LQGH[�PHWDPDWHULDOV�PD\�KDYH� WKH�HSVLORQ�
QHDU�]HUR� �(1=�� DQG� PX�QHDU�]HUR� �01=�� SURSHUWLHV� VL�
PXOWDQHRXVO\�RU�RQH�DIWHU�DQRWKHU�DW�GLIIHUHQW� IUHTXHQFLHV��
7KHVH� PHWDPDWHULDOV� DUH� XVHG� LQ� GLIIHUHQW� GHYLFHV� DV� D�
WUDQVIRUPHU� WR� DFKLHYH� WKH� SHUIHFW� LPSHGDQFH� PDWFK� EH�
WZHHQ� WZR� ZDYHJXLGHV� ZLWK� D� QHJOLJLEOH� UHIOHFWLRQ� RU� WR�
LPSURYH� WKH� HOHFWURPDJQHWLF� �(0�� ZDYH� WUDQVPLVVLRQ�
WKURXJK�D�ZDYHJXLGH�EHQG��IRU�WKH�PDWFKLQJ�RI�ZDYHJXLGH�
VWUXFWXUH�LPSHGDQFH�ZLWK�WKH�IUHH�VSDFH�LPSHGDQFH�DQG�HWF��
7KH� PHWDPDWHULDOV� SURYLGHV� PDQLSXODWLQJ� RI� WKH� DQWHQQD�
SKDVH�IURQWV�DQG�HQKDQFLQJ�WKH�DQWHQQD�UDGLDWLRQ�GLUHFWLYL�
W\�� ,Q� D� =HUR�LQGH[� PHWDPDWHULDO� ZDYHJXLGH� FDQ� EH� RE�
VHUYHG� D� VXSHU�WXQQHOLQJ� HIIHFW�� (1=� PHWDPDWHULDOV� PD\�
DOORZ� UHGXFLQJ� RI� ZDYHJXLGH� VL]HV� DQG� FDQ� EH� XVHG� DV� D�
IUHTXHQF\�VHOHFWLYH�VXUIDFH�>�±�@��

7KH� FRQWUROODEOH� GHYLFHV� DV� PRGXODWRUV�� SKDVHVKLIWHUV��
VKLHOGV� DQG� HWF�� FDQ� EH� FUHDWHG� RQ� WKH� EDVH� RI� DQLVRWURSLF�
PDWHULDOV�>�@��

=HUR�LQGH[� PHWDPDWHULDOV� DUH� GLVSHUVLYH� PHGLD�� 7KH�
FRQVWLWXWLYH�SDUDPHWHUV�RI�DQLVRWURSLF�PHWDPDWHULDOV�FDQ�EH�
GHVFULEHG�E\�H[SUHVVLRQV� WKDW� LQYROYH� WKH�SODVPD� IUHTXHQ�

FLHV��$�ZDYHJXLGH� WKDW�KDV�D�ERXQGDU\�RI�DQLVRWURSLF�PH�
WDPDWHULDO�GLHOHFWULF� �DLU�� FDQ� EH� DVVLJQHG� WR� SODVPRQLF�
ZDYHJXLGHV��+HUH�ZH� SUHVHQW� GLVSHUVLRQ� FKDUDFWHULVWLFV� RI�
WZR�RSHQ�SODVPRQLF�ZDYHJXLGHV�)LJ������
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)LJXUH� ��� &\OLQGULFDO� ]HUR�LQGH[� DQLVRWURSLF� PHWDPDWHULDO� ZDYH�
JXLGH�PRGHO��D��±�RSHQ�ZDYHJXLGH���E��±�KROORZ�FRUH�ZDYHJXLGH��

�� 3HUPLWWLYLW\�DQG�SHUPHDELOLW\�WHQVRUV�RI�]HUR�
LQGH[�DQLVRWURSLF�PHWDPDWHULDO�

(OHFWURG\QDPLFDO�SDUDPHWHUV�RI�WKH�XQLD[LDO�HOHFWULFDOO\�
DQG�PDJQHWLFDOO\�DQLVRWURSLF�PHWDPDWHULDO��FKDUDFWHUL]HG�E\�
UHODWLYH� SHUPLWWLYLW\� PHWD

U �DQG� SHUPHDELOLW\� PHWD
U �WHQVRUV�

�����ZHUH�WDNHQ�IURP�WKH�DUWLFOH�>�@��,Q�WKH�PHQWLRQHG�DUWLFOH�
ZDV� FRQVLGHUHG� DQ� DQLVRWURSLF�GLVSHUVLYH� ORVVOHVV�PHWDPD�
WHULDO� VODE�� )RU� WKLV� UHDVRQ� WKHUH� ZHUH� JLYHQ� RQO\� WKH� UHDO�
SDUWV� RI� WKH� UHODWLYH� SHUPLWWLYLW\� �İ[[�� İ]]�� DQG� UHODWLYH� SHU�
PHDELOLW\��ȝ[[��ȝ]]��WHQVRU�FRPSRQHQWV��
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7KH� WHQVRU� FRPSRQHQWV� RI� WKH� UHODWLYH� SHUPLWWLYLW\� DQG�

WKH�UHODWLYH�SHUPHDELOLW\�DUH�GHVFULEHG�E\�IROORZLQJ�IRUPX�
ODV��
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ZKHUH�Ȧ� ��ʌI�±�DQJXODU� IUHTXHQF\�RI�(0�RVFLOODWLRQ��PH�
WDPDWHULDO� HOHFWULF� IHS[[� ������*+]�� IHS]]� �����*+]� DQG�
PDJQHWLF� IPS[[� ������*+]�� IPS]]� ���*+]� SODVPD� IUHTXHQ�
FLHV��WDNHQ�IURP�>�@��

�
)LJXUH� ��� 'HSHQGHQFHV� RI� WKH� UHODWLYH� SHUPLWWLYLW\� DQG�
SHUPHDELOLW\� WHQVRU� FRPSRQHQWV� RI� WKH� PHWDPDWHULDO� RQ� WKH�
IUHTXHQF\��

,Q� )LJ�� �� DUH� SUHVHQWHG� GHSHQGHQFLHV� RI� WHQVRU� FRPSR�
QHQWV� RI� WKH� UHODWLYH� SHUPLWWLYLW\� İ[[�� İ]]� DQG� WKH� UHODWLYH�
SHUPHDELOLW\�ȝ[[��ȝ]]��

7KH� SHUPLWWLYLW\� FRPSRQHQWV� İ[[� DQG� İ]]� KDYH� QHJDWLYH�
YDOXHV� IURP� ���� WR�a����*+]� DQG� IURP� ���� WR�a����*+]��
UHVSHFWLYHO\��7KH�SHUPHDELOLW\�FRPSRQHQWV�ȝ[[�DQG�ȝ]]�KDYH�
QHJDWLYH� YDOXHV� IURP� ���� WR�a����*+]� DQG� IURP� ����
WR�a��*+]�� UHVSHFWLYHO\�� $OO� WHQVRU� FRPSRQHQWV� DUH� QHJD�
WLYH�DW�WKH�IUHTXHQF\�UDQJH�IURP�����*+]�WR�a��*+]��$EVR�
OXWH�YDOXHV�RI�WHQVRU�FRPSRQHQWV�DUH�OHVV�WKDQ���DW� WKH�IUH�
TXHQF\�UDQJH� IURP�a����*+]�WR���*+]��7KH�YDOXHV�RI� WHQ�
VRU�FRPSRQHQWV�EHFRPH�HTXDO� WR�]HUR�DW� WKH�RSHUDWLQJ� IUH�
TXHQF\� I� HTXDO� WR� WKH� PHWDPDWHULDO� HOHFWULF� RU� PDJQHWLF�
SODVPD�IUHTXHQFLHV��7KLV�PHWDPDWHULDO�LV�D�SODVPRQLF�RQH��

�� 'LVSHUVLRQ�FKDUDFWHULVWLFV�RI�RSHQ�F\OLQGULFDO�
]HUR�LQGH[�DQLVRWURSLF�PHWDPDWHULDO�ZDYHJXLGH��
7KH� VROXWLRQ� RI� 0D[ZHOO¶V� HTXDWLRQV� IRU� WKH� FLUFXODU�

DQLVRWURSLF�PHWDPDWHULDO�ZDYHJXLGH�ZDV�FDUULHG�RXW�E\�WKH�
SDUWLDO� DUHD�PHWKRG� >�±��@��7KH�FRPSXWHU�SURJUDP� IRU� WKH�
GLVSHUVLRQ� FKDUDFWHULVWLF� FDOFXODWLRQV� KDV� FUHDWHG� LQ�
0$7/$%� ODQJXDJH�� 2XU� FRPSXWHU� SURJUDP� DOORZV� WDNH�
LQWR�DFFRXQW�D�YHU\�ODUJH�PDWHULDO�DWWHQXDWLRQ�DV�ZHOO�DV�WKH�
YDOXHV�RI�QRQ�GLDJRQDO�WHQVRU�FRPSRQHQWV�>�����@��

:H�SUHVHQW�KHUH�KRZ�WKH�UDGLXV�YDOXH�RI�SODVPRQLF�ZD�
YHJXLGHV�DIIHFWV�RQ�WKH�SURSDJDWLQJ�HLJHQPRGHV¶�GLVSHUVLRQ�
FKDUDFWHULVWLFV�� LQFOXGLQJ� GHSHQGHQFLHV� RI� WKH� HLJHQPRGH�
TXDQWLW\�DQG�PRGH�FXWRII�IUHTXHQFLHV��

,Q�)LJV�������DQG���DUH�VKRZQ�GLVSHUVLRQ�FKDUDFWHULVWLFV�
�SKDVH� FRQVWDQWV�� RI� RSHQ� F\OLQGULFDO� ZDYHJXLGH� �)LJ�� �D��
PDGH� RI� WKH� XQLD[LDO� HOHFWULFDOO\� DQG� PDJQHWLFDOO\� DQLVR�
WURSLF�PHWDPDWHULDO�LQ�WKH�IUHTXHQF\�UDQJH��±����*+]��

7KH�FDOFXODWLRQV�DUH�SHUIRUPHG�IRU�(0�ZDYHV�ZLWK�OHIW�
KDQGHG�FLUFXODU�SRODUL]DWLRQ� �H�LPĳ���ZKHUH�P� ��� LV�D]LPX�
WKDO�V\PPHWU\�LQGH[��ĳ�LV�WKH�D]LPXWKDO�FRRUGLQDWH��

+HUH� DUH� VKRZQ� WKH� SKDVH� FRQVWDQW� Kމ� �WKH� UHDO� SDUW� RI�
ORQJLWXGLQDO� SURSDJDWLRQ� FRQVWDQW�� GHSHQGHQFLHV� RI� SODV�
PRQLF� PHWDPDWHULDO� ZDYHJXLGHV� ZLWK� UDGLL� 5� HTXDO� WR�
����PP������PP��DQG���PP��7KH�SKDVH�FRQVWDQW�Kމ�LV�HTXDO�
WR��ʌ�ȜZ��ZKHUH�ȜZ�LV� WKH�ZDYHOHQJWK�RI�FHUWDLQ�PRGH��7KH�
DQDO\VLV� RI� )LJV� �±�� VKRZV� WKDW� WKHUH� DUH� WKUHH� PDLQ� IUH�
TXHQF\�DUHDV�ZKHUH� ORFDOL]H�GLVSHUVLRQ�FXUYHV��$�VKDSH� RI�
DOO�GLVSHUVLRQ�FKDUDFWHULVWLFV�DUH�XQXVXDO�LQ�WKH�FRPSDULVRQ�
ZLWK�WUDGLWLRQDO�GLVSHUVLRQ�FKDUDFWHULVWLFV�RI�RSHQ�F\OLQGULF�
DO� ZDYHJXLGHV� PDGH� RI� GLHOHFWULFV�� VHPLFRQGXFWRUV� RU� J\�
URHOHFWULF�SODVPD� >�±��@��%HFDXVH� WKH� GLVSHUVLRQ� FKDUDFWH�
ULVWLF� EUDQFKHV�RI� DQDO\]HG�KHUH�ZDYHJXLGHV� DUH� TXLWH� YHU�
WLFDO��

�
)LJXUH����3KDVH�FRQVWDQW�GHSHQGHQFLHV�RI�SURSDJDWLQJ�HLJHQPRGHV�
RI�WKH�DQLVRWURSLF�PHWDPDWHULDO�ZDYHJXLGH�ZLWK�5� �����PP��

:H� VHH� WKDW� WKHUH� LV� D� VLQJOH� PRGH� ZLWK� WKH� FXWRII�
IUHTXHQF\� �����*+]�� �����*+]� DQG� �����*+]�� ZKHQ�
ZDYHJXLGH�UDGLXV�LV�DFFRUGLQJO\�����PP������PP�DQG���PP�
�)LJV���±��� UHG�FXUYHV���7KH�FXWRII� IUHTXHQF\�RI� WKLV�PRGH�
VKLIWHG�LQ�WKH�GLUHFWLRQ�RI�ORZHU�IUHTXHQFLHV�ZLWK�LQFUHDVLQJ�
RI� WKH� ZDYHJXLGH� UDGLXV�� 7KLV� ILUVW� VLQJOH� PRGH� LV� VSHFLDO�
RQH�EHFDXVH� WKH�PRGH�GRHV�QRW�PDWFK� DQ\�RI�SODVPD� IHS[[��
IHS]]��IPS[[��IPS]]�IUHTXHQFLHV��:H�FDQ�REVHUYH�KRZ�D�VKDSH�RI�
WKH� GLVSHUVLRQ� FKDUDFWHULVWLF� FKDQJHV� LQ� WKH� YLFLQLW\� RI� WKH�
FXWRII�IUHTXHQF\���

:H�ZRXOG�OLNH�WR�GUDZ�\RXU�DWWHQWLRQ�WR�WKH�IDFW�WKDW�WKH�
DQLVRWURSLF�PHWDPDWHULDO�LV�GHVFULEHG�E\�WKH�QHJDWLYH�WHQVRU�
FRPSRQHQWV� İ[[�� İ]]�� ȝ[[�� ȝ]]� LQ� WKH� IUHTXHQFLHV� OHVV� WKDQ�
��*+]��VHH�)LJ������,W�LV�PHDQ�WKDW�WKH�ILUVW�PRGH�SURSDJDWHV�
LQ�WKH�ZDYHJXLGH�ZKHQ�WKH�PHWDPDWHULDO�LV�GRXEOH�QHJDWLYH�
�'1��� 7KLV� VLQJOH� PRGH� �UHG� FXUYH� LQ� )LJV� �±��� LV�
SDUWLFXODUO\� LPSRUWDQW� EHFDXVH� VPDOO� FKDQJHV� LQ� IUHTXHQF\�
SURGXFH�ODUJH�FKDQJHV�LQ�WKH�SKDVH�FRQVWDQW��7KH�PRGH�FDQ�
EH�XVHG�IRU�ZRUNHG�RXW�D�VHQVLWLYH�QDUURZEDQG�SKDVHVKLIWHU�
DW� IUHTXHQFLHV�EHWZHHQ�����DQG������*+]� �)LJ�����RU�RWKHU�
SRWHQWLDO�PLFURZDYH�GHYLFHV��

:H� FDQ� ZDWFK� D� SDFNDJH� ZLWK� GLVSHUVLRQ� EUDQFKHV�
FORVHG� WR� FXWRII� IUHTXHQF\� ����*+]� �)LJV� �±��� JUHHQ�
FXUYHV���:H�VHH�WKDW�WKH�OHIW�ODWHUDO�GLVSHUVLRQ�EUDQFK�RI�WKH�
SDFNDJH�LV�D�VSHFLDO�HLJHQPRGH��L�H��WKLV�RQH�LV�VHSDUDWHG�E\�
D� ODUJHU� GLVWDQFH� IURP� RWKHU� HLJHQPRGHV�� 7KH� YHUWLFDO�



��
�

EUDQFK� RI� WKH� OHIW� ODWHUDO�PRGH� LV� ORFDWHG� RQ� WKH�PDJQHWLF�
SODVPD� IPS]]� IUHTXHQF\�HTXDO� WR���*+]��:H�FDQ�GLVWLQJXLVK�
DOVR�WKH�ULJKW�ODWHUDO�GLVSHUVLRQ�EUDQFK�RI�WKH�SDFNDJH��

�
)LJXUH����3KDVH�FRQVWDQW�GHSHQGHQFLHV�RI�SURSDJDWLQJ�HLJHQPRGHV�
RI�WKH�DQLVRWURSLF�PHWDPDWHULDO�ZDYHJXLGH�ZLWK�5� �����PP��

7KH� PRGH� ZLWK� WKLV� GLVSHUVLRQ� FKDUDFWHULVWLF� LV� DOVR�
PRUH� VSHFLILF� RQH�� L�H�� WKLV� PRGH� LV� VHSDUDWHG� E\� D� ODUJHU�
GLVWDQFH� IURP� RWKHU� PRGHV�� 7KH� YHUWLFDO� EUDQFK� RI� WKLV�
PRGH� LV� ORFDWHG� DERXW� ���� *+]� DQG� VKLIWHG� DW� WKH� KLJKHU�
IUHTXHQFLHV�ZLWK�LQFUHDVLQJ�RI�D�UDGLXV��
�

�
)LJXUH����3KDVH�FRQVWDQW�GHSHQGHQFLHV�RI�SURSDJDWLQJ�HLJHQPRGHV�
RI�WKH�DQLVRWURSLF�PHWDPDWHULDO�ZDYHJXLGH�ZLWK�5� ���PP��

$�GHQVH�EXQFK�RI�GLVSHUVLRQ�FXUYHV�ORFDWHG�EHWZHHQ�WKH�
H[WUHPH� OHIW� DQG� ULJKW� FXUYHV� WKDW� ZHUH� GHVFULEHG� EHIRUH��
7KH� QXPEHU� RI� FXUYHV� LQFUHDVHV� UDSLGO\� DW� LQFUHDVLQJ� RI�
ZDYHJXLGH�UDGLXV��,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�DOO�GLVSHUVLRQ�
EUDQFKHV�RI�WKH�GHQVH�EXQFK�DUH�ZLWKLQ�WKH�IUHTXHQF\�EDQG�
RI� �±����*+]�� $SSDUHQWO\� WKH� GHQVH� EXQFK� RI� GLVSHUVLRQ�
FKDUDFWHULVWLFV�UHODWHG�WR�SODVPD� IHS]]�� IPS[[�IUHTXHQFLHV��7KH�
FXWRII�IUHTXHQFLHV�RI�GLVSHUVLRQ�FKDUDFWHULVWLFV�RI�WKH�GHQVH�
EXQFK�DUH�WKH�VDPH�DQG�HTXDO�WR� I�a������*+]��7KH�GLVSHU�
VLRQ�FXUYHV�IDQ�RXW�IURP�D�VLQJOH�SRLQW�IPS[[��

6HFRQG�GHQVH�EXQFK�RI�GLVSHUVLRQ�FXUYHV�LV�DW�WKH�HOHF�
WULF� SODVPD� IUHTXHQF\� IHS[[�a������*+]� �)LJV�� �±��� EOXH�
FXUYHV���7KH�QXPEHU�RI�FXUYHV�LQFUHDVHV�UDSLGO\�DW�LQFUHDV�
LQJ� RI�ZDYHJXLGH� UDGLXV��$OO� GLVSHUVLRQ� FKDUDFWHULVWLFV� DUH�
ZLWKLQ�WKH�IUHTXHQF\�EDQG�RI�����*+]�DQG������*+]��

7KH� JUHDWHVW� QXPEHU� RI� PRGHV� FDQ� EH� H[FLWHG� DW� WKH�
HOHFWULF� SODVPD� IUHTXHQF\� IHS[[�a������*+]� LQ� WKH� FRPSDUL�
VRQ�ZLWK� RWKHU� SODVPD� IUHTXHQFLHV�� 7KH� FXWRII� IUHTXHQFLHV�
RI� GLVSHUVLRQ� FKDUDFWHULVWLFV� RI� WKLV� GHQVH� EXQFK� DUH� WKH�
VDPH�DQG�HTXDO�WR�I�a������*+]��

:H�GLG�QRW�ILQG�WKH�SODVPRQLF�PHWDPDWHULDO�ZDYHJXLGH�
HLJHQPRGHV�LQ�WKH�IUHTXHQF\�UDQJH�IURP�����*+]�WLOO������
*+]��7KH�PRGH�DEVHQFH�DW�KLJKHU�IUHTXHQFLHV�LV�SRVVLEOH�WR�
H[SODLQ�E\�D�IDFW�WKDW�WKH�PHWDPDWHULDO�UHODWLYH�SHUPLWWLYLW\�
DQG� SHUPHDELOLW\� YDOXHV� DW� KLJKHU� IUHTXHQFLHV� DUH� FORVH� WR�
WKH�RQHV�RI�DLU��

�� 'LVSHUVLRQ�FKDUDFWHULVWLFV�RI�KROORZ�FRUH�F\OLQ�
GULFDO�]HUR�LQGH[�DQLVRWURSLF�PHWDPDWHULDO�ZDYH�

JXLGH��
,Q�)LJV���±��DUH�VKRZQ�GLVSHUVLRQ�FKDUDFWHULVWLFV��SKDVH�

FRQVWDQWV�� RI� KROORZ�FRUH� F\OLQGULFDO� ZDYHJXLGH� �)LJ�� �E��
PDGH� RI� WKH� XQLD[LDO� HOHFWULFDOO\� DQG� PDJQHWLFDOO\� DQLVR�
WURSLF�PHWDPDWHULDO�LQ�WKH�IUHTXHQF\�UDQJH����±����*+]��

�
)LJXUH����3KDVH�FRQVWDQW�GHSHQGHQFLHV�RI�SURSDJDWLQJ�HLJHQPRGHV�
RI� WKH� KROORZ�FRUH� DQLVRWURSLF� PHWDPDWHULDO� ZDYHJXLGH� ZLWK�
5� �����PP��

$V� LQ� WKH� FDVH� RI� DQ� RSHQ�ZDYHJXLGH� WKHUH� LV� D� VLQJOH�
PRGH� WKDW� GRHV� QRW� PDWFK� DQ\� RI� SODVPD� IUHTXHQFLHV� DQG�
SURSDJDWHV� LQ� WKH� ZDYHJXLGH� ZKHQ� WKH� PHWDPDWHULDO� LV�
GRXEOH�QHJDWLYH��)LJV��±���UHG�FXUYHV����

7KH� FXWRII� IUHTXHQFLHV� RI� WKLV� PRGH� DUH� �����*+]��
�����*+]� DQG� �����*+]�� ZKHQ� ZDYHJXLGH� UDGLXV� DFFRU�
GLQJO\�HTXDO�WR�����PP������PP�DQG���PP��

:H�VHH��WKDW�LQ�FDVH�RI�KROORZ�FRUH�ZDYHJXLGH��WKHUH�DUH�
SURSDJDWLQJ� RQO\� WKUHH� PRGHV� LQ� IUHTXHQF\� UDQJH� ���±
����*+]��7KH�EUDQFK�RI�VHFRQG�DQG�WKLUG�PRGHV��)LJV���±���
JUHHQ�DQG�EOXH�FXUYHV��KDV�WKH�VDPH�FXWRII�IUHTXHQF\�HTXDO�
WR�PDJQHWLF�SODVPD�IUHTXHQF\�IPS[[� ������*+]��7KLV�FXWRII�
IUHTXHQF\�LV�LQGHSHQGHQW�RQ�WKH�ZDYHJXLGH�UDGLXV��:H�FDQ�
REVHUYH�FKDQJHV�LQ�D�VKDSH�RI�GLVSHUVLRQ�FXUYHV�ZLWK�FKDQJ�
LQJ�RI�ZDYHJXLGH�UDGLXV��7KH�GLVSHUVLRQ�FKDUDFWHULVWLFV�DUH�
PRUH�YHUWLFDO�ZLWK�ORZ�YDOXHV�RI�ZDYHJXLGH�UDGLXV��

:H�GLG�QRW�ILQG�WKH�SODVPRQLF�KROORZ�FRUH�PHWDPDWHULDO�
ZDYHJXLGH� HLJHQPRGHV� LQ� WKH� DQ\� RWKHU� IUHTXHQF\� UDQJH��
7KH�QXPEHU�RI�PRGHV�SURSDJDWLQJ� LQ� WKH�KROORZ�FRUH�PH�
WDPDWHULDO�ZDYHJXLGH�LV�LQGHSHQGHQW�RQ�ZDYHJXLGH�UDGLL��



��
�

�
)LJXUH����3KDVH�FRQVWDQW�GHSHQGHQFLHV�RI�SURSDJDWLQJ�HLJHQPRGHV�
RI� WKH� KROORZ�FRUH� DQLVRWURSLF� PHWDPDWHULDO� ZDYHJXLGH� ZLWK�
5� �����PP��

�
)LJXUH�����SKDVH�FRQVWDQW�GHSHQGHQFLHV�RI�SURSDJDWLQJ�HLJHQPRGHV�
RI� WKH� KROORZ�FRUH� DQLVRWURSLF� PHWDPDWHULDO� ZDYHJXLGH� ZLWK�
5� ���PP��

7KH�VSHFLILF�GLVSHUVLRQ�FKDUDFWHULVWLF�IHDWXUHV�RI�KROORZ�
DQLVRWURSLF� ZDYHJXLGHV� FDQ� EH� XVHG� IRU� D� WUDQVPLVVLRQ� RI�
ODVHU�UDGLDWLRQV�RU�WR�ZRUNLQJ�RXW�SODVPD�ZDNHILHOG�DFFHOH�
UDWRUV�>��@���

&RQFOXVLRQV�
���7KH�RSHQ�URG�DQG�KROORZ�FRUH�F\OLQGULFDO�DQLVRWURSLF�

PHWDPDWHULDO�ZDYHJXLGHV�ZHUH�LQYHVWLJDWHG�E\�XVLQJ�RI�RXU�
0$7/$%� FRPSXWHU� SURJUDPV� EDVHG� RQ� WKH� SDUWLDO� DUHD�
PHWKRG��

���7KH�DQRPDORXV�GLVSHUVLRQ�GHSHQGHQFLHV�DUH�REVHUYHG�
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Abstract 
In the context of coupled periodic waveguides, 
“couplonics” refers to the rigorous equivalence between 
continuous wave coupling and localized interactions. We 
extend it here to a cyclic ternary system, looked upon as the 
simplest discrete photonic crystal with actual periodic 
boundary conditions. A linear decomposition on a 
supermode basis enables one to reduce the original six-
wave problem to three independent two-wave distributed 
Bragg reflectors (or 1D PC). 

1. Introduction 
Whatever the frequency range, a system made of coupled 
periodic waveguides (CPW) ensures simultaneously 
filtering and addressing functions. When dealing with CPW, 
“couplonics” [1-2] stems from the formal identification 
between the continuous configuration, represented by an 
invariant evolution operator, and the discrete one, seen as 
multiple-port networks interconnected by segments of 
transmission lines [3]. In a symmetric system limited to 
only two CPW, a linear decomposition on the even/odd 
eigenbasis (that of the “supermodes”) enables one to 
express any scattering parameter as a linear superposition of 
S-parameters of the underlying even/odd two-port networks. 
On the other hand, for each supermode, the system can be 
thought of as an instance of Distributed Bragg Reflector 
(DBR), well described in terms of Coupled-Mode Theory 
(CMT) [4]. 

The ternary configuration is a bit more complicated. 
Even if the periodic waveguides are identical, the 
symmetries of the system depend on the distribution of the 
mutual coupling. In what follows, we consider a system 
made of three identical single-mode Λ-periodic waveguides, 
of propagation constant β along the z-axis, symmetrically 
coupled in a cyclic way [Fig. 1]. Such a configuration could 
be achieved, for instance, in a three-core optical fibre with a 
photo-induced index grating. For the sake of clarity, the unit 
cell of each waveguide is assumed symmetrical and 
lossless. Time dependence is taken as exp(+i ω t). 
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Figure 1: Cyclic ternary system made of single-mode Λ-
periodic waveguides: (a) schematic representation; (b) 
unit cell seen as a symmetrical six-port network. 

 

2. Evolution operator 

2.1. Supermodes of the non-periodic structure 

When only co-directional coupling occurs, with 
coupling constant χ (real and positive without loss of 
generality), slowly varying envelopes An of fields 
Fn = An exp(–i β z) should obey: 
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Eigenvalues of operator [K] are λa = +2 χ, λb = λc = –χ. We 
establish an orthogonal eigenmode basis such as: 
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In that basis, the evolution operator is obviously 
diagonal. Note that in this cyclic case, the degeneracy is not 
completely lifted (λb = λc). 

Matrix [P] is unitary. The inverse matrix reads: 
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2.2. Cyclic ternary periodic structure 

The (6×6) evolution operator [K] connecting the 
envelopes (Cn

+, Cn
–) of co- and contra-propagating fields 

Fn
+ = Cn

+ exp(–i βB z) and Fn
– = Cn

– exp(+i βB z) reads: 
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where βB = π/Λ denotes the Bragg wavevector, δ = β – βB 
the detuning, κ and ξ the (real positive) constants for direct 
and crossed contra-directional coupling.  

A straightforward calculation shows that, in the 
eigenmode basis: 

 x xx x

x xx x

C C
i

z C C
δ κ

κ δ

+ +

− −

    ∂
=    − −∂     

, (4a) 

for x ∈ {a, b, c}, with  

 δa = δ + 2 χ,     δb = δc = δ – χ, (4b) 

 κa = κ + 2 ξ,     κb = κc = κ – ξ. (4c) 

We recognize the typical equation for contra-directional 
mode coupling in a Distributed Bragg Reflector (DBR), 

each “eigen-DBR” being characterized by a forbidden band 
of bandwidth 2 κx, centred on δx = 0 [5]. This result can be 
thought of as a partial lift of degeneracy. Taken separately, 
each waveguide is characterised by a forbidden band of 
width 2 κ centred on δ = 0. In terms of supermodes, 
coupling constant χ is responsible for a shift of the band 
centres, whereas coupling constant ξ affects both the 
rejection rate and the bandwidth. 
The transfer matrix [mx] for a unit cell is such as: 
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With γx = [ |κx|2 – δx
2 ]1/2, its elements are: 
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For a structure made of N unit cells, the reflectance and 
transmittance read: 

 21

11

sinh( )
cosh( ) sinh( )

x x x
x

x x x x x

M i L
r

M L i L
κ γ

γ γ δ γ
−

= =
+

, (6a) 

 ( 1)
cosh( ) sinh( )

N
x

x
x x x x

t
L i L

γ
γ γ δ γ

−
=

+
, (6b) 

with L = N Λ. 

2.3. Scattering parameters 

The system is therefore totally determined by four 
coefficients only:  

 ra,           rb = rc, (7a) 

 ta,           tb = tc. (7b) 

It is not difficult to establish that: 

 S11 = S22 = S33 = (ra + 2 rb)/3 = r//, (8a) 

 S41 = S52 = S63 = (ta + 2 tb)/3 = t//, (8b) 

 S21 = S32 = S13 = (ra – rb)/3 = r⊥, (8c) 

 S51 = S62 = S43 = (ta – tb)/3 = t⊥. (8d) 

The system is both symmetrical and reciprocal: ∀ (p, q), 
Spq = Sqp. The S-parameters can take only one out of 4 
values: direct transmission t// (S41 and the like), direct 
reflection r// (Spp), crossed transmission t⊥ (S51 and the like), 
crossed reflection r⊥ (S21 and the like). 
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3. Discrete configuration 

3.1. Transmittance and reflectance 

Let us now consider the discrete configuration. The whole 
system is totally determined by four coefficients only: (r//, 
r⊥, t//, t⊥). Symmetries being the same as in the continuous 
case, eigenmodes of the former are also eigenmodes of the 
latter. We get: 

 ra = r// + 2 r⊥,           rb = rc = r// – r⊥, (9a) 

 ta = t// + 2 t⊥,             tb = tc = t// – t⊥. (9b) 

Once again, the six-port network can be decomposed as 
a linear superposition of two-port networks.  

3.2. Couplonic identification 

For any eigenmode, the corresponding two-port network 
can always be expressed in terms of coupled-mode theory. 
This stems from the symmetry properties of the unitary 
transfer matrix of one unit cell, as elegantly established in 
1997 by Matuschek et al. in the case of an arbitrary 
multilayer Distributed Bragg Reflector [6]. For a long time, 
it has been believed that CMT holds only in a perturbative 
way (for small index modulations), and only if the 
interaction length L is much greater than period Λ, but we 
would like to emphasise that, as shown in [6], the 
equivalence remains mathematically exact at the scale of Λ 
only, whatever the precise content of the unit cell. 

This enables one to define without ambiguity, for any 
eigenmode x ∈ {a, b, c}, an equivalent coupling constant κx 
and an equivalent detuning δx.  

Or, to be more specific, since we work at the scale of 
one unit cell, we can establish dimensionless parameters 
(κaΛ, δaΛ) and (κbΛ, δbΛ), which in turn lead to four 
dimensionless parameters (δΛ, κΛ, χΛ, ξΛ) that completely 
describe the whole system: 
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We call couplons these parameters, which should be 
interpreted as elementary quanta of detuning or coupling 
that take place at the scale of one unit cell. As a matter of 
fact, as can be seen from Eqns.(5-6), the responses of the 
system made of N cells involves only multiple quantities 
such as δL = N δΛ, κL = N κΛ, χL = N χΛ, ξL = N ξΛ. 

3.3. Normalised spectral responses 

Whatever the configuration – continuous or discrete –, the 
spectral responses take the same form. For instance, we 

draw in Figure 2 the spectral transmittance of a cyclic 
ternary CPW system for κL = 2, χL = 1, ξL = 0.25, as 
compared to the spectral response of a single (uncoupled) 
periodic waveguide. The coupling is obviously responsible 
for a partial lift of degeneracy: taken separately, each 
periodic waveguide is characterised by a forbidden band 
centred on δL = 0, of bandwidth 2 |κL|. In terms of super-
modes, codirectional coupling constant χ is responsible for 
a shift of the stop-band, whereas crossed contradirectional 
coupling constant ξ modifies both its rejection rate and 
bandwidth. 
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Figure 2: Normalised spectral transmittance Ta and Tb of 
the supermodes (Tx = |tx|2), as compared to transmittance 
T of a single (uncoupled) periodic waveguide (κL = 2, 
χL = 1, ξL = 0.25) 

 
As a matter of fact, the maximum reflectance and 

minimum transmittance are given by [5]: 

 ( )2
max tanh | |x xR Lκ= , (11a) 

 ( )2
min 1 tanh | |x xT Lκ= − . (11b) 

The reflectance is reported in Figure 3 for the same set 
of reduced parameters: 
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Figure 3: Normalised spectral reflectance Ra and Rb of 
the supermodes (Rx = |rx|2), as compared to 
transmittance R of a single (uncoupled) periodic 
waveguide (κL = 2, χL = 1, ξL = 0.25) 
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3.4. Universal Bragg reflector 

The spectral response of a standard DBR is the key to that 
of the whole system, whatever the precise values of the 
“couplonic” parameters. Moreover, any actual lossless DBR 
can be reduced to one instance of a “universal” lossless 
Bragg reflector, as schematically depicted in Figure 4. As a 
matter of fact, only two parameters (κL, δL) govern its 
behaviour. 
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Figure 4: Normalised reflectance R = |M21/M11|2 of a 
“universal” DBR. 

Each spectrum of Figure 3 can be recovered by 
following a specific path over the universal relief of Figure 
4. By an obvious topographic analogy [7], we can speak of 
“couplonic alpinism”. 

 

4. Conclusions 
We have established analytically, in terms of reduced 
dimensionless parameters, the spectral responses of a cyclic 
ternary system made of symmetrically coupled periodic 
waveguides. In the supermode basis, the method stems from 
a rigorous mathematical identification between the 
continuous and discrete configurations. 

Taking losses into account would not cause any special 
difficulty: it would be enough to add two new reduced 
parameters, corresponding respectively to average losses and 
to loss-modulation (loss coupling). Optical amplification 
would appear just as straightforward, the structure becoming 
a cyclic array of coupled Distributed Feedback (DFB) 
emitters [8]. 

The so-called “couplonic” approach is an elegant as well 
as powerful theoretical tool, not only for studying spectrally 
selective splitters, but also for the analysis or synthesis of 
discrete electromagnetic crystals of finite size [3]. Moreover, 
it comes well within the framework of current research on 
discrete photonics based on coupled waveguides [9-10]. 
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Abstract
The design of metamaterials is currently a fertile research
domain. However, most of the metamaterial designs de-
scribed in the literature arise from physical intuition, and
often assume infinite periodicity. There is therefore a need
for a design methodology capable of computing patterns
and designs involving two different materials where the un-
derlying design variables correspond to a finite set of pixels
in a 2-dimensional mesh, and where the goal is a design
with prescribed metamaterial properties. This naturally
leads to the consideration of binary optimization models in
contrast to classical (continuous) gradient-based methods
which generically provide continuous solutions that then
need to be “rounded” to binary values. While the poten-
tial drawback of binary optimization is that its computa-
tional complexity is usually NP-hard and hence theoreti-
cally unattractive, we show herein that binary optimization
combined with a reduced basis approach can relatively effi-
ciently produce very good solutions to metamaterial design
problems of interest.

1. Introduction
Wave phenomena in acoustics, elastodynamics and electro-
magnetics have been widely studied in the last two decades.
These phenomena have found numerous applications in
many domains of engineering, and therefore accurate,
efficient, and reliable numerical simulation is extremely
important. For the problems in our scope of concern,
a Finite Element Method is required since it provides
geometric flexibility and well-known error bounds. In
particular, the hybrid discontinuous Galerkin method, or
just HDG, introduced in [?] for acoustics and elastody-
namics as well as in [?] for Maxwell’s equations and thus
electromagnetics, has been proven to be a robust, accurate
and efficient simulation tool for these sort of problems.
Indeed, these methods were devised to guarantee that
only the degrees of freedom of the approximation of the
scalar variable on the interelement boundaries are globally
coupled, see [?]. In addition to that, this method will
provide particular properties that will become essential
later on for the work presented in this paper.

The family of problems related to wave phenomena
has lately increased due to the growing interest in meta-

material design. Metamaterials are materials that have
very particular properties due only to their structure, not
their composition. There is often a microscopic pattern of
existing materials that, when extended periodically, will
provide a particularly effective macroscopic property that is
otherwise unobtainable. Potential applications of metama-
terials in acoustics involve sound bullets and acoustic filters
[?], negative Poisson’s ratio materials in elastodynamics
[?], and regarding electromagnetism, cloaking devices
[?] and photonic bandgap phenomena [?] among others.
Some of the examples above will be further analyzed in
this paper as well as a similar extension to the heat equation.

The design of metamaterials usually is difficult be-
cause modeling and computing effective design patterns
is fraught with computational challenges. Especially
when trying to design manufacturable and realizable
materials, physical and mathematical intuition are insuf-
ficient by themselves. One is therefore led to consider
optimization-based approaches to design. However, the
optimization problems that arise in metamaterial design
are of discrete nature, leading to binary or mixed-integer
optimization models that are theoretically hard problems.
Indeed, in considering design variables that correspond
to a finite set of pixels, the optimization problem is to
choose between two given materials for each pixel, hence
the typical application problem results in the need to
solve a binary optimization model. Algorithms to solve
binary optimization problems exactly are not efficient, i.e.,
they cannot be exactly solved in polynomial-time (with
respect to the natural dimensions of the problem). In this
paper we present a binary optimization model approach
that combines local search approximation with a reduced
basis approximation, that produces good local solutions
with good relative efficiency. Our approach utilizes a
reduced basis projected problem [?] and the use of binary
generalized gradients to ensure feasibility of all solutions.

This paper will provide a capability for the simulation
and design optimization of metamaterials. Section ?? ex-
plains the suitability of the HDG method used as well as
derives the particular formulation for the Helmholtz equa-
tion case. Section ?? derives the reduced basis algorithm
used for the binary optimization local search method that



is used for the design optimization. Results for the Pois-
son’s equation as well as for the one dimensional bandgap
problem are further analyzed in section ??.

2. HDG method for Helmholtz equation
In this section we want to describe a Hybridizable Discon-
tinuous Galerkin Method for a model Helmholtz equation.
The extension of these results to the linear second order
wave equation is trivial and can be found in [?]. Let us
begin justifying the choice of this method for the simula-
tions, which is actually a key point. Firstly, given the in-
terest in high order methods, it is quite clear that a Finite
Element Method -FEM- needs to be chosen. Furthermore,
we need more geometric flexibility than the one offered by
a Finite Differences or a Finite Volumes scheme. Neverthe-
less, classic continuous FEM would not work properly for
the type of problems we are going to be dealing with due
to the inherent discontinuities of the material and poten-
tial discontinuities of the solution. Therefore, Discontinu-
ous Galerkin (DG) methods need to be considered. These
methods have been proven to be quite successful for a va-
riety hyperbolic problems, even nonlinear, but their exten-
sion to diffusion problems was criticized for providing sub-
optimal convergent approximations as well as producing a
substantially larger amount of globally-coupled degrees of
freedom. The HDG methods were introduced in [?] to ad-
dress these issues.

In particular, the HDG methods provide a smaller global
system of equations, especially for high orders of accu-
racy. The methods are highly parallelizable and supercon-
vergence has also been proven [?, ?]. On top of that, section
?? shows how the actual definition of the HDG method will
allow the design parameters to be pulled out linearly for ev-
ery single element of the discretization. Since the material
properties are variables in metamaterial design problems,
such capability allows for an overall crucial speed up when
solving the system of equations as well as a dramatic re-
duction on the memory needed. All these reasons make the
HDG method not only the most suitable but also unique for
the metamaterial simulations that we are about to carry out.

2.1. HDG derivation

In this section we want to show how the hybridizable Dis-
continuous Galerkin method applies to a model Helmholtz
equation. The extension from these derivations to a differ-
ent domain or to Poisson’s equation will be later discussed.
To that end, let us firstly consider the Helmholtz problem
as follows:

�r · "ru� k

2

u = f in ⌦ ⇢ Rd

"ru · ~n+ iku = g on @⌦
a

(1)

where u is a scalar variable, " is the square of the propaga-
tion speed, k is the wavenumber, f is a given source term
and g determines the absorbing boundary condition. More-
over, ⌦ is a Lipschitz polyhedral domain in Rd�1. Note
that the boundary condition considered in the description is

first-order absorbing and it is taken solely for the purposes
of illustration. Such boundary condition could be easily re-
placed by higher-order local or exact global conditions as
well as by suitable perfectly matched layers.

The HDG method firstly writes the partial differential
equation (PDE) as a first-order system of partial differential
equations and thus, after introducing the gradient as q =
ru for convenience, the following system can be written:

q�ru = 0 in ⌦
�r · "q� k

2

u = f in ⌦
"q · n+ iku = g on @⌦

a

(2)

Later on and for convenience, the term iku will be pushed
into the righthandside modifying f and becoming a func-
tion of u. The second equation will therefore become
�r · "q = f

u

, where f

u

= f � iku.
Let T

h

form a triangulation of the domain ⌦ into ele-
ments K and @T

h

= {@K,K 2 T
h

} be the set of faces F
of each element K of the triangulation, also known as F

h

.
Then the method seeks a scalar approximation u

h

to u, a
vector approximation q

h

to q and a scalar approximation
û

h

to the traces û

h

minimizing the representation error in
-or distance to- some approximation spaces defined as:
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= {w 2 L

2(T
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), w|
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2W (K), 8K 2 T
h

}
V
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= {v 2 [L2(T
h

)]d,v|
K

2 V(K), 8K 2 T
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h

= {µ 2 L

2(F
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), µ|
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2M(F ), 8F 2 F
h

}
(3)

where W (K), V(K) and M(F ) are suitably chosen finite
dimensional spaces. Furthermore, let us define the con-
tractions involved within this HDG method. For functions
v,w 2 [L2(D)]d we denote (v,w)

D

=
R
D

v ·w; for func-
tions v, w 2 L

2(D) we write (v, w)
D

=
R
D

vw if D is a
domain in Rd and hv, wi

D

=
R
D

vw if D is a domain in
Rd�1. We finally introduce

(v, w)Th =
X

K2Th

(v, w)
K

(µ, ⌘)
@Th =

X

K2Th

(µ, ⌘)
@K

(4)

for v, w defined in T
h

and µ, ⌘ defined on @T
h

respec-
tively. The HDG approximations u

h

2 W

h

, q
h

2 V
h

and
bu
h

2 M

h

are now determined by requiring that the follow-
ing finite discrete system of equations holds 8(s, r, µ) 2
W

h

⇥V
h

⇥M

h

.
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h
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h
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(5)
Note that the HDG method uses the extra stabilization con-
dition for the flux traces through the definition of the nu-
merical fluxes as

c
"q

h

= "q
h

+ ⌧(u
h

� bu
h

)n (6)
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on @T
h

. Here, ⌧ is the so-called stabilization function. The
actual definition of the numerical traces bq

h

is the key fea-
ture of the HDG method. The last equation in (??), which
is defined over the degrees of freedom on the edges, can be
solved for bu

h

in a global sense and, after that, the rest of
the equations will locally recover u

h

and q
h

. Such local
systems of equations can be totally parallelized and thus
solved very efficiently for the degrees of freedom inside
each element. Moreover, it has been shown in [?] that this
Helmholtz problem actually achieves an optimal supercon-
vergence order for both u

h

and q
h

after a postprocessing of
the solution.

2.2. Implementation

Let us first of all define as U the variables related to the
displacement u

h

of the degrees of freedom inside each el-
ement, Q the variables related to their fluxes q

h

and ⇤ the
variables related to the traces bu

h

for every degree of free-
dom along the edges of the triangulation. Now if equation
(??) is plugged into the system of equations (??) we elimi-
nate the bq

h

variables and thus the following system of equa-
tions is obtained.
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(7)

Now this system of equations gives rise to a matrix
equation that can be written as follows:

2

4
A �Bt �Ct

B(") Dt Et

C(") E M

3

5

2

4
Q

U

⇤

3

5 =

2

4
0
F

G

3

5 (8)

where the submatrices A,B,C,D,E and M correspond to
the discretization of the dot products above. One very inter-
esting property of the HDG method shows up at this point:
the matrices A,B,C and D are block diagonal, i.e. they are
very sparse and every single element only contributes with
nonzero entries to the degrees of freedom of that element.
This fact will actually allow us to write equation (??) as a
system of equations for ⇤ and then back solve for the in-
ner element degrees of freedom, through the Schur comple-
ment. Moreover, there is another key property at this point:
" can be pulled out from the terms where it shows up. We
will therefore be able to write the system (??) as follows:
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for N
el

number of elements. After writing Q from the first
row in equation (??) as Q = A�1(Bt

U +Ct⇤) and consid-
ering u = [U ⇤]t and f = [F G]t equation (??) holds for

the following values of the matrices K
q

, 8q = 0..N
el

.
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�
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el
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(10)

Moreover, note how the terms D and BA�1Bt are block di-
agonal (since both A and B are) and thus the system in (??)
can be efficiently solved as any HDG method, i.e. solve
only for the unknowns on the edges.

Being able to pull out " elementwise will actually be the
key feature for this method. We will no longer need to com-
pute and store the HDG system matrices for every single
pattern distribution but only once and store the elemental
matrices. To solve for a particular distribution of material
we will just need to assemble and solve the precomputed
elemental matrices.

2.3. First-order absorbing boundary conditions

The first order absorbing boundary conditions have been
introduced in [?] for the time dependent wave equation as

@u

@t

+ru · n = 0. (11)

Here, we are dealing with the Helmholtz equation
which is the steady version of the second order time depen-
dent wave equation derived through separation of variables.
If we thus assume u(x, t) = u(x)ei!t and plug it in equa-
tion (??) we obtain the following expression:

ru(x) · n = �i!u(x) (12)

Furthermore, we are actually interested in applying the
absorbing boundary conditions to the scattered field instead
of the total field. We can thus write u

s = u� u

0, where u

s

represents the scattered field, u the total solution and u

0 the
original solution, i.e. initial condition in the time dependent
problem. If we finally write (??) in terms of the scattered
field we obtain the following expression:

rus · n = �i!us

m
ru · n = �i!u+ru0 · n+ i!u

0

(13)

yet to be applied to each of the boundaries in the actual
domain ⌦. Moreover, if there are extra boundary conditions
which are Neumann we can just user ·u = h and proceed
identically for any h; if there are any Dirichlet boundary
conditions we may just change the approximation spaces
introduced above to fit the values on such boundaries.

3. Binary Optimization
For a given wave phenomenon problem, let us consider " to
be the property defining each material. Since the problem
will be governed by a Partial Differential Equation of the

3



form F (u("), ") = 0, the discretized PDE (with N

el

dis-
cretized elements) can be expressed as a system of the form
A(")u = f in the linear case. Moreover, using the HDG
discretization introduced in section ??, the system matrix
can be written as A(") = K

0

+
P

Nel

q=1

"

qK
q

as in equation
(??). Let J(u("), ") be the objective function measuring
the deviation to a desired and known solution �often just
J(u("), ") = ||u(") � u0||2

2

and denoted by J(u("))�,
then the metamaterial design optimization problem can be
written in the following general form:

min
",u

J(u("), ")

s.t.
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qK
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u = f
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min

, "
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}Nel

(14)

Problem (??) arises in many areas of applied engineer-
ing such as inverse problems, shape optimization, topology
optimization, optimal design and optimal control. How-
ever, the PDE constraints and the nature of the design
variables often pose several significant challenges for con-
temporary optimization methods. First, the problem is in
general nonlinear and non-convex due to an implicit de-
pendence of the objective function on the design variables
through the underlying PDEs. Second, the problem is large-
scale since the discretization of the PDEs leads to a very
large system of equations. And third, if some (or all) de-
sign variables can only take on integer or discrete values
then problem (??) becomes a mixed-integer nonlinear opti-
mization problem. Unfortunately, while discrete variables
are common in practice, their presence causes the optimiza-
tion problem to be NP-hard in general. It is therefore nec-
essary to develop a suitable approximation of the problem
in order to achieve computational tractability in practice.

In developing an approximation to the problem (??),
we want to be able to efficiently compute the true objec-
tive function value. That is, for a given value of the design
variables ", we want to compute u(") inexpensively and
then compute J(u). To that end, we will solve the PDE
through a reduced basis approach. Subsection ?? derives
the particular optimization problem after the reduced basis
procedure is applied.

Also in the context of developing an approximation to
the problem (??), in order to solve the optimization prob-
lem stated in (??) assuming we can now efficiently com-
pute the objective function value, we still need to devise
an optimization method that ensures the binary constraints
" 2 {"

min

"

max

}Nel are satisfied. To that end we introduce
the binary gradients in Subsection ??.

3.1. Reduced Basis

The reduced basis method (RB) method can be used
to provide an accurate, reliable and efficient solution
of parametrized PDEs, see [?, ?] and further references
therein. Material design or optimal control problems in-
volve large numbers of parameters, and thus computing

sensitivities or just solutions for the entire family of param-
eters is seldom achievable.

Let n  N

el

be the number of regions where a ma-
terial parameter needs to be chosen and k < n be a cer-
tain positive integer corresponding to the reduced basis
size. For a given feasible pattern " 2 {"

min

, "

max

}n, let
u
1

= u("), and define k � 1 neighbors by just perturb-
ing a small number of pixels from either "

min

to "

max

or
vice versa, and then computing their corresponding solu-
tions u

j

= u("j) for j = 2, . . . , k. We now define the
reduced basis as � = span[u

1

,u
2

, . . . ,u
k

] 2 RNel⇥k, and
we can then define an approximate version of any given
u(") as ũ(") =

P
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↵
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(")uk = �↵("). Note that
now the discretized system can be approximately solved
as �
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f . Finally, if we define Ã
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we will be able to solve the governing system as:
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which is a k⇥k system in contrast to the original N
el

⇥N

el

system. We then recover ũ(") = �↵("). Note, further-
more, that Ãq(") can be derived from A

q as in (??) and
therefore still retains the property of being able to work with
" as needed.

3.2. Binary Gradient

Since we want to maintain binary solutions throughout
the optimization process, we will only allow directional
changes that leave a current pixel as is, or that flips "

min

to "

max

or vice versa. This can be done by defining the
sensitivities of our objective function according to unitary
changes instead of differential changes. To accomplish this
we introduce the following binary generalized gradient:

G

m

(") =
�J(u("))

�"

=
J(u(�m))� J(u("))

"

max

� "

min

, (16)

for m = 1, . . . , N
el

, where �m just changes the m

th

component of " from "

min

to "

max

or vice versa. We then
choose the descent direction that provides the smallest
value of G

m

(") and advance in that descent direction iter-
atively, as in any steepest descent algorithm for continuous
optimization.

3.3. Optimization Algorithm

Table ?? summarizes the optimization algorithm based on
the ideas described above. Let l  k be the size of the
initial basis computed around an initial guess "(0) and let
the subindex of " denote the vector position in the basis �.

Note that this algorithm is actually a local search ap-
proach to the binary optimization problem (??). The com-
plexity of binary optimization problems is NP-hard, which
implies that whenever the variable set is large, the problem
is generically intractable. In our case, the parameter space

4



Table 1: Binary Optimization algorithm

1- Start with an initial guess "(0),
2- Obtain the objective function value J(u("(0))),
3- Compute the solutions u

1

· · ·u
l

for "
1

· · · "
l

exactly,
4- Form �("(0)) = [u("

1

) · · ·u("
l

))],
5- Compute binary sensitivities G

m

using (??) and (??),
6- If G

m

� 0, 8m, end.
Else, pick m̄ = argmin

m

G

m

and set "(0) �m̄,
7- Compute l

0

random neighbors and update
�("(0)) [�("(0)) u("

1

) · · ·u("
l0))],

8- If size{�("(0))} = p > k, remove the p� k

elements m with smallest values of ↵
m

("(0)) in (??),
9- Go to 2,

is very large, typically on the order of O(102d) where d is
the spatial dimension considered. Local search algorithms
are a good approach to solve these problems. However,
they are only able to guarantee local minima and the quality
of the computed local minima really depends on the qual-
ity of the neighborhoods considered (often only very large
neighborhoods work well). Metamaterial design optimiza-
tion is yet harder, since unless the local search neighbor-
hoods are very small, the computational burden of the local
search methodology itself is excessive. By joining together
the HDG properties and the reduced basis theory, we seek
a balance wherein the approximate local search algorithm
will find local optima of good quality with relatively good
computation time. Several starting guesses, as well as fur-
ther clever enhancements - like letting the solution worsen
slightly to avoid getting stuck at a bad local optima - might
be required for some applications.

4. Results
We have successfully applied the methodology described
herein to one-dimensional photonic bandgap problems. In
particular, we have succeeded in designing a binary ma-
terial that is able to totally reflect a given frequency con-
sidering the finiteness of the domain. This phenomena is
well-known if the pattern is considered periodic and there-
fore infinite (and hence is not realizable) but is not so well-
known for finite structures. Section ?? below analyzes this
problem, comparing the binary solution computed herein
with the continuous optimum. In Section ??, we apply the
same optimization procedure to a 2-dimensional problem
governed by the heat transfer equation.

4.1. The 1-dimensional Bandgap problem

Photonic crystals are periodic structures created from the
arrangement of low and high index materials. They are de-
signed to affect the motion of light by prohibiting the propa-
gation of electromagnetic waves in all directions within cer-
tain frequency ranges. They have been of crucial use for the
design of important novel devices and applications such as
frequency filters, waveguides, switches and optical buffers,

see for instance [?]. However, the results reported in a large
fraction of the literature so far have been obtained without
imposing integer constraints on the design variables.

Luckily, in the photonic bandgap problem, optimal so-
lutions assuming infinite periodicity turn out to be binary,
as observed by Lord Rayleigh as early as 1888, [?]. Nev-
ertheless, if we are interested in extending the conceptual
ideas introduced by the photonic bandgap to other wave
phenomena, we need to mitigate the non-binary nature of
the continuously relaxed optimal solution. Consequently,
if we want to obtain satisfactory solutions �most notably
fabricability�, we must effectively constrain solutions to
be binary.

Figure 1: 1-dimensional Photonic Bandgap with yellow in-
cident wave, black reflected wave and green transmitted
wave. Top: continuous optimum; Middle: Discrete pro-
jection; Bottom: binary optimum.

Figure ?? shows the 1d photonic bandgap application.
The governing equation for the frequency domain problem
is exactly the Helmholtz equation analyzed in the first sec-
tion where " is the permittivity of the material. The inci-
dent frequency corresponds to ! ' 0.33 after it has been
normalized over the geometry. Here the photonic crystal is
made up of two different materials: air (" = 1, color coded
as dark red) and silicon (" = 13, color coded as blue).

Figure ?? shows the optimized structures obtained with
(Top) the standard adjoint method with relaxation of the
integer constraints, see [?] for the full derivations regard-
ing the adjoint method for this particular example, (Mid-
dle) the adjoint method with enforcement of the integer
constraints via projection into the closest binary value, and
(Bottom) our proposed method. Our method produces ex-
actly (up to machine precision error) an optimal binary so-
lution within only six iterations, whereas the standard ad-
joint method computes an optimal solution which is not bi-
nary (and thus not fabricable nor acceptable) and the pro-
jected adjoint method produces a binary solution which is
not optimal (and thus an inferior design).

This computational result is especially encouraging
since the basis need not contain more than 10 solution vec-
tors to guarantee a very good approximation of the exact
solutions and therefore the systems of equations (??) used
to compute the binary gradient never exceeded a 10 ⇥ 10
system. Furthermore the binary gradient computation (??)
which is of order O(n) (recall n is the number of pixels
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or more generally the parameter space size) took less time
than one single HDG computation takes. It is also encour-
aging that the binary gradient computations are extremely
accurate, with errors of O(10�8).

4.2. Poisson’s Equation

In a similar setting but in a 2-dimensional context we con-
sider the heat transfer problem. For this problem the gov-
erning equation will be the Poisson equation instead of
Helmholtz equation, however, we can just adapt our deriva-
tions in the first section by removing the term �k2u that
was actually included in the source term f

u

for this pur-
pose. The problem we want to solve now will be governed
by the following partial differential equation:

�r · "ru = f in ⌦ = [0, 1]2

u = 0 on @⌦
(17)

where the source term has been chosen to be f =
2⇡2 sin(⇡x) sin(⇡y). We seek a 2-dimensional pattern
maximizing the heat transferred from the Dirichlet bound-
aries of a square plate into the center point. Note that if
we do not include an extra volume constraint, the optimum
will be obtained when the material used everywhere cor-
responds to the one holding a larger thermal conductivity.
Therefore the overall setting of the optimization problem
for this case will be slightly modified by the volume con-
straint. If we choose 0  �  1 as the volume fraction that
we are allowed to change, the problem can be written as:

min
",u

J(u("), ")

s.t.
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A square domain with a 20 by 20 parametric grid has
been considered with "

min

= 1 and "

max

= 2. Firstly, the
problem has been solved considering the continuous relax-
ation " 2 ["

min

, "

max

]Nel through the Adjoint method. In a
very similar way to the bandgap problem and analogously
derived to that case as in [?], the Adjoint method provides
us with the sensitivities or gradient and thus the direction
to take at each iterate. We can then pick a small enough
step size, take the step, and iterate until we reach the fi-
nal optimal and feasible solution determined by the volume
constraint. Such a constraint can also be dualized into the
objective function and one can instead solve the new opti-
mization problem with the modified objective:

J(u("), ") = ||u(")||2
2

+ �

 
NelX

q=1
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q � "

min

"

max

� "

min

� �N

el

!

(19)
and the original set of constraints. Both strategies lead to
the same solutions.

Note that for the homogeneous case with " = 1 the
analytical solution u = sin(⇡x) sin(⇡y) to (??) provides a
squared volume of J(u(1)) = 0.5, whereas if we pick the
homogeneous material with " = 2 the objective drops down
to the value J(u(2)) = 0.0625, which would be the optimal
solution had not we considered the volume constraints.

Figure 2: 2-dimensional heat transfer problem. Left figures
correspond to � = 0.44 and right figures to � = 0.58. Top
figures show the continuous solutions obtained through the
Adjoint method, middle figures the projected binary solu-
tions and bottom the the binary solutions after using our
proposed method.

Results have been computed for � = 0.44 and � = 0.58
and are shown in Figure ??. We can observe how the con-
tinuous optimal solutions provide a non-binary solution that
after projection into " = {1, 2}Nel and respecting the vol-
ume constraint, the resulting solution is suboptimal. In
fact, for the case � = 0.44 the optimal objective value is
J(u("

cont

)) = ||u||2
2

= 0.0973 in the continuous case,
and once projected it increases to J(u("

proj

)) = 0.1020.
We can do better, as our binary optimum demonstrates, ob-
taining J(u("

bin

)) = 0.0991. Table ?? summarizes the
different values obtained for each case.

Note how the binary optimum is more than 2.5 times
closer to the continuous optima than the projected naive
solution for � = 0.44 and more than 5.5 times closer for
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Table 2: Results for the Heat transfer problem

� J

cont

J

proj

J

bin

0% 0.5 0.5 0.5
44% 0.0973 0.1020 0.0991
58% 0.0825 0.0875 0.0834
100% 0.0625 0.0625 0.0625

� = 0.58. With a given material allowance we have thus
been able to provide a binary pattern, easily fabricable,
which is very close to the non-fabricable continuous op-
timum for the same volume of material.

5. Conclusions
The Adjoint method leads to continuous optimal solutions
that provide an objective function value J

cont

that is less
than or equal to the value J

bin

, where J

cont

and J

bin

de-
note the optimal objective values for the continuous relax-
ation of the problem and our binary optimization method,
respectively. Clearly the binary solution is feasible to the
continuously relaxed problem and therefore the inequality
above follows. However, continuous solutions are not bi-
nary and thus not fabricable and hence not practical. If we
just project the continuous solution we may easily produce
inferior solutions, unless the continuous optimum is very
robust. Both examples analyzed in this paper show that the
projected binary optimum is indeed inferior in practice. Our
proposed method is thus able to compute efficiently and ac-
curately good local binary optima.

This paper presents a very different approach to the de-
sign of metamaterials. As we have seen so far, the HDG
method allows us not only to obtain high order solutions ef-
ficiently but also provides us with a couple of properties that
make a binary optimization approach possible. The reduced
basis method lets us compute efficiently and accurately so-
lutions of neighbors and demonstrates the practicality of
our concept of a binary generalized gradient. This exten-
sion of the gradient concept lets us move only within feasi-
ble binary solutions while improving the objective function
value. There is no guarantee that we will reach a global op-
timum, but that is something that can just not be expected in
discrete optimization if we seek efficient algorithms (unless
P=NP).
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Abstract 
Super-resolution imaging involves the interaction of 

electromagnetic waves with objects that have dimensions 

similar to, or smaller than the wavelength. That is precisely 

the hallmark of microwave technology. It suggests that 

microwave concepts and design approaches may not only 

be helpful in the description and modeling of the superlens 

behavior, but also provide useful tools for designing and 

realizing the superlens, notably the metamaterial itself. In 

this paper we present some interesting results and insights 

yielded by the microwave perspective, including 

waveguide, circuit and filter representations of the 

superlens.  

1. Introduction 
The goal of modeling devices or physical processes is to 

capture their essential characteristics. Reduction to the 

simplest possible representation not only facilitates their 

theoretical and numerical treatment but also can provide 

insights that are helpful in relating new observations to 

known phenomena. In the case of superresolution imaging 

with the Veselago/Pendry superlens [1][2] consisting of 

double-negative metamaterial, the use of waveguide and 

lumped element circuit models can considerably simplify 

both its theoretical and its numerical analysis at various 

levels of abstraction[3]. Given the long time required for the 

lens to reach the steady-state [4][5][6][7], such simplified 

models facilitate exploration of resolution limits, allow easy 

quantification of its imaging performance, and provide a 

link to microwave engineering and filter design. In this 

paper we highlight some interesting results and insights 

yielded by the microwave and filter perspective [6].  

2. Waveguide model of sub-wavelength imaging 
The imaging of a sub-wavelength sized object is typically 

based on a spatial Fourier transform of the field emanating 

from the object, either directly or by scattering of an 

incident field. The resulting continuous spatial spectrum is 

then transferred in the frequency domain through the 

superlens, and the image is recovered by inverse Fourier 

transform. In the general case this is a three-dimensional 

electromagnetic problem that must be solved in a semi-

infinite half-space. Clearly, the treatment of this problem 

with space- and time-discrete numerical methods such as 

FDTD or TLM [8], will require large computational 

resources and long simulation times. 

2.1.  Discretization of the spatial spectrum 

The first major simplification of the problem is achieved by 

discretizing the spatial spectrum of the object field into a 

series of harmonically related samples. This yields a spatial 

Fourier series; its inverse Fourier transform corresponds to 

the field produced not by a single object, but by an infinite 

array of such objects. Fig. 1 illustrates this concept for an 

object field that has the form of a half-cosine (approximating 

the field in a narrow slot illuminated by a plane wave 

polarized parallel to the slot (Fig. 1a)). The spatial Fourier 

transform perpendicular to the slot is given by: 

 

 , (1) 

 

 

where w is the width of the slot, and k=�S�Ot is the 

transverse wavenumber or spatial angular frequency. (1) 

represents the continuous spatial spectrum shown in 

normalized form in Fig. 1b. If we sample this spectrum at 

intervals n=k/'k we obtain a Fourier series which represents 

the discrete spectrum of an infinite array of identical slots 

separated by a distance s=2S/'k (the red curve in Fig. 1a). 

 

The latter curve has been obtained by adding only the first 

six Fourier terms together. Again, the functions are 

normalized for better comparison. This example shows that 

the image of a single slot is very well approximated by an 

image of periodic slots over the base w. However, the 

discrete Fourier series approximation considerably 

simplifies the mathematical formulation of image 

transmission by the superlens. It naturally leads to the 

spectral waveguide model of the superlens reported in [6]. 

This model not only yields existing steady-state 

formulations of superlens behavior in well-known 

waveguide terminology, but it also dramatically reduces the 

computational burden of numerical solutions when studying 

the dynamics of the lens. Note that this waveguide model 

describes the transfer of the object field to the image plane 

in terms of propagating and evanescent waveguide modes 

and is not a representation of the metamaterial of the lens. It 

is especially helpful in the transient numerical analysis of 

superlens behavior that requires millions of time steps [6]. 
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Fig. 1 (a) Electric field in a single slot and in periodic 

slots in a perfect conductor. (b) Normalized spatial spectrum 

of the single slot (continuous) and of periodic slots 

(discrete). w=40 nm, s=100 nm. Note that the term at n=0 

has only one-half the amplitude of the continuous spectrum 

since the spectral terms for negative n are not included in the 

discrete spectrum. 

2.2. Waveguide model of coupled plasmonic resonances 

The spectral waveguide model is well suited for the 

investigation of the dynamic field response of the superlens. 

As discussed in [4][5][9][10][11] the evanescent part of the 

object field (transmitted in the form of evanescent 

waveguide modes) excites surface resonances on the two 

faces of the superlens, thus forming a system of two weakly 

coupled resonators. In fact, the lens can support an even and 

an odd mode of coupled resonances. Their resonance 

frequencies are the roots of a transcendental transmission 

line equation formulated in terms of waveguide impedances 

and propagation constants. The equivalent transmission line 

models are shown in Fig. 2. When we simulate the transient 

response of the waveguide model including the lens, it is 

very realistic because the metamaterial can be modeled as a 

dispersive medium with properties that evolve during the 

transient build-up of electromagnetic energy in the 

metamaterial [6]. For the TE mode excitation illustrated in 

Fig. 1a, the classical waveguide expressions for the 

characteristic impedance and propagation constant naturally 

yield an inductive behavior of the air-filled sections of the 

waveguide model, while the metamaterial-filled sections 

behave capacitively. This indicates that the resonant 

response of the lens can be predicted by an extremely 

simple lumped element network consisting of two resonant 

LC circuits that are loosely coupled through a small reactive 

series element. This opens the way to the application of 

circuit and filter theory to superresolution imaging. 

 

 
 

Fig. 2 Odd and even resonance conditions of the metama-

terial superlens, modeled by the equivalent waveguide 

model. Even and odd eigenfrequencies are those frequen-

cies at which the sum of the two impedances Z1e and Z1o in 

the plane A becomes zero in the even and odd cases, respec-

tively (after [6]). 

 

 
Fig. 3 Even and odd eigenfrequencies of the superlens for 

transverse wavelengths of 100 nm (first spectral term) and 

50 nm (second spectral term), obtained with MEFiSTo-3D 

Pro simulation. Simulation data and theoretical values pre-

dicted by the model in Fig. 2 agree within 0.1% (see [6]). 

 

3. Lumped equivalent circuit of the superlens 
The equivalent circuit of the lens and its even and odd 

variants that emulate the responses of the lens at the 

operating frequency and at the even and odd frequencies are 

shown in Fig. 4 a-c. The waveguide formalism yields 

simple expressions for the elements of that equivalent 

circuit in terms of the wave properties of the metamaterial 

[6]. However, the circuit model is not as good as the 

waveguide representation since the values of the lumped 

elements would have to be dependent on frequency to be 

accurate. Nevertheless, the model improves when the 

coupling between the resonators becomes weaker and the 

two characteristic frequencies degenerate into a single 

resonance.  
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Fig. 4  Electric field distribution and equivalent lumped 

element circuit of the superlens (a) at the operating 

frequency, (b) at the even resonance frequency, and (c) at 

the odd resonance frequency. 

 

Note that the models in Figs. 2 and 4 are valid for all 

evanescent spectral terms, but the values of the their circuit 

elements are different for different spectral terms.  

 

The final step is now to create an equivalent network 

representation of an entire superresolution system based on 

a perfect Veselago/Pendry lens. Such a network would 

include the evanescent waveguide sections that separate the 

object and image planes form the lens. Knowing that at the 

operating frequency the field decays exponentially in 

positive x-direction, each section can be represented by an 

ideal transformer of turn ratio 
/2

1 2/ xnk dn n e  where knx is 

the longitudinal decay constant of the n-th spectral term. 

This value is based on the assumption that the object and 

image planes are both located at a distance d/2 on each side 

of the lens. The equivalent circuit of the imaging system 

thus consists of a set of modal equivalent networks shown 

in Fig. 5. 

 
 

Fig. 5 Equivalent lumped element network of a superresolu-

tion imaging system containing a superlens. The complete 

system comprises one such circuit for every term of the dis-

crete spatial spectrum. 
/2

1 2/ xnk dn n e . 

 

The steps involved in the modeling of image transmission 

are as follows: 

 

a. Perform a spatial Fourier transform of the field 

produced by the sub-wavelength object; 

b. Discretize the spectrum into a Fourier series; 

c. Determine the parameters of the equivalent circuit 

in Fig. 5 for each evanescent Fourier term; 

d. Compute the output voltage of each circuit in 

response to the excitation by the appropriate 

Fourier term (Voltage proportional to the Fourier 

coefficient); 

e. Compose the image by adding all transmitted 

Fourier terms together. 

 

One might ask what the benefit of such an equivalent circuit 

would be when there exists already a well-known analytical 

transfer function in the literature that will give the same 

result. The main advantage of the circuit model is the 

physical interpretation of the lens as two coupled resonators 

[6] [7] which could be realized in many different ways 

[12][13], thus suggesting that there exist possible alternative 

realizations of superresolution devices. Indeed, the fishnet 

concept is such an alternative, and we can find circuit 

models of the fishnet elements [14] that are very similar to 

our coupled resonator model in Fig. 5. Further research is 

underway to explore other alternative structures that exhibit 

similar behavior and can be realized with sufficiently low 

loss to achieve significant large spatial spectral bandwidth 

suitable for superresolution imaging. 

 

4. Conclusions 
We have shown that the field emitted or scattered by a sub-

wavelength object can be closely approximated by a Fourier 

series through sampling of its continuous spectrum. The 

discrete spectral terms can be interpreted as the eigenmodes 

of a spectral waveguide model that allows us to describe the 

superlens imaging of the object using waveguide formalism. 

The waveguide model is especially useful for numerical 

modeling of superlens imaging because it provides a 

compact computational domain truncated by boundary 

conditions that are numerically robust (perfect electric and 

magnetic walls), and allows fine discretization and large 

numbers of time steps that are required to handle the long 

settling times of the higher evanescent spectral terms. The 

waveguide model naturally leads to an even simpler coupled 

resonator model of the Veselago-Pendry superlens which 

provides deeper physical insight into the physics of the 

superlens, connects it with the theory of filters and resonant 

surfaces, and may facilitate the search for alternative ways 

to realize superresolution devices.  
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Abstract 

In this paper, a polarizability matrix retrieval method for 

bianisotropic metamaterials is presented. Assuming that 

scatterers can be modeled by electric and magnetic point-

dipoles located at their centers, the induced dipole moments 

are analytically related to the normally incident fields, while 

the scattered fields are also analytically obtained for two 

individual cases of normal wave incidence. The latter can be 

combined with the incident fields, to express the desired po-

larizabilities, with regard to the measured or simulated scat-

tering parameters. In this way, the polarizability matrix can 

be extracted by solving the resulting non-linear system of 

equations. The proposed technique is applied to two differ-

ent split-ring resonator structures and reveals very good 

agreement with previously reported techniques. 

1. Introduction 

Over the past years, the problem of homogenization in 

metamaterials, i.e. their modeling via appropriate sets of ef-

fective parameters, has risen as a crucial subject for the sound 

comprehension of their properties as well as for design pur-

poses. Two basic techniques for the calculation of effective 

parameters exist. The former extracts the effective constitu-

tive parameters from the S-parameters of plane waves normal-

ly incident on bulk metamaterial structures, via the analyti-

cal inversion of the Fresnel-Airy equations [1], [2]. This ap-

proach has gained significant popularity due to its simplicity 

and adequate accuracy. However, it has also been questioned, 

since it completely ignores the microscopic structure of the 

metamaterial. Furthermore, several issues have occurred con-

cerning the correct branch selection for the real part of the 

refraction index, as elaborately discussed in [3], while recent-

ly it has been proven that the constitutive parameters, so ob-

tained, do not always represent meaningful material parame-

ters [4]. The second approach, originating from the quasi-

static Maxwell-Garnett mixing theory, employs the polariza-

bilities of individual scatterers in order to extract sets of effec-

tive metamaterial parameters [5–7]. For these techniques, the 

knowledge of the polarizability matrix of the scatterer under 

study is a crucial and relatively unexplored topic.  

Recently, a dynamic approach has been presented for the 

extraction of electric and magnetic polarizabilities of simple 

uniaxial scatterers [8]. The scattereres are replaced by elec-

tric and magnetic dipole moments, assuming only their elec-

trically small size. In this manner, an infinite array is con-

sidered to form a 2-D metasurface. Closed form expressions 

for the desired polarizabilities are obtained, as a function of 

the scattering parameters of normally incident plane waves 

and the interaction coefficients matrix [C], whose elements 

have previously been calculated in the form of rapidly con-

vergent series [9].  

To the best of our knowledge, such a procedure has not 

been yet applied to bianisotropic scatterers, which constitute 

an important part of practical metamaterials. In this paper, we 

implement an algorithm for the extraction of the polarizability 

matrix, bearing in mind its common form for the most popu-

lar bianisotropic metamaterials, namely the split-ring resona-

tors (SRRs).  

2. Polarizability extraction methodology 

In this section, our polarizability matrix extraction technique 

is systematically described, starting from its typical form for 

a well-known bianisotropic particle; the edge-coupled split-

ring resonator (EC-SRR). This structure can generally be 

modeled by three dipole moments, which can be directly es-

timated from the incident field and the polarizability matrix. 

Next, the scattered field of particle arrays is analytically treat-

ed, by substituting the discrete distribution of scatterers with 

equivalent electric and magnetic currents, induced on the 

array plane. The scattering parameters, derived from those 

surfaces, can then be written through their definition as a 

function of the particle dipole moments. The final objective 

is to construct and solve a system of equations in order to 

determine the polarizabilities through the simulated or meas-

ured scattering parameters of the structure. 

2.1. Dipole moments calculation from the incident field  

Let us consider the EC-SRR of Fig. 1 as the basis of our 

analysis, since it is a bianisotropic particle of great im-

portance in the literature of metamaterials. Our analysis is 

based on the point-dipole approximation, which requires that 

the dimensions of the scatterer are small enough compared 

to the radiation wavelength in the surrounding space (typi-

cally smaller than Ȝ/2). Under this assumption, the EC-SRR 

may be appropriately modeled by two electric dipole mo-

ments px, py and a magnetic dipole moment mz [10], which 

can be related to the local electric and magnetic fields at its 

center, Eloc and Hloc, respectively, through 
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Figure 1: Geometry and axes definition of the EC-SRR. 

 

 > @
0

0

1 1

0 0

0

0

xx loc
x ee x

loc yy yz loc
y ee em y

yz zz loc
z em mm z

p E
p E

c m c H

D H
D D H
D D� �

ª º ª ºª º
« » « »« » �  « » « »« »
« » « »« » �¬ ¼ ¬ ¼ ¬ ¼

ȝ Į f , (1) 

where 
xx
eeD ,

yy
eeD ,

yz
emD , and 

zz
mmD  are the electric-electric, elec-

tric-magnetic, and magnetic-magnetic polarizabilities of the 

scatterer, correspondingly. As the polarizability matrix [Į] in 

(1) contains four unknown quantities, an equal number of 

linearly independent equations is required to uniquely define 

them. Considering an infinite array of particles and a plane 

wave normally incident on their plane, the local field at the 

center of any resonator is given by  
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where f 
inc

 is the incident field and f 
scat

 stands for the scat-

tered field vector induced at the center of an arbitrary scat-

terer from its neighboring ones, defined by 
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The components of the interaction coefficient matrix [C] are 

computed via the dyadic Green’s function method [11]. By 

substituting (2) and (3) into (1), the dipole moments of an 

arbitrary scatterer can be expressed as 

 > @ > @� � 1
1 inc

�� �ȝ Į C f . (4) 

Let us, now, consider two different cases of normal inci-

dence to an infinite array of EC-SRRs (in the following, we 

will refer to these arrays with the term “metasurface”). The 

first metasurface is depicted in Fig. 2. For this case, the 

components of the incident plane wave are 

  >1

0 , 0 , , 0 , 0 ,
0

T Tinc inc inc inc inc inc
A x A y A z A y A y AE E c H E EH H H H�ª º º  ¬ ¼ ¼f  (5a) 

or, by normalizing the incident electric field amplitude, 

 > @0 0
0

Tinc
A H H f .    (5b) 

Substituting (5b) into (4), we acquire a set of dipole mo-

ments, denoted as  
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as a function of the polarizability matrix [Į]. 
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Figure 2: The first metasurface of bianisotropic scatterers at 

the x = 0 plane. The periods of the lattice along the y and z 
direction, are b and a, respectively. A TEM wave propagat-

ing along the x-axis impinges normally on the metasurface. 
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Figure 3: The second metasurface of bianisotropic scatterers 

at the y = 0 plane. The periods of the lattice along the x and 

z, direction are b and a, respectively. A TEM wave propagat-

ing along the y-axis impinges normally on the metasurface. 

 

On the other hand, the second metasurface is given in Fig. 

3. ȉhe components of the incident plane wave are 
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or by normalizing the incident electric field amplitude, 
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0
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Plugging (6b) into (4), a second set of dipoles with respect 

to the polarizabilities of (1) is obtained, which is defined by 
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2.2. Dipole moments relation to the S-parameters 

Having obtained the dipole moments of the scatterers from 

the incident field, we can, now, express them as a function 

of the simulated or measured scattering parameters of an 

equivalent homogenized surface.  

Let us recall the two metasurfaces of Figs 2 and 3. For 

the first incidence case, the discrete array of electric and 

magnetic dipoles can be substituted with equivalent homo-

geneous electric and magnetic polarizations, given by 
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Utilizing the Poisson summation formula, (7) transforms to 
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 �f  �f

 ¦ ¦ . (8) 
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In a similar fashion, electric polarization Psy,A and mag-

netic polarization Msz,A are found equal to 

 

2 2

,

,

m nj y zy A a b
sy A

m n

p
P e

ab

S S§ ·f f �¨ ¸
© ¹

 �f  �f

 ¦ ¦ , (9) 
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,

,

m nj y z
z A a b

sz A
m n

m
M e

ab

S S§ ·f f �¨ ¸
© ¹

 �f  �f

 ¦ ¦ , (10) 

where px,A, py,A, and mz,A, are the dipole moments of an arbi-

trary resonator, as described in subsection 2.1. 

For a wave propagation toward the x-axis, (8)-(10) repre-

sent a sum of waves with a propagation constant of 

   
2 2

ˆ ˆ ˆ ˆ ˆ ˆmn m n mn
mn x y z x

m nk k k k
a b
S S§ · § · � �  � �¨ ¸ ¨ ¸

© ¹ © ¹
k x y z x y z , (11) 

where caped quantities correspond to the unitary vectors of 

the Cartesian coordinate system, shown in Fig. 1. Hence, the 

propagation constant toward the x-direction is given by 

 � � � �
2 2

22 2 2

0 0 0

2 2mn
x y z

m nk k k k
a b
S SZP H § · § · � �  � �¨ ¸ ¨ ¸

© ¹ © ¹
. (12) 

Note that for a propagating wave, we required 
mn
xk �\ . 

From (12) and the definition of k0 = Ȧȝ0İ0 as the free-space 

wavenumber, it follows that 

  

2 22 2 2 2

0 0

2 2 2 1m n m n
a b a b

S S S
O O

§ · § ·§ · § · § · § ·! � � ! �¨ ¸ ¨ ¸¨ ¸ ¨ ¸ ¨ ¸ ¨ ¸
© ¹ © ¹ © ¹ © ¹© ¹ © ¹

 (13) 

Moreover, if a,b < Ȝ0/2, which implies an electrically small 

unit cell, as already assumed, one gets 

 � �
2 2 2

2 2

2

0 0 0 0

1 2 2 4m n m n
O O O O

§ · § · § ·
! �  �¨ ¸ ¨ ¸ ¨ ¸

© ¹ © ¹ © ¹
. (14) 

As observed, the only solution of (14) is m = n = 0. This 

indicates that only the first (zeroth-order) term of the sum in 

(8)-(10) represents a propagating wave, while all higher-

order terms correspond to evanescent waves. Therefore, the 

polarizations that contribute in that propagating wave are 

 
,

,

x A
sx A

p
P

ab
 ,     

,

,

y A
sy A

p
P

ab
 ,     

,

,

z A
sz A

m
M

ab
 . (15) 

Likewise, the homogeneous electric and magnetic polar-

izations for the second metasurface are given by 
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,

,
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x B a b

sx B
m n

p
P e

ab

S S§ ·f f �¨ ¸
© ¹

 �f  �f

 ¦ ¦ , (16a) 
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p
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© ¹
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 ¦ ¦ , (16b) 
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sz B
m n

m
M e

ab

S S§ ·f f �¨ ¸
© ¹

 �f  �f

 ¦ ¦ , (16c) 

and, finally, the polarizations’ terms that contribute in a 

propagating wave are similar to those in (15), namely 

 
,

,

x B
sx B

p
P

ab
 ,    

,

,

y B
sy B

p
P

ab
  ,    

,

,

z B
sz B

m
M

ab
 . (17) 

The scattered field from a metasurface can be evaluated 

through boundary conditions [12] 

 � �
0 0

ˆ t s s sz z� �  
u �  w ��u  n H H P M J , (18) 

 � �
0 0

ˆ t s s sz z� �  
u �  w ��u  �n E E M P K . (19) 

Applying the right parts of (18) and (19), for the polariza-

tions of (15), we acquire the equivalent electric, Js, and 

magnetic, Ks, surface currents  

 ˆ ˆ
yx

s

ppj j
ab ab

Z Z �J x y , (20) 

 
0

ˆz
s

mj
ab

ZP K z . (21) 

Furthermore, equating these results to the left-hand sides of 

(18) and (19), the scattering field from the equivalent ho-

mogenized metasurface is derived. For the first case, the 

scattered fields are obtained as 

    � � � �
0 0 0 0

ˆ s z z syx x x x
H H J� � � �    

u �  � � �  x H H J . (22) 

As expected, surface current components normal to the sur-

face do not produce any scattered field. Considering also that 

 
, ,

0 0

scat A scat A
z zx x

H H� �  
 �        and       

, ,

0 00

scat A scat A
y z xx

E Z H ��   
 ,  

equation (22) results in  

 0
0 , | |

,
ˆ

2s

y A jk xscat
J A

Z p
j e

ab
Z � �E y , (23) 

where Z0 is the characteristic impedance in vacuum. Analo-

gously, from (19) and (21), the scattered electric field com-

ponent due to the magnetic surface current, is given by 

 00 , | |

,
ˆsgn( )

2s

z A jk xscat
K A

j m
x e

ab
ZP � �E y . (24) 

Summation of (23) and (24) leads to the scattered field ex-

pression of the first case, i.e. 

 � � 0 | |

0 , 0 ,
ˆsgn( )

2

jk xscat
A y A z A

j Z p x j m e
ab
Z ZP � � �E y , (25) 

whereas the scattered field for the second case is derived by 

 � � 0 | |

0 , 0 ,
ˆsgn( )

2

jk yscat
B x B z B

j Z p y m e
ab
Z P � � �E x . (26) 

Through (25) and (26), we may find the S-parameters for 

each metasurface, owing to their relation with the reflected 

and transmitted wave at the reference planes ± l, as present-

ed in Fig. 4. Distance l is sufficiently large so that higher 

order terms of (8)-(10) and (16) are adequately attenuated. 
 

E
scat E

trans

E
inc

h
+

 

Figure 4: The simulation/measurement configuration. Prop-

agation occurs along the positive h-direction, which corre-

sponds to x- and y-axis (first and second case, respectively). 

The central rectangle depicts the metasurface and gray areas 

the reference planes, at a distance of ± l for the metasurface.  
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Subsequently, considering the fields on the reference 

planes, we calculate S-parameters by means of 

 02

11

( )

( )

scat scat
j k l

inc inc

E h l ES e
E h l E

� �
  

 �
, (27)             

 02

21

( )

( )

trans inc scat
j k l

inc inc

E h l E ES e
E h l E

� � �
  

 �
. (28) 

Substitution of (25) and (26) in (27) and (28), finally, yields 

the dipole moments parallel to each equivalent surface as a 

function of the S-parameters,  

 � �0 02 2

, 11, 21,

0

1
j k l j k l

y A A A
jabp S e S e
ZZ

 � � , (29a) 

 � �0 02 2

, 11, 21,

0

1
j k l j k l

z A A A
jabm S e S e
ZP

 � � � , (29b) 

 � �0 02 2

, 11, 21,

0

1
j k l j k l

x B B B
jabp S e S e
ZZ

 � � , (29c) 

 � �0 02 2

, 11, 21,

0

1
j k l j k l

z B B B
jabm S e S e
ZP

 � � � . (29d) 

If we plug the dipole moments, evaluated from (4), for both 

incidence cases, into (29), a system of four linearly inde-

pendent equations is obtained, containing polarizabilities 
xx
eeD ,

yy
eeD ,

yz
emD , and 

zz
mmD . Moreover, due to (1), equation 

(29c) contains only the 
xx
eea  term and hence it can be solved 

directly, thus reducing the final system to three equations for 

the unknown polarizabilities 
yy
eeD ,

yz
emD , and 

zz
mmD . Such sys-

tem is non-linear and a closed solution, although very in-

structive, is not generally feasible. In the special case where 

0
yz
emD  , the closed-form solution of (29) is viable and the 

result coincides with the method presented in [8], as verified 

in Section 3. In the following section, we apply the Newton-

Raphson method (see Appendix I) to numerically solve (29). 

3. Results and Discussion 

The new polarizability extraction methodology is, herein, 

applied to two SRR structures. All simulations are conduct-

ed via the frequency domain solver of the CST MWS
TM

 

computational package [13]. The first structure is the biani-

sotropic EC-SRR of Fig. 5, which is known to produce a 

strong magnetic field, opposite to the incident and perpen-

dicular to its plane, on its first resonance frequency. The 

transmission coefficient of EC-SRR for x- and y-incidence is 

displayed in Fig. 6, indicating the first two resonances. The 

polarizabilitites, extracted by our technique are given in Fig. 

7. It is straightforward to detect that both polarizabilities 
yy
eeD  and 

zz
mmD  become resonant approximately at the same 

frequency. This outcome is in agreement with the assump-

tions of [10]. Next, polarizabilities 
xx
eeD ,

yy
eeD , and 

zz
mmD  are 

further validated by comparing them with the Sipe-

Kranendonk condition [14] for lossless scatterers, which 

reads (for i = x,y,z and j = e,m) 

 
3

0
1

Im
6

ii
jj

k
D S
 ½° °  ® ¾
° °¯ ¿

. (30) 

c
d

g

r

 

Figure 5: Geometry of the simulated EC-SRR, with r = 3.2 

mm, c = 0.5 mm, d = 0.5 mm, and g = 0.5 mm. The periods 

of the lattice, as depicted in Figs 2 and 3, are a = b = 10 mm, 

and the distance from the reference planes is l = ± 3a.  
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Figure 6: Transmission coefficient for the EC-SRR of Fig. 6, 

for the x- and y-incidence, respectively. The axes convention 

is the same as that established in Fig. 1.  
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Figure 7: Polarizabilities of the EC-SRR, extracted via the 

proposed method.  

 

As presented in Fig. 8, outside the resonance bands, where 

the lossless condition is not valid, the Sipe-Kranendonk 

condition is satisfied by the polarizabilities of Fig. 7. 

Next, let us focus on the non-bianisotropic SRR (NB-

SRR) of Fig. 9. Despite its designation, bianisotropic effects 

are not totally absent in that structure, as our analysis will 

reveal. The transmission coefficient for the two first reso-

nances is illustrated in Fig. 10 for both x- and y-incidence, 

while the corresponding polarizabilities are presented in Fig.  
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Figure 8: Comparison of the Sipe-Kranendonk criterion for 

lossless scatterers with the polarizabilities of the EC-SRR 

extracted in Fig. 7. The criterion is not satisfied on reso-

nance bands, where the lossless assumption is not valid. 
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Figure 9: Geometry of the simulated NB-SRR, with r = 3.7 

mm, c = 0.5 mm, d = 0.5 mm, and g = 0.5 mm. The periods 

of the lattice, as depicted in Figs 2 and 3, are a  = b = 15 

mm, and the distance from the reference planes is l = ± 3a.  
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Figure 10: Transmission coefficient for the NB-SRR of Fig. 

9, for the x- and y-incidence, respectively. The axes conven-

tion is the same as that established in Fig. 1. 

 

11. Figure 12 presents a comparison of our results with 

those of [8], valid for uniaxially anisotropic scatterers, 

where a very good agreement can be promptly detected. 

Deviations are significant only in the resonance bands, 

where a considerable electric-magnetic polarizability has 

been is found in our simulations and has not been taken into 

account in [8]. These deductions suggest that the proposed  
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Figure 11: Polarizabilities of the NB-SRR, extracted via the 

proposed method. 
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Figure 12: Detail of Fig. 11, including comparison of the 

results with those of [8]. 
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Figure 13: Comparison of the Sipe-Kranendonk criterion for 

lossless scatterers with the polarizabilities of the NB-SRR 

extracted in Fig. 11. The criterion is not satisfied on reso-

nance bands, where the lossless assumption is not valid.  

 
technique can be regarded as a generalization of [8], as al-

ready mentioned before. Finally in Fig. 13, by applying the 
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Sipe-Kranendonk criterion (30) on 
xx
eeD ,

yy
eeD , and 

zz
mmD , we 

attain additional verification on the efficiency of our method.  

4. Conclusions 

A novel methodology for extracting polarizabilities from 

bianisotropic scatterers has been introduced in this paper. Its 

formulation is based on the use of the point-dipole approxi-

mation for both the microscopic and macroscopic descrip-

tion of an equivalent metasurface. Initially, the dipole mo-

ments are acquired as a function of the polarizabilities of the 

scatterers. Assuming, additionally, that infinite rectangular 

arrays of scatterers constitute equivalent homogenized meta-

surfaces, the equivalent surface currents generated by a nor-

mally incident wave are analytically obtained and dipole mo-

ments are expressed as a function of the simulated/ measured 

S-parameters. Furthermore, equating the polarizabilities, ac-

quired from the microscopic and macroscopic approach, a 

non-linear system of equations for the unknown polariza-

bilities is derived, which can be numerically solved. 

Concerning the certification of our algorithm, two of the 

most popular SRR structures, namely the EC-SRR and NB-

SRR, have been investigated. The results are in very good 

agreement with those reported already in the relevant litera-

ture and have been further validated by means of the Sipe-

Kranendonk criterion. Moreover, for the case of the NB-

SRR, outcomes have been compared with those of an exist-

ing method, developed for uniaxially anisotropic scatterers.  

Again, our results coincidence is very satisfactory, while some 

differences between the two schemes is attributed to the exis-

tence of a non-vanishing electric-magnetic polarizability 

inside the resonance band, which is a priori ignored in [8]. 

Future work is going to address the expansion of the re-

ported methodology to a broader set of scatterers, with an 

even larger number of unknown polarizabilites, on condition 

that an equal number of different and independent measure-

ments can be carried out. Finally, polarizabilities extracted 

through the method could be utilized in rigorous homogeni-

zation techniques that are currently being developed, such as 

the one developed in [4]. 

           Appendix I 
The Newton-Raphson method for non-linear systems 

Assume a non-linear system 

 > @^ ` ^ `( )u  A u b , (31a) 

or in full form 

 

11 1 12 2 1 1

21 1 22 2 2 2

1 1 2 2

...

...

............................................

...

n n

n n

n n nn n n

a u a u a u b
a u a u a u b

a u a u a u b

� � �  
� � �  

� � �  

 (31b) 

where coefficients aij, are not constant, but functions of vari-

ables ui. Vector ^ ` 1 2
{ , ,..., }

T
nu u u u  contains the unknown 

parameters and ^ ` 1 2
{ , ,..., }

T
nb b b b  contains constant com-

ponents. Moreover, system (31) can be written as 

 

1

2

0

0

... ...

0n

f
f

f

ª º ª º
« » « »
« » « »  
« » « »
« » « »

¬ ¼¬ ¼

f , (32) 

where 
1 1 2 2

0i i i in n if a u a u a u b � � � �  "  for (1,2,..., )i n . 

According to the Newton-Raphson method, the approx-

imate solutions u(k+1)
, u(k+1)

 on the (k+1)-th and k-th step re-

spectively, are given by  

 
( 1) ( ) ( )k k kG�  �u u u , (33) 

where vector 
( )kGu represents the components’ modification, 

while advancing from the k-th to the (k+1)-th step. 

Let us consider the following Taylor expansion, where 

second order terms are forfeit 

    

� � � �( 1) ( 1) ( 1) ( ) ( ) ( )

1 2 1 2

( ) ( ) ( )

1 2

1 2
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k k ki i i
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f u u u f u u u

f f fu u u
u u u
G G G

� � �  

w w w
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w w w
" " , (34) 

for (1,2,..., )i n . Setting 
( 1) ( 1) ( 1)

1 2
( , ,..., ) 0

k k k
i nf u u u� � �  , we 

extract the following system of equations 

  

� �

� �

( ) ( ) ( ) ( ) ( ) ( )1 1 1

1 2 1 1 2

1 2

( ) ( ) ( ) ( ) ( ) ( )2 2 2

1 2 2 1 2
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f f fu u u f u u u
u u u
f f fu u u f u u u
u u u

G G G

G G G

w w w
� � �  �
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, ,...,
k k k k k kn n n

n n n
n
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 (35) 

Using the subsequent Jacobian matrix 

 

1 1 1

1 2

2 2 2

1 2

1 2

...

...

... ... ... ...

...

n

n

n n n

n

f f f
u u u
f f f
u u u

f f f
u u u

w w wª º
« »w w w« »
w w w« »
« »w w w « »
« »
« »w w w« »
« »w w w¬ ¼

J , (36) 

equations (34) are rewritten as 

 
( ) ( )

( )
k kG  �J u f u . (37) 

Substituting (37) in (33) and taking into account (32), we 

derive 

 � �( 1) ( ) 1 ( ) ( )k k k k� � ª º � �¬ ¼u u J A u u b , (38) 

where the elements of J are calculated via 

 
1

n
i ik

ij ij k
ki i

f aJ a u
u u 

w w
  �
w w¦ . (39) 
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EDQGZLGWK� RI� UHFWDQJXODU� PLFURVWULS� SDWFK�
LQ� D� VXEVWUDWH�VXSHUVWUDWH� FRQILJXUDWLRQ� DUH�
LQYHVWLJDWHG�� 7KH� SUREOHP� LV� ULJRURXVO\�
IRUPXODWHG� YLD� LQWHJUDO� HTXDWLRQ�� 7KLV�
HTXDWLRQ� LV� VROYHG�XVLQJ�*DOHUNLQ¶V�PRPHQW�
PHWKRG�� WKH� FRPSOH[� UHVRQDQFH� IUHTXHQFLHV�
IRU� 70��� PRGH� DUH� VWXGLHG� ZLWK� VLQXVRLGDO�
EDVLV� IXQFWLRQV�� 7KH� REWDLQHG� WKHRUHWLFDO�
UHVXOWV� VKRZ� WKDW� WKH� GHFUHDVH� LV� PRUH�
LPSRUWDQW� IRU�KLJK�SHUPLWWLYLW\� ORDGLQJ�DQG�
QHJDWLYH�FKLUDOLW\�HOHPHQW��
�
.H\ZRUGV�� EL�DQLVRWURSLF�� UHFWDQJXODU�
PLFURVWULS�� SDWFK� DQWHQQD�� UHVRQDQW� IUHTXHQF\��
EDQGZLGWK��
�

,� ,QWURGXFWLRQ�
6WUXFWXUHV� ZLWK� VXEVWUDWH�VXSHUVWUDWH� DUH�
HPSOR\HG�� LQ� JHQHUDO�� WR� LPSURYH� SDUDPHWHUV�
VXFK�DV��SURILW��HIIHFWLYHQHVV�DQG�SRODUL]DWLRQ�RI�
WKH�DQWHQQD�>�@��ZKHUH�WKH�VXSHUVWUDWH�LV�XVHG�DV�
SURWHFWLRQ� VWUXFWXUH� RI� WKH� DHULDO� HOHPHQWV�
DJDLQVW� EDG� FOLPDWLF� FRQGLWLRQV�� VXFK� DV�� UDLQ��
IRJ�� DQG� VQRZ� HWF«�>�@�� 7KHVH� DUH� IRUPHG�
DFFLGHQWDOO\��DQG�WKH\�DIIHFWV� WKH�SHUIRUPDQFHV�
RI� WKH� SULQWHG� DQWHQQDV� >�@� >�@� >�@�� 7KHUHIRUH�
IRU� EXWWHU� FKDUDFWHUL]DWLRQ� DQG� SUHFLVH� GHVLJQ��
WKHVH�HIIHFWV�PXVW�EH�WDNHQ�LQWR�DFFRXQW���
7KH� PDWHULDOV� VR� FDOOHG� FRPSOH[�� VXFK� DV�
ELD[LDO�� EL�DQLVRWURSLF�� RU� WKH� XVH� RI� DQ�
DQLVRWURSLF� VXSHUVWUDWH�� FDQ� KDYH� PRUH�
LQWHUHVWLQJ�HIIHFWV�>�@�>�@��
7KH� HIIHFWV� RI� WKH� XQLD[LDO� DQLVRWURS\� RQ� WKH�
UHVRQDQW� IUHTXHQF\� DQG� WKH� EDQG�ZLGWK� RI� D�
PRQROD\HU�UHFWDQJXODU�PLFURVWULS�DQWHQQD��ZHUH�
VWXGLHG�LQ�VHYHUDO�ZRUNV�>�@�>�@�DQG�>��@��ZKHUH�
WKH�WZR�W\SHV�RI�SRVLWLYH�DQG�QHJDWLYH�XQLD[LDO�
DQLVRWURS\� ZHUH� FRQVLGHUHG�� ,Q� WKH� RWKHU� KDQG�
WKH� HIIHFW� RI� GLHOHFWULF� VXSHUVWUDWH� RQ� WKH�
IUHTXHQF\� DQG� WKH� EDQG�ZLGWK� RI� UDGLDWLQJ�
UHFWDQJXODU� SDWFK� PLFURVWULS� ZDV� HYDOXDWHG� LQ�
H[SHULPHQWV�E\�%DKO� >��@��DQG� WKHRUHWLFDOO\�E\�
%RXWWRXW�>�@�DQG�=HELUL�>��@��7KH\�GHGXFHG�WKDW�
WKH�EDQGZLGWK�GHFUHDVHV�IRU�D�KLJK�SHUPLWWLYLW\�
RI�WKH�VXSHUVWUDWH�ZKLFK�KDV�ORZ�WKLFNQHVV��

$IWHU�KDYLQJ�VWXGLHG�WKH�HIIHFW�RI�WKH�PDJQHWLF�
XQLD[LDO� DQLVRWURS\� DQG� WKH� FKLUDOLW\� IRU� D�
PRQROD\HU� VWUXFWXUH� >�@�� ,Q� WKLV� ZRUN�� WKH�
HIIHFWV� RI� D� EL�DQLVRWURSLF� VXSHUVWUDWH� RQ� WKH�
UHVRQDQW� IUHTXHQF\� DQG� WKH� EDQG�ZLGWK� RI� WKH�
UHFWDQJXODU�PLFURVWULS�DUH�FRQVLGHUHG�LQ�GHWDLOV��
7KH� SUREOHP� RI� WKH� FRPSOH[� UHVRQDQW�
IUHTXHQF\� FRQVLGHUHG� KHUH� LV� IRUPXODWHG� LQ�
WHUPV� RI� DQ� LQWHJUDO� HTXDWLRQ�� E\� XVLQJ� WKH�
9LFWRU�)RXULHU�WUDQVIRUP�>��@��
7KH�LGHD�WR�XVH�FKLUDO�PDWHULDOV�DV�VXEVWUDWH�DQG�
VXSHUVWUDWH� LQ� SULQWHG� DQWHQQD� FLUFXLW� KDV� EHHQ�
WULHG� WKH� ILUVW� WLPH� E\� (QJKHWD� >��@�� ,Q� WKH�
OLWHUDWXUH� LW� KDV� EHHQ� VKRZQ� WKDW� WKH� SRZHU� RI�
VXUIDFH� ZDYH� FDQ� EH� JHQHUDOO\� VWHSSHG� GRZQ�
ZKHQ�D�FKLUDO�VXEVWUDWH�LV�HPSOR\HG�IRU�SULQWHG�
PLFURVWULS�FLUFXLW�>��@��

,,� 7+(25<�
7KH�JHRPHWU\�XQGHU�FRQVLGHUDWLRQ� LV� VKRZQ� LQ�
)LJXUH� ,��$� UHFWDQJXODU� SDWFK�ZLWK� GLPHQVLRQV�
�D��E��DORQJ� WKH� WZR�D[HV� �R[��R\�� UHVSHFWLYHO\�
LV� SULQWHG� RQ� D� JURXQGHG� GLHOHFWULF� VODE� RI�
WKLFNQHVV� G��� $ERYH� WKH� UDGLDWLQJ� SDWFK� LV� WKH�
VXSHUVWUDWH� OD\HU� RI� WKLFNQHVV� G��� $OO� WKH�
GLHOHFWULF� PDWHULDOV� DUH� DVVXPHG� WR� EH� EL�
DQLVRWURSLF��

�
)LJXUH����*HRPHWULFDO�VWUXFWXUH�RI�D�VXSHUVWUDWH�
ORDGHG�UHFWDQJXODU�SDWFK�RQ�D�XQLD[LDO�VXEVWUDWH��
�

7KH� FRPSRVLWH� EL�DQLVRWURSLF� FKLUDO� PDWHULDOV�
ZKLFK� H[KLELW� WKH� HIIHFW� RI� FKLUDOLW\� DW�
PLFURZDYH� IUHTXHQFLHV� KDYH� EHHQ� IDEULFDWHG�
DQG� FKDUDFWHUL]HG� LQ� PDQ\� VWXGLHV� >��@�� >��@��
7KH� FKLUDO� PHGLXPV� FRQVLGHUHG� KHUH� FDQ� EH�
GHVFULEHG�E\�D�VHW�RI�FRQVWLWXWLYH�UHODWLRQV�>��@��
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$VVXPLQJ� DQ� �H�LȦW�� WLPH� YDULDWLRQ� DQG� VWDUWLQJ�
IURP� 0D[ZHOO¶V� HTXDWLRQV� LQ� WKH� )RXULHU�
WUDQVIRUP� GRPDLQ�� ZH� FDQ� VKRZ� WKDW� WKH�
WUDQVYHUVH� PDJQHWLF� �70� RU� (�� DQG� WUDQVYHUVH�
HOHFWULF��7(�RU�+��FRXQWHUSDUWV�RI�WKH�WDQJHQWLDO�
HOHFWULF� DQG� PDJQHWLF� ILHOGV� LQ� WKH� )RXULHU�
GRPDLQ� IRU� DQ� DQLVRWURSLF� ERXQGHG� UHJLRQ�
KDYLQJ�DQLVRWURS\�WHQVRU�RI�W\SH���������FDQ�EH�
H[SUHVVHG�LQ�FRPSDFW�PDWUL[�IRUP���
)RU� DQ� HOHFWULF� DQG� QRQ� PDJQHWLF� PHGLXP�
KDYLQJ� ELD[LDO� DQLVRWURS\� ZLWK� UHJDUG� WR� WKH�
SHUPLWWLYLW\�WKH�H[SUHVVLRQV�DUH�ZHOO�GHWDLOHG�LQ�
>�@�>��@���
7KH� SURSRVHG� VWUXFWXUH� LV� VWXGLHG� DQG� WKH�
ERXQGDU\� FRQGLWLRQV� KDYH� EHHQ� DSSOLHG� DIWHU�
WKHQ�WKH�G\DGLF�*UHHQ¶V�IXQFWLRQ�LV�REWDLQHG��
7KH� VXUIDFH� FXUUHQW� -� RQ� WKH� SDWFK� FDQ� EH�
H[SDQGHG�LQWR�D�ILQLWH�VHULHV�RI�EDVLV�IXQFWLRQV��
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8VLQJ� WKH� ZHOO�NQRZQ� *DOHUNLQ� SURFHGXUH� RI�
WKH�PRPHQW�PHWKRG��WKH�LQWHJUDO�HTXDWLRQ�LQ�����
LV�GLVFUHWL]HG�LQWR�WKH�IROORZLQJ�PDWUL[�HTXDWLRQ��
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:KHUH� �� V* �LV� JLYHQ� LQ� *UHHQ� IXQFWLRQ� DQG�
WKH�RWKHU�SDUDPHWHUV�DSSHDUHG�LQ����������DQG�����
DUH�GHILQHG� LQ� WKH�VDPH� UHIHUHQFH��$�QRQWULYLDO�
VROXWLRQ�RI�����LV�GHULYHG�E\�VHHNLQJ�D�FRPSOH[�
IUHTXHQF\ LU LIII  ��ZKHUH� IU� LV� WKH� UHVRQDQW�
IUHTXHQF\� DQG� UL II� LV� WKH� KDOI�SRZHU�
EDQGZLGWK�RI�WKH�DQWHQQD��
�

,,,� 5(68/7��
,,,��� 5HDO�UHVRQDQW�IUHTXHQF\��
7KH� HIIHFW� RI� WKH� FKLUDOLW\� RQ� WKH� UHVRQDQW�
IUHTXHQF\�GRHV�QRW�KDYH�WKH�VDPH�HIIHFWV�DV�WKH�
RWKHU� HOHFWURPDJQHWLF� FRPSRQHQWV� >��@�� LQ� WKLV�
FDVH��)LJXUH�����WKH�HIIHFW�RI�WKH�FKLUDOLW\�PDNHV�
VR� WKDW� WKH� UHDO� UHVRQDQW� IUHTXHQF\� XQGHUJRHV�

DQ�DXWRQRPRXV�LQFUHDVH�IRU�D�SRVLWLYH�PDJQHWR�
HOHFWULF� HOHPHQW� ZKLOH� UDLVLQJ� WKH� WKLFNQHVV� RI�
WKH� OD\HU� RI� WKH� VXSHUVWUDWH� �IRU� QHJDWLYH�
HOHPHQW�WKHUH�LV�PRUH�DFFHQWXDWHG�UHGXFWLRQ���
�
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)LJXUH����7KH�FKLUDOLW\�HIIHFW�RI�D�VXSHUVWUDWH�RQ�WKH�
QRUPDOL]HG�UHDO�UHVRQDQW�IUHTXHQF\��D ��FP��E ��FP��

G� ����FP��U�� �������D��U�� ������E��U�� �������F��U�� ����G��
U�� ����



0,0 0,5 1,0 1,5 2,0 2,5 3,0

-3

-2

-1

0

1

2

3

4

1
RU
P
DO
L]
HG
�LP

DJ
LQ
DU
\�
IUH
TX
HQ
\

G
�
�G

�

�>��@�
U��
� ���

�
�
 ���

�
�
 ���

�D�

0,0 0,5 1,0 1,5 2,0 2,5 3,0

-4

-3

-2

-1

0

1

2

3

�>��@�
U��
� ����

�
�
 ���

�
�
 ���1

RU
P
DO
L]
HG
�LP

DJ
LQ
DU
\�
IUH
TX
HQ
\

G
�
�G

��E�

0,0 0,5 1,0 1,5 2,0 2,5 3,0

-4

-3

-2

-1

0

1

2

3

1
RU
P
DO
L]
HG
�LP

DJ
LQ
DU
\�
IUH
TX
HQ
\

�>��@�
U��
� ��

�
�
 ���

�
�
 ���

G
�
�G

��F�

�

0,0 0,5 1,0 1,5 2,0 2,5 3,0

-6

-5

-4

-3

-2

-1

0

1

2

3

4

1
RU
P
DO
L]
HG
�LP

DJ
LQ
DU
\�
IUH
TX
HQ
\

�>�@�
U��
� ���

�
�
 ���

�
�
 ���

G
�
�G

��G�

)LJXUH����7KH�FKLUDOLW\�HIIHFW�RI�D�VXSHUVWUDWH�RQ�WKH�
QRUPDOL]HG�LPDJLQDU\�UHVRQDQW�IUHTXHQF\��D ��FP��E ��FP��
G� ����FP��U�� �������D��U�� ������E���U�� �������F��U�� ���

�G��U�� ����
�
,Q� DGGLWLRQ� E\� UDLVLQJ� WKH� FRQVWDQW� RI�
SHUPLWWLYLW\�� WKH� UHDO� UHVRQDQW� IUHTXHQF\�
LQFUHDVH� IXUWKHUPRUH�� :H� QRWLFH� WKDW� WKH�
LQFUHDVH� DQG� GHFUHDVH� RI� WKH� UHDO� UHVRQDQW�
IUHTXHQF\� DUH� FORVH� WR� VRPH� SHUFHQW� WR� VFRUHV�

IRUW\�SHUFHQW�DFFRUGLQJ�WR�WKH�YDOXH�SHUPLWWLYLW\��
ZKLFK�LV�D�YHU\�LPSRUWDQW�HIIHFW���
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)LJXUH����7KH�FKLUDOLW\�HIIHFW�RI�D�VXSHUVWUDWH�RQ�WKH�
QRUPDOL]HG�EDQGZLGWK��D ��FP��E ��FP��G� ����FP��

U�� �������D��U�� ������E���U�� �������F��U�� ����G��U�� ����
�

,,,��� LPDJLQDU\�UHVRQDQW�IUHTXHQF\��
7KH� FKLUDOLW\� HIIHFW� RQ� WKH� LPDJLQDU\� UHVRQDQW�
IUHTXHQF\�UHPDLQV�DOZD\V�WKH�VDPH�IRU�WKH�UHDO�
UHVRQDQW� IUHTXHQF\�� H[FHSW� WKDW� LW� LV� PRUH�



LPSRUWDQW� WKDQ� RQ� WKH� UHDO� IUHTXHQF\�� WKH�
QRUPDOL]HG� IUHTXHQF\� PXOWLSOH� E\� �� IRU� D�
SRVLWLYH� DQG� PXOWLSOH� FKLUDOLW\� E\� �� LQ� VRPH�
FDVH��
�
,,,��� EDQGZLGWK��
7KH� HIIHFW� RI� WKH� QHJDWLYH� FKLUDOLW\� HOHPHQW� LV�
PRUH� LPSRUWDQW� RQ� WKH� EDQG�ZLGWK�� EHFDXVH� RI�
LWV�LQFUHDVH�WKH������UHDFK��DQG�WKH�YDOXH�DOVR�
FDQFHOOHG�WKH�EDQG�ZLGWK��PDNHV�FKLUDO�PHGLXP�
DGHTXDWH� IRU� WKH� UHDOL]DWLRQ� RI� UHVRQDWRU� WR�
FRQFHLYH�WKH�DQWHQQDV�RU�WKH�ILOWHUV��
�

,9� &21&/86,21�
7KH� HIIHFW� RI� WKH� VXSHUVWUDWH� FKLUDOLW\� RQ� WKH�
UHVRQDQFH� IUHTXHQF\� DQG� EDQGZLGWK� KDV� EHHQ�
VWXGLHG�XVLQJ�WKH�LQWHJUDO�HTXDWLRQ�IRUPXODWLRQ��
)DVW� QXPHULFDO� FRQYHUJHQFH� LV� REWDLQHG� XVLQJ�
VLQXVRLGDO�EDVLV�IXQFWLRQV�WR�H[SDQG�WKH�FXUUHQW�
RQ� WKH� SDWFK�� 7KHRUHWLFDO� UHVXOWV� IRU� WKH�
UHVRQDQW� IUHTXHQF\� DQG� EDQGZLGWK� KDYH� EHHQ�
SUHVHQWHG� IRU� YDULRXV� FRQVWLWXWLYH� SDUDPHWHUV�
FRQILJXUDWLRQV���
�

9� 5()(5(1&(�
>�@ 1�� *�� $OH[RSRXORV� DQG� '�� 5�� -DFNVRQ��
³)XQGDPHQWDO� VXSHUVWUDWH� FRYHU� HIIHFWV� RQ�
SULQWHG� FLUFXLW� DQWHQQDV�´� ,(((� 7UDQV��
$QWHQQDV� 3URSDJDW��� YRO�� $3����� SS�� ���������
$XJ���������
>�@ 9�� /RVDGD�� 5�� 5�� %RL[�� DQG� 0�� +RUQR��
³)XOO�:DYH� $QDO\VLV� RI� &LUFXODU� 0LFURVWULS�
5HVRQDWRUV� LQ� 0XOWLOD\HUHG� 0HGLD� &RQWDLQLQJ�
8QLD[LDO� $QLVRWURSLF� 'LHOHFWULFV� 0DJQHWL]HG�
)HUULWHV�� DQG� &KLUDO� 0DWHULDOV�� 7UDQV�2Q�
0LFURZDYH�7KHRU\�$QG�7HFKQLTXHV��92/������
12�����-XQH�������SS�����������
>�@ -�� 7�� %HUQKDUG� DQG� &�� -�� 7RXVLJQDQW��
³5HVRQDQW�IUHTXHQFLHV�RI�UHFWDQJXODU�PLFURVWULS�
DQWHQQDV� ZLWK� IOXVK� DQG� VSDFHG� GLHOHFWULF�
VXSHUVWUDWHV´��,(((�7UDQV��$QWHQQDV�3URSDJDW���
YRO������SS�����������)HE�������
>�@ 9�� /RVDGD�� 5�� 5�� %RL[�� DQG� 0�� +RUQR��
³5HVRQDQW�PRGHV�RI�FLUFXODU�PLFURVWULS�SDWFKHV�
LQ� PXOWLOD\HUHG� VXEVWUDWHV´�� ,(((� 7UDQV��
0LFURZDYH�7KHRU\�7HFK���YRO������SS�����������
$SU��������
>�@ )�� %RXWWRXW�� )�� %HQDEGHOD]L]�� 7�� )RUWDNL�
DQG� '�� .KHGURXFKH�� ³5HVRQDQW� IUHTXHQF\� DQG�
EDQGZLGWK� RI� D� VXSHUVWUDWH�ORDGHG� UHFWDQJXODU�
SDWFK� RQ� D� XQLD[LDO� DQLVRWURSLF� VXEVWUDWH´��
&RPPXQLFDWLRQV� LQ� 1XPHULFDO� 0HWKRGV� LQ�
(QJLQHHULQJ�� YRO�� ���� LVVXH� �� ��� SS�� ���������
-XO\�������
>�@ '��3R]DU�� ³5DGLDWLRQ�DQG�6FDWWHULQJ� IURP�
D� 0LFURVWULS� 3DWFK� RQ� D� 8QLD[LDO� 6XEVWUDWH´��
,(((� 7UDQV�� $QWHQQDV� 3URSDJDW��� YRO� $3�����
12�����SS�����������-XQH�������
>�@ &��=HELUL��0��/DVKDE��DQG�)��%HQDEGHOD]L]��
³(IIHFW�RI�DQLVRWURSLF�PDJQHWR�FKLUDOLW\�RQ� WKH�
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Abstract 
This paper presents an analytical model for CRLH 
(Composite Right-Left Handed) antennas preliminary 
design. The objective of this work is to develop a tool to 
estimate quickly the scattering and radiating characteristics 
of these CRLH based structures. The analytical model 
provides thus a set of parameters which roughly fulfill 
desired requirements. Afterwards, the antenna designer can 
refine the CRLH based antenna performances with full 3D 
electromagnetic simulation software. 

1. Introduction 
Composite Right-Left Handed (CRLH) radiating structures 
are very attractive antennas because of their scanning 
capability and wideband performances. These structures are 
generally periodic and present multiple resonances. In 
addition, when interdigital capacitors are used in the unit 
cell implementation, the small gap between digits requires 
fine meshing in the electromagnetic simulation. This could 
lead to very long simulation duration. In order to obtain a 
first design very quickly, an analytical model describing the 
electromagnetic behavior of these structures would be 
useful. The model can be used to realize antennas composed 
by CRLH unit cells by exploiting their radiation properties. 
Only based on the electromagnetic properties of the CRLH 
radiating structure, this model can estimate S-parameters 
and radiation performances of the whole antenna. To 
validate the analytical model, a meander antenna is designed 
with two branches composed by CRLH radiating structures. 
First of all S-parameters and radiations patterns of a linear 
CRLH radiating structure are presented. Afterwards the 
analytical model is detailed. And finally this model is used 
to predict S-parameters and radiations patterns of the CRLH 
based meander antenna. 

2. Linear CRLH radiating structure 
A CRLH structure is an artificial periodic transmission line 
structure. The CRLH unit cell used in this paper is a 
microstrip structure composed by an interdigital capacitor 
and a via-shorted stub [1] (figure 1).  

The CRLH unit cell is printed on a Rogers Duroid RT5880 
substrate (εr=2.2, tanδ=0.0009). Geometrical parameters of 
the cell are given in Table I. 

 
Table 1: CRLH unit cell parameters 

 
Variables Length (mm) 

Interdigital finger length 10.2 
Interdigital finger width 0.3 

Gap between fingers 0.3 
Stub length 10.9 
Stub width 1 
Via radius 0.25 

Substrate thickness 1.57 
 
The CRLH unit cell has an infinitesimal length ≪ , 
where λg is the guided wavelength. Thus the CRLH unit cell 
can be characterized by an equivalent circuit model based on 
LC parameters of a transmission line (figure 2). For the ideal 
case, the interdigital capacitor of CRLH unit cell is 
synthesized by series capacitance CL and series inductance 
LR, while the stub inductor is a shunt inductor LL and a 
capacitance CR. 

 
Figure 1: CRLH unit cell 

 
 

 
 

Figure2: Equivalent circuit model of a CRLH unit cell 
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Open waveguides or transmission lines act as a leaky-wave 
antenna if their dispersion diagram crosses the radiation 
cone. Radiation cone is the region delimited by the condition 
–k0< β < k0, (k0 is the free space propagation constant). The 
propagation constant β and the attenuation constant α of a 
CRLH structure, of a total length l, can be calculated from 
its transmission coefficient. 
 
               = ||.

 =                  (1) 
 
The scan angle θ0 of a CRLH leaky-wave antenna can be 
determined by the propagation constant β [2]: 
 
                          	 = sin 




                         (2) 

 
Interdigital capacitors used in the CRLH unit cell 
implementation require fine meshing in the electromagnetic 
simulation and then very long simulation duration. In order 
to describe the leaky-wave behavior of the CRLH structure, 
an analytical model can be advantageously used. 

2.1. Analytical approach for 1D CRLH leaky-wave 
antenna 

To describe radiation patterns of the CRLH based antenna, 
an estimation of the electromagnetic properties of the linear 
CRLH radiating structure is needed. Different analytical 
approaches have been proposed to predict radiation patterns 
of CRLH leaky-wave antenna [3], [4]. The first one, applied 
here, uses an array factor approach. Because the CRLH 
leaky-wave antenna is a 1D periodic structure so it can be 
described as an antenna array where each antenna is 
represented by a CRLH unit cell. The spacing between 
antennas of the array is the length of the CRLH unit cell. 
 

 
 

Figure 3: Array approach of a CRLH leaky-wave antenna 
 
Due to its small length, the radiation pattern of the CRLH 
unit cell seems to be quasi isotropic. Nevertheless, 
electromagnetic simulations show that radiation patterns of 
the CRLH unit cell RUC exhibit a maximum in broadside and 
minima at θ=≤90°. This electromagnetic behavior looks like 
cos (θ). In order to improve the evaluation of the minima of 
the radiation patterns, a 0.5 factor is added in the description 
of the CRLH unit cell radiation patterns: 
 

                  ,  = cos0.5 ∗                   (3) 
 

Each CRLH unit cell is fed with an amplitude function Im 
and a phase function χm. 
 
                                  =                              (4) 

 = − sin  = −                                 (5) 
 
p is the CRLH unit cell length 
α is the leakage factor of the CRLH structure 
β is the propagation constant of the CRLH structure 
m is the location of each CRLH unit cell in the linear CRLH 
radiating structure 
M is the total number of CRLH unit cells of the linear 
CRLH radiating structure 
 
The array factor of the CRLH radiating structure is: 
 
,  = ∑ 

   
                        (6) 

 

,  =  
    





															7 

 
The radiation pattern of the CRLH leaky-wave antenna can 
then be estimated by this analytical expression: 
 
, = ,  ∗ , 																																																			8 

 

,  = cos0.5 ∗  ∗  
   





	9 

2.2. Validation of the 1D analytical approach 

A CRLH leaky-wave antenna composed by 16 cells (Fig.4) 
is simulated with the TLM (Transmission Line Matrix) 
solver of CST Microwave Studio®. The CRLH unit cell has 
identical geometrical parameters than those presented on 
Table 1. However via shorted stubs are alternated in order to 
reduce cross-polarization level in radiation patterns [5].  
 

  
 

Figure 4: CRLH leaky-wave antenna with 16 cells 
      

Full-wave simulation gives S-parameters of the CRLH 
antenna. Dispersion diagram is obtained from the phase of 
the transmission coefficient (Eq.1).  
 

 
Figure 5: Dispersion diagram of the 16 cells CRLH 

 leaky-wave antenna  
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Figure 5 shows that the CRLH leaky-wave bandwidth 
appears to be from 1.75 GHz to 3.6 GHz, with a zeroth order 
resonance (β=0) at 2.3 GHz. 

 

 
Figure 6: Simulated reflection and transmission coefficients 

of the 16 cells CRLH leaky-wave antenna  
 
The return loss and the transmission coefficient of the 
CRLH antenna are presented in figure 6. The return loss of 
the CRLH antenna is less than -15dB from 1GHz to 4 GHz. 
However, close to the zeroth order resonance (2.3 GHz) 
from 2.2 GHz to 2.4 GHz, it goes around -7dB. This 
mismatching is due to the high variation of the input 
impedance around the zeroth order resonance. The 
transmission coefficient varies from -1 dB to -0.6 dB in the 
leaky-wave band (1.75-3.6 GHz). The radiation efficiency of 
the CRLH antenna can be calculated from S-parameters: 
 
	% = 1 − || − ||    (10) 

 
Then S-parameters show that the radiation efficiency of the 
16 cells CRLH leaky-wave antenna is approximately 20%. 
In figure 7and figure 8, simulated radiation patterns are 
compared to those obtained with the 1D analytical model 
described above. 
Radiation patterns synthesized by the analytical model 
illustrate well the scanning capability of the CRLH leaky-
wave antenna. The direction of the main lobe and the HPBW 
are well estimated by the analytical model for the three 
frequencies presented in figure 7.Simulations exhibit in the 
(xOz) plane at least a difference of -13dB between co-
polarization and cross-polarization. The HPBW is also well 
approximated in the (yOz) plane, but there are some level 
differences. Indeed the analytical model supposes that the 
CRLH leaky-wave antenna accepted power is all radiated on 
the polarization plane (xOz). 
 

 
 

 
 

 
Figure 7: Radiation patterns of the 16 cells CRLH  

leaky-wave antenna in (xOz) plane (φ=0°) 
 
 

 
 

 
 

 
Figure 8: Radiation patterns of the 16 cells CRLH  

leaky-wave antenna in (yOz) plane (φ=90°) 

F=2.3 GHz 

F=2.1 GHz 

F=2.6 GHz 

F=2.1 GHz 

F=2.3 GHz 

F=2.6 GHz 
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3. CRLH based antennas 
CRLH radiating structures can be used to design innovate 
antennas. The objective is to use the model based on 
electromagnetic properties of CRLH radiating structures to 
predict radiation patterns of the whole antenna. 
The proposed CRLH based antenna has a shape of a 
meander line in which two CRLH structures are horizontal 
branches connected with microstrip bends as shown in 
figure 9. The linear CRLH leaky-wave antenna, composed 
of M cells, presented above is used to construct this CRLH 
based antenna. For this antenna, a 2D analytical model is 
developed. 
 

 
Figure 9: Array approach of the CRLH based  

meander antenna 

3.1. Prediction of the S-parameters of the CRLH based 
meander antenna 

The ABCD matrix of the complete antenna is calculated by 
cascading ABCD matrix of each branch of the meander 
antenna.  
 
 
 





=  
 




∗  
 




∗  
 




(11) 

 
S-parameters of the meander antenna are then obtained from 
the ABCD matrix [6] by using equations (11) to (14), where 
Z0 is the characteristic impedance of the CRLH structure. 
 
  =



∗
         (12) 

 
  = .



∗
       (13) 

 
  =




.


∗
       (14) 

 
  =



∗
         (15) 

 
The meander antenna is made of two identical CRLH 
radiating structures, so only S-parameters of the CRLH 
radiating structure and microstrip bends length are needed to 
calculate S-parameters of the whole antenna. 

3.2. Prediction of radiation patterns of the CRLH based 
meander antenna with an analytical model 
The CRLH based meander antenna is considered as a 2D 
array antenna, where each antenna is a CRLH unit cell. Each 
unit cell is identified by its location on (Ox) and (Oy) axis 
respectively by dx and dy. 

For the 1st CRLH radiating structure, each m CRLH unit cell 
is fed with an amplitude function Im

1 and phase 
amplitude .	  is, for each CRLH unit cell of the 1st line, 
the phase delay introduced by previous CRLH unit cells. 
 
 =   and   = − ∗  ∗       (16) 

 
So the array factor of the first CRLH radiating structure is: 
 
,  = ∑  

∗∗∗ ∗ 
 

  (17) 
  
For the 2nd CRLH line, each m CRLH unit cell is fed with an 
amplitude function Im

2 and a phase function χm
2. χm

2 is the 
sum of the total phase delay introduced by the 1st CRLH 
line, the phase delay set by CRLH unit cells preceding this 
considered cell and the phase delay introduced by microstrip 
bends connecting the 1st and 2nd CRLH lines. 
 
  = 

∗∗∗     (18) 
 
 = − ∗  − 1 ∗  +  ∗  − 1 − ∗  +      (19) 

 
δ is the phase delay introduced by microstrip bends 
connecting the two CRLH radiating structures. 
Then the array factor of the 2nd CRLH radiating structure is: 
 
,  
 
= ∑  

∗∗∗ ∗ ∗ ∗
 

  (20) 
 
The radiation pattern R(θ,φ) of the meander antenna is then 
obtained by a summation of radiation patterns of each 
CRLH radiating structure which are determined by the 
product of the single CRLH unit cell RUC(θ,φ) and its array 
factor AFCRLH1,2 (Equ.21). CRLH unit cells that are in the 
same CRLH radiating structure have the same polarization 
vector (p1=1). However CRLH unit cells of the 2nd CRLH 
structure are polarized oppositely to those of the 1st one. 
 
,  
= ,  ∗  ∗ ,  − , 			21	
						

3.3. Validation of the analytical model 

To validate prediction of the radiation patterns obtained with 
the analytical model presented above, a CRLH based 
meander antenna is simulated. The meander antenna is 
realized with two linear CRLH radiating structures. Each 
CRLH structure has 15 cells.  

 
Figure 10: CRLH based meander antenna 
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Full-wave simulation of the CRLH based meander antenna 
is performed with the TLM (Transmission Line Matrix) 
solver of CST Microwave Studio®. 
S-parameters obtained with the model by cascading chain 
matrixes of each element of the meander antenna (Eq.11) are 
compared with simulated S-parameters in figure 11. 
 

 
 

 
Figure 11: Validation of S-parameters prediction 

 
Fig.11 exhibits a frequency shift of about 80MHz between 
simulation and model. The maximum difference between 
simulated and analytic transmission coefficients is about 
0.7dB, while it is 5dB between simulated and analytic 
reflection coefficients. These dissimilarities can be 
explained by the cascade of the chain matrix of the different 
CRLH unit cells (in the analytical model), which does not 
take into account the coupling between CRLH unit cells. 
The CRLH based meander antenna exhibits a good 
impedance matching (|S11|<-10dB) from 1.5 GHz to 4 GHz, 
except around the zeroth order resonance like for the CRLH 
linear 16 cells presented above. 
The radiation efficiency of the CRLH based antenna is 
calculated from S-parameters (Eq.10). Simulated and 
analytical S-parameters show that the maximum radiation 
efficiency of the CRLH based meander antenna is 25% at 
f=1.9 GHz. This radiation efficiency can be improved with a 
higher number of CRLH radiating structures. 
Radiation patterns obtained with the analytical model are 
compared to the simulated results (Fig.12 and Fig.13). To 
validate the results obtained with the analytical model, three 
frequencies are chosen: f=1.9GHz (β<0), f=2.4GHz (β=0) 
and f=2.6 GHz (β>0). HPBW of the different radiation 
patterns are well estimated by the analytical model. We note 
a good agreement between simulation and analytical model 
especially in the (xOz) plane (φ=0°). Indeed in the model it 
is supposed that the antenna accepted power is all radiated in 
the (xOz) plane. That is why there are some discrepancies 
between simulation and model in the (yOz) plane.  

 
 

 
 

 
Figure 12: Radiation patterns of the CRLH based  

meander antenna in (xOz) plane (φ=0°) 
 

 
 
 

 

F=1.9 GHz 

F=2.4 GHz 

F=2.6 GHz 

F=1.9 GHz 

F=2.4 GHz 
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Figure 13: Radiation patterns of the CRLH based  

meander antenna in (yOz) plane (φ=90°) 
 
The CRLH based meander antenna exhibits interesting 
behaviors. It has radiation patterns with large HPBW at the 
limit frequencies of the leaky wave bandwidth and when we 
approach the zeroth order resonance the HPBW of the main 
lobe is reduced. By adjusting appropriately the microstrip 
bends connecting the CRLH radiating structures of the 
meander antenna, radiation patterns of the whole antenna 
can be altered. We can obtain a main lobe more or less 
directive in broadside or another direction. In the other hand 
we can obtain radiation patterns with a high HPBW >≤60°, 
and a maximum level at broadside more than -3dB. This last 
case would be very interesting compared to classical antenna 
arrays which provide a maximal HPBW of ≤60°. 

4. Conclusions 
CRLH based antennas are designed by connecting CRLH 
radiating structures. An analytical model has been proposed 
to predict quickly their performance whatever the geometry 
of the complete antenna is. This model uses electromagnetic 
properties of the single CRLH radiating structure. Results 
obtained with full 3D electromagnetic simulation software 
prove the validity of the analytical model. This model is 
very useful because it provides rapidly performances of the 
CRLH based antenna while full 3D simulation software take 
long simulation duration (more than 3 days for a CRLH 
based meander antenna of 15 cells instead of 1 minute with 
the model). Thus the model can now be used to find the 
adequate geometry of the CRLH based antenna in order to 
have a desired radiation pattern. 
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Abstract 
The random textured surface or the patterned surface such 
as the pyramid or wedge shaped texture is commonly 
applied on the layer boundary between the silicon layer and 
the transparent conducting oxide (TCO) layer for the 
purpose of enhancing the sunlight absorbing efficiency of 
thin film solar cell. In order to obtain the high sunlight 
absorbing efficiency for the thin film solar cell, this study 
will suggest the design study to obtain the modified shape 
of the surface texture having the improved wave absorbing 
efficiency and topology optimization design method with 
time dependent finite element analysis is employed. The 
wave propagation is represented as the Maxwell's equation 
and is solved in time domain. The triangle patterned 
textured surface is considered as the initial shape of two-
dimensional (2D) wave analysis and the periodic boundary 
condition is applied to save the computing time. The design 
objective is set to maximize the energy flux in time period 
at wave absorbing boundary and the objective function is 
calculated as the time integration of Poynting vector 
formulation. The design sensitivity for optimization is 
computed using the adjoint variable method and is also 
performed in time integrated calculation. Multiple layered 
design of silicon and TCO layers is obtained as the optimal 
shape of wave absorbing boundary pattern.  
 

1. Introduction 
Thin film solar cell is multi layered system and wave 

reflection losses are occurred at the layer boundaries such as 
interface of TCO and silicon layer. In order to obtain the 
high efficiency solar cell, the surface textures are employed 
[1-4]. Pyramid shaped texture, and groove patterned grating 
is generally used in absorbing layer boundary [5-7]. Haase 
et al considered the pyramid shaped front TCO and back 
TCO, and responses according to the open angle of the 
pyramid are compared. [6] Dewan et al showed the 
efficiency comparison according to the groove height and 
periodic size [7]. They supposed the specific texture pattern 
as the high efficiency absorbing boundary and the design 
study is restricted in initial design. This research shows 
design study suggestion having the design freedom for the 
surface texture of the thin film solar cell. Peculiarities of 

this study are using the finite element analysis of time 
dependent wave propagation and topology optimization 
design method. 

  Topology optimization is the material layout design 
method and it can be applied various physical field, such as 
elastic, thermal, acoustic, and electromagnetic field [8, 9]. It 
can be applied on not only just stationary problem but also 
dynamic field or time varying field problem [10-14]. Jensen 
et al obtained optimal topology in the wave field [10], and 
Matzen et al applied on the photonic crystal design problem 
[14]. This study aims to design of the wave absorbing 
structure for the thin film solar cell, and the wavelength of 
700nm is considered as the incident wave condition. 
Maxwell's equation in time varying field is solved using 
finite element analysis program COMSOL and periodic 
boundary condition is applied to save the computation time 
due to the time integration calculation [11-13].  

  This study proposes absorbing layer boundary design 
in time dependent wave analysis condition for the purpose 
of reflection wave reduction and penetration wave 
enhancement. Numerical calculation is performed with 2D 
finite element models and the model used for analysis and 
design is illustrated in Fig. 1. Periodic boundary condition 
is applied at the left and right side [15]. The design domain 
set on the TCO layer and triangle shape is considered as the 
initial TCO shape. The measuring domain for objective 
function calculation and design sensitivity calculation is 
located under the design domain and the objective function 
is defined as the translated energy flux efficiency. The time 
integration calculation is applied on the objective function 
and design sensitivity analysis. The solid isotropic material 
and penalization method is used in design variable 
definition of topology optimization. 

2. Analysis Model 

2.1. Finite element model 

The analysis model of thin film solar cell is illustrated in 
Fig. 1 and it is a multi-layered system of air, TCO layer and 
silicon layer. Since the periodic condition is applied, the 
periodic width of the initial surface texture is modeled and 
600nm of periodic width is considered. The thickness of the 
silicon layer and the TCO layer are set to 1000nm and 
900nm, respectively. The design domain is set on the TCO 



 

2 
 

layer and the width and the height of the design domain are 
600nm and 900nm, respectively. The number of design 
domain elements is set to 300u450. The initial surface 
texture of absorbing layer is shaped as a triangle and 600nm 
of the periodic texture width and 300 nm of the triangle 
height are considered.  

  The measuring domain for objective function is set on 
the location under the TCO layer and the wave penetrated 
into the TCO layer and absorbed in the silicon layer is 
calculated in the domain. 

2.2. Wave analysis 

In the time-varying field, the optical wave propagation 
can be represented by the electric and magnetic wave 
formulation. In this wave analysis, the TM polarized 
electromagnetic wave mode is considered and it can be 
expressed using Maxwell's equation. 

 2

2 2
0

1 1

r c tH
w

� � �  
w

H H  (1) 

where İr is the material property of optical media and it is 
the relative value of electric permittivity. It can be also 
expressed as n2 and n means the refractive index. With 
700nm wavelength, which is the specified value in this 
study, the refractive index values of Si and TCO are 
3.7412+j0.0131 and 1.9736, respectively and Zinc-Oxide 
(ZnO) is selected as TCO material. H is the magnetic field 
vector and c0 represents the wave speed of light in the 
vacuum. 

In this study, 2D x and y plane wave propagation is 
considered and only z-directional field strength Hz is 
expressed. In the 2D system, the propagation wave can be 
written as follows. 
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Figure 1: Schematic diagram of the analysis model.  
 

2.3. Load and boundary Condition 

In the incident wave boundary, the Sommerfeld 
radiation condition is applied. The incident wave is excited 
at the air boundary end and a single wave frequency is 
considered in this analysis. The load condition of incident 
wave can be written as follows. 

 1 1
( )incz z

z z
r x r y

H H j H jH
c
Z

H H
w w

�  �
w w

 (3) 

where Hz
inc is the field strength amplitude of incident wave 

and the imaginary symbol of j is employed to match the 
phase of wave. 

In the boundary condition of this analysis model, the 
periodic boundary condition is applied to reduce the model 
size and to save the computation time during the iterative 
analysis. The periodic boundary condition is employed in 
the left and right side of the analysis model and it can be 
written as follows. 

         � � � �, ,z L z RH x y H x y*  *                        (4)  

In the electromagnetic wave field and the optical field, 
the energy flux which can be expressed by the Poynting 
vector formulation is generally used. Since the wave flows 
to the y-direction only, the Poynting vector formulation can 
be written as follows. 
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0 0
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3. Optimization 

3.1. Topology optimization 

Topology optimization is the structural design method to 
obtain the optimal layout of material distribution. The 
optimal layout is originally represented by void or solid 
filled condition of the material in each element in the design 
domain and it can be expressed to define the value of design 
variable to 0 or 1 in the numerical optimization problem. In 
cased of the two phase material problem, the problem can 
be changed to find out the material distribution of two 
materials Ȥ0 and Ȥ1 and the definition of material condition 
can be expressed as follows 

 0

1

0 in the media 

1 in the media 

F
U

F


 ®
¯

 (6) 

However, the virtual property of material, which 
represents the intermediate media condition, is necessary in 
order to avoid the discontinuity of Ȥ0 and Ȥ1 and in this case 
the design variable has the value between 0 and 1. The 
property in design domain is expressed as the proportional 
function of density parameter and it can be written as 
follows. 

 � � � �0 11P PF U U F U F � �  (7) 

The density parameter ȡ is the design variable in the 
topology optimization design problem and penalization 
parameter p is used for good convergence of density 
parameter to void or filled condition.  
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In the optical wave problem, the refractive index n is 
used for the design material. Since the design layout of 
surface texture or absorbing layer is on the TCO and Si, the 
design material can be written as follows. 

 � � � � � �' ' " "1 ( 1 )P P P P
TCO Si TCO Sin n n i n nU U U U U � � � � �  (8) 

3.2. Design Objective 

The goal of the optimization problem is to obtain layout 
design of the absorbing layer in order to maximize the wave 
flux to penetrate into the TCO layer. The Poynting vector 
formulation is written in equation (5). In the time harmonic 
wave field, the Poynting vector is calculated as the time 
average form such as <S>=0.5S. However, the time 
integrated Poynting vector is calculated in this study, since 
Poynting vector history in time domain is considered. Thus, 
the time integrating formulations of the Poynting vector in 
measuring domain and in incident boundary are expressed 
as follows. 

 1

0
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t

obj t
Sd d AW

:
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  in incident boundary
t

inc t
Sd d LW

*
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where ȍ and ī are the measuring domain and the incident 
boundary, respectively, and t0, and t1 are the time start and 
time end for time integration. A and L are the area of the 
measuring domain and the width of the incident boundary, 
respectively.   

The objective function is defined as the energy flux 
efficiency Ș. 

  obj

inc

Maximize K
)

 
)

, (11) 

 

(a) 
 

(b) 
 

(c) 
 
Figure 2: Convergence history of volume and objective 
function and its layer shape changes according to 
various initial conditions as (a) full TCO (b) wedge (c) 
multi layer. 

4. Numerical Result 

4.1. Topology Optimization Result 

Topology optimization results are dependent on the 
initial condition of material distribution in general because 
the local optimum is found after the topology optimization 
design process. Three cases of initial conditions are 
considered in this study. First case is the full-TCO case and 
the whole design domain is filled with the TCO materials. 
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Second one is the wedge shaped texture generally 
considered as the anti-reflection boundary shape. The last 
case is the multi-layered shape and the thickness of each 
initial layers are determined from the anti-reflection coating 
thickness as nd= Ȝ/4. 

The volume and objective function convergence history 
and the layer shape history of the TCO/Si boundary layer 
resulted from the optimization process are displayed in Fig. 
2 according to various initial conditions. The black domain 
represents the TCO layer and the white domain displays the 
Si layer. On the proceeding of optimization, it can be 
confirmed that the shape of TCO/Si boundary layer is 
converged to stacked layers of flat surface regardless of the 
initial conditions. 

The average thickness of TCO layer ranges from 174 to 
174.7nm and the range of Si is 96.7nm. It can be confirmed 
that the values converged to 1/n(Ȝ/2) values of  TCO and Si, 
which are 177nm and 94nm, respectively. Thickness values 
are listed in Table 1 and the obtained shapes of result by 
topology optimization are compared in Fig.3. As can be 
confirmed in absorbing efficiency histories displayed in Fig. 
2, every case shows improved performance compared with 
that of the wedge shaped initial model. 

 
Table 1: Thickness values of the layered structure. 

Thickness Full 
TCO Wedge Multi 

Layer 1/n(Ȝ/2)

d0 26 26 10  
d1 96 96 98  
d2 176 176 170  
d3 96 96 96  
d4 172 172 176  
d5 98 98 96  
d6 176 174 178  

Average 
TCO 174.7 174.0 174.7 177 

Average 
Si 96.7 96.7 96.7 94 

 

 

 
         (a)               (b)                (c) 
 
Figure 3: Layer thickness comparison of optimal results 
according to various initial conditions as (a) full TCO (b) 
wedge (c) multi layer. 

 

 
Figure 4: Wave absorbing efficiency comparison according 
to the design parameter variation. 

4.2. Parameter study  

In every case of the optimization procedure, the stacked 
layer is obtained as a result of topology optimization and 
the layer thickness is converged to the value of 1/n(Ȝ/2) 
except the first layer of TCO material. In order to find out 
the optimal thickness of the first TCO layer, a parameter 
study is performed. The default value of the first TCO layer 
is set to 1/n(Ȝ/2) and the parameter variation is defined to 
the 0.5~1.5 ratio of the default thickness. 

The comparison plot of the wave absorbing efficiency is 
listed in Fig 4 and the 1/n(Ȝ/4) thickness case shows the 
maximum value of wave absorbing efficiency of 0.349. 
Therefore, the 1/n(Ȝ/2) thickness multi layered model with 
1/n(Ȝ/4) thickness first TCO layered case can be optimal 
design for the purpose of maximizing the wave absorbing 
efficiency. 

5. Conclusion 
This study suggest a half wavelength thickness stacked 

layer model with quarter wavelength thickness TCO top 
layer on the TCO/Si boundary layer, to obtain highly 
efficient thin film solar cells. For layer structure design, it is 
confirmed that topology optimization combined with the 
time dependent finite element analysis and the time 
integrated design objective is effective. Regardless of the 
initial condition, a similar layered structure is obtained.  

The important outcome of this study is to suggest a 
systematic design process for the structure which shows the 
improved wave absorbing performance for the specific 
wavelength of 700nm. For the future study, a design process 
for a specified wavelength range needs to be supplemented. 
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Abstract
The performance of monolithic microwave and millimeter
wave integrated circuits (MMIC) built on silicon substrates
is highly deteriorated for the losses due to the low resistiv-
ity of the modern Si-CMOS process. Furthermore, at the
millimetre range of frequencies, the conductor losses due
to the skin effect in the metal interconnections (which are
enhanced due to the comparable dimensions of the metal
layers of modern submicrometer Si-CMOS technology and
the skin depth), reduce even more the overall performance
of the Si-MMIC in terms of losses.

In this paper a new shielded coplanar waveguide de-
signed in a 90nm Si-CMOS technology is presented, the
design and optimization procedure are shown. The nov-
elty of this new structure is its ability to reduce the losses
caused not only for the substrate losses, but also the con-
ductor losses. The shield of the coplanar waveguide is built
using the metallization layers available for the technology.
The analysis and design of the new structures is performed
using the 3D EM finite element simulations. The results
achieved show a loss reduction up to 40% compared to the
normal coplanar waveguides.

1. Introduction
The design of current microwave and millimeter wave wire-
less communication systems has been largely dominated by
the III-V compounds. The reason behind the domain of the
III-V technologies is due to their better raw performance
compared to other technologies. However the III-V com-
pounds have important disadvantages in terms of cost, in-
tegration level and power consumption. As consequence of
that, important limitations are imposed in the design wire-
less communication systems making them expensive, com-
plex and with high power consumption.

On the other side, the recent advances of the submi-
crometer Si-CMOS process, has allowed the MOS transis-
tor to reach maximum oscillation frequencies fmax in the
order of hundred of GHz making the Si-CMOS process an
interesting option for the development of low cost, high in-
tegrated and low power communication systems. However,
some crucial issues must be addressed before to think in the
Si-CMOS as the best option for the development of high
frequency wireless communication systems. In this sense,
the losses due to the low resistivity of the silicon substrates

and the conductor losses due to the skin effect at high fre-
quencies, has been recognized as the main limitation of the
technology.

Many approaches has been proposed to reduce the
losses of transmission lines built on Silicon substrates. In
[1] [2] new materials are introduced to the Si-CMOS pro-
cess in order to reduce the losses, however the insertion
of different materials to the Si-CMOS technology, alter
the manufacturing process making the new substrate more
complex and with lower integration level. Another impor-
tant approach is the development of shields using the met-
allization layers provided by the Si-CMOS technology [3]
[5] [6] [7]. However most of them are focused in the reduc-
tion of the losses introduced by the substrate letting aside
the metallization losses caused by the skin effect at high
frequencies.

In this paper, is developed a new structure aimed to re-
duce the losses caused by the low resistivity of the substrate
and the limited conductivity of the metal interconnections
due to the skin effect. The new full floating shield avoids
the interaction of the electromagnetic fields with the sub-
strate reducing in this way the losses caused by the low
resistivity of the silicon. Moreover, the new structure in-
duces a better current distribution in the transmission line,
maximizing the conductive capabilities of the line which in
turns reduce the conductor losses. The paper is composed
as follows: Section II provides a brief introduction of the
main loss mechanisms and describe the development of the
new shield structure, section III explain the characterization
criteria used to evaluate the new structure, in section, in sec-
tion IV are presented the final results finally in section V a
conclusion is provided.

2. Development of low loss CPW structures.
The way in which a electromagnetic wave propagates is de-
pendent of the characteristics of the propagation media. In
this sense, the best way to describe the propagation char-
acteristics of a wave is using the complex propagation con-
stant described in Equation (1).

! =
!

"+ j# (1)

Where " describes the losses of the electromagnetic
wave. The main source of losses in coplanar waveguides
are the losses caused by the limited conductivity of the met-



allization layers and the losses caused by the low resistivity
substrate, thus the losses can be described as Equation (2).

" = "cond + "subs (2)

Both loss mechanisms are frequency dependent, how-
ever, they behave in a totally different way, the approach
followed to reduce their effects must take into considera-
tion that behaviour, the loss mechanisms of the structure
are described next.

2.1. Substrate losses.

The substrate losses are caused by the interaction of the
electromagnetic fields to the substrate. This kind of losses
can be divided as the losses due to the conductivity of the
substrate, and the losses caused by the polarization of the
substrate. The losses due to the conductivity of the substrate
are not dependent on the frequency, however the losses
caused by the polarization of the substrate has a strong
frequency dependence as explained in [8]. Different ap-
proaches can be found to reduce the interaction between the
electromagnetic fields of the transmission lines and the sub-
strate as shown in [3] [5] [6] [7]. One approach followed to
use a ground plane placed at the bottom of the substrate [9].
Another approach is to build a shield using the intercon-
nection layers provide by the technology. The shield built
can be grounded as shown in [6] or floating as depicted in
[5] being this approach the most suitable for high frequency
applications due to the advantages that a floating shield pro-
vide.

2.2. Conductive losses.

At high frequencies the losses due to the limited conductiv-
ity of the metallization layers are increased due to the re-
duction of the skin depth. The skin depth can be described
as Equation (3):

$ =
1!

% · & · µ · f
(3)

Added to the skin effect, the improper distribution of the
current density reduces the conductive capabilities of the
transmission line. In [4] a new approach aimed to produce
a better distribution of the current density of the CPW is
proposed. The structure proposed by [4] a grounded shield
is built using the interconnection layers of the technology
which is aimed to produce a better distribution of the cur-
rent density increasing the capabilities of the transmission
line. Taking the main advantages of the structures proposed
by [4] and [5] new structure proposed and is shown in Fig-
ure 1. One important characteristic of this structure is that
is fully floating structure.

Figure 1: Structure Proposed.

The structure is designed to have a periodic shield that
avoids the interaction of the electromagnetic field and the
substrate, added to this, a second shield is designed above
the periodic shield that reduces even more the interaction of
the electromagnetic fields and the substrate as can be seen
in Figure 2.

Figure 2: Field distribution of the structure proposed.

The second shield improves the current distribution of
the transmission line maximizing the conductive properties
of the transmission line. An map of the electromagnetic
fields distribution of the conventional CPW is shown in Fig-
ure 3

Figure 3: Electromagnetic fields of the CPW.

The electromagnetic fields of the structure proposed are
shown in the Figure 4

2



Figure 4: Electromagnetic fields of the structure proposed.

From the results shown, is clear the increased perfor-
mance of the structure proposed compared to the conven-
tional CPW.

3. Characterization of the new structure.

The characterization of the structures is performed follow-
ing the approach of [10] where a methodology for ex-
tracting the components of transmission lines from the S-
parameters, is developed. The relevance of this approach is
the link between the physics of the wave characteristics and
the S-parameters Equation (4).
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(4)

where K is described by Equation (5)

K =

$
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21 + 1)2 " (2S11)2

(2S21)2
(5)

Even though in [10] this methodology is demonstrated
up to 20 GHz, in [12] and in [13] this methodology is used
up to 120GHz. A second approach to characterize the losses
in CPW is presented by [11] as Equation (6)

Dissipation = 10 log10
1" |S11|2

|S21|2
(6)

4. Results.

The performance in terms of losses of the transmission line
proposed compared to the conventional CPW [14], finite
grounded CPW [9] floating shield CPW [5] and stacked
CPW [4] are shown in Figure 5. All the structures were
built using the same dimensions.

Figure 5: Attenuation Comparision.

The matching characteristics are shown in Figure 6

Figure 6: S parameters comparision.

As can be seen, the structure proposed reaches a loss
reduction in the order of 40% and an increased performance
in terms of matching.

5. Conclusions
A new full floating structure is proposed which effectively
reduce the substrate losses and the conductive losses. The
new structure uses the metallization layers provided by the
modern Si-CMOS technology. The main advantage of this
approach is that the process is not affected allowing to
keep the advantages in terms of integration level and low
cost. An improvement around of 40% in terms of losses
is achieved in comparison to conventional coplanar waveg-
uide CPW.
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Abstract 

In this paper the effect of coupling two kinds of 
metamaterial cells with a coil to achieve Magnetic 
Resonance Imaging (MRI) is investigated. Both an array of 
four spirals and a single spiral-shaped metamaterial are 
associated to the coil antenna. The goal is to increase the 
sensitivity of the whole system and to improve the 
homogeneity of the RF magnetic field pattern. The spiral-
shaped metamaterials associated to the antenna give very 
promising numerical results. We are fabricating both 
structures using microfabrication techniques because of the 
small size of the structures.   

1. Introduction 
In Magnetic Resonance Imaging (MRI), the use of a small 
sized radio frequency surface coil allows to perform high 
resolution images with sufficient signal to noise ratio (SNR) 
[1]. However, the magnetic field generated decreases as it 
goes deeper in the human body. Moreover, the presence of 
samples with high permittivity and conductivity detunes the 
RF coil and decreases its quality factor. Nevertheless, 
associating a new material usually called metamaterial is 
becoming a rather interesting solution to improve the overall 
performance of the system. Indeed, the effective parameters 
of metamaterials are tunable and they could be either 
positive or negative [2]-[7]. The idea of placing a swiss-roll 
over an RF coil to act as a magnetic flux guide was 
successfully tested [8]-[9]. This metamaterial allowed 
receiving images from more distant samples. Furthermore, 
the resolution of the metamaterial based structure was 
higher. In our design, the metamaterials will be used to 
increase the sensitivity of small surface coil by both 
improving the RF magnetic field pattern and reducing losses 
and frequency shift resulting from dielectric coupling with 
the sample. 

2. The design of the RF coil  
The RF coil consists of two transmission lines (see figure 1) 
on both sides of a 0.5 µm thick LaAlO3 substrate with a 
permittivity of 23.6. The two parts of the antenna are 
diametrically opposite to one other.  These transmission                
lines are equivalent to an inductance and the substrate placed 

 
 
between the copper strips behaves like a distributed 
capacitance. The space between every two adjacent turns is 
150 µm and the copper strips are 150 µm wide either. The 
external diameter of each side of the antenna is 13.6mm. 
This coil (both sides together), which was designed on 
HFSS, is operating at the VHF band for high resolution MRI 
at 1.5 Tesla. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Detailed view of both sides of the coil antenna 

Both sides of this antenna work together to maximize the 
magnitude of the magnetic field. The difference of 180° in 
the orientation of either coil makes that possible. The current 
in each coil generates constructive magnetic fields making it 
the best configuration. 

This coil antenna generates a quite high magnetic field in its 
vicinity. However, the performance of this coil antenna 
needs to be improved for MRI technology. The magnetic 
field tends to weaken by a factor 9 or more, depending on 
the region of reference taken into consideration. 
Furthermore, one can notice on figure 2 that the magnetic 
field is not homogeneous near the RF coil.  

One way to improve this RF coil antenna for MRI is the use 
of metamaterials. This periodic resonant material would 

Top side 

Bottom side 

13.6mm 
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strengthen the magnetic field and would make it more 
homogeneous. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2: Side and bottom views (at 10 mm distance) of the 
magnitude of the magnetic field of the RF coil.  

3. Metamaterials used with the RF coil 
Metamaterial structures were associated to the coil antenna 
in order to form a new structure with a better performance. 
Indeed, the presence of metamaterials acts on the 
electromagnetic fields. In our case, we have chosen 
magnetic metamaterials in order to tailor the magnetic field 
generated by the coil antenna.  

The coil antenna being λ/100 small, we need to use 
metamaterials with a comparable size. To obtain 
metamaterial structures as small as λ/100, we used metallic 
spiral resonators instead of the usual C-shaped resonators 
because the latter structure resonates at a frequency 
corresponding to just λ/10. Here, we present two different 
unit cells of metamaterials: two layers of a four-spiral array 
in which each spiral has 15 turns and two layers of a 25-turn 
spiral. The first unit cell is 18.6 mm wide and the latter is 
15.3mm wide. Figure 3 and figure 4 show both types of 
metamaterials. The two layer metamaterials shown below 
are put on the top side of the coil antenna shown on figure 1. 
  

 
Figure 3: Two layers of four-spiral metamaterials with 15 
turns in each spiral 

Figure 4: Two layers of 25-turn spirals forming the 
metamaterial 

In the metamaterial structure on figure 3, the two layers are 
not identical as it is explicitly shown on figure 5. The two 
layers are actually symmetrical. In addition to that, in the 
same layer, the four spirals are not identically oriented 
either. They are arranged in such a way that the two spirals 
on the left are symmetrical to the two other spirals on the 
right. This symmetry in the same layer in combination with 
the symmetry between the two layers ensures the best 
interaction between each particle. In other words, by using 
this configuration we have the strongest magnetic field 
emanating from the whole structure. 
 
 
 
 
 
 
 
 
 
 
 
 

a) 
 
 
 
 
 
 
 
 
 
 
 
 

b) 
 
Figure 5: First layer (a) and second layer (b) of a four-spiral 
metamaterial with15 turns in each spiral  

18.6 mm 

       15.3 mm 
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The same statement holds for the metamaterial structure 
shown on figure 4: the two layers are not identical either. 
The two layers are symmetrical again. In other words, the 
second layer is rotated 180° around the axis that is 
orthogonal to the whole structure. This difference between 
the two layers is, just like what was mentioned in the last 
paragraph, aiming at making the magnetic field strongest. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

b) 

Figure 6: First layer (a) and second layer (b) of a 25 turn-
spiral-shaped metamaterial 

4. Numerical results 

• Case 1 : coil antenna associated to the first kind 
of metamaterials  

The next figure compares between the magnetic field 
calculated for the antenna alone (on the left) and the antenna 
associated to the two layer metamaterial previously shown 
on figure 3 (detailed views were given in figure 5). The 
difference can be easily seen because the calculations were 
made by considering exactly the same conditions.  

Each value of the magnitude of the magnetic field is 
represented by a color. This color scale spans from dark 
blue to red. This represents magnitudes of the magnetic 
field going from 0.0000 A/m up to 50 A/m. Dark blue is 

assigned to smallest possible value and  red is assigned to 
the highest value : 50A/m. 
 
The bottom view of the magnetic field was picked up at a 
distance of 10 mm away from the bottom side of the 
antenna for having a reference. This allows us to see how 
the magnitude of the magnetic field decreases as the 
distance increases between the antenna and the sample. 
Moreover, it gives an overview of the homogeneity of the 
magnetic field at the considered distance. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a)                                                       c) 
 
 
 
 
 
 
 
                 b)                                                        d) 

Figure 7: Side view (a) and bottom view (b) of the RF coil      
antenna without metamaterials versus side view (c) and 
bottom view (d) of the antenna with the first kind of 
metamaterials 

If we refer to the scale given in middle, one can notice that 
both the bottom views and the side views of the magnetic 
field show that the metamaterial based structure give the 
best results. In the side view on the right (with 
metamaterials), the region exhibiting a maximum magnetic 
field (in red) is larger.  Even in the farthest regions from the 
antenna the magnetic field is still increased by a factor of 4 
at least.   
 
The second feature we are interested in is field 
homogeneity. Both the side view and the bottom view (on 
the right) show that the magnetic field becomes more 
homogeneous when first kind of metamaterials is added to 
the RF coil antenna.  
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• Case 2 : coil antenna associated to the second 
kind of metamaterials  

 
Similarly to figure 7, figure 8 summarizes the results of 
magnetic field magnitude calculations for the antenna alone 
(figure1) versus those obtained by adding the metamaterial 
structure introduced in figure 4. The figures on the left hand 
side represent the magnitude of the magnetic field of the coil 
antenna without metamaterials. The figures on the right hand 
side represent the magnitude of the magnetic field of the 
antenna after adding the second kind of metamaterial on the 
top of the coil antenna. The bottom views were picked up 10 
mm away from the bottom side of the antenna for having the 
same reference as in previously calculated structures. 
Moreover, we use the same color scale and we consider 
exactly the same hypotheses to carry out the calculations. 
This allowed us to easily compare the results.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 a)                                                     c) 
 
 
 
 
 
 
 
 

b)                                                     d)  

Figure 8: Side view (a) and bottom view (b) of the RF coil      
antenna without metamaterials versus side view (c) and 
bottom view (d) of the antenna with the second kind of 
metamaterials 

The side view on the right has a larger area in red than in 
the side view on the left. This means the magnetic field 
reaches its maximum value in a larger area thanks to the 
second type of metamaterials added to the RF coil antenna. 
Furthermore, one can easily notice that the magnitude of the 
magnetic field of the coil antenna alone (in blue) is much 
weaker than that of the metamaterial based structure (in 
green). Actually, if we refer to the given the scale, one can 

see that the magnitude of the magnitude field was increased 
by a factor of 6.  

As for the homogeneity criterion, it can be evaluated 
through the presence of the same value of the magnetic field 
around the considered structures. The side views give an 
overview of the evolution of the magnetic field as we move 
away from the structure of interest. However, it’s easier to 
analyze the homogeneity of the magnetic field by 
considering just the bottom views. It can easily be seen that 
we obtain the same color on the whole plane-surface when 
metamaterials are added to the coil antenna. This means the 
metamaterials not only increase the value of the magnitude 
of the magnetic field, but they make it more homogeneous. 
 
After having proven the benefits of adding the metamaterial 
structures (figures 3 and 4) to the coil antenna, practical 
results are needed to complete the study. We are fabricating 
all the structures presented in this paper. The fabrication 
process involves the use of microfabrication techniques due 
to the small size of the structures. This will be possible 
thanks to CTU IEF-MINERVE clean rooms and 
equipments. 
 
In order to get as much data as possible, the structures will 
be fabricated by using the electrolytic deposition upon three 
different substrates: LaAlO3, Si and glass. 

5. Conclusion 

In this paper, an RF coil antenna was associated to two 
different kinds of metamaterials. The new structures give 
very interesting results for MRI because the magnetic fields 
become more homogeneous and 4 to 6 times stronger and 
even more in some regions. These successful results pave 
the way to the next step: fabrication and measurements. We 
are currently fabricating both particles on three different 
substrates: LaAlO3, Si and glass. This would give further 
proofs of the usefulness of using such structures in MRI 
technology. 
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Abstract 
Optical devices for the terahertz wave band are being 

developed now and require better designs. This paper 
proposes an artificial dielectric lens with metallic corrugated 
structures for the terahertz wave band. A periodic analysis 
model extracted from the full model by assuming periodicity 
confirms the phase delay, which produces the focusing 
effect. Full model analysis also confirms the focusing effect. 
The full model analysis also confirms that the focusing 
length is longer with the wider spacing of corrugated baffles, 
the wider metallic groove width, and the shallower groove 
depth. The lens shape without grooves does not produce the 
focusing effect. The results of the full model analysis are 
qualitatively consistent with those of the periodic model 
ones. This implies that the design for an exact size lens is 
possible by using the periodic model. 

1. Introduction 
Optical devices for the terahertz wave band ranging 

from 0.1 to 10 THz are now being developed and require 
better designs. It is not easy to arbitrarily realize a desired 
refractive index n using naturally-occurring materials. 
When materials are directly used for optical devices, the 
material properties themselves determine the optical 
characteristics. Typical lenses for the terahertz wave band 
are made of high density polymer, Tsurupica, and silicon 
with refractive indices of 1.52, 1.56, and 3.41, respectively. 
It is significant that the unit cell of the electromagnetic 
metamaterial controls the refractive index with respect to 
design flexibility and cost performance. Lenses composed 
of electromagnetic metamaterials, sphere arrays, disk arrays, 
square plate arrays, and strip arrays, have been proposed for 
microwave frequency band in [1]-[5]. These lenses produce 
focusing action due to the phase delay, slow wave effect. 
Lenses that make use of high phase velocity of propagation 
mode in a parallel plate have been proposed in [6]. The 
works in [7]-[10] present a metamaterial absorber, that in 
[11] presents an antireflection coating, that in [12] presents 
a metamaterial with an unnaturally high refractive index, 
and those in [13] and [14] present a three-dimensional 
metamaterial in the terahertz wave band. The effective 
permittivity and permeability of a metal slit array are  

 
(a) Bird’s-eye view  

 

 
(b) Top view �  

 

 
�        �            

 (c) Side View 
Figure 1: Lens with metal corrugated structure  

for terahertz wave band 
 

derived and the proper refractive index is estimated as 1 in 
[15]. The work in [16] reports anomalies in a double-
layered metallic slit. It is relatively easy to fabricate the 
terahertz electromagnetic metamaterial by metallic 
processing and chemical reduction on a film with thin metal 
[13], [14] when compared with a metamaterial in optical 
range because the dimensions of the unit element are on the 
order of tens of microns. 

This paper proposes an artificial dielectric lens with 
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Figure 2: Unit cell models 

metallic corrugated structures [17] and studies the focusing 
effect in the terahertz wave band. A periodic analysis model, 
extracted from the full model by assuming periodicity, 
confirms the phase delay used to estimate the focusing 
effect in the full model. Commercial EM simulators are 
now quite powerful but are still too heavy especially for the 
design optimization of a whole array. A lens with a large 
but finite and complicated unit cell array is generally 
cumbersome and challenging to design. The analysis and 
design using the periodic model is fast and effective for the 
iterative design procedure [18]. Results from the periodic 
model imply the possibility of efficient design for an exact 
size lens. The dimensions of the full analysis model are 
small compared with those of the actual lens to reduce 
analysis time. An HFSS simulation of the full model 
confirms that the focusing length is longer with the wider 
spacing of corrugated baffles, the wider metallic groove and 
the shallower groove. Section 2 explains the structure and 
dimensions of the artificial dielectric lens with metallic 
corrugation. Section 3 shows the analysis results of the 
periodic model and Section 4 shows those of the full model. 
 

2. Structure and dimensions of  
artificial dielectric lens with metallic corrugation 

Figure 1 shows the artificial dielectric lens with 
corrugated structures composed of baffles with a few 10 Pm 
grooves. A +z traveling TEM wave with a +y-polarized 
electric field propagates through the lens and converges at a 
focal point. The phase of electromagnetic wave in the 
dielectric material is delayed by the slow-wave effect. This 
effect is caused by the molecules and atoms which 
microscopically act as electrical dipoles to the 
electromagnetic wave. Thus, the lens shape focuses the 
electromagnetic wave. The corrugated structure is a slow-
wave circuit. A lens composed of only baffles does not 
produce a slow wave effect and the beam does not converge 

since the refractive index is 1. An electromagnetic wave 
with an x-polarized electric field and y-polarized magnetic 
field does not converge due to cut-off.  

The lens dimensions, r =1.32 mm (2.21Ȝ), R =1.60 mm 
(2.67Ȝ) and h =0.70 mm (1.17Ȝ), are used for the full model 
analysis. Figure 2 shows the unit cell models. Pattern A is 
used to study the characteristics of the baffle spacing with 
corrugated grooves and the number of baffles N.  The full 
model dimension is fixed. Pattern B is used to study the 
characteristics of the metallic groove width. Pattern C is 
used to study the characteristics of the metallic grooves 
depth. Table 1 shows the parameters of the reference model 
in Fig. 2. The design frequency is 0.5 THz. 
 

3. Phase delay analysis by periodic model 
Figure 3 shows the periodic analysis model extracted 

from the full model. The phase delay is computed from the 
analysis of the periodic model in Fig. 3. Figure 4 shows the 
phase delay results by Ansys HFSS (Ver. 13). 

The dimensions of the baffle spacing d in Pattern A are 
d=30 Pm (0.050Ȝ), 50 Pm (0.083Ȝ), 70 Pm (0.12Ȝ). The 
delayed phase at the 9th groove is -148.9, -88.8 and -66.1 
degrees with d=30 Pm, 50 Pm and 70 Pm, respectively, as 
shown in Fig. 4 (a). The phase delay decreases as the  

Periodic Boundary Walls 

H
k

E
z

x

t
d

c1
c2c1
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Figure 3: Analysis model with periodic boundary walls for 

estimation of phase delay. 
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Table 1: Lens parameters for reference model. 
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(c) Pattern C 

Figure 4: Phase delay for analysis model  
with periodic boundary walls. 

 
baffle spacing d increases.  

The dimensions of groove width c1 in Pattern B are c1 

=20 Pm (0.033Ȝ), c1=40 Pm (0.067Ȝ) and c1=60 Pm (0.10Ȝ). 
The delayed phases are -170.7, -148.9 and -143.4 degrees 
with c1 =20 Pm, c1=40 Pm and c1=60 Pm, respectively, for 
1.2Ȝ pass length, as shown in Fig. 4 (b). The phase delay 
decreases as the groove width c1 increases, but that for 
c1=40 and c1=60 Pm are almost same.  

The dimensions of groove depth c2 in Pattern C are 
c2=30 Pm (0.050Ȝ), c2=15 Pm (0.025Ȝ), c2=0 Pm. The 
delayed phases at the 9th groove are -148.9, -31.9 and -1.6 
degrees with c2=30 Pm, 15 Pm and 0 Pm, respectively, as 
shown in Fig. 4 (c). The phase delay decreases as the 
groove depth c2 decreases. 

The decreasing phase delays imply a decreasing of 
refractive index, which results in an increasing of the 
focusing length. 

4. Lens full model analysis 
Only one quarter of the analysis model is analyzed using 

image theory [19] in order to reduce the problem size. The 
full wave analysis results are obtained by Ansys HFSS (Ver. 
13). The workstation CPU is an Intel Xeon 5690 (3.46 GHz 
6 Core) x 2 and applied memory is 82.4 GB. It took 26 
hours 9 minutes to analyze the reference model. The 
incident electric field with 1 V/m is shown in Figure 5 for 
the reference model. It is verified that the lens with 
corrugated structures produces a focusing effect. The local 
maximum value of the electric field magnitude is 2.5 times 
that of the incident wave at 2.31 mm (3.85Ȝ) from the top of 
lens sphere.  

4.1. Pattern A 

Figure 6 (a) shows the full model analysis result for 
Pattern A-1, d =50 Pm (0.083Ȝ) and N =20. For Pattern A-1, 
the local maximum value of the electric field magnitude is 
2.1 times that of the incident wave at 2.36 mm (3.93Ȝ) from 
the top of the lens sphere, as shown in Figure 9 (a). Fig. 6 
(b) shows the full model analysis result for Pattern A-2, d 
=70 Pm (0.12Ȝ), N =18. For Pattern A-2 the local maximum 
value of the electric field magnitude is 1.9 times that of the 
incident wave at 2.69 mm (4.49Ȝ) from the top of the lens 
sphere, as shown in Fig. 9 (a). The results of periodic model 
in Fig. 4 (a) are qualitatively consistent with those of full 
model because the focusing length increases as the baffle 
spacing increases. The equivalent refractive index decreases 
as the baffle spacing increases. 

4.2. Pattern B 

Figure 7 (a) shows the full model analysis result for 
Pattern B-1, c1=20 Pm (0.033Ȝ). The local maximum value 
of the electric field magnitude is 2.7 times that of the 
incident wave at 1.97 mm (3.29Ȝ) from the top of the lens 
sphere, as shown in Fig. 9 (b). Fig. 7 (b) shows the full 
model analysis result for Pattern B-2, c1=60 Pm (0.10Ȝ). The 
local maximum value of the electric field magnitude is 2.4 
times that of the incident wave at 2.32 mm (3.86Ȝ) from the 
top of the lens sphere, as shown in Fig. 9 (b). The focusing 
length for Pattern B-1 is shorter compared to that of the 
reference model. The focusing length for Pattern B-2 is 
almost the same compared to the reference model. The 
results of the full model are qualitatively consistent with 
those of the periodic model, as shown in Fig. 4 (b).The 
equivalent refractive index decreases as the metallic groove 
width c1 increases. 
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Figure 5: Full wave analysis results for criterion model. 

 

 
(a) A-1 

 
(b) A-2 

Figure 6: Full wave analysis results for model pattern A. 
 

 
(a) B-1 

 
(b) B-2 

Figure 7: Full wave analysis results for model pattern B. 
 

 
(a) C-1 

 
(b) C-2 

Figure 8: Full wave analysis results for model pattern C. 
 

4.3. Pattern C 

Figure 8 (a) shows the full model analysis result for 
Pattern C-1, c2 =15 Pm (0.025Ȝ), d =60 Pm (0.10Ȝ). The 
focusing length is longer than the focusing length of the 
analysis model, 4.30 mm (7.17Ȝ) for Pattern C-1, as shown 
in Fig. 9 (c). Fig. 8 (b) shows the full model analysis result 
without metallic grooves for Pattern C-2, d = 90 Pm (0.15Ȝ).  
A lens composed of only baffles does not converge as seen 
in Fig. 8 (b). The focusing length increases as the metallic 
groove depth c2 decreases as seen by comparison between 
the reference model and Pattern C-1. The results of the full 
model are qualitatively consistent with those of the periodic 
model as shown in Fig. 4 (c). The equivalent refractive 
index decreases as the metallic groove depth c2 decreases.     

Thus, the full model analysis confirms that the focusing 
length is longer with the wider spacing of corrugated baffles, 
the wider metallic groove width, and the shallower groove 
depth. The results of the periodic model analysis imply the 
possibility of estimating the refractive index of artificial 
dielectric lens with metallic corrugated structures. The 
analysis and design of the actual-size lens is not easy and 
estimation by the periodic model is much more effective for 
an iterative design procedure. 

5. Conclusions 
This paper proposes an artificial dielectric lens that 

consists of metallic corrugated structures. The analyses of 
the periodic model confirm the phase delay and those of the 
full model confirm the focus effect. The full model analysis 
confirms that the focusing length is longer with the wider 
spacing of corrugated baffles, the wider metallic groove 
width, and the shallower groove depth. The lens shape with 
baffles only and no corrugation does not produce a focusing 
effect. The analysis using the periodic model can estimate 
the refractive index of an artificial dielectric lens with 
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metallic corrugated structures. We plan to fabricate the 
lenses and to measure the focusing effect and the equivalent 
refractive index. 
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(c) Pattern C  

Figure 9: Electric field. 
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Abstract 
Optical devices for the terahertz wave band are being 

developed now and require better designs. This paper 
analyzes an artificial dielectric lens with metallic rectangular 
chips for the terahertz wave band. This paper also provides 
an explanation of the phenomena by use of a periodic model. 
The periodic analysis model, extracted from the full one by 
assuming periodicity, confirms the phase delay as the 
mechanism that produces the focusing effect. Furthermore, 
the results of full model confirm the focusing length is 
longer with the larger periodicity of rectangular metal chips 
along the direction transverse to the propagation direction. It 
also indicates a nonuniform change for the periodicity along 
the propagation direction and the longer focusing length 
with narrower rectangular chips. The results of the full 
model analysis are qualitatively consistent with those of the 
periodic model one. This implies that the design for an exact 
size lens is possible through use of the periodic model. 

1. Introduction 
Optical devices for the terahertz wave band ranging 

from 0.1 to 10 THz are currently being developed and 
require improved designs. It is not easy to realize an 
arbitrary refractive index n using naturally-occurring 
materials. When materials are directly used for optical 
devices, the material properties themselves determine the 
optical characteristics. Typical lenses for the terahertz wave 
band are made of high density polymer, Tsurupica, and 
silicon with refractive indices of 1.52, 1.56, and 3.41, 
respectively. It is significant that the unit cell of the 
electromagnetic metamaterial controls the refractive index 
with respect to design flexibility and cost performance. 
Lenses composed of electromagnetic metamaterials, sphere 
arrays, disk arrays, square plate arrays, and strip arrays, 
have been proposed for microwave frequency band in [1]-
[5]. These lenses produce focusing action due to the phase 
delay, slow wave effect. Lenses that use the high phase 
velocity of the propagation mode in a parallel plate 
waveguide structure have been proposed in [6]. The works 
in [7]-[10] present a metamaterial absorber, that in [11] 
presents an antireflection coating, that in [12] presents a 
metamaterial with an unnaturally high refractive index, and 
that in [13] and [14] present a three-dimensional  
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Figure 1: Lens of rectangular metallic chips  
for terahertz wave band 

 
metamaterial in the terahertz wave band. The effective 
permittivity and permeability of a metal slit array are 
derived and the proper refractive index is estimated as 1 in 
[15]. The work in [16] reports anomalies in a double-
layered metallic slit. It is relatively easy to fabricate a 
terahertz-band metamaterial by metallic processing and 
chemical reduction on a film with thin metal [13], [14] 
compared to a metamaterial in optical range because the 
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Figure 2: Unit cell models 

dimensions of the unit element are on the order of tens of 
microns. 

This paper presents the focusing effect of an artificial 
dielectric lens with metallic rectangular chips in the 
terahertz wave band and operational explanation of the 
focusing length through use of a periodic analysis model. 
The periodic analysis model, which is extracted from the 
full model by assuming periodicity, confirms the phase 
delay used to estimate the focusing effect in the full model. 
Commercial EM simulators are now quite powerful but are 
still computationally heavy for the design and optimization 
of a whole array. A lens with a large but finite and 
complicated unit cell array is generally cumbersome and 
challenging to design. The work in [2] comments the 
necessity of further publication for an explanation of the 
lens operation. The analysis and design using the periodic 
model is fast and effective and can be used in an iterative 
design procedure [15]. An HFSS simulation of the full 
model confirms that the focusing length is longer with the 
larger periodicity of rectangular metal chips along the 
direction transverse to the propagation direction. It also 
confirms a nonuniform change for the periodicity along the 
propagation direction and the longer focusing length with 
narrower rectangular chips. These phenomena are 
demonstrated by the periodic analysis model.  Results from 
the periodic model imply the possibility of efficient design 
for a full size lens.  The dimensions of the full model in the 
analysis are small compared with those of the actual lens to 
reduce analysis time. Section 2 explains the structure and 
dimensions of artificial dielectric lens with metallic chips. 
Section 3 shows the analysis results of the periodic model 
and Section 4 shows those of full model. 

2. Artificial dielectric lens  
with metallic rectangular chips 

Figure 1 shows the artificial dielectric lens with metallic 
rectangular chips. A +z traveling TEM wave with a x-

polarized electric field propagates through the lens. For a 
true dielectric material, the phase of electromagnetic wave 
in the dielectric material is delayed by the slow-wave effect. 
This effect is caused by the molecules and atoms in the 
dielectric material acting as electrical dipoles to the 
electromagnetic wave. Thus, the lens shape focuses the 
electromagnetic wave. In the metallic lens, each of the 
rectangular metallic chips macroscopically acts as an 
electrical dipole and the behavior is similar to a dielectric 
material. The lens dimensions, r=1.32 mm (2.21O), R=1.60 
mm (2.67O) and h=0.70 mm (1.17O), are used for the full 
model analysis. Figure 2 shows the unit cell models. Pattern 
A focuses on the characteristics for periodicity of 
rectangular metal chips along the direction transverse to the 
propagation direction. Pattern B focuses on the 
characteristics for the periodicity along the propagation 
direction. Pattern C focuses on the characteristics for the 
rectangular chip size. The spacing of adjacent rectangular 
chips is fixed with 40 Pm (0.067O) in Pattern C. Table 1 
shows the parameters of the reference model in Fig. 2. The 
design frequency is 0.5 THz. 

3. Phase delay analysis by periodic model 
Figure 3 shows the periodic analysis model extracted 

from the full model. The phase delay is derived from the 
analysis of the periodic model in Fig. 3. Figure 4 shows the 
phase delay results by Ansys HFSS (Ver. 13). 

The dimensions of periodicity px and py in Pattern A are 
px=py=160 Pm (0.27O), 200 Pm (0.33O), 240 Pm (0.40O). 
The delayed phases at the 10th chip are -255.3, -159.4 and -
108.3 degrees with px=py=160 Pm, 200 Pm and 240 Pm, 
respectively, as shown in Fig. 4 (a). The phase delay 
decreases as the periodicity px and py increase. 

The dimensions of pz in Pattern B are pz=30 Pm 
(0.050O), 70 Pm (0.12O), 110 Pm (0.18O). The delayed 
phases at the output edge are -209.9, -255.3 and -191.4 
degrees with pz=30 Pm, 70 Pm and 110 Pm, respectively, as 
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shown in Fig. 4 (b). The length of horizontal axis in Fig. 4 
(b) is normalized by wavelength. The phase delay changes 
nonuniformly with the periodicity px and py. These 
phenomena may be caused by the standing wave between 
the metal chips. The phase delay from pz=30 Pm to pz=190 
Pm changes with periodicity, even though that from pz=190 
Pm to pz=230 Pm does not change with periodicity. The 
dimensions of periodicity a and b in Pattern C are a=b=80 
Pm (0.13O), 120 Pm (0.20O), 160 Pm (0.27O). The delayed 
phase at the 10th chip are -155.3, -255.3 and -391.1 degrees 
with a=80 Pm, 120 Pm and 160 Pm, respectively, as shown 
in Fig. 4 (c). The phase delay increases as the chip size a 
and b increase. 

The decreasing phase delays imply a decreasing of 
refractive index, which results in an increasing of the 
focusing length. 

4. Lens full model analysis 
Only one quarter of the analysis model is analyzed using 

image theory [16] in order to reduce the problem size. The 
full wave analysis results are obtained by Ansys HFSS (Ver. 
13). The workstation CPU is an Intel Xeon 5690 (3.46 GHz 
6 Core) x 2 and applied memory is 129 GB. It took 26 hours 
23 minutes to analyze the reference model. The incident 
electric field is shown in Figure 5 for the reference model. It 
is verified that the lens with rectangular metallic chips 
produces a focusing effect. The local maximum value of the 
electric field magnitude is 3.6 times that of the incident 
wave at 1.12 mm (3.03Ȝ) from the top of lens sphere. 
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Figure 3: Analysis model with periodic boundary walls for 

estimation of phase delay. 
 
 
 

Table 1: Lens parameters for reference model. 
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(c) Pattern C 

Figure 4: Phase delay for analysis model  
with periodic boundary walls. 

 

4.1. Pattern A 

Figure 6 (a) shows the full model analysis result for 
Pattern A-1, px=py=200 Pm (0.33O). For Pattern A-1, the 
local maximum value of the electric field magnitude is 3.0 
times that of the incident wave at 1.89 mm (3.15O) from the 
top of the lens sphere, as shown in Figure 9 (b). Fig. 6 (b) 
shows the full model analysis result for Pattern A-2, 
px=py=240 Pm (0.40O). For Pattern A-2, the local maximum 
value of the electric field magnitude is 2.4 times that of the 
incident wave at 2.25 mm (3.75O) from the top of the lens 
sphere, as shown in Fig. 9 (b). The periodic model results in  
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Fig. 5 Full wave analysis results for reference model. 
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(a) A-1 px= py=200 Pm (0.33O) 

 

x
y

z

H
E

k
Lens

0 1 2 3 4 5 5.4-0.7-1.6
Position (mm)

Local Maximum Value

 
(b) A-2  px= py=240 Pm (0.40O) 

Figure 6: Full wave analysis results for pattern A. 
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(a) B-1 pz=30 Pm (0.050O) 
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(b) B-2 pz=110 Pm (0.18O) 

Figure 7: Full wave analysis results for pattern B. 
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(a) C-1 a=b=80 Pm (0.13O) 
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(b) C-2 a=b=160 Pm (0.27O) 

Figure 8: Full wave analysis results for pattern C. 
 
Fig. 4 (a) are qualitatively consistent with those of full 
model because the focusing length increases as the 
periodicity px and py increases. The equivalent refractive 
index decreases as the periodicity px and py increases. 

4.2. Pattern B 

Figure 7 (a) shows the full model analysis result for 
Pattern B-1, pz=30 Pm (0.050O). For Pattern B-1, the local 
maximum value of the electric field magnitude is 3.0 times 
that of the incident wave at 1.49 mm (2.48O) from the top of 
the lens sphere, as shown in Fig. 9 (b). Fig. 7 (b) shows the 
full model analysis result for Pattern B-2, pz=110 Pm 
(0.18O). For Pattern B-2, the local maximum value of the 
electric field magnitude is 3.4 times that of the incident 
wave at 1.50 mm (2.50O) from the top of the lens sphere, as 
shown in Fig. 9 (b). The phase delay for pz=30 Pm exists 
between that for pz=70 Pm and pz=110 Pm, as shown in Fig. 
4 (b). Fig. 4 shows a nonuniform change for the periodicity 
along the propagation direction and a longer focusing length 
with narrower rectangular chips. The periodic model results 
shown in Fig. 4 (b) are qualitatively consistent with those of 
full model because the focusing length for pz=30 Pm exists 
between that for pz=70 Pm and pz=110 Pm, as shown in Fig. 
9 (b). This suggests we can simplify the design of unit cell 
array with exact size to an iterative one by using a periodic 
model, even under nonuniform changes with parameters. 

4.3. Pattern C 

Figure 8 (a) shows the full model analysis result for 
Pattern C-1, a=b=80 Pm (0.13O). For Pattern C-1, the local 
maximum value of the electric field magnitude is 3.0 times 
that of the incident wave at 1.57 mm (2.62O) from the top of 
the lens sphere, as shown in Fig. 9 (c). Fig. 6 (b) shows the 
full model analysis result for Pattern C-2, a=b=160 Pm 
(0.27O). For Pattern C-2, the local maximum value of the 
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electric field magnitude is 4.0 times that of the incident 
wave at 0.59 mm (0.98O) from the top of the lens sphere, as 
shown in Fig. 9 (c). The results of periodic model in Fig. 4 
(c) are qualitatively consistent with those of full model 
because the focusing length decreases as the periodicity a 
and b increases. The equivalent refractive index increases as 
the periodicity a and b increases. 
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(b) Pattern B 
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(c) Pattern C 
Figure 9: Electric field. 

 

5. Conclusions 
This paper presents the focusing effect of an artificial 

dielectric lens that consist of metallic rectangular chips in 
the terahertz wave band and an  explanation of the focusing 
length using a periodic analysis model. The periodic model 
analyses confirm the phase delay, and the full model 
analyses confirm the focus effect. The full model analysis 
confirms that the focusing length is longer with the larger 
periodicity of rectangular metal chips along the direction 
transverse to the propagation direction. It also confirms a 
nonuniform change for the periodicity along the 
propagation direction and a longer focusing length with 
narrower rectangular chips. The periodic model analysis can 
be used for iterative design of the refractive index for 
artificial dielectric lens with metallic rectangular chips, 
even under nonuniform changes with parameters. We are 
planning to fabricate the lenses and measure the focusing 
effect and the equivalent refractive index. 
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SODVPRQLF�UHVRQDQFH�RI������QP�IRU�D������UHIUDFWLYH�LQGH[�
XQLW��5,8��LQFUHDVH�FDQ�EH�DFKLHYHG��

�� ,QWURGXFWLRQ�
6XUIDFH�3ODVPRQ�5HVRQDQFH� �635�� >�@� VHQVLQJ� LV� D� OHDGLQJ�
WHFKQRORJ\� IRU� ELRVHQVLQJ� >�@�� 7KH� SULQFLSOH� LV� WR� GHWHFW�
VPDOO�FKDQJHV� LQ� WKH�RSWLFDO� UHIUDFWLYH� LQGH[�XVLQJ� WKH�KLJK�
VHQVLWLYLW\� RI� WKH� IUHTXHQF\� RI� 635�� 8QWLO� QRZ� 635�
ELRVHQVRUV� DUH� PDLQO\� EDVHG� RQ� JODVV� WHFKQRORJ\� ZKLFK� LV�
QRW�ZHOO�DGDSWHG�IRU�LQWHJUDWLRQ�DQG�OLPLWHG�WR�WKH�YLVLEOH�RU�
QHDU� LQIUDUHG� UDQJHV�� 0LGLQIUDUHG� �0,5�� VXUIDFH� SODVPRQ�
UHVRQDQFH�KDV�EHHQ�UHFHQWO\�LQYHVWLJDWHG�DQG�VKRZHG�D�UHDO�
SRWHQWLDO�>�@�DOWKRXJK�EDVHG�RQO\�RQ�VXUIDFH�HOHFWURPDJQHWLF�
ZDYHV�SURSDJDWLQJ�DW�WKH�PHWDO�GLHOHFWULF�LQWHUIDFH��7R�ZRUN�
DW��0,5�ZDYHOHQJWKV�=Q6�SULVPV�UHSODFH�JODVV�SULVPV���
�
1DQRSODVPRQLF� RIIHUV� WKH� SRVVLELOLW\� RI� KLJK� LQWHJUDWLRQ�
ZLWKRXW� GHJUDGLQJ� WKH� VHQVLWLYLW\� RI� WKH� GHYLFH�� 6HYHUDO�
ZRUNV� H[SORLW� WKH� XQLTXH� RSWLFDO� SURSHUWLHV� RI�
QDQRSODVPRQLF� VWUXFWXUHV� RQ� 6L� VXEVWUDWHV�� DOORZLQJ�
SURSRVLQJ� QHZ� DUFKLWHFWXUHV� IRU� ELRVHQVLQJ� >��� �@�� 7KHVH�
QHZ� GHVLJQV� DUH� EDVHG� RQ� JROG� RU� VLOYHU� IRU� WKH� VHQVLWLYH�
OD\HU�� 8QIRUWXQDWHO\� ERWK� PHWDOV� KDYH� GUDZEDFNV�� $X� LV�
IRUELGGHQ�LQ�PLFURHOHFWURQLF�HQYLURQPHQW��DQG�$J�LV�KLJKO\�
UHDFWLYH� LQ� DTXHRXV� PHGLD�� ,W� LV� WKXV� LQWHUHVWLQJ� WR�
LQYHVWLJDWH� QHZ�PDWHULDOV� WR� E\SDVV� WKHVH� OLPLWDWLRQV�ZKLOH�
PDLQWDLQLQJ�KLJK�VHQVLWLYLW\��,Q�WKH�SUHVHQW�ZRUN�ZH�SURSRVH�
WR�XVH�D�ODPHOODU�JUDWLQJ�RI�GRSHG�VHPLFRQGXFWRUV�DV�DFWLYH�
UHJLRQ�IRU�ELRVHQVLQJ�DSSOLFDWLRQV��7KH�SHULRG�RI�WKH�JUDWLQJ�
LV� FKRVHQ� WR� EH� ODUJHO\� VXE�ZDYHOHQJWK� FRPSDUHG� WR� WKH�
SODVPD�ZDYHOHQJWK� RI� WKH� GRSHG� VHPLFRQGXFWRU� DQG� RI� WKH�
ZDYHOHQJWK� RI� GHWHFWLRQ�� 7KLV� DOORZV� H[FLWLQJ� PDLQO\�
ORFDOL]HG� VXUIDFH� SODVPRQ� �/63�� PRGHV� SURSDJDWLQJ�
YHUWLFDOO\�LQWR�WKH�VOLWV�>�@��

�� 7KH�PHWDPDWHULDO�DV�VHQVLQJ�PHGLD�
:H�XVHG� WZR�DSSURDFKHV� WR�PRGHO� WKH�RSWLFDO�SURSHUWLHV�RI�
WKH� ODPHOODU� VWUXFWXUH�� L�� DQ� DQDO\WLFDO� PRGHO� UHFHQWO\�
GHYHORSHG� >�@� ZKLFK� DOORZV� WR� VDYH� FRQVLGHUDEOH� WLPH� WR�
URXJKO\� GHSLFW� WKH� DGDSWHG� VWUXFWXUH�� LL�� D� ILQLWH� GLIIHUHQFH�
WLPH� GRPDLQ� �)'7'�� VRIWZDUH� >�@� WR� YDOLG� WKH� VHOHFWHG�
VWUXFWXUH�� ,QGHHG�� WKH� DQDO\WLF� PRGHO� GRHV� QRW� WDNH� LQWR�
DFFRXQW�WKH�VXUIDFH�SODVPRQ�SRODULWRQV��633��SURSDJDWLQJ�DW�
WKH�VXUIDFH�RI�WKH�ODPHOODU�VWUXFWXUH�ZKLOH�LQ�VRPH�FDVHV�LW�LV�
QHFHVVDU\�WR�FRQVLGHU�WKHP��)LJXUH���UHSUHVHQWV�D�VFKHPH�RI�
WKH� VWUXFWXUH�� ,W� FRQVLVWV� RI� D� KLJKO\� DQLVRWURSLF� SODVPRQLF�
PHGLD��\HOORZ���
�

�
�
)LJXUH� ��� 6FKHPD� RI� WKH� ODPHOODU� JUDWLQJ� RI� WKH� GRSHG�
VHPLFRQGXFWRUV� �\HOORZ�� DQG� WKH� GLHOHFWULF� RU� OLTXLG�
�EOXH��� 7KH� WKLFNQHVV� RI� WKH� ODPHOODU� JUDWLQJ� LV� K�� WKH�
SHULRG� LV� G�� D� DQG� E� DUH� UHVSHFWLYHO\� WKH� ZLGWK� RI� WKH�
GRSHG�VHPLFRQGXFWRU�DQG�RI�WKH�VWXGLHG�OLTXLG��

�
7KH�VWUXFWXUH�FRQVLVWV�LQ�D�JUDWLQJ�ZLWK�D�����QP�SHULRG�DQG�
D�WKLFNQHVV�RI����P��7KH�ZLGWKV�RI�WKH�VOLW�DQG�RI�WKH�GRSHG�
VHPLFRQGXFWRU�DUH�HTXDO�WR�����QP��7KH�GLHOHFWULF�RU� OLTXLG�
WR� DQDO\VLV� ZLOO� EH� VLWWLQJ� LQWR� WKH� VOLW�� 7KH� ZDYHOHQJWK�
FRUUHVSRQGLQJ�WR�WKH�SODVPD�IUHTXHQF\�RI�WKH�VHPLFRQGXFWRU�
LV�FKRVHQ�FORVH�WR����P�ZKLFK�LV�D�UHDVRQDEOH�YDOXH�WR�UHDFK�
>��@��,Q�WKHVH�FRQGLWLRQV��ZH�KDYH�UHFHQWO\�GHPRQVWUDWHG�WKDW�
WKH� ODPHOODU� JUDWLQJ� FDQ� EH� YLHZHG� DV� DQ� LRQLF� FU\VWDO�
FKDUDFWHUL]HG� E\� DQ� RVFLOODWRU� ZDYHOHQJWK� U� XQGHU� D�
WUDQVYHUV�PDJQHWLF� �70�� ILHOG�DQG�DV�D�PHWDO� FKDUDFWHUL]HG�
E\� D� SVHXGR�YROXPH� SODVPRQ� ZDYHOHQJWK� W� XQGHU� D�
WUDQVYHUVH� HOHFWULF� �7(�� ILHOG� >�@�� :H� ORRN� DW� WKH�
WUDQVPLVVLRQ� RI� WKLV� PHWDPDWHULDO� DQG� WU\� WR� HYDOXDWH� LWV�
VHQVLWLYLW\� WR� LQGH[�YDULDWLRQ�RI� WKH�GLHOHFWULF�PDWHULDO�� ,W� LV�
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��
�

DOVR� SRVVLEOH� WR� LQYHVWLJDWH� WKH� PHWDPDWHULDO� LQ� UHIOHFWDQFH�
ZKLFK�JLYHV�XV�HTXLYDOHQW�VHQVLWLYLW\� WR�WKH�LQGH[�YDULDWLRQ��
:H� IRFXV� RXUVHOYHV� RQ� WKH� H[SHULPHQWDO� FRQILJXUDWLRQ�
SURSRVHG� LQ� UHI�� ��� 7KH\� SURSRVHG� D� VHWXS� EDVHG� RQ�
RUWKRJRQDO� OLQHDUO\� OLJKW� SRODUL]DWLRQ� RI� D� ODVHU� EHDP��7KLV�
SDUWLFXODU� RSWLFDO� FRQILJXUDWLRQ� OHDGV� WR� D� VHQVLWLYLW\�
LPSURYHPHQW�DQG�QRLVH�UHGXFWLRQ��

�� 5HVXOWV�DQG�GLVFXVVLRQ�
%HIRUH�LQYHVWLJDWLQJ�D�SDUWLFXODU�VWUXFWXUH�ZH�FRPSDUH�ERWK�
PRGHOV� XVHG� LQ� WKLV� VWXG\�� )LJXUH� �� VKRZV� FDOFXODWHG�
WUDQVPLWWDQFH� RI� WKH� SUHYLRXVO\�GHILQHG� ODPHOODU� JUDWLQJ�
XVLQJ�WKH�DQDO\WLF�PRGHO�RU�WKH�)'7'�PHWKRG��:H�FDQ�VHH�D�
JRRG�DJUHHPHQW�EHWZHHQ�ERWK�PHWKRGV��7KH�GLIIHUHQFHV�DUH�
GXH�WR�WKH�DSSUR[LPDWLRQ�RI�WKH�DQDO\WLF�PRGHO�WKDW�VXSSRVHV�
WKDW� ZH� DUH� LQ� WKH� ORQJ� ZDYHOHQJWK� OLPLW�� +RZHYHU�� WKH�
HVVHQWLDO� UHVXOWV� DUH� VLPLODU�� UHVRQDQFHV�� DPSOLWXGHV«� 7KH�
UHDO� DGYDQWDJH� RI� WKH� DQDO\WLF� PRGHO� LV� VDYLQJ� PXFK� WLPH�
�VHYHUDO�RUGHUV�RI�PDJQLWXGH��WKDW�DOORZV�WR�TXLFNO\�LGHQWLI\�
WKH� EHVW� VWUXFWXUH�� ,Q� WKH� IROORZLQJ� RI� WKH� DUWLFOH� ZH� MXVW�
SUHVHQW�)'7'�UHVXOWV�H[FHSW�ZKHQ�LW�ZLOO�EH�VSHFLILHG��
�

�
)LJXUH����&DOFXODWHG�WUDQVPLWWDQFH�LQ�QRUPDO�LQFLGHQFH�RI�
WKH�ODPHOODU�JUDWLQJ�ZLWK�D� �E� �����QP��G� �����QP��K� �
���P��XVLQJ�WKH�)'7'�PHWKRG��GDUN�V\PEROV��RU�DQDO\WLF�
PRGHO� �UHG� FXUYH��� 7KH� LQGH[� RI� WKH� GLHOHFWULF� SDUW� LV�
WDNHQ�HTXDO�WR������7KH�SRODUL]DWLRQ�LV�70��

:H� QRZ� VWXG\� WKH� ODPHOODU� VWUXFWXUH� WR� LGHQWLI\� WKH� PRUH�
VHQVLWLYH� ZDYHOHQJWK� UDQJH�� )LJXUH� �� VKRZV� WKH� FDOFXODWHG�
WUDQVPLWWDQFH� LQ� QRUPDO� LQFLGHQFH� RI� WKH� ODPHOODU� JUDWLQJ�
ZLWK� D�  � E�  � ���� QP�� G� �����QP�� K�  � ���P�� LQ� 70�
SRODUL]DWLRQ� �EODFN� VTXDUHV� DQG� UHG� FXUYH�� RU� LQ� 7(�
SRODUL]DWLRQ� �JUHHQ� VTXDUHV� DQG� EOXH� FXUYH��� 7KH� YHUWLFDO�
EODFN�DUURZV�VKRZ�UHVSHFWLYHO\�WKH�ZDYHOHQJWK�DVVRFLDWHG�WR�
WKH�SODVPD�ZDYHOHQJWK�RI�WKH�GRSHG�VHPLFRQGXFWRU�S��RI�W�
DQG�RI�U��7KH�LQGH[�RI�WKH�OLTXLG�LV�WDNHQ�HTXDO�WR������VROLG�
V\PEROV�� RU� ����� �VROLG� OLQHV��� :H� FDQ� VHH� WKDW� W� LV�
DVVRFLDWHG�WR�WKH�VPDOO�VKRXOGHU�DW�������P�70�SRODUL]DWLRQ�
�GDUN�V\PEROV���,Q�WKH�VDPH�WLPH��U�FRUUHVSRQGV�H[DFWO\�WR�
WKH� SVHXGR� YROXPH� SODVPD� ZDYHOHQJWK� LQ� 7(� SRODUL]DWLRQ�
�JUHHQ� V\PERO��� %RWK� ZDYHOHQJWKV� DUH� GHJHQHUDWH� GXH� WR�
LGHQWLFDO��E��VHH�UHI����IRU�PRUH�GHWDLOV���

�

�
)LJXUH� ��� &DOFXODWHG� WUDQVPLWWDQFH� LQ� QRUPDO�

LQFLGHQFH� RI� WKH� ODPHOODU� JUDWLQJ�ZLWK� D�  � E�  � ���� QP��
G� �����QP��K� ����P��LQ�70�SRODUL]DWLRQ��EODFN�V\PEROV�
DQG�UHG�FXUYH��RU�LQ�7(�SRODUL]DWLRQ��JUHHQ�V\PEROV�DQG�
EOXH�FXUYH���7KH�LQGH[�RI�WKH�OLTXLG�LV�WDNHQ�HTXDO�WR�����
�V\PEROV�� RU� ����� �OLQHV��� 9HUWLFDO� DUURZV� VKRZ� WKH�
IUHTXHQF\�DVVRFLDWHG�WR�S��WR�W�DQG�U��

7KH� PRGXODWLRQ� RI� WKH� WUDQVPLWWHG� VLJQDO� DW� ZDYHOHQJWKV�
ODUJHU� WKDQ� S� LV� GXH� WR� LQWHUIHUHQFH� HIIHFWV� LQ� WKH�
PHWDPDWHULDO� OD\HU� ZKLFK� VHOHFWV� VRPH� /63� PRGHV�� 7R�
LGHQWLI\� WKH� EHVW� ZRUNLQJ� DUHD� LW� LV� LQWHUHVWLQJ� WR� GUDZ� WKH�
WUDQVPLWWDQFH�PRGLILFDWLRQ��7��IRU�DQ�LQGH[�YDULDWLRQ�RI�WKH�
GLHOHFWULF�PHGLD�IURP������WR�������WKDW�LV�Q� �������5HVXOWV�
DUH�UHSUHVHQWHG�LQ�ILJXUH����7�DUH�GUDZQ�IRU�70��GDUN��DQG�
7(� SRODUL]DWLRQ� �UHG��� 7KH� EOXH� FXUYH� FRUUHVSRQGV� WR� WKH�
VXPPDWLRQ�RI�WKH�DEVROXWH�YDOXH�RI�7�RI�ERWK�SRODUL]DWLRQV���

�
)LJXUH� ��� 7UDQVPLVVLRQ� YDULDWLRQ� 7� IRU� DQ� LQGH[�

PRGLILFDWLRQ�RI�Q� �������XQGHU�70�SRODUL]DWLRQ� �GDUN�
FXUYH��RU�7(�SRODUL]DWLRQ��UHG�FXUYH���7KH�VXPPDWLRQ�RI�
WKH� DEVROXWH� YDOXH� RI� 7� IRU� ERWK� SRODUL]DWLRQV� LV� WKH�
FXUYH���EOXH���

7KH� VPDOO� DPSOLWXGH� LQWHUIHUHQFHV� REVHUYHG� IRU� HDFK�
VSHFWUXP�DUH�GXH�WR�QXPHULFDO�DUWLIDFWV�DULVLQJ�IURP�WKH�VWHS�
VL]H�LQ�WLPH�DQG�LQ�VSDFH�RI�)'7'�WHFKQLTXHV��7KH\�KDYH�QR�
SK\VLFDO� PHDQLQJ�� 7KH� ]RQH� RI� LQWHUHVW� LV� REWDLQHG� IRU� WKH�
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PD[LPXP� DPSOLWXGH� RI� �� ,QGHHG�� WKLV� FRUUHVSRQGV� WR� WKH�
PD[LPXP� VHQVLWLYLW\� RI� WKH� PHWDPDWHULDO�� :H� REWDLQ� DQ�
DPSOLWXGH�PRGXODWLRQ�RI�������IRU�D�ZDYHOHQJWK�RI�������P�
FRUUHVSRQGLQJ� WR� :�� 7KLV� LV� H[DFWO\� WKH� VSHFWUDO� UDQJH�
ZKHUH�VSHFWUD�LQ�ERWK�SRODUL]DWLRQV�FURVV��VHH�)LJ������
�
)LJXUH���GHPRQVWUDWHV� WKH� LPSDFW�RI� WKH� LQGH[�YDULDWLRQ�RQ�
WKH� FDOFXODWHG� WUDQVPLWWDQFH� VSHFWUD� LQ� 7(� DQG� 70�
SRODUL]DWLRQ��)LJXUH���FRUUHVSRQGV�WR�D�]RRP�RI�WKH�)LJXUH���
IRU�D�ZDYHOHQJWK�DURXQG�:��7KH�UHG�DUURZ�VKRZV� WKH�UHG�
VKLW�RI�WKH�/63�UHVRQDQFH�������QP��GXH�WR�D������UHIUDFWLYH�
LQGH[� XQLW� �5,8�� PRGLILFDWLRQ�� 7KLV� FRUUHVSRQGV� WR� D�
VHQVLWLYLW\�RI����������QP�5,8��
�

�
)LJXUH� ��� =RRP� RI� WKH� LQWHUVHFWLRQ� EHWZHHQ� ERWK�

VSHFWUD�LQ�70�DQG�7(�SRODUL]DWLRQ�RI�WKH�)LJ����7KH�GDUN�
DQG� UHG� DUURZV� DUH� UHVSHFWLYHO\� WKH� DPSOLWXGH�
PRGLILFDWLRQ�EHWZHHQ�ERWK�SRODUL]DWLRQ�DQG� WKH� UHG�VKLIW�
RI�WKH�VSHFWUD�LQ�70�SRODUL]DWLRQ�GXH�WR�LQGH[�YDULDWLRQ��

�
7KH� QDQRSODVPRQLF� VHQVRUV� DUH� JHQHUDOO\� EDVHG� RQ� WKH�
PHDVXUHPHQW�RI�WKH�ZDYHOHQJWK�RI�WKH�ORFDOL]HG�SODVPRQV��,W�
LV� DOVR� SRVVLEOH� WR� SURSRVH� LQWHQVLW\� SODVPRQLF� VHQVLQJ�� ,Q�
WKLV� FRQILJXUDWLRQ� WKH� ZDYHOHQJWK� LV� IL[HG� �IRU� H[DPSOH� DW�
:�� DQG� WKH� DPSOLWXGH� YDULDWLRQ� LV� PHDVXUHG� IRU� ERWK�
SRODUL]DWLRQV� E\� D� GHWHFWRU� EHKLQG� WKH�PHWDPDWHULDO� >�@�� ,Q�
RXU�FDVH��DQ�LQGH[�YDULDWLRQ�RI�Q� ������DW�D�ZDYHOHQJWK�RI�
:�SURYRNHV�DQ�DPSOLWXGH�PRGLILFDWLRQ�RI��������7KLV�LV�LQ�
WKH�VDPH�RUGHU�RI�PDJQLWXGH�WKDQ�LQ�UHI�����
�
,W�LV�QHFHVVDU\�WR�LQWHJUDWH�WKLV�PHWDPDWHULDO�LQWR�D�FRPSOHWH�
GHYLFH�DQG�HYDOXDWH�LWV�VHQVLWLYLW\�LQ�WKH�0,5�UDQJH��

�� 'HYLFH�SURSRVLWLRQ�
:H�SURSRVH�WR�VWXG\�D�GHYLFH�HTXLYDOHQW�WR�WKDW�DGRSWHG�LQ�
UHI�� ��� )LJXUH� �� UHSUHVHQWV� D� VFKHPH� RI� WKH� VWUXFWXUH�� ,W�
FRQVLVWV� RQ� D� KLJKO\� DQLVRWURSLF� SODVPRQLF�PHGLD� �\HOORZ��
GHSRVLWHG�RQWR�D�0,5�GHWHFWRU� �JUH\���$� OLQHDUO\�SRODUL]HG�
OLJKW� LV� LQMHFWHG� EDFNZDUG� WKH� \� GLUHFWLRQ�� 7KH� OLJKW� WR� EH�
GHWHFWHG�VKRXOG�EH�D�ODVHU�SRODUL]HG�DORQJ�[��70�SRODUL]HG���
RU� ]� D[HV� �7(� SRODUL]HG��� 7KH� 0,5� GHWHFWRU� VKRXOG� EH� D�
TXDQWXP� ZHOO� LQIUDUHG� SKRWRGHWHFWRU� �4:,3�� >�@�� D�

TXDQWXP� GRW� LQIUDUHG� SKRWRGHWHFWRU� �4',3�� >��@� RU� D�
VXSHUODWWLFH�LQIUDUHG�SKRWRGHWHFWRU��6/,3��>��@���
�

�
�
)LJXUH����6FKHPD�RI�QDQRSODVPRQLF�VHQVLQJ��7KH�ODPHOODU�
JUDWLQJ�RI�GRSHG�VHPLFRQGXFWRUV��\HOORZ��GHSRVLWHG�RQWR�
D�0,5� GHWHFWRU� �JUH\��� 7KH� EOXH� SDUWV� FRUUHVSRQG� WR� WKH�
OLTXLG�WKDW�ZLOO�EH�DQDO\]HG��
�
6LPXODWLRQV�RI�WKH�FRPSOHWH�VWUXFWXUH�DUH�VKRZQ�LQ�)LJXUH����
6SHFWUD� DUH� VRPHZKDW� PRGLILHG� E\� WKH� SUHVHQFH� RI� WKH�
GHWHFWRU� OD\HU�EHKLQG� WKH�PHWDPDWHULDO�� 7KLV� LV�PDLQO\�GXH�
WR�WKH�UHIUDFWLYH�LQGH[�GLIIHUHQFH�EHWZHHQ�ERWK�IDFHV�RI�WKH�
PHWDPDWHULDO� �QGHW� �������7KH�UHVRQDQFH�DVVRFLDWHG� WR�/63�
LV�QRW�GHHSO\�PRGLILHG��$V�ZH�FDQ�VHH�ZH�FRQVHUYH�D�JRRG�
DJUHHPHQW� EHWZHHQ� WKH� )'7'� VLPXODWLRQ� DQG� WKH� DQDO\WLF�
PRGHO� �UHG�GDVK� OLQH�� DURXQG����P��2Q� WKH�RWKHU�KDQG�� DW�
ORQJHU�ZDYHOHQJWKV�ZH�FDQ�VHH�WZR�UHVRQDQFHV�DW����P�DQG�
�����P�DVVRFLDWHG�WR�633�SURSDJDWLQJ�DW�ERWK�LQWHUIDFHV�RI�
WKH� PHWDPDWHULDO�� :H� GR� QRW� GHWDLO� PXFK� PRUH� WKLV� SRLQW�
DQG�IRFXV�RXUVHOYHV�RQ�WKH�/63�UHVRQDQFH��
�

�
�
)LJXUH����&DOFXODWHG�WUDQVPLWWDQFH�LQ�QRUPDO�LQFLGHQFH�RI�
WKH�ODPHOODU�JUDWLQJ�GHSRVLWHG�RQ�D�GHWHFWRU�PRGHOHG�E\�D�
GLHOHFWULF� ZLWK� DQ� LQGH[� RI� UHIUDFWLRQ� QGHW�  � ����� LQ� 7(�
SRODUL]DWLRQ� �GDUN� FXUYHV�� RU� LQ� 70� SRODUL]DWLRQ� �UHG�
FXUYHV��� 7KH� LQGH[� RI� WKH� OLTXLG� LV� WDNHQ� HTXDO� WR� ����
�VROLG�OLQHV��RU�������GDVKHG�OLQHV���

7KH� /63� UHVRQDQFH� PRGLILHV� D� OLWWOH� ELW� WKHLU� VKDSH� DQG�
ZDYHOHQJWK�DV�FRPSDUHG�WR�WKH�ODPHOODU�JUDWLQJ�DORQH��7KLV�
SURYRNHV� D� VPDOO� EOXH�VKLIW� XQWLO� ����� �P�� 7KLV�
GHPRQVWUDWHV�WKDW�WKH�/63�LV�HVVHQWLDOO\�VHQVLWLYH�WR�ZKDW�LV�
KDSSHQLQJ�LQWR�WKH�PHWDPDWHULDO����
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Abstract 
Smart materials drawn the attention of the scientists due to 
their promising potential application in modern society. 
Among the demanded materials for opto-electronics, 
transparent conductors are highly requested and possibility 
to control their optical transparency opens up a new door in 
optical industry. Here we experimentally demonstrate a 
smart transparent conductive metal based on plasmonics. 
We show that by coating a thin gold film with 
polymeric/Spiro-molecules composite the transparency of 
the film not only be enhanced rather than the resonance 
transmission peak can be tuned by adjusting the coating 
thickness and the wt% of Spiro-molecules content. Using 
photoswitchable molecules as plasmonic coupler give us the 
opportunity to demonstrate the first photoswitchable 
transparent conductor. In other words, the transmission of 
our device can be enhanced/reduced upon VIS or UV 
illumination, respectively which demonstrates its potential 
application for smart optical devices such as smart 
windows. Although the recovery time takes almost one day, 
we tremendously reduced it to a short time by exposing the 
device to certain organic vapors, demonstrating a 
photobleaching gas sensor. 

1. Introduction 
Transparent conductors (TCs) are in high demand 

because of ever increasing growth of solar power industry 
and optical displays. There have been tremendous efforts to 
finding a replacing materials with comparable or even 
superior properties to that of conventional TCs (e.g. ITO) [1-
5]. (For review refer to [6]). Thin metallic films due to their 
high electrical conductivity could be one of the best 
replacing materials for ITO, however their poor 
transparency makes their application as TCs limited. 
Recently a new plasmonic coating method is developed in 
our group to improve the optical transparency of the thin 
metallic film with the aid of dipole-dipole interaction [7]. 
Since the fabrication method of the mentioned system is 
PVD (Physical vapor deposition), applying chemical 
techniques could make the final device even more cost 
effective and simple. We have found out that deposition of 
Spiro molecules embedded in a polymeric matrix fabricated 
with spin coating on a thin metallic film give a high 
transparency to the metal substrate while having a high 
electrical conductivity [8]. 
In this work we show that the similar optical response can be 
extracted from the system out of Gold. In other word, here 
we show that the Spiro molecule embedded in polymeric 

matrix can enhance significantly the transparency of thin 
gold film. In addition, we show that the transmission 
intensity and peak position of our device can be tuned by 
adjusting the coating thickness or filling factor of Spiro-
molecules in composite. Furthermore the developed 
plasmonic transparent device shows gas detection potential 
which makes it as a new smart optical sensor. 
 

2. Experimental procedure 
Spirophenanthrooxazine (SPO) was provided by 

Sigma Aldrich. For making solution out of SPO, general 
laboratory grade acetone was used. Polystyrene (PS) grain 
was dissolved in toluene and stirred before further usage. All 
the metallic film were deposited by sputtering. For that, a 
home made vacuum chamber is used. The 0.026 M solution 
of SPO was prepared by dissolving SPO powder in acetone. 
The 1 wt% PS solution was diluted with toluene to different 
concentration in order to have different thicknesses after 
spin coating. The spin coating was done on the gold coated 
glass plate by means of Spincoater® (P6700 Series). The 
rate of spinning was changed and optimized to achieve the 
desire thickness. Optimization showed that 1000 rpm 
rotation speed for 60 seconds gives the best uniform film. 
The samples thickness were measured by a profilometer 
(Dectak 8000 surface profile measuring system).  

To analyze the switchability of the coatings, a 35W 
UV spot light lamp (LABINO-AB) was utilized and 
irradiation time kept constant for all experiments (20 
seconds). Optical measurements were carried out by UV-
Vis/IR spectrometer (Lambda 900). In all cases, the 
transmission value was normalized to the transmission of 
bare glass substrate to exclude the intrinsic reflectivity of 
glass.  

To speed up the switching of the stacks, the 
samples after UV illumination were exposed to Acetone, 
Isopropanol, Toluene and Ethanol vapors. For that purpose, 
the samples placed as a top lid of a beaker containing 5 ml 
solution and the distance between the lid and the surface of 
the solvent kept constant for all the samples (8 cm). Right 
away after the samples were exposed, the optical spectra 
were measured to observe the role of the solvent vapor on 
the switching properties. The mentioned process was done 
for different time periods to calculate the right time of 
recovery for each sample. All experiments were done in air 
and room temperature.   
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Figure 1: (left)Transmittance (solid lines) and refection 
(dashed lines) spectra of 15nm gold film coated with 15nm 
of spiro/polymer composite with different filling factor of 
SPO. 

3. Results and Discussion 
It is well known that the excitation of the surface plasmon 
associated with the trapping of the light, leading to a 
significant reflection drop while the induced charges on the 
metal mirror by dipole/image reduce the 
absorption/scattering of the structure. Both of the two 
mentioned phenomena enhance the transparency of metal 
films [7-8]. In the present work, we implemented the 
mentioned concept to make thin gold film highly transparent 
by using photoswitchable molecules (acting as dipoles) 
incorporated in Polystyrene. Our structure shows gas 
detection potential which makes it as a new smart optical 
sensor. 
 Although Spiro molecules are known as light 
absorbers, by proper design of the SPO doped coating one 
can enhance the transmission of metal film as well [8]. In 
Figure 1, the transmission spectra of 15nm gold film coated 
with 15nm of spiro/polymer composite with different filling 
factor of SPO is shown. It is clear that depending on the 
filling factor of SPO, the transparency of gold film is 
changed however the best efficiency of the film achieved 
when the concentration of molecules was set to 40%. 
Interestingly the change in transmission intensity for the 
pure PS film deposited on gold is negligible which shows 
that molecules (dipoles) plays a significant role in the 
observed phenomena. Reflection spectra is influenced the 
same by composite film and the 40% concentrated coating 
reduces the reflectivity more efficiently (Figure 1).  
 Spiro molecules (SPO) are chemical species in 
which the dipole moments amend their conformation upon 
UV illumination from close (off) to open (on) states [9-10]. 
However, even in the close form the SPO molecules could 
be polarized because of thermal equilibrium with its open 
form[11]. Therefore those polarized molecules near the base 
metallic film (gold) can induce a dipole image on the film 
and changes the charge distribution on the surface which can 
be considered as an in-plane wave-vector (kInd).[12] This 
distribution will be altered when the concentration of 
molecules varies (Figure 2) and when the kInd vector reaches 

the value that of plasmon of gold, matching condition if 
fulfilled and consequently the reflection significantly 
dropped due to the plasmon excitation. In other words, as 
soon as the dipole/image interaction of the chromophores 
strongly interact with the free electrons of the metal, a 
plasmon resonance activates and the broad drop in the 
reflectivity as well as high transmission happens. other 
interesting observation is the reflectivity dips occur in the 
range of 300-450 nm (Figure 1 dashed area) where the 
screening plasma frequencies of the metal film are expected. 
However further investigation is still needed to explore this 
phenomenon. On the other hand, exceeding the critical 
concentration of molecules results in a larger wave-vector 
which is comparable or even larger than the wavevector of 
internal reflection of the sample and the reflectivity start to 
increases. Additionally, since the interaction between 
molecules related to the space between them, it seems that 
enhanced reflection by concentration is also related to the 
inter-molecular interaction[12]. 
 

Figure 2: Schematic dipole-film interaction of a (a) high 
concentration (Closely separated dipole images) and (b) low 
concentrated (Highly separated dipole images) PS-SPO 
solution on the Au film surface. The induced dipole images 
are shown immediately under the interface. 
 

Calculation showed that the transmission 
enhancement up to 65% in red part of spectrum can be 
achieved which is less than the silver system where the 
enhancement was greater in the UV to green part of 
frequencies [8] . We attribute the difference to the intrinsic 
optical properties of the metal layers. In fact we believe that 
using alloys instead of single metal would give rise into a 
broader transparency peak.  

SPO under UV illumination switches to 
photomerocyanine (PMC) form which absorbs light at 
visible frequencies due to its HOMO/LUMO transition[13]. 
Illumination of composite coating showed that a drastic drop 
in transmission. The relative changes in intensity is also 
around 65% which means, by switching one can tune the 
optical transparency of gold.   
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 One problem regarding application of SPO is that 
the recovery time of the system after illumination with UV-
light is pretty long (almost one day). We demonstrated a 
method to accelerate recovery time of this molecules to very 
short time by exposing the molecules in on state to some gas 
vapor [3]. The method worked by considering the fact that 
the conformation changes of the molecules in soft matrix is 
easier than hard one. Therefore, when the SPO embedded in 
polymeric matrix come to contact with some solvent gas 
vapor, the polymer matrix expand due to the swelling and it 
turns softer. Consequently, the movement of molecules in 
the matrix is fastened and correspondingly the switchability 
process accelerated. In other words, exposing the sample to 
organic vapor of a good solvent which acts as plasticizer for 
PS, the polymer film should expand and facilitate reverse-
switching of SPO i.e. bleaching process.  
 
 

Figure 3: The comparison between before (solid) and after 
(dashed line) UV light illumination the thin film Spiro 
molecule composites of 40% SPO with different thickness 
on 15nm gold film. 

   
Based on kinetically study of the recovery percentage of the 
device upon exposure to different solvent is illustrated in 
Figure 4. The response for Toluene and Acetone are very 
fast, however response for Ethanol was slower and takes 
more than 20 minutes. In the case of Isopropanol, the optical 
recovery was the slowest and in the measured period of 
experiments, full recovery was not achieved. It seems that 
photoresponse of the developed stacks highly depends on 
the gas type (solvent) and therefore can be used as a 
selective gas sensor.  
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Figure 4: Recovery percentage of the device exposed to different 
gas vapours. 

 
To implement our device as transparent conductor, in 
addition to a high transparency, high conductivity is also 
required. Indeed, the conductivity measurements showed 
that the electrical resistively of the coated gold film is 
comparable to that of the bare gold.  It is worth mentioning 
that a photovoltaic device based on our plasmonic 
transparent conductor is under investigation.   
 

4. Conclusions 
As summary, here in this work, we study a new kind of 
smart transparent conductive metal based on a thin gold 
film coated with Spirophenanthrooxazine (SPO)/polymer 
composite. Our results showed that transparency 
enhancement up to 65% (relative to the intrinsic value of 
thin metal film) can be achieved in a system composed on 
15nm PS/SPO (40%) composite deposited on 15nm gold 
film. We attributed the observed phenomena to the induced 
charge from the molecular dipole onto the base film which 
can excite plasmon at certain concentration of molecules 
and diminish the reflectivity of the film. Moreover fast 
recovery of the molecules from on to off state by exposing 
the UV-illuminated samples (low transparent ones) to 
organic vapor gases is realized. The recovery time of the 
SPO was extremely reduced to few seconds and hence 
established a new optical gas sensor. 
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Abstract
We present a study of the attenuation length in a one-
dimensional array of alternating left- and right- handed ma-
terials in which both the permittivities and the permeabili-
ties are disordered. This type of structure has been shown
to present an anomaly in the attenuation length when only
permeabilities are disordered. We derive a simple analyti-
cal expression of the attenuation length, when the disorder
in the refraction index is due to perturbations in both the
permeability and the permittivity. Our expression is able
to explain the transition to the anomalous behavior when
perturbation only in the permeability or only in the permit-
tivity is considered. Besides, we show that the anomaly
is dramatically affected when considering perturbations in
permeability and permittivity. The coupling effects are able
to restore the ordinary localization length.

1. Introduction
In electromagnetism, the design of materials with negative
index has offered new perspectives in nano science [1, 2].
In light of the properties of these new materials, the propa-
gation and localization in periodic one-dimensional system
has been revisited (e.g. [3], see also [4, 5] for a review on
1D propagation in disordered media). Recently, periodic
bilayered structures formed by alternating left-handed and
right-handed materials have been investigated and they re-
vealed the surprising behavior of the so-called mixed-stack
[6, 7]. A mixed-stack is a particular periodic structure with
a unit cell formed of two layers of same length d = d1 = d2
and opposite refractive indices n1 = �n2. Such unit cell
does not accumulate phase and leads to a transparent struc-
ture with perfect transmission. When perturbation in the
permittivity is introduced, leading to perturbed refractive
index and perturbed impedance, an anomaly in the atten-
uation length has been exhibited, resulting in a significant
suppression of Anderson localization [6, 7]. Very recently,
the localization length L

loc

has been derived for this case
[8], leading to the prediction L

loc

/ Q�4
(kd)�8 (Q being

the perturbation strength and k = 2⇡/� the wavenumber)
which is valid in the low frequency regime.

In this Letter, we revisit this anomaly. By deriving a
simple analytical expression for the attenuation length in
mixed-stacks, we can analyze the conditions leading to the
transition to the anomalous behavior. We show that the tran-
sition begins for NQ2

(kd)2 = 1 and that increasing the

length N of the structure produces an increase in the at-
tenuation length until it reaches the localization length as
N ! 1. For �/d . 10, the localization length is reached
after NQ2

(kd)2 > 100 and our analytical expression is
accurate to characterize the transition. For �/d & 10,
at lower frequency, we may notice in the numerical re-
sults of [7, 8] that the localization length is reached after
NQ4

(kd)8 > 100, that is for much larger structure sizes
(and this is the regime predicted in [8] ). Of course, this
raises the question of whether or not such regimes can take
place in the experiments involving actual designed struc-
tures. Currently, designed metamaterial layers work at typ-
ically � ⇠ d [9, 10]. This is the case because such layers are
realized by stacking two dimensional arrays of resonators of
thickness ⇠ �/10 (for instance, split ring resonators com-
bined with continuous wires [9], or fishnets [10]) and, to
limit the losses, a small number (about 10) of stacks is
used. In optics, the problem of losses in metal is crucial
and the most recent metamaterial layers have micrometer
lengths in the infrared frequency regime [10]. For the ap-
plication to bilayered structures using left-handed materi-
als, the problem of losses remains, in addition to compact-
ness constraints, which limits also the value of N . Under
these conditions, it is of importance to carefully describe
the transmission properties of structures with moderate size
and working in the frequency regime � ⇠ d.

Another important practical aspect is the fact that a per-
turbation in the refractive index results in general from si-
multaneous perturbations in permittivity ✏ and in perme-
ability µ. These perturbations can be evaluated but they
cannot be controlled, in particular at micro and nano-scales
because of manufacturing inaccuracies. In this Letter, we
show that the behaviors of the attenuation and localization
lengths are dramatically different when including a pertur-
bation in the permeability �µ in addition to the previously
considered perturbation in permittivity �✏. Although the re-
sulting perturbation in the refractive index simply follows
from superposition, �n = �µ + �✏ at dominant order, the
obtained attenuation length does not follow from superpo-
sition. Indeed, coupling effects in ✏ and µ are able to make
the anomaly to disappear, or in other words, coupling ef-
fects restore the ordinary localization.



2. Perturbative expansion
We propose a derivation of the attenuation length l

N

(with
1/l

N

⌘ �hlog |T
N

|i/N and T
N

is the transmission coef-
ficient) based on the analysis of the electric and magnetic
fields E,H in a structure of length N(d1+d2)/2, with N/2
unit cells (N is an even number). In the unperturbed struc-
ture, the unit cell is formed of two layers 1-2, of lengths d

a

(a = 1, 2), with refractive indices n
a

= ±p
✏
a

µ
a

(the upper
and lower signs, respectively, refer to right-handed and left-
handed materials). The unperturbed structure is transparent
when Z1 = Z2, with Z

a

= Z0

p
µ
a

/✏
a

(perfect impedance
matching without reflection). In each layer j, perturbations
in both ✏ and µ are considered, µ

j

= µ
a

(1 + �µ
j

)

2 and
✏
j

= ✏
a

(1+�✏
j

)

2 with uncorrelated �µ
j

and �✏
j

, distributed
uniformly on [�Q

µ

, Q
µ

] and [�Q
✏

, Q
✏

] respectively. The
resulting perturbation in the refractive index �n

j

is dis-
tributed on [�Q,Q] with Q =

q
Q2

✏

+Q2
µ

.
We define the electric and magnetic fields E

j

and H
j

at
the boundary between the layers j and (j + 1), satisfying

✓
E

j�1

H
j�1

◆
=

✓
cos'

j

iZ
j

sin'
j

i sin'
j

/Z
j

cos'
j

◆✓
E

j

H
j

◆

(1)
with '

j

⌘ k
j

d
j

and where the time dependence ei!t has
been considered. For small disorder, the impedances re-
main close to each other and we introduce a small parameter
�
j

⌘ (Z
j

/Z
j�1 � 1)/2. Decomposing E

j

into right-going
E+

j

and left-going E�
j

waves, we get

eikjdE+
j

= E+
j�1 + �

j

(E+
j�1 � E�

j�1),
e�ikjdE�

j

= E�
j�1 � �

j

(E+
j�1 � E�

j�1),
(2)

with the boundary conditions E+
1 = 1, E+

N+2 = T , E�
1 =

R, E�
N+2 = 0. Defining a term of phase accumulation

�
j

⌘
P

j

l=2 'l

, and the quantities P
j

⌘ ei�jE+
j

and D
j

⌘
e�i�jE�

j

, we obtain

P
j

= 1 +

jX

l=2

�
l

⇥
P
l�1 � e2iKl�1dD

l�1

⇤
,

D
j

=

N+2X

l=j+1

�
l

⇥
e�2iKl�1dP

l�1 �D
l�1

⇤
,

(3)

where we used P1 = 1 and D
N+2 = 0. The transmission

coefficient is T
N

= e�i�N+1P
N+2 and the aim is to de-

rive the attenuation length l
N

. This is achieved by solving
(3) iteratively owing to the small parameter �

j

. Analytical
expressions presented in this Letter are obtained at the sec-
ond iteration, leading to a prediction accurate up to O(Q3

).
Note that this second order in Q is also the approximation
used in the semi analytical WSA used in [6, 7] [see Eq. (12)
in [7] where the term R2

n�1t
2
n

r
n

is omitted, and this term is
O(Q3

) at best]. In the following, for clarity, we first inspect
the case where only a perturbation in ✏ is considered, and
then, we inspect the case with perturbations both in ✏ and µ
for a unit cell with no phase accumulation.

3. Layers with perturbations only in ✏

– We first consider the case where Q
µ

= 0 and Q = Q
✏

,
corresponding to the situation considered in [6, 7, 8]. We
can notice that the result is the same if Q = Q

µ

, Q
✏

= 0.
The attenuation length for a structure of size N(d1 + d2)/2
is

1

l
N

=

1

l1
� Q2

12

A(k1d1, k2d2, Q,N), (4)

1

l1
=

Q2

12

⇢
1� 1

2

[f(x1) cos 2k1d1 + f(x2) cos 2k2d2]

�
,

(5)
with x

a

⌘ 2Qk
a

d
a

(a = 1, 2) and f(x) ⌘ 3sincx �
6(sincx � cosx)/x2, where sincx ⌘ sinx/x. The gen-
eral form of A has no particular interest and we refer to
the appendix for its expression (simplified expressions are
given in the following).

The key point is the following: A depends on N ,
and it is responsible for the anomaly that occurs only for
k2d2 = �k1d1 (this agrees with the observation of [11]
that a structure, with d1 6= d2 and k2 = �k1, does not
present the anomaly). This is illustrated in Fig. 1: it can
be seen that A has amplitude unity only in the vicinity of
k2d2 = �k1d1; otherwise it is at least one order of mag-
nitude smaller. In this latter case, it is negligible and the
attenuation length takes a simple form, independent of N ,
l
N

= l1 that characterizes the transmission properties of
the structure for any size N . Moreover, we recover the ex-
pected behavior of the localization length in the high fre-
quency regime, l1 ! 12/Q2 since f ! 0, and in the low
frequency regime, 1/l1 = Q2/12 (sin

2 k1d1 + sin

2 k2d2)
since f ! 1, as obtained in [11]. Of course, taking into
account the exact form of the function f allows to better
describe the attenuation length for intermediate values of
the wavelength �.

If the unit cell does not accumulate phase, for alter-
nating right-handed and left-handed materials with kd =

k1d1 = �k2d2, Eq. (4) simplifies to

1

l
N

=

Q2

12

⇥
1� f(x) cos 2kd� h2

(x)B(sincx, kd,N)

⇤
,

(6)
with x ⌘ 2Qkd, h(x) ⌘

p
3[sincx � cosx]/x (such that

A = h2
(x)B) and

B(r, kd,N) ⌘ 1� rN

N(1� r2)2
⇥
1 + r2 � 2r cos 2kd

⇤

�1� r cos 2kd

1� r2
.

(7)
The main characteristics of A are illustrated in the inset of
Fig. 1. A transition can be observed for NQ2

(kd)2 ⇠ 1.
For �/d . 10, A reaches asymptotically a value that does
not compensate the 1/l1 term in Eq. (4). Consequently,
1/l

N

is of the same order as 1/l1 and there is no anomaly.
For �/d & 10, A reaches asymptotically a value that com-
pensates the 1/l1 term in Eq. (4), leading to an increase in
l
N

and thus to the aforementioned anomaly; this is consis-
tent with the results of [8]. This means also that in this low
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Figure 1: A as a function of k2d2/k1d1, curves given for
k1d1 = 2⇡/4.3: lower red curve Q = .025 and upper
black curve Q = 0.25 (plain line N = 100 and dotted
line N = 1000). The inset shows A as a function of N , for
kd = k1d1 = �k2d2. N is normalized to NQ2

(kd)2 and
A normalized to A/(kd)2. �/d = 4 (blue lower curve), and
�/d = 40, 400 (upper red and black curves, almost undis-
tinguishable) for Q = 0.025 (plain line) and Q = 0.25
(dotted line).

frequency regime, our perturbation expansion is no more
valid and, as suggested by [8], would necessitate to go to
order 4 in Q. Finally, note that the wavelengths smaller
than the unit cell length (�/d < 1) are not concerned by
the anomaly because the term (1� f(2Qkd) cos 2kd) ! 1

while A remains smaller than 0.1 (the behavior of A for
small wavelengths is not reported here).

4. M-stack with disorder in ✏ and µ

– To assess the robustness of the anomaly, we consider now
perturbations both in ✏ and µ but still under the condition
of no phase accumulation in the unit cell, kd = k1d1 =

�k2d2. Using the same perturbation technique, we find a
generalized expression of Eq. (6):

1

l
N

=

Q2
✏

12

[1� f(x✏

) sincxµ

cos 2kd]

+

Q2
µ

12

[1� f(xµ

) sincx✏

cos 2kd]

+

Q
✏

Q
µ

6

cos 2kd h(x✏

)h(xµ

)

� [Q
✏

h(x✏

)sincxµ �Q
µ

h(xµ

)sincx✏

]

2 B(R, kd,N)

12

,

(8)
with R ⌘ sincx✏ sincxµ. Here, the first three terms are
independent of N and they essentially follow from the su-
perposition of l1 values (Q = Q

✏

and Q
µ

in Eq. (5)) . The
fourth term is dependent on N . This term, responsible for
the anomaly when Q

µ

= 0, has here a much more com-
plex structure that is not in general able to compensate the
first three terms. For instance, in the case Q

✏

= Q
µ

, this

term vanishes, which restores the ordinary Anderson local-
ization.
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Figure 2: Attenuation length l
N

of a mixed-stack for
lengths N = 30 and N = 10

3 as a function of �/d. Dots
show the numerical results and plain lines correspond to our
prediction in Eq. (8). Different curves correspond to Q

µ

=

0 (black dots), Q
µ

= 0.1 (magenta dots) and Q
µ

= Q
✏

=

Q/
p
2 (red dots) for constant Q =

q
Q2

µ

+Q2
✏

= 0.25

(constant perturbation strength in the refractive index). Re-
sult for the homogeneous stack (usual Anderson localiza-
tion) are not represented and would be superposed on the
Q

✏

= Q
µ

case (red dots).

Our results are exemplified in Figs. 2 and 3 and com-
pared with direct numerical calculations (numerics have
been done with 10

3 � 10

4 averages). We considered two
different sizes of mixed-stacks N = 30 and N = 10

3 for a
constant refractive index perturbation Q = 0.25, resulting
from Q

µ

= 0, 0.1 and Q/
p
2 (and Q

✏

=

q
Q2 �Q2

µ

). Our
conclusions are twofold:

1) When the perturbation in the refractive indices result
from perturbations both in ✏ and µ, a significant decrease
in the attenuation length is visible at low frequency (Fig.
2). For Q

µ

⇠ Q
✏

, the usual localization is restored, similar
to the localization observed in the so-called homogeneous-

3
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Figure 3: Attenuation length l
N

of a mixed-stack as a func-
tion of N for �/d = 3 and �/d = 10. Same convention as
on Fig. 2 is used. The transition starts for N = 1/Q2

(kd)2

(N ⇠ 4 for �/d = 3 and N ⇠ 40 for �/d = 10). For
�/d = 10, Q

µ

= 0, the asymptotic l
N

= L
loc

⇠ 10

7 is
found from [6, 7] for N > 10

7.

stack (corresponding to a unit cell with kd = k1d1 = k2d2
[6, 7]). In this case, the validity of our expression in Eq. (8)
is satisfactory in the whole range of frequencies.

2) It is confirmed that, when perturbation only in ✏ is
considered, the anomaly starts for NQ2

(kd)2 = 1 (Fig. 3).
For �/d . 10, the saturation at the localization length oc-
curs for NQ2

(kd)2 > 100 and our calculation at second
order, Eq. (6), is accurate to describe the whole transition
(in this regime, the prediction of [8] does not apply). We
derived the attenuation length at third order and it appears
to be more accurate although still unsatisfactory for low fre-
quencies (Fig. 3). Indeed, for �/d & 10, in light of the cal-
culations in [8], the next order in Q4 is necessary to entirely
capture the transition in the low frequency regime and, by
analyzing the numerical results in [7, 8], it appears that the
attenuation length reaches the localization length for typi-
cally NQ4

(kd)8 > 100. This corresponds to the anomaly
with a huge localization length.

5. Conclusions
Our results concern the attenuation length l

N

in bilayered
structures with a unit cell composed of left-handed and
right-handed materials. When perturbation only in the per-
mittivity or in the permeability is considered, our analytical
expression is accurate for structure of moderate size and for
high frequencies (wavelengths of order or smaller than the
unit cell size). It must be stressed that real left-handed layer
as can be designed nowadays precisely works in this range
of wavelengths and structure sizes. More importantly, our
result applies for perturbation in the refractive indices re-
sulting from perturbations in the permeability and in the

permittivity, which is the case when designing left-handed
material. This is of particular practical interest since we
have shown that the combined effects of perturbations in
permeability and permittivity strongly affect the behavior
of the attenuation length and they are able to restore the
ordinary Anderson localization.

6. Appendix– Technical calculations
The term A is given by

A('1,'2, Q,N) =

⇥
e�2i'1X2h

2
(x1) + e�2i'2X1h

2
(x2)

⇤
�

+h(x1)h(x2) [2� + �0]

(9)
with X

a

⌘ sincx
a

, '
a

⌘ k
a

d
a

(a = 1, 2),
X2 ⌘ X1X2, ' ⌘ '1 + '2, and �0 ⌘
[1 � (Xe�i'

)

N

]/[1 � (Xe�i'

)

2
] e�2i'/N , � ⌘⇥

e�2i'/2� �0

⇤
/
⇥
1� (Xe�i'

)

2
⇤
.

The third iteration has been done for mixed-stack, with
kd = k1d1 = �k2d2 and Q = Q

✏

. The extra term in
Q3 is 1/l(3)

N

:

1

l

(3)
N

=

Q

3

4 sin 2kd


F (X, kd,Q)

1�XN

N(1�X2
)

2
+

+

G(X, kd,Q)

(1�X2
)

�
,

(10)
with F ⌘ m1

⇥
(1 +X2

)/3�m2
1(1�X2

)� 2Xm2

⇤
,

G ⌘ Xm1m2 � m1/3 + m3(1 � X2
). m1, m2, m3

are explicit functions defined by m1(aQ) ⌘ ihxeiaxi/Q,
m2(aQ) ⌘ hx2eiaxi/Q2 and m3(aQ) ⌘ ihx3eiaxi/Q3 for
x distributed uniformly on [�Q,Q].
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Abstract 
Fourier-Bessel functions are used to expand the field and 
dielectric in the 2D cylindrical Maxwell's equations 
recasting their solutions into eigenvalue problems.  The 
eigenvalues obtained are the localized states of the given 
structure with their density indicating optical band gaps.  
The technique is shown for both TE and TM polarizations 
within a triangular lattice photonic crystal.  The accuracy 
and efficiency of the results are compared relative to finite 
difference techniques. 

1. Introduction 
Photonic crystals (PCs) are typically characterized based on 
the translational periodicity that is present within the 
dielectric layout.  Accordingly methods for analyzing these 
structures are often set in Cartesian coordinates.  Two 
common techniques are finite-difference time-domain 
(FDTD)[1] or the plane-wave expansion method 
(PWEM)[2].  The FDTD method is robust through its 
discretization of Maxwell’s equations and the dielectric.  
However, there are significant computational requirements.  
The more efficient PWEM expands the dielectric and field 
terms within Maxwell’s equations in order to recast the 
equations as eigenvalue expressions.  This technique 
operates in Fourier space and requires the presence of the 
unit cell that is a feature within translational structures. 

The configuration of translational structures requires the 
introduction of rotational symmetry such as the 6-fold 
symmetry within the triangular lattice.  There are also other 
structures such as photonic quasi-crystals that only have 
rotational symmetry about a central point.  Analyzing 
structures with only rotational symmetry and their optical 
characteristics is normally done using FDTD or a supercell 
variation to the PWEM [3-4]. 

This work proposes a biorthonormal basis method for 
the analysis of 2D structures containing rotational 
symmetry.  The analysis will be completed in cylindrical 
coordinates using Fourier-Bessel (FB) functions[5].  The 
structures are defined in r and θ while they are taken to be 
infinite in z.  Biorthonormal basis solutions have been used 
in optical fibers [6-7] and outside of the field of optics FB 
functions have been used in the study of circular patterns 
[5].  Section 2 will examine the use of FB functions in the 
recasting of Maxwell’s equations into eigenvalue 

expressions.  It will show how the eigenvalue solutions 
provide the frequencies (eigenvalues) and mode profiles 
(eigenvectors) for supported localized modes.  Section 3 will 
make use of the technique on the triangular lattice PC, 
presenting the resulting data and discussing convergence 
criteria.  Section 4 will provide a brief summary and 
conclusions.   

2. Theory 

Maxwell’s equations can be combined to give what are 
known as the master equations for both TE and TM 
polarizations respectively [8]. 
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where ( ) ( ) ( )rErrD roεε= .  In the case of (2) the relative 
dielectric constant, ( )rrε , is treated as a single value and the 
equation to be rewritten as 
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The goal of using these equations is to express them as 
eigenvalue expressions such that the eigenvalues and 
eigenvectors can be determined.  In PWEM analysis the 
dielectric and fields are expanded using Fourier functions as 
the basis.  The eigenvalues thus obtained are the frequencies 
for the propagating Bloch modes through the structure.  In 
our analysis, Fourier-Bessel functions, (4) and (5), are used 
to expand the inverse dielectric and the desired field 
component, Hz or Ez for TE and TM polarizations 
respectively. 
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where Field is the respective Hz or Ez field component for 
the given polarization, nρ is the nth zero of the Bessel 



2 
 

function scaled by the radius, b, of the dielectric extent.  

εm and Γ are integers related to the rotational symmetries 
in the inverse dielectric and field respectively.  In previous 
work it was shown that the field profile within the structure 
would only have significant expansion coefficients when the 
rotational symmetries, Γ , followed the relationship 

θε km ±=Γ ; θk  is defined as an integer related to the 
base rotational order of the mode being sought, i.e. 1 for a 
dipole-like mode [9].   

The advantage to using FB functions is that they are the 
sum of the products of two distinct profiles, Fig. 1.  The 
incorporation of the two profiles allows the FB functions to 
efficiently model the general radial shape of the centrally 
localized modes while also modeling the rotational 
symmetry present in both the modes and dielectric structure.       

 
Fig. 1: Two example profiles used in a Fourier-Bessel 
product.  The profile on the left is the Bessel function, 
Jo(ρ6r), while the profile on the right is the exponential term, 
ej6θ. 

In order to recast equations (1) and (3) the curls must be 
expanded into cylindrical coordinates.  The FB expansions, 
(4) and (5), can then be inserted and using the orthogonality 
conditions [5] of the Bessel and exponential functions the 
master equations can be rewritten into the following 
expressions. 
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Where S, T, and U are given below and used to simplify the 
expressions. 
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Equations (7)-(10) can be rewritten to be independent of 
the radial extend, b, by performing a change of variable rnew 
= r/b and letting rnew be over the interval [0,1].  These are 
calculated for all required ranges of n’, n, and q and stored 
as look-up tables.  It should also be noted that the integrand 
within (10) included a 1/r term.  If the origin is included in 
the interval of integration the resulting values of the integral 
would be infinity.  Fortunately (10) results from both first 
and second order derivatives of the field with respect to θ.  
The first and second order derivatives of the field around the 
origin are zero allowing us to leave the origin out of the 
integration.   In the calculations this is achieved by 
integrating from δr to b.  Convergence testing with a radial 
extent, b, of 2.5 µm showed that the results from both (6) 
and (7) converged to eigenvalue wavelength variations of 
less than 5 nm as δr decreases from 24.30 nm to 5.20 nm.  
Values of δr below 5.20 nm caused the results to diverge 
rapidly resulting in solutions to the expressions that were 
either undefined or infinite in value. 

3. Results 
Practical testing of the FB expansion method was conducted 
using a triangular array of circular air holes (εr = 1.00) in a 
silicon background (εr = 12.1104), Fig. 2.  The PC was 
designed with a lattice constant, a, of 0.630 µm and a hole 
radius to lattice constant, r/a, ratio of 0.48.  The parameters 
were chosen to ensure a complete TE/TM band gap. 
 

 
Fig. 2: Triangular lattice of air holes (εr = 1.00, white) in 
a silicon background (εr = 12.1104, gray) with a lattice 
constant, a, of 0.630 µm and r/a = 0.48. 

In order to evaluate the accuracy of the FB expansion 
method a baseline is established using FDTD.  The structure 
was discretized on a 160 point/µm Cartesian grid and 
excited with a noise source, with the desired polarization, 
located at the origin.  The noise source contains sufficient 
spectral randomness to partially excite any modes supported 
by the structure.  The temporal progression of the desired 
field component is monitored at points about the center and 
along the edge of the structure for defining localized state 
and band gap wavelengths respectively.  Fourier transforms 
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are performed using the time information to obtain the 
frequency spectrums.  The TE FDTD simulations show that 
the band gap is located from 1.176 µm to 1.810 µm.  The 
nature of the band edges allows a +- 20 nm range from the 
higher to lowest amplitude over which the band edge is 
identified.  The stated values are located in the middle of 
this range.  The TM simulations give a band gap location 
from 1.221 µm to 1.461 µm.   

To perform the FB expansion the Cartesian grid from 
the FDTD calculations is converted to a grid in cylindrical 
coordinates with 576 points/µm in r and 1440 points/2π in θ 
using Taylor expansions.  The FB expansion coefficients, 
200 Bessel terms and 100 exponential terms, for εr

-1 are 
calculated over a 5 µm diameter circle about the center of 
the rotational symmetry.  In order to focus on the angular 
symmetry, the magnitude of the expansion coefficients are 
plotted, Fig. 3, such that the radial components are 
overlapped at their rotational order. Each order mε has 100 
points for the 200 radial components, q, used in the 
expansion.  For clarity only the first 48 rotational orders are 
shown.  Convergence tests addressing the density of the 
cylindrical grid showed that increasing the resolution would 
reduce the minor contributions at mε = 2, 4, etc. but would 
only result in the final results for mode wavelengths, varying 
by less than 1%.  Additionally this would only affect terms 
that included these rotational orders i.e. kθ = 2 or 4 for the 
triangular lattice. 

 
Fig. 3: Magnitude of the Fourier-Bessel expansion 
coefficients for the triangular lattice, 6-fold rotational.  The 
expansion was done for a 5 µm diameter circle about the 
center of the PC with 200 Bessel and 100 exponential terms.   

The results in Fig. 3 show that the expansion 
coefficients can be used to determine rotational symmetry of 
the structure as only expansion coefficients with significant 
values correspond to the multiples of the rotational order of 
the dielectric, in this case the 6-fold of the triangular lattice.   

The expansion coefficients are then used in (6) and (7) 
along with the kθ of the mode being sought.  The 
expressions are then recast into an eigenvalue solution and 
solved to obtain the eigenvalues, ω2/c2.  The sorted absolute 
values of the eigenvalues are converted to wavelength and 
shown in Fig. 4.  Each eigenvalue corresponds to a state 
supported by the structure under examination.  The regions 
where the states are sparse indicate band gaps.  Fig. 4 shows 
the strong agreement between the Bessel expansion TE band 

gap regions and those determined by FDTD simulations 
shown in gray.  The gaps within the clustered eigenvalues 
indicate the band gap to be from approximately 1.131 µm to 
1.861 µm.  The determination of the upper edge of the band 
gap is based on the combined information from the 
monopole (kθ = 0) and dipole (kθ = 1) results around this 
region.  Further reconstruction of the modes is necessary for 
a more accurate estimate.  The estimated values correspond 
to the FDTD band gap edges to within less than 4% error.  
The major difference between the two techniques is that the 
FDTD method shows the wavelengths that propagate versus 
those that are forbidden.  The FB method is showing 
stationary states whose density allows approximate gaps to 
be determined. 
 

 
Fig. 4: The TE monopole and dipole FB expansion results 
for the triangular lattice with shaded area indicating the band 
gap obtained from FDTD simulations. 

The accuracy of the technique is dependent upon the 
number of Bessel terms, n and q, and exponential terms, mε 
and Γ, used in the calculations.  These values were verified 
in convergence tests showing that an increase from 100 
Bessel terms to 200 terms causes wavelength shifts of less 
than 1% for both polarizations.  An increase of 100 
exponential terms to 150 terms resulted in wavelength 
changes of less than 7%. 

The nature and location of the band gap determined 
through the Bessel expansion method can be further 
explored by examining the eigenvectors as they provide the  

Field
n Γ,κ  terms that are then used in (4) to reconstruct the field 

profile of a given state.  The modes within the band gap are 
either centrally localized modes or interfaces states.  The 
interface states are the result of the boundary conditions at r 
= b imposed by the use of Bessel functions in the radial 
direction.  These functions force the field and inverse 
dielectric to be zero at this boundary.  As these states result 
from the boundary conditions they are ignored in the 
comparison with FDTD.  Fig. 5 shows the centrally 
localized TE monopole state present within the indicated 
band gap.  The wavelength for the monopole was calculated 
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to be 1.469 µm using the FB expansion method.  This value 
gives has a 0.41% error when compared to the 1.475 µm 
value determine through FDTD simulations.  Neither the 
FDTD simulations nor the FB expansion method found 
dipole states within the given band gap. 

 

 
Fig. 5: TE Monopole field profile obtained using 
eigenvectors in a Fourier-Bessel reconstruction. 

Using (7) the TM analysis of the structure was also 
completed with  the sorted eigenvalues are shown in Fig. 6.  
The FB expansion method indicates an approximate band 
gap with lower and upper edges at 1.114 µm and 1.476 µm 
respectively.  These are within 110 nm, less than 9% error, 
of the FDTD results, shown in gray.  
 

 
Fig. 6: The TM monopole and dipole FB expansion results 
for the triangular lattice with shaded area indicating the band 
gap obtained from FDTD simulations. 

The TM centrally localized modes can also be 
reconstructed and verified with the FDTD findings.  Both 
the FDTD and Fourier-Bessel calculations determined that 
there was a monopole within the TM band gap.  The 
Fourier-Bessel expansion solution gave a wavelength of 

1.293 µm and a mode profile shown in Fig. 7.  This value 
gives a 0.84% error from the 1.304 µm value determined 
with FDTD.  As with the TE polarization neither technique 
located a dipole within the given band gap. 

 

 
Fig. 7: TM Monopole field profile obtained using 
eigenvectors in a Fourier-Bessel reconstruction. 

4. Conclusions 
This work has proposed a new method for the study of 
dielectric structures that contain rotational symmetry using 
Fourier-Bessel functions as the basis.  The technique has 
been shown to be effective in studying both TE and TM 
polarizations giving band gaps that are in good agreement 
with FDTD simulations.  The Fourier-Bessel expansions 
method was also able to find modes and calculate their 
wavelength values to within 1% error of the FDTD results. 

The use of the Fourier-Bessel expansion method does 
introduce interface states due to the boundary conditions 
imposed by the Bessel functions at the radial extent of the 
photonic crystal being studied.  Removal of these states will 
be one aspect that will be addressed moving forward with 
this research.  Future work will also focus on the use of the 
technique to generate full band structures akin to those 
obtained using the more traditional plane-wave expansion-
method. 

Acknowledgements 
The authors would like to thank the funding support of 

Natural Sciences and Engineering Research Council of 
Canada (NSERC) and the Canadian Institute for Photonics 
Innovations (CIPI). 

References 
[1] Taflove, A., and S.C. Hagness, Computational 

electrodynamics : the finite-difference time-domain 
method, Artech, 2000. 

[2] K. Ho, C. Chan, and C. Soukoulis, Existence of a 
photonic gap in periodic dielectric structures, Phys. Rev. 
Lett. 65: 3152 – 3155 (1990). 



5 
 

[3] S. Johnson and J. Joannopoulos, Block-iterative 
frequency-domain methods for Maxwell’s equations in 
a planewave basis, Opt. Exp. 8: 173 (2001). 

[4] D.M. Beggs, M.A. Kaliteevski, and R.A. Abram, 
Properties of microcavities in two-dimensional photonic 
quasicrystals with octagonal rotational symmetry, J. 
Mod. Opt. 54: 881 – 893 (2007). 

[5] Guan, S., Fourier–Bessel analysis of patterns in a 
circular domain, Physica D: Nonlinear Phenomena, 
151: 83 - 98, (2001). 

[6] Silvestre, E., M.V. Andres, and P. Andres, 
“Biorthonormal-basis method for the vector description 
of optical-fiber modes,” Journal of Lightwave 
Technology, Vol. 16, No. 5, 923-928, 1998. 

[7] A. Ortega-Monux, J.G. Wanguemert-Perez, and I. 
Molina-Fernandez, Accurate Analysis of Photonic 
Crystal Fibers by Means of the Fast-Fourier-Based 
Mode Solver,  IEEE Photon. Technol. Lett. 19: 414 – 
416, (2007). 

[8] Johnson, S.G., A. Mekis, S. Fan, and J.D. 
Joannopoulos, Molding the flow of light, IEEE, 2001. 

[9] S.R. Newman, R.C. Gauthier, Representation of 
photonic crystals and their localized modes through the 
use of Fourier-Bessel Expansions, IEEE Photon. J. 3: 
1133 – 1141, (2011). 



 META’12 CONFERENCE, 19 – 22 APRIL 2012, PARIS - FRANCE 

Circular-Lattice Photonic Crystal Taper for Optical Waveguides 
 

Gilliard N. Malheiros-Silveira1, and Hugo E. Hernández-Figueroa1 
 

1School of Electrical and Computer Engineering (FEEC), State University of Campinas (Unicamp), 
Department of Microwaves and Optics (DMO), 13083-970 – Campinas/SP, Brazil. 

*corresponding author, E-mail: gilliard@dmo.fee.unicamp.br 
 
 

Abstract 
A new taper based on curvilinear-lattice photonic crystal 
used for coupling two ridge waveguides with different 
widths has been theoretically investigated. The studies were 
carried out by using the finite-difference time-domain 
(FDTD) method. Coupling efficiency around 75 % was 
obtained for waveguides whose widths were related by a 
factor of eleven.  

1. Introduction 
Photonic Crystals (PCs) are structures with a periodic 
modulation of dielectric materials which can occur in one, 
two or three dimensions. This kind of material can possibly 
inhibit the propagation of the light in one or more bands of 
frequencies [1]. The bandwidth of light that can not go 
through the material is known as Photonic Band Gap (PBG). 
Furthermore, parameters like materials, lattice type, 
geometrical distribution of materials in an unitary cell, 
among others, have a huge influence on the PBG behavior.  

There are practically infinite combinatorial possibilities 
of geometry and material for structuring a PC. The first PCs 
proposed and studied were composed of simple geometric 
forms. However, in the last few years many researchers 
have used several methods of search and optimization to 
explore new configurations of PCs with optimized 
properties [2,3,4,5].  

By using PCs it is possible to obtain more compact 
devices in integrated optics [6]. An interesting class of 
integrated devices based on PCs emerge as an alternative to 
the coupling light between different waveguides (optical 
fibers, ridge waveguide, PBG waveguide, among others) 
[7,8,9]. Generally, these devices (based on PCs) are a kind 
of tapers or lenses [1], [10,11]. 

This work presents a new optical taper based on 
curvilinear-lattice PC using silicon rods and air as a 
background material. The simulations were carried out by 
means of a FDTD code in a 2-D approach. In the device 
analysis, the transverse magnetic (TM) polarization, was 
considered. The remainder sections describe the design 
approach, the numerical results, the discussions, and the 
conclusions. 

2. Design Approach 
In general, the sub-class of PBG materials with curvilinear 
lattice has scatters positioned in curvilinear arrangement. J. 
Zarbakhsh et al. [12] have stated that square and triangular 

lattices presented a large complete PBG for the TM light 
polarization for 2-D PCs made up silicon cylinders with the 
same radii in an air background. Besides that, they 
presented a small difference in the spectral position of the 
PBG, while the cylinder systems assumed different types of 
lattices. In their investigation, they proposed a PC based on 
curvilinear lattice, with short-range periodicity. They also 
investigated a waveguide bend (Figure 1) where they 
observed very small local density of states (LDOS) in the 
outer region of waveguide and a high transmission in the 
inner region.   

 
 

 
Figure 1: Waveguide bend based in curvilinear-lattice PC 
[12]. The cylinders consist of silicon and are immersed in 
air background. 

 
Considering this material arrangement we have 

proposed a taper for coupling waveguides whose widths 
were related by a factor of eleven.  

Figure 2(a)-(b) shows the two PBG waveguides without 
and with the new taper, respectively. Waveguides W11 and 
W1 are formed by removing eleven and one silicon rod 
layers in the square-lattice PC. The distance between them 
corresponds to 8 times the lattice constant (a). 

The new taper is shown in Figure 2 (b), where the PC 
structure is formed by curvilinear lattice with silicon rods 
and with air in the background. The lattice constant is the 
same as that of the PC which composes the waveguides, but 
using curvilinear instead of square lattice. 
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(a) 

 

 
(b) 

Figure 2: The PBG waveguides (W11 and W1) to be 
coupled. (a) it shows the waveguides without taper. (b) it 
shows the waveguides with taper. 

 
In Figure 2 the silicon region is in white and the air 

region is in black. The input and output waveguides are in 
left and right regions, respectively. Figure 2(b) shows, 
intuitively, that the PC itself (with curvilinear-lattice) is 
used to strangle the incident light (from W11) towards the 
output waveguide (W1). 

3. Numerical Results and Discussions 
In the numerical analyses, we consider the coupling 
between two waveguides with distinct widths: one with 11a 
and the other with 1a, were “a” is the lattice constant of the 
square and curvilinear lattices of the PCs. The considered 
taper for this setup has length of 8a and it was designed 
with silicon rods, with radii of 0.2a and n=3.4 [13], in the 
air background, as shown in Figure 2(b).  

The simulations were carried out in time-domain using 
an implementation of FDTD [14]. The input was excited 
with a gaussian pulse with a central frequency at 0.37a/λ 
and w=0.007. The material dispersion was not considered. 
Each simulation took around 1:10 hours. First, we simulated 
the coupling between the waveguides without the taper. 
Figure 3 shows the normalized transmission of the setup; 
depicted in Figure 2(a). 

 
Figure 3: Normalized transmission of coupling between the 
waveguides without curvilinear taper. 
 

In Figure 3 one can observe that the coupling works 
badly. The transmission of around 20% between the 
waveguides was observed.  

After that, we investigated the coupling achieved when 
the taper is part of the setup (Figure 2(b)). Figure 4 shows 
its normalized transmission. 
 

 
Figure 4: Normalized transmission curve of the setup in 
Figure 2(b). 
 

In Figure 4, the normalized transmission between the 
optical waveguides can be seen; one can observe that the 
device works as predicted. The transmissions around 75 % 
at normalized frequency (a/λ) within the range of  
bandwidth 0.35 to 0.39 (a/λ). Although a normalized 
transmission around 75 % may seem reasonably good for 
this taper, it is important to highlight that the width factor of 
the waveguides is 11:1, and this coupling occurs in a short 
distance (8a).  

Figure 5 shows pulse snapshots in the above mentioned 
setup for distinct time steps; one can see the pulse shape 
being accommodated by the taper and by the output 
waveguide. 

 
 
 



3 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 5: Pulse snapshots at curvilinear-lattice PC based 
taper for distinct time steps. 

 

Figure 5 shows that the mode is being strangled by the 
taper in order to adjust it to the output waveguide, as 
predicted. 

Moreover, the new configuration of taper for optical 
waveguides presents an easy geometry allowing its 
fabrication using traditional techniques [15].  

4. Conclusions 
In conclusion, we have proposed and theoretically designed 
a taper based on a curvilinear-lattice PC for coupling ridge 
waveguides with distinct widths. Coupling efficiency 
around 75 % has been achieved for a wideband and for a 
relatively short distance between the waveguides. In future 
works, optimized versions of this taper considering a 
wideband, a higher transmission and a shorter length will be 
addressed. 
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New Application to Microstrip Antennas with Metamaterial Substrates 
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Abstract The propagation characteristics of the rectangular 
microstrip patch antenna on metamaterial substrate are 
determined via full wave method, Transverse Transmission 
Line – TTL. Compared to other full wave methods, the TTL 
is an efficient tool to determine the resonant frequency, 
making possible a significant algebraic simplification of the 
equations involved in the process. Numerical results of 
resonant frequencies and return loss are found as functions 
of the metamaterial properties. 

1 Introduction 

Recently, a great deal of attention has been given to the 
properties of the artificial materials, named metamaterials, 
due to their interesting anomalous electromagnetic features 
and wide variety of applications. The metamaterial consist 
of periodic metallic arrangements, embedded in a low 
dielectric host medium, providing an effective medium with 
effective permittivity and permeability at any frequency of 
interest [1-7]. 

This work presents a rigorous full-wave analysis of 
rectangular microstrip patch antenna printed on a 
metamaterial substrate. Microstrip antennas consist of a 
patch conductor on a dielectric substrate and a ground plane 
at the bottom [8], as shown in Fig. 1. The analysis uses TTL 
method in the Fourier transform domain, and combines 
dyadic Green’s functions with Galerkin’s method to 
determine the radiation properties of rectangular microstrip 
patch antenna [9].  
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Fig. 1 Rectangular microstrip patch antenna on metamaterial 
substrate 

2 Theory of metamaterials 
Artificial materials have been developed with certain 
desirable dielectric and magnetic characteristics. New 
techniques and means of production have enabled the 
development of new materials with characteristics that 
cannot be found in nature [4]. Such artificial materials with 
properties that are not found in ubiquitous materials are 
called metamaterials. These can also be defined as artificial 
effectively homogeneous electromagnetic structures with 
unusual properties not readily available in nature [5]. 

An effectively homogeneous structure is a structure whose 
structural average cell size p is much smaller than the guided 
wavelength λg, as shown in Fig. 2. Therefore, this average 
cell size should be at least smaller than a quarter of 
wavelength p < λg/4. The condition p = λg /4 will refer to the 
effective – homogeneity limit, to ensure that refractive 
phenomena will dominate over scattering/diffraction 
phenomena when a wave propagates inside the MTM 
medium. The constitutive parameters are the permittivity ε 
and the permeability µ, which are related to the refractive 
index n in [5]: 

r rn µ ε= ±                                      (1) 

The Fig. 2 shows the first metamaterial proposed by Pendry, 
consisting of metals and dielectrics and following the actual 
condition of homogeneity [5]. 



 

Fig. 2 (a) Structure consisting Thin-wire (TW). (b) Structure 
consisting Split-ring resonator (SRR) 

 
For TW structure the negative permittivity is theoretically 
obtained from [10]. 
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where   is the plasma frequency, which is given by: 
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0c  is the velocity of light in free space, p is the period of the 

arrangement and r is the radius of the wires. Therefore, it is 
possible to manipulate the plasma frequency only through 
the dimensions of the wires, p and r.  

The metal loss factor eζ  is given by 
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where σ is the conductivity of metal. 

  For Re(εr) < 0 we have ( )2 2 2

ep eω ω ζ< −   . Reducing 0eζ =  

we have εr < 0 when epω ω< ,  Fig. 3. 
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Fig. 3 Resonance frequency as a function of effective relative 
permittivity 

A periodic arrangement of SRRs has an effective magnetic 
permeability given by [10]: 
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Where ω is the magnetic resonant frequency resonance, F is 
the factor of the cell and r is the inner radius of the smaller 
ring. 
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Where d is the distance between the rings and w is the width 
of the rings.  is the loss factor of the metal, given by: 
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Where R’ is the metal resistance. 



     Of considerations we can say that to 0rµ <   we have 

( )0 0 1m m mpFω ω ω ω< < − = , Fig. 4 . 

 
Fig. 4 Resonance frequency as a function of effective relative 
permeability 

 
Therefore, values of a material with negative ε and µ can be 
made to certain frequency bands. 

3 Theory 
 
The MTM used in the structure described in Fig. 1 can be 
characterized by the tensor matrix below [4]: 
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3.1. Field Structure 

Starting from the general field equations of the LTT method 
and applying the tensors in (1) and (2), the field equations 
in the Fourier transform domain for the microstrip antenna 
with metamaterial substrate shown in Fig. 1 are given by: 
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The fields    and   of equations (11)-(14) are determined 
from wave equations in the spectral domain (15) and (16): 
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3.2. Admittance Matrix 

Applying equations (11) - (14) the boundary conditions 
appropriate to the structure a system of equations is 
obtained in matrix form. This matrix is called the 
admittance or impedance matrix, depending on how the 
matrix equation is represented: 
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Where for example: 
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The matrix inversion is used and the current densities 
in the interface are expanded using basis functions: 
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The Fourier transform of the basis function used in the study 
is given by: 
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Equation (19) is transformed into a homogeneous matrix 
equation - provided that the determinant of the matrix is 
zero. The non-trivial solution corresponding to the 
characteristic equation of the structure and its roots provide 
a complex resonant frequency. 
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4 Results 
The developed formulation has been used for the calculation 
of the resonance frequency of the proposed antenna 
supported by metamaterial substrate. This artificial medium 
exhibits anisotropic properties with effective permittivity εeff 
and permeability µeff [4-6]. Results are obtained taking into 
account two possible configuration of the metamaterial 
tensors by considering the variations of the effective 
permittivity and permeability [1].  
In the first configuration (CASE 1), we consider that the 
components of the permittivity assume values εzz = εeff and 
εxx = εyy =  1. On the other hand, the permeability elements 
are µzz = 1  and µxx = µyy = µeff, so for these2-D structures, 
we have 
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In the second case (CASE 2), the analysis considers that the 
periodic arrangement of metallic elements is embedded in a 
dielectric with permittivity εr and permeability µr, therefore 
εzz = εeff , εxx = εyy =  εr, µzz = µeff, and µxx = µyy = 1,as follows: 
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Numerical computations are performed considering that the 
metamaterial has εeff = 9.8 and µeff = 3.1.The resonant size of 
the patch is calculated at 250 MHz, as presented in [5]. We 
consider enhanced positive electric permittivity and 
magnetic permeability for microwave applications [5]. 
 
Fig. 3 shows the behavior of the resonant frequency as a 
function of the length l, (w = 93.0 mm and h = 0.127 cm). 
The metamaterial substrate is defined as given by (17). It is 
observed that as the dimension of the length increases, the 
resonant frequency decreases, as expected. Also, the use of 
magneto-dielectric materials, as antenna substrate, yields to 
the miniaturization of the antenna. 

 
Fig. 3 Resonance frequency as function of the patch length 

 
In Figure 3 numerical results are presented for the resonant 
frequency versus patch length with different values of 
effective permittivities along the same optical axis (z - axis), 
CASE 1. It appears that the antenna printed on a substrate 
with high dielectric constant has a low resonance frequency, 
which contributes to miniaturization of the device. The 
behavior of resonance frequency when the change occurs 
over µeff is similar to that observed in εeff as shown in Fig. 5. 
 



 
Fig. 4 Resonance frequency as function of the patch length 

 
Fig. 5 Resonance frequency as function of the patch length 

 
Using the Ansoft HFSS®, the return loss of the structure with 
bianisotrópico substrate (h = 0,127 cm) is obtained, as shown in 
Fig. 6. It appears that for the square patch, with w = l = 9,3 cm, the 
return loss is -22 dB. 

 
Fig. 6 Return loss as function of the resonance frequency 

 

Fig. 7 shows curves of the resonant frequency as a function 
of the length l for an rectangular patch with w = 93.0 mm 
and h = 0.127 cm. The metamaterial is characterized by εeff, 
= 9.8, εr = 3.38, µeff = 3.1 and µr = 3.1 (CASE 2).  We can 
see that the antenna with an isotropic substrate has a higher 
resonance frequency compared to the antenna with uniaxial 
material bianisotropic. The same behavior can be observed 
in Fig. 8, for w = 46.5 mm. 
 

 
Fig.7 Resonance frequency as function of the patch length 

 

 
Fig. 8 Resonance frequency as function of the length 

 

5 Conclusions 

Theoretical and numerical results have been presented for 
the rectangular microstrip patch antenna on metamaterial 
substrate. The TTL method, in the Fourier transform domain 



was used in the determination of the electrical and magnetic 
fields, in all regions. 

The results were obtained for the complex resonance 
frequency. It can be seen that the use of magneto-dielectric 
materials, as substrate’s antenna, yields to the 
miniaturization of these structures. 
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Abstract

We have designed a flat graded index lens made from a
metallic graded 2D photonic crystal. The gradient of index
has been obtained by varying the filling factor of a flat slab
of photonic crystal in the direction perpendicular to that of
the propagation of the electromagnetic field. This gradient
has been designed in such a way that the flat slab focuses
a plane wave. With applications in the microwave range in
view, we considered a photonic crystal which consists of
copper strips.

1. Introduction
The relation of dispersion of photonic cristals ! = !(k)
is as a band structure, so that there are bandgaps in which
the electromagnetic field cannot propagate. Apart from
the bandgaps of photonic crystals, that is, in the photonic
bands, the propagation of the electromagnetic field is gov-
erned by the shape of these bands [1]. Besides, graded pho-
tonic crystals (GPC) have been demonstrated to enhance
the ability of photonic crystals to control the light propa-
gation [2]. GPC are obtained by gradual modications of
photonic crystal parameters, such as the lattice period, the
filling factor or the dielectric constant. Several phenom-
ena involving GPC have already been demonstrated such as
light bending, quasi-transparency or focusing [3, 4, 5, 6].
In this communication, we report on the design of a GPC
slab whose filling factor was varied. The gradient of the
filling factor results in a gradient of the index of refraction,
which allows the slab to focus a plane wave. The GPC was
designed so as to it behaves as an homogeneous isotropic
material. We consider a metallic photonic crystal for appli-
cations in microwave domain, such as antenna applications
[7, 8, 9, 10], because in this domain of frequency, losses are
very low [11].

2. Design
On one hand, gradient-index optics finds many applications
in imagery and in telecommunications and has been quite
studied for a long time (see reference [12] for a review). On
the other hand, photonic crystals permit to control the flow
of the electromagnetic field via the shape of their photonic
bands which rely the group velocity vg to the wave vector
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Figure 1: Band structures of two 2D metallic photonic crys-
tals made of copper strips arranged in a square lattice with
lattice constant a = 12mm. The incident electric field is
parallel to the axis of the strips (TM mode). In the first
photonic band, at the frequency �/a = 0.4, the IFC are
circular. The width of the strips of each photonic crystal
is constant. The blue and the red curves correspond to the
smallest width and to the greatest width of the strips, re-
spectively.

k, according to the relation [1]

vg = rk !(k) .

Thereby, the wave vector k is perpendicular to the iso-
frequency curves (IFC). These represent the relation of dis-
persion at a given frequency.

On their part, GPC rely on a small variation of one of
the parameters over one period of the lattice of the pho-
tonic crystal. This small variation gradually modifies the
dispersion properties. Consequently, engineering the IFC
allows the control of the direction of the wave vector k.
IFC may have a great variety of shapes. If these are circular
shapes, the photonic crystal can be assumed as a homoge-
neous isotropic medium. Moreover, at the interface of the
photonic crystal with vacuum, the tangential component of
the wave vector k is continuous. These are the key points to
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Figure 2: Six iso-frequency curves and that of the vacuum
at �/a = 0.4, the latter being referred to as the light cone.
Each of these curves is circular and corresponds to width of
the constitutive of the GPC. The filling factor varies from
0.18 10�3 (red curve) to 5 10�3 (purple curve).

design a graded index lens from a graded photonic crystal.
For applications in the X band frequency range, we con-

sidered a 2D photonic crystal made of metallic strips peri-
odically arranged in a square lattice whose side is a. The
strips are onto a dielectric substrate. Indeed, in the mi-
crowave range, metals can be considered as ideal metals,
because ohmic losses are very low [11]. Thus, the elemen-
tary cell of the considered photonic crystal consists of a 12
mm wide square within which a 35 µm thick strip is cen-
tered. The filling factor ⌘ is given by

⌘ =
t w

a2

So as to design the GPC, the filling factor ⌘ has been var-
ied by varying the width w of the strips. We calculated
band structures and IFC for several values of the filling fac-
tor ⌘ via a ”home made” Finite Difference Time Domain
(FDTD) code source which describes the unit cell with Pe-
riodic Boundaries Conditions [13]. The polarization of the
incident wave was transverse magnetic (TM), the electric
field being parallel to the axis. The conductivity of the cop-
per strips is taken into account (� = 5.9 107S/m) in the
simulations. As the thickness of the strips is very small
against their width, this would have necessitated a very fine
mesh size and consequently very long numerical calcula-
tions. Consequently, we carried out the FDTD simulations
using a subgridding scheme based on mesh nesting [14].
Thereby, the dielectric substrate is not simulated.

In the first photonic band of square metallic lattices, the

IFC may be circular. Two band structures, which give rise
to circular IFC, are reported in Fig. 1, that of the smallest
width of the strips and that of the greatest width of the
strips. The working frequency is �/a = 0.4. The corre-
sponding IFC for six values of the filling factor ⌘ and that
of the vacuum are shown on Fig. 2. When the IFC are cir-
cular, the effective index neff can be calculated from the
ratio of the radius of the IFC to that of the relation of dis-
persion of the vacuum. This latter is generally called the
”light cone”. Thus, we deduced a ”calibration curve”, that
is, the variation of the effective index neff with the filling
factor ⌘, neff = neff (⌘). The former decreases as the
latter increases.

Then, we considered the graded index lens, that is, a
slab of homogeneous medium, whose index of refraction
is modified from center towards the edges. Graded index
lens acts as a phase compensator (see Fig. 3), that is, all
optical paths across the slab are equal [15]. The shape of
the positive index of refraction is given by [15]

n(r) = n(0)�
p

r2 + f2 � f

d
,

where f is the focal length of the lens, d is its thickness,
r is the radial distance from the optical axis and n(0) = 1
is the index of refraction along the optical axis of the lens.
The focal length and the thickness were chosen f = 15 cm
and d = 6 cm, respectively. Thanks to the previously de-
duced relation between the effective index neff and the fill-
ing factor ⌘ (neff = neff (⌘)), we extrapolated the differ-
ent widths of the constitutive strips in order to design the
required gradient index n(r). The width of the strips in-
creases from the optical axis towards the edges. As the
width w of the strips increases, the effective index neff

decreases. A sketch of the whole device, made of printed
circuit board (PCB), is reported in Fig. 4.

3. Simulations
Then, we simulated the whole device via a ”home made”
FDTD code source which involves Perfectly Matched
Layer boundaries conditions and the Total Field/Scattered
Field method [13]. It consisted of five layers of copper
strips. Simulations were carried out at 10GHz (normal-
ized frequency a/� = 0.4), firstly with a plane wave inci-
dent on the lens. The results of the simulations are reported
in Fig. 5 and the map of the mean value of the square of
the electric field (E2

z ) highlights that the simulated focal
length is around f = 15 cm. Actually, the thickness d of
the slab is not negligible compared to the focal length f ,
so that the slab cannot be assumed as a thin lens. The cor-
responding shape of the electric field in the focal plane is
reported in Fig. 6. Full width at half maximum (FWHM)
is 2.35 cm, so that FWHM = 0.78�. It can be seen that
the outer secondary maximum are high. Edge effects have
been attributed to this. Indeed, it can be noticed in Fig. 5
that the electric field is not null on the edges of the domain
of simulation. The discretization of the constitutive strips

2
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Figure 3: Gradient index lens which behaves as a phase
compensator, that is, all the incident parallel rays converge
towards the focal point with the same optical path. The in-
dex of refraction n(r) is varied symmetrically and perpen-
dicularly to the axis of the lens, from r = 0 (optical axis of
the lens) towards the edges. f is the focal length of the lens
and d is its thickness.

by a square mesh also brings about discrepancy in the sim-
ulations.

Secondly, so as to confirm our device really works as a
graded index lens, we carried out further simulations with a
punctual source located at the focal point. The results of the
simulations are reported in Fig. 7 and it can be noticed that
the designed GPC actually transforms a cylindrical incident
wave into a plane wave. Both cases of simulations showed
that the slab acts as a convex lens which focuses an incident
plane wave and which transforms a cylindrical wave into a
plane wave. Besides, this devices comprised only a few lay-
ers, so that it proves that GPC have the ability to efficiently
control the propagation of light.

4. Conclusions
We designed a metallic graded photonic crystal slab so that
its gradient of filling factor reproduces a gradient of index
resulting in a given focal length. Then, we demonstrated
firstly, that this device focuses a plane wave at the requi-
site focal length and secondly, that it transforms a cylindri-
cal wave issued from a punctual source located at the focal
point into a plane wave. Therefore, the graded photonic
crystal slab behaves like a convex lens. Although this de-
vice applies to the microwave frequency range, GPC have
the potential to optical components and would efficiently
apply to integrated optics devices. Moreover, the engineer-
ing of the IFC should permit to design of gradient of nega-
tive index and that way, the design gradient index lens with
sub-wavelength resolution. Therefore, GPC can find a great
variety of applications from the microwave range to the op-
tical domain and may be easily used in various integrated
photonic devices.

Axis of the lens
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d
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"#

Figure 4: Sketch of the graded 2D photonic crystal slab
made of metallic strips onto a dielectric substrate. The
width w of the strips increases from the axis of the slab
towards the edges, whereas their thickness t is constant to
35 µm. a is the period lattice which is constant. The di-
rection of the wave vector k is shown and is perpendicular
to the gradient. There is no strip along the axis of the lens
since n(0) = 1. Inset : The elementary cell is a square of
side a within which a 35 µm thick strip is centered.
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DQDO\VHV�� ,W� LV� VKRZQ� LQ� WKLV� SDSHU� WKDW� E\� FRQVLGHULQJ� DQ�
DUELWUDU\�ZDYHIRUP�VLJQDO��RXWSXW�LQ�DGYDQFH�RI�DERXW���QV�
LV�REVHUYHG�FRPSDUHG�WR�WKH�FRUUHVSRQGLQJ�LQSXW��,W�LV�VWDWHG�
WKDW�VXFK�DQ�HIIHFW�LV�QRW�LQ�FRQWUDGLFWLRQ�ZLWK�WKH�FDXVDOLW\��
7KH� RWKHU� 1*'� WRSRORJ\� LV� FRPSULVHG� RI� D� PLFURZDYH�
DPSOLILHU� DVVRFLDWHG� ZLWK� DQ� 5/&�VHULHV� UHVRQDQW�� 7KH�
WKHRUHWLFDO� DSSURDFK� LOOXVWUDWLQJ� WKH� IXQFWLRQLQJ� RI� WKLV�
1*'�FLUFXLW� LV� HVWDEOLVKHG�E\� FRQVLGHULQJ� WKH� DPSOLILHU�6�
SDUDPHWHUV��7KHQ��V\QWKHVLV�UHODWLRQV�HQDEOLQJ�WR�FKRRVH�WKH�
1*'�GHYLFH�SDUDPHWHUV�DFFRUGLQJ�WR�WKH�GHVLUHG�1*'�DQG�
JDLQ� YDOXHV� DUH� DOVR� HVWDEOLVKHG�� 7R� GHPRQVWUDWH� WKH�
UHOHYDQFH� RI� WKH� WKHRUHWLF� FRQFHSW�� D� PLFURZDYH� GHYLFH�
H[KLELWLQJ� 1*'� IXQFWLRQ� RI� DERXW� ����� QV� DW� DURXQG�
�����*+]� ZDV� GHVLJQHG� DQG� DQDO\]HG�� 7KH� 1*'� GHYLFH�
LQYHVWLJDWHG�LQ�WKLV�SDSHU�SUHVHQWV�DGYDQWDJHV�RQ�LWV�IDFXOW\�
WR�H[KLELW�SRVLWLYH�WUDQVPLVVLRQ�JDLQ��WKH�LPSOHPHQWDWLRQ�RI�
WKH� ELDV� QHWZRUN� DQG� PDWFKLQJ� LQ� WKH� FRQVLGHUHG� 1*'�
IUHTXHQF\�EDQG��
�
.H\ZRUGV�� 1HJDWLYH� JURXS� GHOD\� �1*'��� DFWLYH� WRSRORJ\��
WLPH�DGYDQFH��
�

�� ,QWURGXFWLRQ�
5HFHQW�VWXGLHV�UHYHDOHG�WKDW�FHUWDLQ�SDVVLYH�>���@�DQG�DFWLYH�
>����@�FLUFXLWV�DUH�VXVFHSWLEOH�WR�H[KLELW�WKH�QHJDWLYH�JURXS�
GHOD\� �1*'�� IXQFWLRQ� DW� ORZ�� DQG� 5)��PLFURZDYH�
IUHTXHQFLHV��7KHRUHWLFDO�DQG�H[SHULPHQWDO�DQDO\VHV�FRQILUP�
WKDW�WKLV�LQQRYDWLYH�SK\VLFDO� IXQFWLRQ�DOORZV�WR�JHQHUDWH�DQ�
RXWSXW�VLJQDO�ZLWK�ZDYH�IURQWV�SURSDJDWLQJ�LQ�DGYDQFH�RI�LWV�

LQSXW� XQGHU� FHUWDLQ� FRQGLWLRQV� >����@�� ,QYHUVHO\� WR� WKH�
RUGLQDU\� PHGLXP�� LQ� WKLV� FDVH�� WKH� WLPH� GHOD\� FDQ� EH�
DVVXPHG�DV�QHJDWLYH�>���������@��,W�ZDV�SRLQWHG�RXW�>�����@�
WKDW�WKLV�1*'�HIIHFW�GRHV�QRW�IRUELG�WKH�FDXVDOLW\�SULQFLSOH��
7KH�OLPLWV�DQG�SK\VLFDO�PHDQLQJ�RI�WKH�QHJDWLYH�WLPH�GHOD\�
LQ� IXQFWLRQ� RI� WKH� 1*'� WUDQVIHU� IXQFWLRQ� SDUDPHWHUV� DUH�
VWDWHG�LQ�>�����@��
$W� WKH�EHJLQQLQJ�� WKH�RFFXUUHQFH�RI� WKH�1*'�ZDV� LQLWLDOO\�
H[SODLQHG� ZLWK� WKH� DQRPDORXV� GLVSHUVLRQ� >�����@�� 7KH�
RULJLQDO� WKHRUHWLFDO� VWXG\� RQ� WKH� DEQRUPDO� PHGLD� ZLWK�
QHJDWLYH�JURXS�YHORFLW\�LV�LQWURGXFHG�LQ�>��@��,Q�IDFW��LW�ZDV�
VKRZQ�WKDW�DW�FHUWDLQ�ZDYHOHQJWKV��WKHVH�PHGLD�LV�FDSDEOH�WR�
SUHVHQW� UHIUDFWLYH� JURXS� LQGH[� QJ� FDQ� EH� QHJDWLYH�� 7KH�
WKHRUHWLFDO� GHPRQVWUDWLRQ� RI� WKH� 1*'� FDQ� EH� LOOXVWUDWHG�
ZLWK� WKH� IROORZLQJ� VLPSOH� PDWKHPDWLFDO� DQDO\VLV�� )LUVW� RI�
DOO��LW�LV�ZHOO�NQRZQ�WKDW�WKH�JURXS�YHORFLW\�LV�OLQNHG�WR�WKH�
VSHHG�RI�OLJKW�LQ�WKH�YDFXXP�F�E\�WKH�H[SUHVVLRQ��
�
� � YJ� �F�QJ��� � � ����
�
&OHDUO\�� LI� QJ� LV� QHJDWLYH�� WKH� JURXS� YHORFLW\� YJ� LV� DOVR�
QHJDWLYH��,W�PHDQV�WKDW�ZKHQ�XVLQJ�D�SK\VLFDO�PHGLXP�ZLWK�
JHRPHWULFDO� OHQJWK� G�� WKH� JURXS� GHOD\�� E\� GHILQLWLRQ� JLYHQ�
E\��
�
� � ĲJ� �G�YJ�� � � ����
�
FDQ� DOVR� EH� QHJDWLYH�� %HFDXVH� RI� WKH� LQKHUHQW� IDFW� RI� WKH�
ZDYH�UHVKDSLQJ�RU� WKH�FRPELQDWLRQ�RI� WKH�FRQVWUXFWLYH�DQG�
GHVWUXFWLYH� LQWHUIHUHQFHV� DW� WKH� HGJH� RI� WKH� DEQRUPDO�
GLVSHUVLYH� SDVVLYH� PHGLXP�� WKH� 1*'� SKHQRPHQRQ� LV�
V\VWHPDWLFDOO\� DFFRPSDQLHG� ZLWK� VLJQLILFDQW� ORVVHV�� LQ�
SDUWLFXODU�� DW� PLFURZDYH� ZDYHOHQJWKV� >���@�� 6R�� WKH�
DSSOLFDWLRQV�RI�1*'�SDVVLYH�FLUFXLWV�DUH�VWLOO�OLPLWHG�EHIRUH�
WKH�PLGGOH�����V��
7R� RYHUFRPH� WKLV� OLPLWDWLRQ�� DFWLYH� PLFURZDYH� WRSRORJLHV�
EDVHG�RQ�WKH�5)�PLFURZDYH�WUDQVLVWRUV�KDYH�EHHQ�GHYHORSHG�
>������� �����@�� 7KHQ�� GLIIHUHQW� DSSOLFDWLRQV� RI� WKH� 1*'�
IXQFWLRQ� ZHUH� SURSRVHG� LQ� WKH� OLWHUDWXUH�� 2QH� RI� WKH� PRVW�
SXEOLVKHG� DSSOLFDWLRQV� DUH� WKH� GHVLJQ� RI� LQGHSHQGHQW�
IUHTXHQF\�1*'�SKDVH�VKLIWHU�>�����@�DQG�EURDGEDQG�DFWLYH�
EDOXQ� >��@�� IHHG� IRUZDUG� DPSOLILHU� >�����@�� PLFURZDYH�
FLUFXLW�ZLWK�SXOVH� FRPSUHVVLRQ� >��@� DQG� DOVR� WKH� UHGXFWLRQ�
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�

RI�WKH�SURSDJDWLRQ�GHOD\�LQ�WKH�PLFURHOHFWURQLF�LQWHUFRQQHFW�
ZLWK�WKH�1*'�HTXDOL]DWLRQ�WHFKQLTXH�>�����@���
+RZHYHU�� EHFDXVH� RI� WKH� WUDQVLVWRU� DFFHVV�PDWFKLQJ�
GLIILFXOWLHV��WKH�FRPSOH[LW\�RI�WKH�ELDVLQJ�QHWZRUNV�DQG�WKH�
RXWSXW�YROWDJH�VLJQ�LQYHUVLRQ�FRPSDUHG�WR�WKH�LQSXW�LV�IRXQG�
ZLWK� FHUWDLQ� 1*'� WRSRORJLHV� DV� SURSRVHG� LQ� >�����@�� ,W�
PHDQV� WKDW� VRPHKRZ�WKH�XVH�RI� WKH� WUDQVLVWRUV� LV�PRUH�DQG�
PRUH� VRSKLVWLFDWHG�� 7R� DYRLG� WKH� FRPSOH[LW\� RI� ELDV�
QHWZRUN� DQG� WKH� LVVXHV� UHODWHG� WR� WKH� PDWFKLQJ� OHYHO�� WKH�
UHSODFHPHQW� RI� WKH� WUDQVLVWRU� � E\� DQ� LQWHJUDWHG� ORZ� QRLVH�
DPSOLILHU� �/1$��ZDV� LQWURGXFHG� LQ� >��@� IRU� WKH� EDVH� EDQG�
DSSOLFDWLRQV��
7KH� SUHVHQW� SDSHU� LV� IRFXVHG� RQ� WKH� VWXG\� RI� 1*'�
WRSRORJLHV� XVLQJ� PLFURZDYH� /1$�� )RU� WKH� EHWWHU�
XQGHUVWDQGLQJ�� WKLV� SDSHU� LV� RUJDQL]HG� LQ� WKUHH� PDLQ�
VHFWLRQV�� 6HFWLRQ� �� SUHVHQWV� WKH� DQDO\VLV� RI� WKH� EDVH� EDQG�
1*'� WRSRORJ\� SURSRVHG� EULHIO\� LQ� >��@�� 7KLV� ILUVW� 1*'�
FLUFXLW� LV�DLPHG� WR� WKH�EDVH�EDQG�DSSOLFDWLRQV��6HFWLRQ��� LV�
IRFXVHG� RQ� WKH� LQYHVWLJDWLRQ� RI� WKH� 1*'� /1$� WRSRORJ\�
GHGLFDWHG� WR� WKH�PRGXODWHG�PLFURZDYH� VLJQDOV� DSSOLFDWLRQ��
6HFWLRQ���LV�WKH�JHQHUDO�FRQFOXVLRQ�RI�WKH�SDSHU��
�

�� ,QYHVWLJDWLRQ�RQ�DQ�1*'�FLUFXLW�ZLWK�/1$�
RSHUDWLQJ�LQ�EDVHEDQG�IUHTXHQFLHV�

)LJXUH� �� SUHVHQWV� WKH� WRSRORJ\� RI� WKH� 1*'� FLUFXLW�
XQGHUVWXG\�IRU�WKH�EDVH�EDQG�IUHTXHQFLHV��,W�LV�FRPSULVHG�RI�
DQ�5/�QHWZRUN�LQ�IHHGEDFN�ZLWK�DQ�/1$�$���
�
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)LJXUH����$PSOLILHU�LQ�IHHGEDFN�ZLWK�DQ�5/�VHULHV�QHWZRUN��
�
,Q� RUGHU� WR� DFKLHYH� D� JOREDO� SHUVSHFWLYH� RQ� WKH� IUHTXHQF\�
DQDO\VLV� LQFOXGLQJ� WKH� VWDELOLW\�� WUDQVIHU� IXQFWLRQ� DQG�
PDWFKLQJ�DFFHVV��WKH�SUHVHQW�DQDO\WLFDO�DSSURDFK�LV�EDVHG�RQ�
WKH� 6�SDUDPHWHUV� DQDO\VLV�� 7R� GR� WKLV�� DQ� LGHDO� PLFURZDYH�
/1$�RSHUDWLQJ� LQ�EDVH�EDQG� IUHTXHQFLHV� LV�FRQVLGHUHG��)RU�
WKH� VDNH� RI� WKH� DQDO\WLFDO� H[SUHVVLRQ� VLPSOLILFDWLRQ�� LQ� WKH�
UHPDLQGHU� RI� WKLV� VHFWLRQ�� WKH� FRQVLGHUHG� DPSOLILHU� LV�
VXEVWLWXWHG�E\�WKH�LGHDO�6�SDUDPHWHUV�H[SUHVVHG�DV��
�
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�
ZKHUH� ȡ� DQG� 7� UHSUHVHQW� UHVSHFWLYHO\� WKH� UHWXUQ� ORVV� DQG�
WUDQVPLVVLRQ� SDUDPHWHU�� 0RUHRYHU�� WKLV� DPSOLILHU� LV�
VXSSRVHG� SHUIHFWO\� XQLODWHUDO�� 6$���  � ��� 7KH� WKHRUHWLFDO�
DQDO\VLV� RI� WKLV� WRSRORJ\� E\� XVLQJ� WKH� 6�SDUDPHWHUV� LV�
LQWURGXFHG� LQ� WKH� QH[W� VXEVHFWLRQ�� 7KHQ�� QXPHULFDO�

GHPRQVWUDWLRQV�RI�WKH�QHJDWLYH�WLPH�GHOD\�ZLOO�EH�H[SORUHG�
EDVHG�RQ�WKH�DQDO\VHV�LQ�IUHTXHQF\��DQG�WLPH�GRPDLQV��
�

���� 7KHRU\�RQ�WKH�EDVHEDQG�WRSRORJ\�SURSRVHG�
$IWHU�WKH�FDOFXODWLRQ�RI�WKH�6�SDUDPHWHUV�RI�WKH�FHOO�VKRZQ�
LQ� )LJXUH� ��� ZH� ZLOO� HVWDEOLVK� WKH� V\QWKHVLV� UHODWLRQV�
HQDEOLQJ� WR�GHWHUPLQH� WKH� HOHPHQWV�5� DQG�/� LQ� IXQFWLRQ�RI�
WKH� GHVLUHG� JDLQ� DQG� 1*'� YDOXHV� NQRZLQJ� WKH�
FKDUDFWHULVWLFV�RI�WKH�DPSOLILHU���

������ 6�SDUDPHWHU� DQDO\VLV� RI� WKH� 1*'� FHOO� IRU� EDVH�
EDQG�IUHTXHQFLHV�

$V� WKH� FLUFXLW� SURSRVHG� LV� FRPSULVHG�RI� DQ�5/�QHWZRUN� LQ�
IHHGEDFN�ZLWK� DQ� DPSOLILHU�� LW� LV� HDVLHU� WR� FDOFXODWH� WKH� 6��
SDUDPHWHUV� IURP� WKH� DGPLWWDQFH� PDWUL[�� $FFRUGLQJ� WR� WKH�
FLUFXLW� DQG� V\VWHP� WKHRU\�� WKH� DGPLWWDQFH� PDWUL[� RI� WKH�
ZKROH� FLUFXLW� ZKLFK� LV� DOVR� WKH� VXP� RI� WKH� SDVVLYH� SDUW�
DGPLWWDQFH�PDWUL[�DQG�WKDW�RI�WKH�DPSOLILHU�LV�H[SUHVVHG�DV��
�
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�
ZKHUH�Ȧ�LV�WKH�DQJXODU�IUHTXHQF\�� �M �DQG�5�� ������LV�
WKH�UHIHUHQFH�LPSHGDQFH�RI�WKH�VRXUFH�DQG�WKH�ORDG��7KURXJK�
WKH� DGPLWWDQFH� WR� 6�PDWUL[� WUDQVIRUP�� RQH� HVWDEOLVKHV� WKDW�
WKH�IROORZLQJ�6�SDUDPHWHUV�RI�WKH�1*'�FHOO�XQGHUVWXG\�DUH��
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�
ZKHUH�
�
�� � M/5=  ��� � � �����
�
7KHUHIRUH�� WKH� WUDQVPLVVLRQ� SKDVH� ���� ��  M6 �LV�
H[SUHVVHG�DV��
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:H� ILQG� WKDW� DW� YHU\� ORZ� IUHTXHQFLHV� � � ��� WKHVH� 6�
SDUDPHWHUV�EHFRPH��
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�
$FFRUGLQJ� WR� UHODWLRQ� ������ WKH� 1*'� FHOO� UHTXLUHV� WKH�
IROORZLQJ�VWDELOLW\�FRQGLWLRQ��
�
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�
0RUHRYHU��LW�FDQ�EH�GHPRQVWUDWHG�IURP�HTXDWLRQ������WKDW�DW�
YHU\�ORZ�IUHTXHQFLHV�� � ���WKH�JURXS�GHOD\�RI�WKH�FLUFXLW�
ZKLFK�LV�DQDO\WLFDOO\�GHILQHG�DV��
�
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LV�H[SUHVVHG�DV��
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�
,W�PHDQV�WKDW�WR�JHQHUDWH�1*'�ZLWK�WKH�FLUFXLW�LQWURGXFHG�LQ�
)LJXUH� �� DW� YHU\� ORZ� IUHTXHQFLHV� � ����  ��� WKH� IROORZLQJ�
FRQGLWLRQ�PXVW�EH�VDWLVILHG��
�

�� ����������� 575755   �� �����
�

������ 6\QWKHVLV�UHODWLRQV�

$W�WKH�EHJLQQLQJ�RI�WKH�V\QWKHVLV�SURFHVV��WKH�XVHG�DPSOLILHU�
LV�VXSSRVHG�FKDUDFWHUL]HG�E\�LWV�6�SDUDPHWHU�HOHPHQWV�7�DQG�
ȡ��7KXV�� IURP� WKH�GHVLUHG�YDOXHV�RI� JDLQ� �����6 �DQG�1*'�

��� ��WKH�V\QWKHVLV�UHODWLRQV�HQDEOLQJ�WR�GHWHUPLQH�WKH�1*'�
FLUFXLW� SDUDPHWHUV� 5� DQG� /� DUH� H[WUDFWHG� E\� LQYHUWLQJ�
UHODWLRQV� ����� DQG� ����� UHVSHFWLYHO\�� )URP� ZKHUH� DUH�
HVWDEOLVKHG�WKH�IROORZLQJ�IRUPXODWLRQV�>��@��
�
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�
7KLV� H[SUHVVLRQ� LV� GHGLFDWHG� WR� WKH� V\QWKHVLV� ZLWK�

��� DVVLJQHG� DV� D� UHDO� QHJDWLYH�� 8QGHU� WKH� IROORZLQJ�
FRQGLWLRQ��
�
�� � � 7 ��� � � �����
�
WKH� UHVXOW� RI� H[SUHVVLRQ� ����� LV� SK\VLFDOO\�PHDQLQJIXO� RQO\�
XQGHU�WKH�IROORZLQJ�FRQGLWLRQ��
�
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�

������ )XQGDPHQWDO�FKDUDFWHULVWLFV�RI�WKH�EDVHEDQG�1*'�
FHOO�XQGHUVWXG\�

2QH� RI� WKH� PDLQ� SURSHUWLHV� ZKLFK� FKDUDFWHUL]HV� WKH� 1*'�
FHOO� XQGHUVWXG\� LV� EDVHG� RQ� WKH� UHODWLRQ� EHWZHHQ� LWV�
WUDQVPLVVLRQ� SDUDPHWHU� 6������ DQG� LWV� UHIOHFWLRQ� SDUDPHWHUV�
6������ �6�������,Q�IDFW��JLYLQJ�WKH�WUDQVPLVVLRQ�SDUDPHWHU�7�
DQG� WKH� UHWXUQ� ORVV� ȡ� RI� WKH� DPSOLILHU�$�� RQH� GHPRQVWUDWHV�
WKDW� WKH� UHWXUQ� ORVVHV� 6������  � 6������ DUH� PDWKHPDWLFDOO\�
OLQNHG�WR�WKH�LQVHUWLRQ�JDLQ�6������E\�WKH�UHODWLRQ��
�
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�
7R�DFKLHYH�WKH�EDVLF�VWDELOLW\�FRQGLWLRQ��
�
� � �����  66 �� � � �����
��
RQFH� DJDLQ�� WKH� WUDQVPLVVLRQ� SDUDPHWHU� 6������ PXVW� YHULI\�
LQHTXDOLW\� ������ )XUWKHUPRUH�� XQGHU� FRQGLWLRQ� ������ WKH�
JURXS� GHOD\� �� RI� WKH� 1*'� FHOO� FDQ� EH� QHJDWLYH� IURP�

� �WR�WKH�FXW�RII�IUHTXHQF\� F ��9LD�WKH�GHULYDWLRQ�RI�WKH�
WUDQVPLVVLRQ�SKDVH�ZLWK� UHVSHFW� WR� �� LW� LV� HVWDEOLVKHG� WKDW�
WKLV�FXW�RII�IUHTXHQF\�LV�H[SUHVVHG�DV��
�
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�
,Q� RUGHU� WR� YHULI\� WKH� UHOHYDQFH� RI� WKH� DERYH� WKHRUHWLF�
FRQFHSW�� LQ� WKH� QH[W� VHFWLRQ�� ZH� ZLOO� H[DPLQH� WKH� 6�
SDUDPHWHUV�DQG�WKH�JURXS�GHOD\�RI�D�SURRI�RI�FRQFHSW�GHYLFH�
GHVLJQHG�ZLWK�WKH�1*'�WRSRORJ\�SURSRVHG��
�



��
�

���� 1XPHULFDO� GHPRQVWUDWLRQ� RI� WKH� QHJDWLYH� WLPH�
HIIHFWV�

7KH� VLPXODWLRQ� UHVXOWV� SUHVHQWHG� LQ� WKLV� VHFWLRQ� ZHUH�
JHQHUDWHG� IURP� WKH� ZHOO�NQRZQ� WKH� FRPPHUFLDO� VRIWZDUH�
$GYDQFHG�'HVLJQ�V\VWHP��$'6��IURP�$JLOHQW70��

������ 'HVLJQ�RI�WKH�SURWRW\SH�RI�EDVH�EDQG�1*'�GHYLFH�
WHVWHG�

$V�LOOXVWUDWHG� LQ�)LJXUH����D�FLUFXLW�FRPSRVHG�RI� WZR�VWDJH�
1*'� FHOOV� ZDV� GHVLJQHG� DQG� VLPXODWHG�� $IWHU� WKH�
DSSOLFDWLRQ�RI�WKH�SUHYLRXV�V\QWKHVLV�UHODWLRQV�DFFRPSDQLHG�
ZLWK�D�VOLJKW�RSWLPL]DWLRQ�RI�WKH�5)�FRPSRQHQWV��WKH�FKRLFH�
RI� WKH� UHOHYDQW� QRPLQDO� YDOXHV� RI� SDVVLYH� HOHPHQWV� ZHUH�
FDUULHG�RXW���
�
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�
)LJXUH����3URWRW\SH�RI�WZR�VWDJH�1*'�FLUFXLW�IRU�WHVWLQJ�WKH�
WLPH�DGYDQFH��
�
7KHQ��FRPSDUDWLYH�VLPXODWLRQV�ZHUH�SHUIRUPHG�EHWZHHQ�WKH�
FLUFXLW�FRPSULVHG�RI�LGHDO�5)�SDUW�DQG�WKH�FRPSOHWH�FLUFXLW�
VKRZQ� LQ� )LJXUH� ��� 7KLV� ODWWHU� ZDV� VLPXODWHG� ZLWK� WKH� 6�
SDUDPHWHU�UHDOLVWLF�PRGHOV�RI�SDVVLYH�FRPSRQHQWV�5��/�DQG�
&�DYDLODEOH�LQ�$'6�OLEUDU\��7DEOH���LQGLFDWHV�WKH�UHIHUHQFHV�
RI�WKH�FRPSRQHQWV�HPSOR\HG��7KH�HPSOR\HG�DPSOLILHUV�DUH�
00,&� /1$V� +0&� ���� SURYLGHG� E\� +,77,7(70�� ,Q� WKLV�
VWXG\��WKH�DPSOLILHUV�ZHUH�ELDVHG�ZLWK�WKH�'&�YROWDJH�9GG� �
��9�DQG�,GG� ����P$���
�
7KH� FRQVLGHUHG� 00,&� /1$V� ZHUH� UHSODFHG� E\� WKH�
PHDVXUHG� 6�SDUDPHWHUV� LQFOXGLQJ� WKH� ELDV� QHWZRUNV�
SURYLGHG�E\�WKH�PDQXIDFWXUHU���
�
7DEOH����5HIHUHQFHV�RI�WKH�SDVVLYH�FRPSRQHQWV�FRQVWLWXWLQJ�

WKH�FLUFXLW�VKRZQ�LQ�)LJXUH����
�

� 1RPLQDO�
YDOXH�

5HIHUHQFH� 0DQXIDFWXUHU�

5HVLVWDQFH� 5� ����� $9;�&5�
������-� $9;�

,QGXFWDQFH�
/� �����Q+� /4*��+65�

��-��� 085$7$�

/E� ������+�
$,&�����
���-� &2,/&5$)7�

&DSDFLWRU� &� ���Q)� �� 085$7$�

�

������ )UHTXHQF\�GRPDLQ�LQYHVWLJDWLRQV�

2QH�SRLQWV�RXW� WKDW� WKH� VLPXODWLRQ� UHVXOWV�SUHVHQWHG� LQ� WKLV�
SDUDJUDSK� ZHUH� UHDOL]HG� E\� FRQVLGHULQJ� ILUVW� WKH� LGHDO� 5)�
FLUFXLW� DQG� WKHQ�� WKH� UHDOLVWLF� FLUFXLW� VKRZQ� LQ� )LJXUH� �� E\�
FRQVLGHULQJ� WKH� WRXFKVWRQH� RU� 6�3� �RU� WZR�SRUWV� 6�
SDUDPHWHU��PRGHOV�RI� WKH�SDVVLYH� FRPSRQHQWV�SURYLGHG�E\�
WKH�PDQXIDFWXUHU��$FFRUGLQJ� WR� WKH�IUHTXHQF\�EDQGV�RI� WKH�
FRPSRQHQWV� XWLOL]HG�� 6�SDUDPHWHU� VLPXODWLRQV� ZHUH�
SHUIRUPHG�� $V� GLVSOD\HG� LQ� )LJXUH� ��� D� JRRG� DJUHHPHQW�
EHWZHHQ� WKH� IUHTXHQF\� VLPXODWLRQV� ZLWK� WKH� LGHDO� DQG�
UHDOLVWLF�FLUFXLWV�LV�IRXQG�LQ�WKH�1*'�IUHTXHQF\�EDQG��
�
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)LJXUH� ��� &RPSDULVRQ� RI� WKH� JURXS� GHOD\� IUHTXHQF\�
UHVSRQVHV� IURP� LGHDO� 5)� FLUFXLW� DQG� UHDOLVWLF� FLUFXLW� ZLWK�
6�3�PRGHOV�LQFOXGLQJ�WKH�ELDV�QHWZRUNV��
�
$V� IRUHFDVWHG� LQ� WKHRU\�� JURXS� GHOD\� SUHVHQWLQJ� QHJDWLYH�
YDOXHV�ZHUH�UHDOL]HG�XS�WR�DERXW����0+]��7KLV�1*'�YDOXH�
JRHV�GRZQ� WR�DERXW� ���QV�DW� YHU\� ORZ�IUHTXHQFLHV� �Ȧ�§�����
$V� VKRZQ� LQ� )LJXUH� ��� WKH� FLUFXLW� VLPXODWHG� JXDUDQWHHV� DQ�
DYHUDJH�JDLQ�PRUH�WKDQ���G%�IURP�YHU\�ORZ�IUHTXHQFLHV�XS�
WR�KXQGUHGV�0+]���
�
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)LJXUH� ��� &RPSDULVRQ� RI� WKH� JURXS� GHOD\� IUHTXHQF\�
UHVSRQVHV�IURP�WKH�LGHDO�5)�FLUFXLW�DQG�UHDOLVWLF�FLUFXLW�ZLWK�
6�3�PRGHOV�LQFOXGLQJ�WKH�ELDV�QHWZRUNV��
�

������ 6WDELOLW\�DQDO\VLV�

�7KH�DFFHVV�SDUDPHWHUV�6��� DQG�6���RI� WKH�FLUFXLW� WHVWHG�DUH�
SORWWHG� LQ� )LJXUH� ��� :H� UHPDUN� WKDW� WKHVH� SDUDPHWHUV�
FRQILUP� WKH� VWDELOLW\� RI� WKH� FLUFXLW� IURP� '&� WR� �� *+]��
0RUHRYHU�� LQ� WKLV� XOWUD� ZLGH� IUHTXHQF\� EDQG�� WKH� LVRODWLRQ�
SDUDPHWHU� 6��� LV� EHWWHU� WKDQ� ���� G%�� 7R� VWUHQJWKHQ� WKH�
VWDELOLW\� RI� WKH� WHVWHG� GHYLFH�� WKH� VWDELOLW\� IDFWRU� ZDV� DOVR�
H[DPLQHG��2QH�UHFDOOV�WKDW�WKLV�IDFWRU�LV�GHILQHG�E\��
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)LJXUH� ��� ,VRODWLRQ� DQG� UHWXUQ� ORVVHV� RI� WKH� 1*'� GHYLFH�
VKRZQ�LQ�)LJXUH����
�
$V� UHSRUWHG� LQ� >��@�� WKLV� EHKDYLRXU� RI� WKH� WUDQVPLVVLRQ�
SDUDPHWHU�PDJQLWXGH�FDQ�EH�H[SORLWHG�WR�JHQHUDWH�WKH�SXOVH�
FRPSUHVVLRQ� HIIHFW�� 7KH�5ROOHW� IDFWRU� RI� WKH� FLUFXLW� LV� DOVR�
SORWWHG�LQ�)LJXUH����
�
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�
)LJXUH� ��� 5ROOHW¶V� IDFWRU� RI� WKH� 1*'� GHYLFH� VKRZQ� LQ�
)LJXUH����
�
$V�FRQFOXVLRQ�� WKH�1*'� WRSRORJ\�SURSRVHG� LQ� WKLV� VHFWLRQ�
UHVSHFWV�DOO�WKH�FRQVWUDLQWV�RI�FODVVLFDO�5)�DFWLYH�GHYLFHV�DV�
WKH�VWDELOLW\�FRQGLWLRQ�LQ�8:%�IUHTXHQF\�EDQG��

������ 7LPH�GRPDLQ�LQYHVWLJDWLRQV�

)RU�WKH�EHWWHU�XQGHUVWDQGLQJ�DERXW�WKH�PHDQLQJ�RI�WKH�1*'�
HIIHFW� JHQHUDWHG� E\� WKH� FLUFXLW� XQGHUVWXG\�� WLPH�GRPDLQ�
VLPXODWLRQV�ZHUH� DOVR� SHUIRUPHG� LQ� WKH� WUDQVLHQW� RSWLRQ� RI�
63,&(�$'6� HQYLURQPHQW�� )LJXUH� �� GLVSOD\V� WKH�
FRQILJXUDWLRQ�RI�WKH�VLPXODWHG�FLUFXLW�ZKLFK�LV�ORDGHG�E\�5��
 � ��� ��� $IWHU� $'6� WLPH�GRPDLQ� VLPXODWLRQV�� WKH� UHVXOWV�
SORWWHG�LQ�)LJXUH���DQG�)LJXUH���ZHUH�REWDLQHG���
�
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)LJXUH����1*'�FLUFXLW�VKRZQ�LQ�)LJXUH���ORDGHG�E\�5�� ����
���
�
:H�FDQ�VHH�WKDW�DV�H[SODLQHG�E\�)LJXUH����WKH�RXWSXW�9RXW�RI�
WKH�1*'�FLUFXLW�LV�SUDFWLFDOO\�FRQIRUP�WR�WKH�*DXVVLDQ�LQSXW�
9LQ�ZKLFK�SUHVHQWV�KHUH�D�KDOI�KHLJKW�KDOI�ZLGWK�RI�DERXW����
QV�� 0RUHRYHU�� FRQWUDULO\� WR� WKH� RUGLQDU\� FLUFXLW� WUDQVLHQW�
UHVSRQVH��WKDQNV�WR�WKH�1*'�SKHQRPHQRQ��WKH�ZDYH�IURQWV�
RI� WKH� RXWSXW� 9RXW� LV� VOLJKWO\� LQ� DGYDQFH� RI� DERXW� �� QV�
FRPSDUHG�WR�WKH�LQSXW�9LQ��
�
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)LJXUH����1*'�FLUFXLW�WUDQVLHQW�DQDO\VLV�UHVXOWV��
�
,Q� RWKHU� KDQG�� E\� LQMHFWLQJ� DQ� DUELWUDU\� ZDYHIRUP� LQSXW�
VLJQDO�SUHVHQWHG�E\�9LQ�RI�)LJXUH����RQFH�DJDLQ��DQ�HIIHFW�RI�
WKH� QHJDWLYH� WLPH�GHOD\� ZLWK� WLPH�VKLIW� RI� DERXW� �� QV� LV�
IRXQG��
�
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)LJXUH����1*'�FLUFXLW�WUDQVLHQW�DQDO\VLV�UHVXOWV��
�
'HVSLWH� WKLV� RXWVWDQGLQJ� HIIHFW�� LW� LV� LQWHUHVWLQJ� WR�QRWH� WKDW�
WKH�RXWSXW�VLJQDO�DSSHDUV�DIWHU�WKH�LQSXW�DW�WKH�VWDUWLQJ�SRLQW�
W� � �� V�� 6R�� WKH� FDXVDOLW\� SULQFLSOH� LV� VWLOO� UHVSHFWHG�� $V�
UHSRUWHG� LQ� >��@�� WKLV� DGYDQFH� SKHQRPHQRQ� RFFXUV� RQO\�
ZKHQ� WKH� LQSXW� VSHFWUXP� EHORQJV� LQ� WKH� 1*'� IUHTXHQF\�
EDQG��
�

���� &RPPHQWV�DQG�GLVFXVVLRQV�
$Q� LQQRYDWLYH� 1*'� DFWLYH� FLUFXLW� WRSRORJ\� VXVFHSWLEOH� WR�
RSHUDWH� DW� EDVHEDQG� IUHTXHQFLHV� LV� GHYHORSHG� E\� XVLQJ� D�
PLFURZDYH� DPSOLILHU�� &RPSDUHG� WR� WKH� 1*'� WRSRORJLHV�
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�

LQWURGXFHG� LQ� >��@�� WKH� SURSRVHG� RQH� SUHVHQWV� D� IDFLOLW\� WR�
DFKLHYH� D� JRRG� DFFHVV� PDWFKLQJ� DQG� HQDEOHV� WR� DYRLG� WKH�
RSSRVLWH�VLJQ�EHWZHHQ�WKH�RXWSXW�DQG�LQSXW�YROWDJHV�IRU�WKH�
VLQJOH� RU� RGG� QXPEHU� RI� VWDJH� FLUFXLW�� 7KHRUHWLFDO�
DSSURDFKHV� EDVHG� RQ� WKH� 6�SDUDPHWHU� DQDO\VLV� ZHUH�
SURSRVHG�� 7KHQ�� WKH� V\QWKHVLV� UHODWLRQV� HQDEOLQJ� WR� GHVLJQ�
WKH� HOHFWURQLF� GHYLFH� ZLWK� WKH� 1*'� WRSRORJ\� XQGHUVWXG\�
ZHUH� DQDO\WLFDOO\� GHPRQVWUDWHG� DFFRUGLQJ� WR� WKH� GHVLUHG�
YDOXHV� RI� WKH� JDLQ� DQG� 1*'�� 7KHQ�� WKH� WKHRUHWLF�
FKDUDFWHULVWLF� VSHFLILF� WR� WKH� FLUFXLW� DQDO\]HG� YLV�j�YLV� WKH�
1*'� HIIHFWV� ZHUH� DOVR� HVWDEOLVKHG�� 7R� LOOXVWUDWH� WKH�
UHOHYDQFH� RI� WKH� WKHRUHWLF� SULQFLSOH� SURSRVHG�� GHVLJQ� DQG�
VLPXODWLRQV� RI� WZR�VWDJH� FLUFXLW� EDVHG� RQ� WKH� XVH� 00,&�
/1$� GHYLFH� ZHUH� FDUULHG� RXW�� 6R�� LW� GHPRQVWUDWHV� WKH�
SRVVLELOLW\� WR� JHQHUDWH� 1*'� VLPXOWDQHRXVO\� ZLWK� JDLQ� LQ�
EDVHEDQG� XS� WR� PLFURZDYH� IUHTXHQFLHV�� 0RUHRYHU�� LW� ZDV�
VWDWHG� ZLWK� 63,&(� VLPXODWLRQ� WKDW� WKH� SUHVHQWHG� 1*'�
WRSRORJ\� UHVSHFWV� DOO� WKH� FULWHULD� RI� FODVVLFDO� DFWLYH� 5)�
FLUFXLWV���
)XUWKHUPRUH�� LW� ZDV� VKRZQ� DOVR� WKDW� WKH� 1*'� FLUFXLW�
LQYHVWLJDWHG� FDQ� EH� HPSOR\HG� WR� UHGXFH� WKH� SXUH� GHOD\�
LQGXFHG� E\� WHOHFRPPXQLFDWLRQ� GHYLFHV� DV� WKH� PLFURZDYH�
7/V�� $V� DSSOLFDWLRQ�� WKLV� 1*'� FLUFXLW� LV� SRWHQWLDOO\� XVHIXO�
IRU� WKH� GHOD\� UHGXFWLRQ� DV� SURSRVHG� LQ� >�����@� QRWDEO\� IRU�
WKH� FRUUHFWLRQ� RI� LQWHUFRQQHFWLRQV� GHJUDGDWLRQ� RQ� WKH� 3&%�
DQG�IRU�WKH�KLJK�VSHHG�PLFURHOHFWURQLF�V\VWHPV�DV�LOOXVWUDWHG�
LQ�>�����@��
�

�� ([DPLQDWLRQ�RI�WKH�1*'�FLUFXLW�IRUPHG�E\�DQ�
/1$�IRU�5)�PLFURZDYH�DSSOLFDWLRQV�

)LJXUH� ���SUHVHQWV� WKH�PLFURZDYH�1*'�FLUFXLW� XVLQJ�/1$�
XQGHUVWXG\� LQ� WKH� SUHVHQW� VHFWLRQ�� 7KLV� XQLW� FHOO� RI� WKH�
XQGHUVWXG\� 1*'� FLUFXLW� WRSRORJ\� LV� FRPSRVHG� RI� DQ�
DPSOLILHU�LQ�FDVFDGH�ZLWK�DQ�5/&�VHULHV�UHVRQDQW�QHWZRUN��
�
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)LJXUH�����0LFURZDYH�DPSOLILHU�FDVFDGHG�ZLWK�D�VKXQW�VHULHV�
5/&�UHVRQDQW�QHWZRUN��
�

���� 7KHRU\� RQ� WKH� 1*'� FLUFXLW� RSHUDWLQJ� LQ�
5)�PLFURZDYH�IUHTXHQFLHV�

6LPLODU� WR� WKH�SUHYLRXV� VHFWLRQ�� WR� H[DPLQH� WKH� IXQFWLRQLQJ�
RI� WKH� FLUFXLW� GHVFULEHG� LQ� )LJXUH� ���� ZH� DQDO\VH� LWV� 6�
SDUDPHWHUV�DQG�HVWDEOLVK� WKH� V\QWKHVLV� UHODWLRQV�HQDEOLQJ� WR�
GHWHUPLQH�WKH�HOHPHQWV�RI�WKH�1*'�WRSRORJ\�LQ�IXQFWLRQ�RI�
WKH� GHVLUHG� 1*'� DQG� JDLQ� YDOXHV�� 7KHQ�� SURSHUWLHV� RI� WKH�
WRSRORJ\�ZLOO�EH�HVWDEOLVKHG��

������ 6�SDUDPHWHUV�DQDO\VLV�

7KURXJK� WKH� 6�SDUDPHWHU� WKHRU\�� E\� FRQVLGHULQJ� WKH�
UHIHUHQFH� LPSHGDQFH� 5��� RQH� GHPRQVWUDWHV� WKDW� WKH� 6�
SDUDPHWHUV�RI�WKH�1*'�WRSRORJ\�SUHVHQWHG�LQ�)LJXUH����DUH�
H[SUHVVHG�DV���
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LV� WKH� LPSHGDQFH� RI� WKH� VHULHV�5/&� UHVRQDQW� QHWZRUN�� 7KH�
WUDQVPLVVLRQ� SKDVH� RI� WKLV� PLFURZDYH� 1*'� WRSRORJ\� LV�
H[SUHVVHG�DV��
�
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2QH�GHPRQVWUDWHV�WKDW�DW�WKH�UHVRQDQFH�IUHTXHQF\��
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�
WKH�WUDQVPLVVLRQ�SDUDPHWHU�6���DQG�WKH�RXWSXW�UHWXUQ�ORVV�6���
EHFRPH�UHVSHFWLYHO\��
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�
6LPLODUO\� WR� WKH�1*'�FHOO� LQWURGXFHG� LQ� >�����@�� WKH�JURXS�
GHOD\� ZLOO� EH� DOVR� DOZD\V� QHJDWLYH� DW� WKLV� UHVRQDQFH�
IUHTXHQF\��
�
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������ 3URSHUWLHV�RI�WKH�1*'�FLUFXLW�XQGHUVWXG\�

2QH� FDQ� HVWDEOLVK� DOVR� WKDW� WKLV� PLFURZDYH� 1*'� YDOXH�
EHORQJV� LQ� WKH� IUHTXHQF\� EDQG� FRUUHVSRQGLQJ� WR�
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 ��� ZKLFK� LV� GHOLPLWHG� E\� WKH� IROORZLQJ� FXW� RII�
IUHTXHQFLHV��
�
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ZKHUH�
�
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�
,W�LV�LQWHUHVWLQJ�WR�QRWH�WKDW�WKH�SURGXFW�RI�WKHVH�1*'�FXW�RII�
IUHTXHQFLHV�YHULI\�WKH�IROORZLQJ�UHODWLRQ��
�
� � �

���   �� � � �����
�
%XW� RQH� SRLQWV� RXW� WKDW� DW� YHU\� ORZ� IUHTXHQFLHV � �� WKH�
JURXS�GHOD\�LV�DOZD\V�SRVLWLYH��
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�
7KLV�ODVW�H[SUHVVLRQ�OHDGV�XV�WR�WKH�V\QWKHVLV�PHWKRG�RI�WKH�
1*'�SDVVLYH�HOHPHQWV�LQ�WKH�QH[W�SDUDJUDSK��
�

������ 6\QWKHVLV�PHWKRG�

%\� LQYHUWLQJ� IRUPXODH� ����� DQG� ����� DQG� WKH� UHVRQDQFH�
IUHTXHQF\� H[SUHVVLRQ� � �� LW� \LHOGV� WKH� IROORZLQJ� V\QWKHVLV�
UHODWLRQV��
�

� �
���
���

��

���

67
565






�� � �����

� �
��

�
���

���
���

67
756

/






�� � �����

� � �
�

�



/

& �� � � �����

�
,Q�WKLV�FDVH��WKH�RXWSXW�UHWXUQ�ORVV�6���ZLOO�EH�V\VWHPDWLFDOO\�
IL[HG�WR��
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�
2I�FRXUVH�� IRU�RQH�FHOO�� WKH�JDLQ�6���FDQ�QRW�EH�JUHDWHU�WKDQ�
7�� 0RUHRYHU�� WR� SURYLGH� D� VLJQLILFDQW� 1*'� ZLWK�
DPSOLILFDWLRQ�LQ�WKH�ZLGH�EDQGZLGWK��WKH�LQYHVWLJDWLRQ�RI�WKH�
FDVFDGHG�VWUXFWXUH�LV�SURYLGHG�LQ�WKH�QH[W�VXEVHFWLRQ��
�

,Q� RUGHU� WR� YHULI\� WKH� HIILFLHQF\� RI� WKH� SURSRVHG� WKHRU\��
DQDO\VLV� RI� YDOLGDWLRQ� UHVXOWV� ZLOO� EH� SURSRVHG� LQ� WKH� QH[W�
VHFWLRQ��
�

���� 1XPHULFDO� YDOLGDWLRQ� RI� WKH� SURSRVHG� 1*'� FLUFXLW�
IRU�WKH�PRGXODWHG�VLJQDOV�

7KH� SUHVHQW� GHVLJQ� DQG� VLPXODWLRQ� UHVXOWV� ZHUH� SHUIRUPHG�
E\� XVLQJ� WKH� PLFURZDYH� DQG� HOHFWURQLF� FLUFXLW� VLPXODWRU�
$GYDQFHG�'HVLJQ�6\VWHP��$'6��IURP�$JLOHQW70���
�

������ 'HVLJQ�RI�WKH�PLFURZDYH�1*'�GHYLFH�WHVWHG�

7KH� SRRI� RI� FRQFHSW� WR� YDOLGDWH� WKH� IRUPHU� WKHRUHWLF�
DSSURDFK� LV� FRPSULVHG�RI� WKH�RQH�VWDJH�1*'�DFWLYH� FLUFXLW�
VKRZQ� LQ� )LJXUH� ���� 7KLV� ODWHU� LV� GHVLJQHG� ZLWK� WKH� /1$�
LPSOHPHQWHG� LQ� QRQ�OLQHDU� PRGHO� XVLQJ� WKH� SDFNDJH�
WUDQVLVWRU�$7������� SURYLGHG� E\�$JLOHQW70��0RUHRYHU�� WKH�
FRQVLGHUHG� SDVVLYH� FRPSRQHQWV� DUH� IURP� SDVVLYH� 607�
PRGHOV�DYDLODEOH�LQ�$'6�OLEUDU\���
�
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)LJXUH�����6LPXODWHG�RQH�VWDJH�1*'�FLUFXLW���5� ����ȍ��5P�
 ����ȍ��/� ����Q+��&� �����S)��/E� �����Q+��&E� ����Q)���
�
7KH�WHVWHG�1*'�GHYLFH�LV�ELDVHG�DW�WKH�'&�YROWDJH�9E� ���9�
DQG�,E� �����P$��

������ )UHTXHQF\�GRPDLQ�DQDO\VLV�

7KURXJK� WKH� HOHFWURPDJQHWLF� �(0�� DQG� FLUFXLW� FR�
VLPXODWLRQV� LQ� 63,&(�0RPHQWXP� $'6� HQYLURQPHQW�� WKH�
UHVXOWV�REWDLQHG�DUH�VNHWFKHG�LQ�)LJXUH����DQG�)LJXUH�����$V�
LOOXVWUDWHG� LQ� )LJXUH� ���� WKH� WHVWHG� FLUFXLW� LQWURGXFHG� LQ�
)LJXUH� ��� HQDEOHV� WR� JHQHUDWH� D� QDUURZ�EDQG� 1*'� IURP�
�����*+]�WR������*+]�ZKLFK�FDQ�JR�GRZQ�EHORZ������QV���
�
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�
7KXV��RQH�HYDOXDWHV�RYHU�WKH�EDQGZLGWK�RI�DERXW�����0+]��
$V�GLVSOD\HG�LQ�)LJXUH�����LQ�WKH�FRQVLGHUHG�IUHTXHQF\�EDQG��
WKH� LQVHUWLRQ� JDLQ� LV� DERYH� ���� G%� DQG� D� JRRG�PDWFKLQJ� DW�
WKH�WZR�DFFHVVHV�LV�DFKLHYHG��
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)LJXUH� ���� 6�SDUDPHWHUV� � G%I6 ���� �� G%I6 ���� �DQG�

G%I6 ���� ��RI�WKH�GHVLJQHG�1*'�FLUFXLW�VKRZQ�LQ�)LJXUH�����
�

������ $QDO\VLV�RI�WKH�SURSRVHG�1*'�GHYLFH�QRQ�OLQHDULW\�

7R� FDUU\� RXW� D� QRQ�OLQHDU� DQDO\VLV� RI� WKH� FLUFXLW� VKRZQ� LQ�
)LJXUH� ���� KDUPRQLF� EDODQFH� VLPXODWLRQV� ZLWK� WKH�
FRQVLGHUDWLRQV�RI�KDUPRQLFV�XS�WR���WK�RUGHU�ZHUH�UHDOL]HG�LQ�
WKH�63,&(�VFKHPDWLF�HQYLURQPHQW�RI�$'6��)RU�WKDW��D�VLQJOH�
WRQH� KDUPRQLF� VLJQDO� ZLWK� SRZHU� 3LQBG%P� DW� WKH� VLQJOH�
IUHTXHQF\� I��  � ����� *+]� DQG� YDULHG� IURP� ���� G%P� WR� ���
G%P�ZDV�LQMHFWHG�LQ�WKH�FLUFXLW�WHVWHG��$V�FRQVHTXHQFH��WKH�
SORW�RI�WKH�RXWSXW�SRZHU�3RXWBG%P�DUH�REWDLQHG�LQ�IXQFWLRQ�RI�
WKH�LQSXW�OHYHO�3LBQG%P�GHSLFWHG�LQ�)LJXUH������
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)LJXUH�����7KLUG�RUGHU�LQWHUPRGXODWLRQ�SURGXFWV�,0'��RI�WKH�
GHYLFH�VKRZQ�LQ�)LJXUH�����
�
�
6R��RQH�FDQ�VHH�WKDW�WKH�GHYLFH�XQGHUVWXG\�SUHVHQWV�3LQ�G%&�RI�
DERXW� �� G%P�� )XUWKHUPRUH�� E\� LQMHFWLQJ� WZR� WRQHV� VLJQDO�
FHQWUHG� DW� WKH� 1*'� FHQWUH� IUHTXHQF\� I��  � ����� *+]� ZLWK�
IUHTXHQF\� VKLIW�RI�DERXW����0+]��7KH� LQSXW�SRZHUV�3LQBG%P�
RI�WKHVH�VLJQDOV�DUH�VHW�DW�DURXQG���G%P��$IWHU�VLPXODWLRQV��
WKH�UHVXOW�REWDLQHG�LV�GLVSOD\HG�LQ�)LJXUH�����
�
'XH� WR� WKH�QRQ�OLQHDULW\�RI� WKH�FRQVLGHUHG�1*'�FLUFXLW�� IRU�
WKH�ILUVW�RUGHU�KDUPRQLF�ZLWK�IUHTXHQFLHV�I�� ������*+]�DQG�
I��  � ����� *+]�� LW� DSSHDUV� 3RXW��VW� RUGHU�� � §� ���� G%P� DQG�
3RXW��UG�RUGHU��§�����G%P�LQ�WKH�RSHUDWLQJ�IUHTXHQF\�EDQG��
�

���� 'LVFXVVLRQV�
$� PLFURZDYH� WRSRORJ\� RI� DFWLYH� FLUFXLW� VXVFHSWLEOH� WR�
H[KLELW� WKH� 1*'� IXQFWLRQ� ZLWK� PRGXODWHG� VLJQDOV� LV�
SURSRVHG�LQ�WKLV�VHFWLRQ��7KH�1*'�WRSRORJ\�LQYHVWLJDWHG�LV�
FRPSULVHG�RI� DQ�/1$� LQ� FDVFDGH�ZLWK� D� VKXQW�5/&�VHULHV�
QHWZRUN�� 7KH� DQDO\VLV� RI� WKH� SURSRVHG� 1*'� WRSRORJ\� 6�
SDUDPHWHUV� ZDV� FRQGXFWHG�� 7KH� WKHRUHWLF� FRQFHSW� LV� WKHQ��
FRPSOHWHG�E\�WKH�HVWDEOLVKPHQW�RI�V\QWKHVLV�PHWKRGV�RI�WKH�
1*'� FLUFXLW� SDUDPHWHUV�� 7KLV� V\QWKHVLV� PXVW� EH� UHDOL]HG�
NQRZLQJ� WKH� FKDUDFWHULVWLFV� RI� WKH� XVHG� DPSOLILHU� DQG� DOVR�
WKH� GHVLUHG� YDOXHV� RI� JDLQ� DQG�1*'� DW� WKH� JLYHQ� VSHFLILF�
IUHTXHQF\�� 7KH� UHOHYDQFH� RI� WKH� WKHRU\� ZDV� FRQILUPHG� E\�
WKH� VLPXODWLRQ� UHVXOWV� RI� RQH�VWDJH� 1*'� GHYLFH� GHVLJQHG�
ZLWK� D� K\EULG� /1$� EDVHG� RQ� WKH� SDFNDJH� WUDQVLVWRU� $7�
������ IURP� $JLOHQW70�� $JDLQVW� WKH� 1*'� DFWLYH� WRSRORJ\�
SURSRVHG�LQ�>�����@��WKURXJK�WKH�SUHVHQW�VWXG\�� LW�LV�SURYHG�
WKDW� D� EHWWHU� DFFHVV� PDWFKLQJ� HDVLO\� LV� DFKLHYHG� ZLWK� D�
VLPSOHU�ELDVLQJ�QHWZRUN���
�

�� *HQHUDO�FRQFOXVLRQV�
$� WKHRU\� RQ� WKH� DFWLYH� WRSRORJLHV� RI� HOHFWURQLF� FLUFXLW�
VXVFHSWLEOH� WR� JHQHUDWH� WKH� 1*'� IXQFWLRQ� LV� VXFFHVVIXOO\�
LQYHVWLJDWHG� LQ� WKLV� SDSHU�� 7ZR� GLIIHUHQW� W\SHV� RI� DFWLYH�
WRSRORJ\�ZHUH�DQDO\]HG�DQG�V\QWKHVL]HG���
7KH� ILUVW� WRSRORJ\�� PDLQO\� GHGLFDWHG� WR� WKH� EDVH� EDQG�
IUHTXHQFLHV�� LV� FRPSULVHG� RI� DQ� 5/�SDVVLYH� QHWZRUN� LQ�
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IHHGEDFN�ZLWK� DQ�5)�PLFURZDYH� DPSOLILHU�� 7KH� RWKHU� RQH��
PDLQO\� RSHUDWLQJ� ZLWK� WKH� PRGXODWHG� 5)�PLFURZDYH�
VLJQDOV��LV�IRUPHG�E\�DQ�5/&�SDVVLYH�QHWZRUN�DVVRFLDWHG�LQ�
FDVFDGH� ZLWK� WKH� DPSOLILHU�� 7KHRUHWLFDO� DQDO\VHV� EDVHG� RQ�
WKH�6�SDUDPHWHUV�DUH�SUHVHQWHG�E\�FRQVLGHULQJ�WKH�JDLQ�DQG�
WKH�PDWFKLQJ�DFFHVV�RI� WKH�DPSOLILHG�XVHG��7KHQ��V\QWKHVLV�
IRUPXODH� IRU� GHWHUPLQLQJ� WKH� HOHPHQWV� 5�� /� DQG� &� RI� WKH�
1*'�FLUFXLWV� LQ� IXQFWLRQ�RI� WKH�GHVLUHG�YDOXHV�RI� WKH�JDLQ�
DQG�1*'� DUH� HVWDEOLVKHG�� ,Q� DGGLWLRQ�� WKH� EDVLF� SURSHUWLHV�
RI�WKH�1*'�WRSRORJLHV�LQYHVWLJDWHG�ZHUH�DOVR�SURSRVHG��)RU�
FKHFNLQJ� WKH� YDOLGLW\� RI� WKH� WKHRUHWLFDO� DSSURDFKHV��
VLPXODWLRQV� ERWK� LQ� IUHTXHQF\�� DQG� WLPH�GRPDLQV� ZHUH�
SHUIRUPHG��
:LWK� WKH� EDVH� EDQG�1*'� WRSRORJ\��1*'� IURP�'&� XS� WR�
WHQV� 0+]� ZHUH� UHDOL]HG� DFFRPSDQLHG� ZLWK� ORVV�
FRPSHQVDWLRQ��,W�ZDV�VKRZQ�WKDW�WKH�PDWFKLQJ�DFFHVV�OHYHOV�
RI�WKH�SURRI�RI�FRQFHSW�ZHUH�ZLGHO\�ORZHU�WKDQ���G%�XS�WR���
*+]�� ,W� ZDV� VWDWHG� WKDW� WKH� WHVWHG� 1)'� FLUFXLW� LV�
XQFRQGLWLRQDOO\� VWDEOH�� 7KHQ�� WLPH�GRPDLQ� VLPXODWLRQV�
FRQILUP�WKH�IXQFWLRQLQJ�RI�WKH�1*'�FLUFXLW��,W�ZDV�REVHUYHG�
WKDW� E\� LQMHFWLQJ� DUELWUDU\� ZDYH� IRUP� VLJQDOV� WR� WKH� 1*'�
FLUFXLW�� LW� ZDV� GHPRQVWUDWHG� WKDW� WKH� RXWSXW� VLJQDO� ZDYH�
IURQWV�H[LW�WKH�FLUFXLW�EHIRUH�WKRVH�RI�WKH�LQSXW�SHQHWUDWLQJ�LQ�
WKH�FLUFXLW��$V�DUJXHG�LQ�>������������@��WKLV�HIIHFW�LV�QRW�LQ�
FRQWUDGLFWLRQ� ZLWK� WKH� FDXVDOLW\� EHFDXVH� WKH� LQSXW�
EDQGZLGWK� LV�VXIILFLHQWO\� OLPLWHG��:KHUHDV�ZLWK� WKH�VHFRQG�
1*'� WRSRORJ\� LQYHVWLJDWHG�� 1*'� DURXQG� ����� *+]� ZLWK�
PLQLPDO�YDOXH�RI�DERXW� �����QV�ZDV�JHQHUDWHG�� ,W� LV� VKRZQ�
WKDW� WKH� SURRI� RI� FRQFHSW� FLUFXLW� SUHVHQWV� JRRG� OHYHO� RI�
PDWFKLQJ� DQG� H[FHOOHQW� LVRODWLRQ� ORVV�� )LQDOO\�� QRQ�OLQHDU�
DQDO\VHV� ZHUH� SURSRVHG� WR� VKRZ� WKH� UHDFWLRQ� RI� WKH� 1*'�
FLUFXLW�ZLWK�WKH�SRZHU�RI�WKH�RSHUDWLQJ�VLJQDOV��
,Q� WKH� FRQWLQXDWLRQ� RI� WKLV� ZRUN�� WKH� 1*'� WRSRORJLHV�
LQYHVWLJDWHG� ZLOO� EH� LQWHJUDWHG� LQ� WKH� WHOHFRPPXQLFDWLRQ�
V\VWHPV�IRU�WKH�HQKDQFHPHQW�RI�DUFKLWHFWXUHV�QRWDEO\�IRU�WKH�
GHOD\�FDQFHOODWLRQ���
$V� RQJRLQJ� UHVHDUFK�� GHVLJQ� RI� FLUFXLW� XVLQJ�00,&� /1$�
RSHUDWLQJ� ZLWK� EDVH� EDQG� VLJQDOV� XS� WR� 5)�PLFURZDYH�
IUHTXHQFLHV� LV� SODQQHG�� 7KH� GHVLJQ� RI� WKH� 1*'� GHYLFH�
FDSDEOH�WR�ZRUN�XS�WR�VHYHUDO�WHQV�*+]�EDVHG�RQ�GLVWULEXWHG�
HOHPHQWV� LV� DOVR� LQ� SURJUHVV�� /DVWO\�� WKH� 1*'� FRQFHSW� LV�
HQYLVDJHG� WR� EH� XVHG� IRU� UHGXFLQJ� WKH� GHOD\V� DQG� DOVR� IRU�
HQKDQFLQJ� WKH� UDGLR�FRPPXQLFDWLRQ�V\VWHPV�DV� UHSRUWHG� LQ�
>�����@��
�

$FNQRZOHGJHPHQWV�
$FNQRZOHGJHPHQW� LV� PDGH� WR� (XURSHDQ� 8QLRQ� �(8�� DQG�
8SSHU�1RUPDQG\�UHJLRQ��)5$1&(��IRU�WKH�VXSSRUW�RI�WKLV�
UHVHDUFK� WKURXJK� WKH� (XURSHDQ� ,QWHUUHJ� ,9$� SURMHFW� 1R�
����� HQWLWOHG� ³7LPH�'RPDLQ� (OHFWURPDJQHWLF�
&KDUDFWHUL]DWLRQ�DQG�6LPXODWLRQ��7(&6�´��
�

5HIHUHQFHV�
>�@ 6��/XF\V]\Q�� ,��'��5REHUWVRQ�DQG�$��+��$JKYDPL��
³1HJDWLYH�JURXS�GHOD\�V\QWKHVLVHU´��(OHFWURQLF�/HWWHUV��9RO��
����SS�����������������

>�@ 6��/XF\V]\Q��³/LHV��GDPQ�OLHV�DQG�PHDVXUHPHQWV�´�
LQ�3URF��RI���WK�$30&�(���1HZ�'HOKL��,QGLD��'HF���������
>�@ &��'��%URRPILHOG�DQG�-��.��$��(YHUDUG��³%URDGEDQG�
QHJDWLYH� JURXS� GHOD\� QHWZRUNV� IRU� FRPSHQVDWLRQ� RI�
RVFLOODWRUV� XVLQJ� IHHGIRUZDUG� DPSOLILHUV´�� (OHFWURQLFV�
/HWWHUV��9RO�����������������6HS��������
>�@ *�� 9�� (OHIWKHULDGHV�� 2�� 6LGGLTXL� DQG� $�� .�� ,\HU��
³7UDQVPLVVLRQ�OLQH�IRU�QHJDWLYH�LQGH[�PHGLD�DQG�DVVRFLDWHG�
LPSOHPHQWDWLRQV� ZLWKRXW� H[FHVV� UHVRQDWRUV�´� ,(((� 0:&�
/HWW���9RO������1R�����SS���������)HE��������
>�@ 2�� )�� 6LGGLTXL�� 0�� 0RMDKHGL�� DQG� *�� 9��
(OHIWKHULDGHV�� ³3HULRGLFDOO\� ORDGHG� WUDQVPLVVLRQ� OLQH� ZLWK�
HIIHFWLYH� QHJDWLYH� UHIUDFWLYH� LQGH[� DQG� QHJDWLYH� JURXS�
YHORFLW\�´� ,(((� 7UDQV�� $QW�� 3URS��� 9RO�� ���� 1R�� ���� SS��
�����������2FW��������
>�@ 1�� 6�� %XNKPDQ� DQG� 6�� 9�� %XNKPDQ�� ³2Q� WKH�
QHJDWLYH� GHOD\� WLPH� RI� D� QDUURZ�EDQG� VLJQDO� DV� LW� SDVVHV�
WKURXJK�WKH�UHVRQDQW�ILOWHU�RI�DEVRUSWLRQ�´�5DGLRSK\VLFV�DQG�
4XDQWXP�(OHFWURQLFV��9RO������1R�����SS���������������
>�@ 2�� )�� 6LGGLTXL�� 0�� 0RMDKHGL� DQG� *�� 9��
(OHIWKHULDGHV��³3HULRGLFDOO\�/RDGHG�7UDQVPLVVLRQ�/LQH�:LWK�
(IIHFWLYH� 1HJDWLYH� 5HIUDFWLYH� ,QGH[� DQG� 1HJDWLYH� *URXS�
9HORFLW\´�� ,(((� 7UDQVDFWLRQV� RQ� $QWHQQDV� DQG�
3URSDJDWLRQ��9RO������1R������SS�������������2FW��������
>�@ -��)��:RRGOH\�DQG�0��0RMDKHGL��³1HJDWLYH�*URXS�
9HORFLW\� DQG� *URXS� 'HOD\� LQ� /HIW�+DQGHG� 0HGLD´�� 3K\V��
5HY��(��9RO������SS���������������������������
>�@ 5��<��&KLDR�� (��/��%ROGD�� -��%RZLH�� -��%R\FH� DQG�
0�� :�� 0LWFKHOO�� ³6XSHUOXPLQDOLW\� DQG� $PSOLILHUV�´� 3URJ��
&U\VWDO�*URZWK�&KDUDFW��0DW������SS�����������������
>��@ '�� 6ROOL�� DQG� 5�� <�� &KLDR�� ³6XSHUOXPLQDO� HIIHFWV�
DQG� QHJDWLYH� GHOD\V� LQ� HOHFWURQLFV�� DQG� WKHLU� DSSOLFDWLRQV�´�
3K\V��5HY��(��1R�����1RY��������
>��@ 0�� .LWDQR�� 7�� 1DNDQLVKL� DQG� .�� 6XJL\DPD��
³1HJDWLYH� JURXS� GHOD\� DQG� VXSHUOXPLQDO� SURSDJDWLRQ�� $Q�
HOHFWURQLF� FLUFXLW� DSSURDFK�´� ,(((� -�� 6HOHFWHG� 7RSLFV� LQ�
4XDQWXP�(OHFWURQLFV��9RO�����1R�����SS���������������
>��@ -��1��0XQGD\�DQG�5��+��+HQGHUVRQ��³6XSHUOXPLQDO�
WLPH�DGYDQFH�RI�D�FRPSOH[�DXGLR�VLJQDO´��$SSO��3K\V��/HWW���
9RO������SS�����������-XO��������
>��@ 6��-��(ULFNVRQ��0��.KDMD�DQG�0��0RMDKHGL��³7LPH��
DQG�IUHTXHQF\�GRPDLQ�PHDVXUHPHQWV�IRU�DQ�DFWLYH�QHJDWLYH�
JURXS� GHOD\� FLUFXLW´�� LQ� 3URF� RI� ,(((� $QW�� 3URS�� 6RF�� ,QW��
6\PS���9RO���$��SS�����������������
>��@ %��5DYHOR��³'HPRQVWUDWLRQ�RI�QHJDWLYH�VLJQDO�GHOD\�
ZLWK� VKRUW�GXUDWLRQ� WUDQVLHQW� SXOVH´�� (XU�� 3K\V�� -�� $SSO��
3K\V���(3-$3���9RO������������SS�������������
>��@ %�� 5DYHOR� DQG� 6�� 'H� %ODVL�� ³$Q� )(7�EDVHG�
PLFURZDYH� DFWLYH� FLUFXLW� ZLWK� GXDO�EDQG� QHJDWLYH� JURXS�
GHOD\´�� -RXUQDO� RI� 0LFURZDYHV�� 2SWRHOHFWURQLFV� DQG�
(OHFWURPDJQHWLF� $SSOLFDWLRQV� �-02H��� 9RO�� ���� 1R�� ��� SS��
���������'HF�������
>��@ %�� 5DYHOR�� ³,QYHVWLJDWLRQ� RQ� PLFURZDYH� QHJDWLYH�
JURXS�GHOD\� FLUFXLW´��(OHFWURPDJQHWLFV��9RO�� ����1R�����SS��
���������1RY��������



���
�

>��@ %�� 5DYHOR�� $�� 3HUHQQHF�� 0�� /H� 5R\� DQG� <��
%RXFKHU�� ³$FWLYH� PLFURZDYH� FLUFXLW� ZLWK� QHJDWLYH� JURXS�
GHOD\�´�,(((�0:&�/HWW���9RO������1R������SS�����������'HF��
�������
>��@ %��5DYHOR��$��3HUHQQHF�DQG�0��/H�5R\��³6\QWKHVLV�
RI� EURDGEDQG� QHJDWLYH� JURXS� GHOD\� DFWLYH� FLUFXLWV�´� ,(((�
077�6\PSRVLXP� ,06� ������ +RQROXOX�� +DZDLL�� SS�� �����
����������-XQH��������
>��@ 0�:�� 0LWFKHOO� DQG� 5�<�� &KLDR�� ³&DXVDOLW\� DQG�
QHJDWLYH�JURXS�GHOD\V�LQ�D�VLPSOH�EDQGSDVV�DPSOLILHU´��$P��
-��3K\V�������������������
>��@ 0�:�� 0LWFKHOO� DQG� 5�<�� &KLDR�� ³1HJDWLYH� JURXS�
GHOD\�DQG�µ)URQWV¶�LQ�D�FDXVDO�V\VWHPV��$Q�H[SHULPHQW�ZLWK�
YHU\� ORZ� IUHTXHQF\� EDQGSDVV� DPSOLILHUV´��3K\V�� /HWW��� 9RO��
$��������������-XQH�������
>��@ 0��.DQGLF�DQG�*��(��%ULGJHV��³$V\PSWRWLF�/LPLWV�
RI� 1HJDWLYH� *URXS� 'HOD\� LQ� $FWLYH� 5HVRQDWRU�%DVHG�
'LVWULEXWHG� &LUFXLWV´�� ,(((� 7UDQVDFWLRQV� RQ� &LUFXLWV� DQG�
6\VWHPV�,��5HJXODU�3DSHUV��9RO������1R�����SS�������±�������
$XJ��������
>��@ 0��.DQGLF�DQG�*��(��%ULGJHV�� ³7UDQVLHQW�,PSRVHG�
/LPLWDWLRQV�RI�1HJDWLYH�*URXS�'HOD\�&LUFXLWV´�� LQ�3URF��RI�
��WK� ,QWHUQDWLRQDO� 6\PSRVLXP� RQ� $QWHQQD� 7HFKQRORJ\� DQG�
$SSOLHG�(OHFWURPDJQHWLFV�	�WKH�$PHULFDQ�(OHFWURPDJQHWLFV�
&RQIHUHQFH� �$17(0�$0(5(0��� ������ 2WWDZD�� 21��
&DQDGD��SS�����������-XO\�������
>��@ $�� 'RJDULX�� $�� .X]PLFK� DQG� /�� -�� :DQJ��
³7UDQVSDUHQW� DQRPDORXV� GLVSHUVLRQ� DQG� VXSHUOXPLQDO� OLJKW�
SXOVH�SURSDJDWLRQ�DW�D�QHJDWLYH�JURXS�YHORFLW\´��3K\V��5HY��
$��9RO������SS����������������������������
>��@ /��%ULOORXLQ�DQG�$��6RPPHUIHOG��:DYH�SURSDJDWLRQ�
DQG� JURXS� YHORFLW\�� $FDGHPLF� 3UHVV�� 1HZ� <RUN�� ���������
������
>��@ *��%��*DUUHWW� DQG�'��(��0F*XPEHU��³3URSDJDWLRQ�RI�D�
*DXVVLDQ� OLJKW� SXOVH� WKURXJK� DQ� DQRPDORXV� GLVSHUVLRQ�
PHGLXP´��3K\V��5HY��$��9RO�����SS�����������������
>��@ 6��&KX�� DQG�6��:RQJ�� ³/LQHDU� SXOVH� SURSDJDWLRQ� LQ� DQ�
DEVRUELQJ�PHGLXP´��3K\V��5HY��/HWW���9RO������SS�����������
������
>��@ 6pJDUG� DQG� %�� 0DFNH�� ³2EVHUYDWLRQ� RI� QHJDWLYH�
YHORFLW\� SXOVH� SURSDJDWLRQ´�� 3K\V�� /HWW�� ����� SS�� ���������
������
>��@ %�� 5DYHOR�� 0�� /H� 5R\� DQG� $�� 3HUHQQHF��
³$SSOLFDWLRQ� RI� QHJDWLYH� JURXS� GHOD\� DFWLYH� FLUFXLWV� WR� WKH�
GHVLJQ� RI� EURDGEDQG� DQG� FRQVWDQW� SKDVH� VKLIWHUV´��
0LFURZDYH�DQG�2SWLFDO�7HFKQRORJ\�/HWWHUV��9RO������1R������
SS�������������'HF��������
>��@ 6�� .HVHU� DQG� 0�� 0RMDKHGL�� ³%URDGEDQG� QHJDWLYH�
JURXS� GHOD\� PLFURVWULS� SKDVH� VKLIWHU� GHVLJQ´�� LQ� 3URF�� RI�
,(((� $QW�� 3URS�� 6RF�� ,QW�� 6\PS�� ����� �$36856,¶�����
&KDUOHVWRQ��6&��SS�����������-XQH�������
>��@ %��5DYHOR��$��3HUHQQHF�DQG�0��/H�5R\��³6\QWKHVLV�
RI�IUHTXHQF\�LQGHSHQGHQW�SKDVH�VKLIWHU�XVLQJ�QHJDWLYH�JURXS�
GHOD\� DFWLYH� FLUFXLW�´� ,QW�� -��5)� DQG�0LFURZDYH�&RPSXWHU�
$LGHG�(QJLQHHULQJ� �5)0L&$(���9RO�� ����1R����� SS�� �������
-DQ��������

>��@ %�� 5DYHOR�� 0�� /H� 5R\� DQG� $�� 3pUHQQHF��
³)UHTXHQF\�LQGHSHQGHQW� DFWLYH� SKDVH� VKLIWHUV� IRU� 8:%�
DSSOLFDWLRQV´�� 3URF�� RI� WKH� ��WK� (XURSHDQ� 0LFURZDYH�
&RQIHUHQFH��3DULV��)UDQFH��SS�������������������6HS��������
>��@ %�� 5DYHOR�� $�� 3HUHQQHF� DQG� 0�� /H� 5R\��
³%URDGEDQG� EDOXQ� XVLQJ� DFWLYH� QHJDWLYH� JURXS� GHOD\�
FLUFXLW´�� LQ�3URF��RI���WK�(XURSHDQ�0LFURZDYH�&RQIHUHQFH��
0XQLFK��*HUPDQ\��SS�����������2FW��������
>��@ +�� 1RWR�� .�� <DPDXFKL�� 0�� 1DND\DPD�� DQG� <��
,VRWD�� ³1HJDWLYH� JURXS� GHOD\� FLUFXLW� IRU� IHHG�IRUZDUG�
DPSOLILHU´�� ,(((� ,QW�� 0LFURZ�� 6\PS�� 'LJ��� +RQROXOX��
+DZDLL��SS�������������-XQ���������
>��@ +��&KRL��<�� -HRQJ�� &��'��.LP�� DQG� -�� 6��.HQQH\��
³%DQGZLGWK� HQKDQFHPHQW� RI� DQ� DQDORJ� IHHGEDFN� DPSOLILHU�
E\� HPSOR\LQJ� D� QHJDWLYH� JURXS� GHOD\� FLUFXLW´��3URJUHVV� ,Q�
(OHFWURPDJQHWLFV�5HVHDUFK��9RO����������������������
>��@ %��5DYHOR�� ³,QYHVWLJDWLRQ� RQ� WKH�PLFURZDYH� SXOVH�
VLJQDO� FRPSUHVVLRQ� ZLWK� 1*'� DFWLYH� FLUFXLW´�� 3,(5� &�
-RXUQDO��9RO������SS�����������������
>��@ %�� 5DYHOR�� eWXGH� GHV� FLUFXLWV� DQDORJLTXHV�
QXPpULTXHV� 1*'� HW� OHXUV� DSSOLFDWLRQV�� 7KpRULH�
IRQGDPHQWDOH� HW� H[SpULPHQWDWLRQV� GHV� FLUFXLWV� DQDORJLTXHV�
HW� QXPpULTXHV� j� WHPSV� QpJDWLI� HW� OHXUV� DSSOLFDWLRQV�� �LQ�
)UHQFK�� &KDSWHUV� ��� eGLWLRQV� 8QLYHUVLWDLUHV� (XURSpHQQHV�
�(8(���(G��E\�0��)DEUH������3DJHV�����-DQ��������
>��@ %��5DYHOR�DQG�-��%HQ�+DGM�6ODPD��³(TXDOL]DWLRQ�RI�
GLJLWDO�PL[HG�VLJQDO� GLVWXUEDQFHV� ZLWK� DQ� QHJDWLYH� JURXS�
GHOD\�FLUFXLW´���$FFHSWHG�IRU�FRPPXQLFDWLRQ��3URFHHGLQJV�RI�
WKH� ��WK� ,(((�0HGLWHUUDQHDQ� (OHFWURWHFKQLFDO� &RQIHUHQFH�
�0(/(&21� ������� ������ 0DUFK� ������ 0HGLQH� <DVPLQH�
+DPPDPHW��7XQLVLD��
>��@ 7��(XGHV�DQG�%��5DYHOR��³&DQFHOODWLRQ�RI�GHOD\V�LQ�
WKH� KLJK�UDWH� LQWHUFRQQHFWV� ZLWK� 8:%� 1*'� DFWLYH� FHOOV´��
$SSOLHG�3K\VLFV�5HVHDUFK��9RO�����1R�����1RY��������SS�����
�����
>��@ %�� 5DYHOR�� $�� 3HUHQQHF� DQG� 0�� /H� 5R\��
³([SHULPHQWDO� YDOLGDWLRQ� RI� WKH� 5&�LQWHUFRQQHFW� HIIHFW�
HTXDOL]DWLRQ� ZLWK� QHJDWLYH� JURXS� GHOD\� DFWLYH� FLUFXLW� LQ�
SODQDU�K\EULG�WHFKQRORJ\´��LQ�3URF��RI���WK�,(((�:RUNVKRS�
RQ� 6LJQDO� 3URSDJDWLRQ� ,QWHUFRQQHFWV� �63,��� 6WUDVERXUJ��
)UDQFH��0D\�������
>��@ %�� 5DYHOR�� $�� 3HUHQQHF� DQG� 0�� /H� 5R\�� ³1HZ�
WHFKQLTXH�RI�LQWHU�FKLS�LQWHUFRQQHFW�HIIHFWV�HTXDOL]DWLRQ�ZLWK�
QHJDWLYH�JURXS�GHOD\�DFWLYH�FLUFXLWV´��9/6,��&KDS������(G��E\�
=��:DQJ��,17(&+�ERRN�����������)HE���������
>��@ %�� 5DYHOR�� ³%DVHEDQG� 1*'� FLUFXLW� ZLWK� 5)�
DPSOLILHU´��(OHFWURQLF�/HWWHUV��9RO������1R������-XQH�������
>��@ %�� 5DYHOR�� ³'HOD\� PRGHOOLQJ� RI� KLJK�VSHHG�
GLVWULEXWHG� LQWHUFRQQHFW� IRU� WKH� VLJQDO� LQWHJULW\� SUHGLFWLRQ´��
7R�EH�SXEOLVKHG�LQ�(XU��3K\V��-��$SSO��3K\V���(3-$3���������
'2,����������HSMDS�����������������
>��@ %��5DYHOR��³/XPSHG�5&�WUHH�QHWZRUN�SURSDJDWLRQ�
GHOD\�PRGHOLQJ´��7R�EH�SXEOLVKHG�LQ�,QW��-��&RPPXQLFDWLRQ�
(QJLQHHULQJ�$SSOLFDWLRQV��,-&($���������
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>��@ 5�� 0XPIRUG�� ³(XURSHDQ� FDUULHUV� IDFH� FDSDFLW\�
FUXQFK� FKDOOHQJHV´�� ,QW�� 5HSRUW�� 0LFURZDYH� -��� ���������
$SU��������
>��@ $��/D]DUR��'��*LUEDX�DQG�5��9LOODULQR��³(IIHFWV�RI�
LQWHUIHUHQFHV� LQ� 8+)� 5),'� V\VWHPV´�� 3URJUHVV� ,Q�
(OHFWURPDJQHWLFV�5HVHDUFK��9RO���������������������
>��@ 3�� :KLWH�� ³*URXS� GHOD\� H[SODQDWLRQV� DQG�
DSSOLFDWLRQV´��$SSOLHG�5DGLR�/DEV��SS�������������

>��@ =��$EDWH��:L0$;�5)�V\VWHPV�HQJLQHHULQJ��0RELOH�
FRPPXQLFDWLRQ� VHULHV��$UWHFK�+RXVH�������1RUZRRG��0$��
86$��
>��@ 6��6�� 0\RXQJ�� %��6�� .ZRQ�� <��+�� .LP� DQG� -��*��
<RRN�� ³(IIHFW� RI� JURXS�GHOD\� LQ�5)�%3)�RQ� LPSXOVH� UDGLR�
V\VWHPV´�� ,(,&(� 7UDQ�� &RPPXQLFDWLRQV�� 9RO�� ���� 1R�� ����
SS�������������������
�

�
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$EVWUDFW�
7KLV� SDSHU� IRFXV� LV� RQ� WKH� QHXWUDOL]DWLRQ� WHFKQLTXH� RI� WKH�
XQZDQWHG� SK\VLFDO� GLVWXUEDQFHV� LQ� WKH� UDGLR� IUHTXHQFLHV�
�5)�� DQG� GLJLWDO� HOHFWURQLF� VWUXFWXUHV�� 0RVW� RI� SDUDVLWLF�
HIIHFWV� LQGXFHG� LQ� WKHVH� V\VWHPV� FDQ� EH� PRGHOHG� E\� 5&��
DQG� /&�� SDVVLYH� QHWZRUNV�� )RU� FDQFHOLQJ� WKHVH� GLVWXUELQJ�
HIIHFWV�� ZH� FDQ� SURFHHG� ZLWK� WKH� WUDQVIHU� IXQFWLRQ�
QHXWUDOL]DWLRQ�LQ�WKH�FRQVLGHUHG�RSHUDWLQJ�IUHTXHQF\�EDQGV��
7KLV� QHXWUDOL]DWLRQ� FRQFHSW� LV� GHYHORSHG� E\� XVLQJ� ILUVW�� D�
OHIW�KDQGHG� �/+��DQG�QHJDWLYH�JURXS�GHOD\� �1*'��FLUFXLWV�
LQVSLUHG� IURP� PHWDPDWHULDOV�� 7KH� IXQGDPHQWDO� WKHRUHWLFDO�
DSSURDFK� LOOXVWUDWLQJ� WKH� 5&�� DQG� /&�HIIHFWV� WUDQVIHU�
IXQFWLRQ� QHXWUDOL]DWLRQ� LV� GHVFULEHG�� 6\QWKHVLV� UHODWLRQV�
HQDEOLQJ� WR� GHWHUPLQH� WKH� HOHPHQWV� RI� WKH� /+� DQG� 1*'�
FLUFXLW�FRUUHFWRUV�LQ�IXQFWLRQ�RI�WKH�SHUWXUEDWLRQ�SDUDPHWHUV�
DUH�HVWDEOLVKHG��1XPHULFDO�DQG�H[SHULPHQWDO�GHPRQVWUDWRUV�
DUH�SUHVHQWHG�WR�YDOLGDWH�WKH�WHFKQLTXH�SURSRVHG��7KLV�ODWHU�
LV� SDUWLFXODUO\� XVHIXO� IRU� WKH� LPSURYHPHQW� RI� WKH� DQDORJXH�
DQG� GLJLWDO� VLJQDO� LQWHJULW\� GHJUDGHG� E\� HOHFWURPDJQHWLF�
LQWHUIHUHQFHV��
�
.H\ZRUGV�� 1HJDWLYH� JURXS� GHOD\� �1*'��� 5&��/&�
GLVWXUEDQFHV�� QHXWUDOL]DWLRQ� WHFKQLTXH�� OHIW�KDQGHG� FLUFXLW��
VLJQDO�LQWHJULW\��
�

�� ,QWURGXFWLRQ�
/RQJ�DJR��6RPPHUIHOG� DQG�%ULRXOOLQ� >���@� LQYHVWLJDWHG� WKH�
SUREOHP� RI� WKH� OLJKW� SURSDJDWLRQ� LQ� WKH� UHJLRQ� RI� WKH�
GLVSHUVLYH�PHGLD�KDYLQJ�GLVSHUVLYH�UHIUDFWLYH�LQGH[� ��Q �DW�
WKH�DQJXODU�IUHTXHQF\� ��7KH\�SRLQWHG�RXW�E\�WKHRU\�WKDW�LQ�
WKLV� UHJLRQ� ZKLFK� DSSHDUHG� JHQHUDOO\� ZLWKLQ� DQ� DEVRUSWLRQ�
OLQH�� WKH� JURXS� YHORFLW\� ��JY �FDQ� EH� VXSHUOXPLQDO�� L�H���
JUHDWHU� WKDQ� WKH� YDFXXP� VSHHG� RI� OLJKW� F� DQG� FDQ� HYHQ�
EHFRPH�QHJDWLYH��
�     ����@�>��� QHQHFYJ �� ����
,Q� WKLV� FDVH�� ZH� UHDOL]H� QHJDWLYH� JURXS� YHORFLW\� �1*9��
SKHQRPHQD�� 7KHVH� ODWHU� ZHUH� FRQILUPHG� E\� *DUUHWW� DQG�
0F&XPEHU� E\� FDOFXODWLQJ� LQ� GHWDLOV�� WKH� SRVVLELOLW\� WR�

SURSDJDWH� VXSHUOXPLQDOO\� D� *DXVVLDQ� SXOVH� >�@�� 7KH\�
XQGHUOLQHG� WKDW� WKH� *DXVVLDQ� RXWSXW� SXOVH� VWLOO� VXIIHU� OLWWOH�
GLVWRUWLRQ� IURP� LWV� LQLWLDO� RQH�� 7KH� ILUVW� H[SHULPHQWDO�
YHULILFDWLRQ� RI� WKLV� 1*9� SKHQRPHQRQ� ZDV� SHUIRUPHG� LQ�
������E\�&KX�DQG�:RQJ�E\�XVLQJ�ODVHU�SXOVHV�SURSDJDWLQJ�D�
*D3�1�VDPSOH�DV�VKRZQ�LQ�)LJV����>�@��
�

��������
�D��

�
�E��

)LJXUH� ��� �D�� &KX� DQG� :RQJ� H[SHULPHQWDO� VHWXS� DQG� �E��
IUHTXHQF\�UHVSRQVH�RI�SXOVH�GHOD\�DQG�JURXS�YHORFLW\�>�@��
�
7R�YHULI\�WKH�H[LVWHQFH�DQG�LOOXVWUDWH�WKH�VLJQLILFDQFH�RI�WKLV�
H[WUDRUGLQDU\� SKHQRPHQRQ�� PDQ\� WKHRUHWLFDO� DQG�
H[SHULPHQWDO� GHPRQVWUDWLRQV�� ZDV� SHUIRUPHG� LQ� VHYHUDO�
SK\VLFDO�GRPDLQV�>����@��7KLV�FRXQWHULQWXLWLYH�SKHQRPHQRQ�
ZDV� H[SODLQHG� IURP� WKH� SXOVH� UHVKDSLQJ� EHFDXVH� RI�
FRQVWUXFWLYH� DQG� GHVWUXFWLYH� LQWHUIHUHQFHV� LQ� WKH� IUHTXHQF\�
EDQG�RI�DQRPDORXV�GLVSHUVLRQ�� ,Q� WKLV� UHJLRQ�� LW�ZDV�VKRZQ�
VHYHUDO� WLPHV�� WKDW� WKH� JURXS� UHIUDFWLYH� LQGH[� ��JQ �FDQ�
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EHFRPH� QHJDWLYH� >�����@�� ,Q� WKLV� FDVH�� WKH� JURXS� YHORFLW\��
ZKLFK�LV�GHILQHG�DV��

�����  JJ QFY  �� � ����
�DQG�WKH�JURXS�GHOD\� �� �ZKRVH�ERWK�DUH�UHODWHG�E\��

�����  JY/ ��� � �����
%\� FRQVLGHULQJ� D� PHGLXP� ZLWK� OHQJWK� /� FDQ� EH� DOVR�
QHJDWLYH�� 7R� VWXG\� WKLV� FRXQWHULQWXLWLYH� SKHQRPHQRQ� LQ�
HOHFWURQLF�GRPDLQ��LW�LV�PRUH�JHQHUDO�WR�VWDUW�ZLWK�WKH�JURXS�
GHOD\�SDUDPHWHU� �� �LQVWHDG�RI� WKH�JURXS�YHORFLW\� ��JY ��
0RUHRYHU�� IRU� DOO� GHYLFHV� PRGHOOHG� E\� D� WUDQVIHU� IXQFWLRQ�

�� M7 �� WKH�JURXS�GHOD\�FDQ�EH�GHWHUPLQHG�GLUHFWO\�YLD� WKH�
DQDO\WLFDO�GHILQLWLRQ���

  ����� M7 �� � ����
6LQFH� WKH� HDUO\� ����V�� WKH� SRVVLELOLW\� WR� JHQHUDWH� QHJDWLYH�
JURXS� GHOD\� �1*'�� SKHQRPHQRQ� ZDV� FRQILUPHG� LQ�
HOHFWURQLF�GRPDLQ�WKDQNV�WR�WKH�WRSRORJ\�RI�FLUFXLW�SURSRVHG�
E\�&KLDR�DQG�KLV�FR�ZRUNHUV�>�����@��7KH�ILUVW�1*'�FLUFXLW�
FRPSRVHG� RI� DQ� RSHUDWLRQDO� DPSOLILHU� LQ� IHHGEDFN� ZLWK�
SDVVLYH� QHWZRUNV� PDLQO\� FRPSRVHG� RI� UHVLVWRU�V���
LQGXFWDQFH�V��DQG�FDSDFLWDQFH�V��DV�GHSLFWHG�LQ�)LJ������

�
)LJXUH� ��� 7RSRORJ\� RI� 1*'� HOHFWURQLF� FLUFXLW� IRU� ORZ�
IUHTXHQFLHV��
�
:LWK� WKLV� WRSRORJ\��.LWDQR� DQG�KLV� FROODERUDWRUV� KLJKOLJKWV�
WKH� PHDQLQJ� RI� WKH� 1*'� SKHQRPHQRQ� E\� XVLQJ� D� FLUFXLW�
VKRZLQJ� WKH� RFFXUUHQFH�RI� RXWSXW� YROWDJH� SXOVH�ZDYH� IURQW�
EHIRUH�WKH�LQSXW�RQH�SHQHWUDWLQJ�LQ�WKH�FLUFXLW�>�����@��,Q�WKLV�
FDVH�� WKH\� GHPRQVWUDWHG� YLVXDOO\� WKDW� D� /('� DW� WKH� RXWSXW�
FDQ� EH� WXUQHG� RQ� EHIRUH� WKDW� RQH� FRQQHFWHG� DW� WKH� LQSXW� RI�
WKH�1*'�FLUFXLW��+RZHYHU��VXFK�1*'�FLUFXLW�ZRUNV�RQO\�XS�
WR� VRPH�KXQGUHGV�N+]� >�����@�� ,W�ZDV�VWDWHG� WKDW� WKH�1*'�
HIIHFW�GRHV�QRW�FRQWUDGLFW�WKH�FDXVDOLW\�SULQFLSOH�>�����@��,Q�
DGGLWLRQ��WKH�OHIW�KDQGHG��/+��OXPSHG�SDVVLYH�FLUFXLW�VKRZQ�
LQ� )LJ�� �� FDSDEOH� WR� JHQHUDWH� 1*'� HIIHFW� IRU� PLFURZDYH�
VLJQDOV� XS� WR� *+]� KDV� EHHQ� LQWURGXFHG� E\� WKH� JURXS� RI�
0RMDKHGL�>�����@���
�

�
)LJXUH����0LFURZDYH�/+�1*'�SDVVLYH�FHOO�>�����@��
�

7KH� WRSRORJ\� RI� WKLV� FLUFXLW� ZDV� HVWDEOLVKHG� IURP� WKH� �'�
PHWDPDWHULDOV� PRGHOOLQJ� RI� WKH� DUUD\� VSOLW� ULQJ� UHVRQDWRUV�
KDYLQJ� VLPXOWDQHRXVO\� QHJDWLYH� SHUPLWWLYLW\� DQG� QHJDWLYH�
SHUPHDELOLW\�� 7KLV� XQQDWXUDO� SK\VLFDO� FRQFHSW� ZDV�� ILUVW��
SURSRVHG�E\�9HVHODJR� LQ������>��@�DQG� WKHQ��H[SHULPHQWHG�
LQ� WKH� HDUO\� ����V� E\� 3HQGU\� DQG� 6PLWK� >�����@�� 6HYHUDO�
H[SHULPHQWV� FRQILUPHG� WKH� SK\VLFDO� H[LVWHQFH� RI� WKH�
VXSHUOXPLQDO�DQG�1*'�SKHQRPHQD�ZLWK�QHJDWLYH�UHIUDFWLYH�
LQGH[� PHGLD� >�����@�� ,Q� WKH� SUHVHQFH� RI� ORVVHV�� WKH� 1*'�
JHQHUDWHG� E\� 1*'� SDVVLYH� PHGLD� LV� DFFRPSDQLHG� E\�
H[FHVVLYH�ORVVHV�>������������@��6R��WKH�DSSOLFDWLRQV�DUH�VWLOO�
OLPLWHG� LQ� ORZ� IUHTXHQFLHV�� 7R� RYHUFRPH� WKLV� SK\VLFDO�
URDGEORFN�� PRUH� UHFHQWO\�� 1*'� DFWLYH� WRSRORJLHV� IRU�
PLFURZDYH� VLJQDOV� ZHUH� SURSRVHG� >�����@�� 7KHVH� DFWLYH�
WRSRORJLHV� DUH� FRQVWLWXWHG� E\� 5)� WUDQVLVWRU� RU� DPSOLILHU�
DVVRFLDWHG� ZLWK� SDVVLYH� OXPSHG� QHWZRUNV�� /DVWO\�� LW� ZDV�
GHPRQVWUDWHG� WKHRUHWLFDOO\� DQG� H[SHULPHQWDOO\� WKDW� WKLV�
FLUFXLW� LV� FDSDEOH� WR� JHQHUDWH� VLPXOWDQHRXVO\� VLJQLILFDQW�
1*'� DQG� DPSOLILFDWLRQ�� DQG� UHVSHFWLQJ� DOO� FULWHULD� RI�
PLFURZDYH� DFWLYH� GHYLFHV� DV� WKH� DFFHVV� PDWFKLQJ� DQG�
VWDELOLW\�� 7KH� WLPH� GHOD\� OLPLWDWLRQ� RI� 1*'� FLUFXLWV� LV�
LQYHVWLJDWHG�LQ�>�����@��
%DVHG� RQ� WKH� 1*'� IXQFWLRQ�� GLIIHUHQW� DSSOLFDWLRQV� IRU� WKH�
GHVLJQ� RI� LQQRYDWLYH� RVFLOODWRU� >��@�� EDOXQ� >��@�� SKDVH�
VKLIWHUV� >�����@��SXOVH�FRPSUHVVLRQ�JHQHUDWRU� >��@�DQG�IHHG�
IRUZDUG� DPSOLILHU� >�����@� ZHUH� GHYHORSHG� LQ� HOHFWURQLF�
DUHDV�� ,Q� DGGLWLRQ�� IXUWKHU� DSSOLFDWLRQV� IRU� WKH� UHGXFWLRQ� RI�
VLJQDO�GHOD\V�ZHUH�DOVR�SURSRVHG�EDVHG�RQ�WKH�QHXWUDOL]DWLRQ�
RI� WKH� GLVWXUELQJ� HIIHFWV� LQ� WKH� HOHFWURQLF� V\VWHPV� >��@>���
��@�� 7KH� QHXWUDOL]DWLRQ� WHFKQLTXH� SURSRVHG� LQ� >�����@� LV�
LQWHUHVWLQJ�IRU�UHGXFLQJ�WKH�GHJUDGDWLRQ�FDXVHG�WKH�HOHFWULFDO�
LQWHUFRQQHFWLRQV� LQ� WKH� SULQWHG� FLUFXLW� ERDUG� �3&%�� DQG�
PLFURHOHFWURQLF�V\VWHPV��
:LWK� WKH� LQFUHDVH� RI� WKH� RSHUDWLQJ� GDWD� VSHHG�� WKH�
PLFURHOHFWURQLF� VLJQDOV� SURSDJDWLQJ� WKURXJK� WKH� 3&%�
LQWHUFRQQHFWLRQV�DQG�ZLUHOHVV�SURSDJDWLRQ�FKDQQHOV�VXIIHU�RI�
XQGHVLUHG� GHJUDGDWLRQV�� IRU� H[DPSOH�� FDXVHG� E\� WKH�
HOHFWURPDJQHWLF� LQWHUIHUHQFH� �(0,�� >�����@�� 7KLV� ODWHU� FDQ�
EH� XVXDOO\� PRGHOHG� E\� 5&��� /&�� DQG� 5/&�QHWZRUNV�� 7R�
UHGXFH� WKHVH� HIIHFWV�� HIILFLHQW� WHFKQLTXH� HQDEOLQJ� WR�
DQQLKLODWH� WKH�5&�GHOD\�ZDV� DOVR� LQWURGXFHG� E\� XVLQJ� EDVH�
EDQG�1*'�FLUFXLWV�>�����@��,W�ZDV�VKRZQ�WKDW�WKH�5&�HIIHFW�
IRU�KLJK�VSHHG�DSSOLFDWLRQV�FDQ�EH� FDQFHOOHG� >��@��7LOO�QRZ�
IHZ� PHWKRGV� DUH� DYDLODEOH� WR� QHXWUDOL]H� WKH� W\SLFDOO\�
UHVRQDWLQJ�GLVWXUEDQFH�HIIHFWV�PRGHOHG�E\�/&�QHWZRUNV��)RU�
WKLV� UHDVRQ�� /&�HIIHFW� QHXWUDOL]DWLRQ� WHFKQLTXHV� DUH�
GHYHORSHG� LQ� WKLV� SDSHU� E\� XVLQJ� /+�� DQG� 1*'�FLUFXLWV�
RSHUDWLQJ�ZLWK�PRGXODWHG�VLJQDOV���
7R� KLJKOLJKW� WKH� IHDVLELOLW\� RI� WKLV� FRQFHSW�� WKHRUHWLF��
VLPXODWLRQ�DQG�H[SHULPHQWDO�DQDO\VHV�DUH�SHUIRUPHG��6HFWLRQ�
�� LQWURGXFHV� WKH� IXQGDPHQWDO�SULQFLSOH�RI� WKH�QHXWUDOL]DWLRQ�
WHFKQLTXH� SURSRVHG�� 7KH� QH[W� WKUHH� VHFWLRQV� DUH� WKH�
DSSOLFDWLRQV� RI� WKLV� WHFKQLTXH� IRU� FDQFHOLQJ� WKH� XQGHVLUHG�
HOHFWULFDO� HIIHFWV� PRGHOHG� E\� EDVH� EDQG� DQG� UHVRQDWLQJ�
QHWZRUNV��7KH�ILQDO�VHFWLRQ�LV�WKH�JHQHUDO�FRQFOXVLRQ��
�



��
�

�� )XQGDPHQWDO�SULQFLSOH�RI�WKH�QHXWUDOL]DWLRQ�
WHFKQLTXH�SURSRVHG�

7KH� XQLQWHQWLRQDO� GLVWXUEDQFHV� DV� WKH� (0,� LQ� WKH� PRVW� RI�
SK\VLFDO� V\VWHPV� FDQ� EH� PRGHOHG� E\� EODFN� ER[� RI� WKH�
WUDQVIHU� IXQFWLRQ� GHQRWHG� 7G�� ,GHDOO\�� WKH� QHXWUDOL]DWLRQ�
WHFKQLTXH� FDQ� EH� WUDGXFHG� E\� WKH� LPSOHPHQWDWLRQ� RI� D�
V\VWHP� ZLWK� RXWSXWV� HTXDO� WR� LWV� LQSXWV� �YLQ�  � YRXW��� ,Q� WKLV�
FDVH�� E\� GHQRWLQJ� V� WKH� /DSODFH� YDULDEOH�� WKH� WUDQVIHU�
IXQFWLRQ�VKRXOG�EH�HTXDO�WR�XQLW\�DV�LQWURGXFHG�LQ�FKDSWHU����
RI�>��@��

7�V�� �9RXW�V��9LQ�V�� ����� � ����
7R� DFKLHYH� WKLV� RSHUDWLRQ�� WKH� GLVWXUEDQFH� IXQFWLRQ� FDQ� EH�
PXOWLSOLHG� ZLWK� WKH� FRUUHFWRU� WUDQVIHU� IXQFWLRQ�
PDWKHPDWLFDOO\�GHILQHG�DV�>��@��

������������� V7V7V7V7V7 GFRUUHFWRUFRUUHFWRUG  ������
7KLV� DQDO\WLFDO� VROXWLRQ� FDQ� EH� LPSOHPHQWHG� E\� FDVFDGLQJ�
WKH�V\VWHP�7G�ZLWK�7FRUUHFWRU��6R��RQH�SURSRVHV� WR�H[SORLW� WKH�
FRQILJXUDWLRQ� SUHVHQWHG� E\� WKH� EORFN� GLDJUDP� GHSLFWHG� LQ�
)LJ�����

T c o rre c to r(s )T d (s )

�
)LJXUH� ���'LVWXUELQJ� V\VWHP� LQ� FDVFDGH�ZLWK� WKH� FRUUHFWLRQ�
V\VWHP�>��@��
�
,Q�WKH�LGHDO�FDVH��WKH�IUHTXHQF\�UHVSRQVHV�DV�WKH�PDJQLWXGH��
SKDVH� DQG� JURXS� GHOD\� RI� WKH� FRUUHFWLRQ� V\VWHP� PXVW� EH�
UHVSHFWLYHO\�H[SUHVVHG�DV��
� ������  GFRUUHFWRU 77  �� � � ����

������  M7M7 GFRUUHFWRUFRUUHFWRU  ��� ����

  �������� M7GFRUUHFWLRQFRUUHFWRU �� ����
,Q� WKH� UHPDLQGHU� RI� WKLV� SDSHU�� WKHVH� H[SUHVVLRQV� ZLOO� EH�
XVHG� IRU� V\QWKHVL]LQJ� QHXWUDOL]DWLRQ� FLUFXLWV� LQ� IXQFWLRQ� RI�
WKH�GLVWXUEDQFHV��

�� /&�HIIHFW�FDQFHOODWLRQ�ZLWK�/+�DFWLYH�FLUFXLWV�
6LQFH� WKH� HDUO\� ����V�� YDULRXV� PLFURZDYH� HQJLQHHULQJ�
DSSOLFDWLRQV� RI� WKH� /+� FRQFHSW� KDYH� EHHQ� SURSRVHG� LQ� WKH�
OLWHUDWXUH�>�����@��6R��LQQRYDWLYH�PLFURZDYH�GHYLFHV��ILOWHU��
DQWHQQD��SRZHU�GLYLGHU�� FRXSOHU«��ZHUH�GHVLJQHG� >�����@��
$W� WKH� EHJLQQLQJ�� WKH� /+�FLUFXLWV� ZHUH� LQVSLUHG� WKDQNV� WR�
WKH� DQDORJ\� ZLWK� WKH� PHWDPDWHULDOV� VXVFHSWLEOH� WR� RSHUDWH�
ZLWK� QHJDWLYH� SKDVH�� DQG�RU� JURXS�YHORFLWLHV� >�����@��
&RQWUDULO\� WR� WKH� FODVVLFDO� WUDQVPLVVLRQ� OLQHV� ZKLFK� DUH�
FDWHJRUL]HG� DV� ULJKW�KDQGHG� �5+�� VWUXFWXUHV�� WKHVH� /+�
FLUFXLWV�DUH�VXVFHSWLEOH�WR�JHQHUDWH�SRVLWLYH�SKDVH�YDOXHV�LQ�
FHUWDLQ� IUHTXHQF\� EDQGV�� 2QH� RI� WKH� PRVW� H[SDQGHG�
DSSOLFDWLRQV� RI� WKHVH� FLUFXLWV� LV� EDVHG� RQ� WKH� XVH� RI�
FRPSRVLWH� ULJKW�� DQG� OHIW�� KDQGHG� �&5/+�� FHOOV�ZKLFK� DUH�
FRPSRVHG�RI�WKH�FRPELQDWLRQ�RI�/&��DQG�&/�FLUFXLWV�VKRZQ�
LQ�)LJ����>�����@���
�

(a ) (b )
�

)LJXUH����3XUHO\��D��5+��DQG��E��/+��HOHPHQWDU\�FHOOV��
�
+RZHYHU�� WKH� DSSOLFDWLRQ� RI� /+� FLUFXLWV� LV� VRPHKRZ�
UHVWULFWHG� GXH� WR� LWV� LQKHUHQW� XQGHVLUHG� ORVVHV�� 7KHUHIRUH��
GLIIHUHQW�QXPHULFDO�DSSURDFKHV�GHGLFDWHG�WR�WKH�DQDO\VLV�RI�
/+� VWUXFWXUHV� ZHUH� SURSRVHG� >�����@�� ,Q� WKLV� VHFWLRQ�� D�
V\QWKHVLV�PHWKRG�RI�/+�DFWLYH�FHOO�IRU�WKH�QHXWUDOL]DWLRQ�RI�
WKH�/&�HIIHFW� LV� LQWURGXFHG��7R�JHW�PRUH� LQVLJKW� DERXW� WKH�
IXQFWLRQLQJ�RI�WKLV�/+�DFWLYH�FRQFHSW��D�WKHRUHWLFDO�DQDO\VLV�
RQ� WKH�FDQFHOODWLRQ� WHFKQLTXH�RI� WKH�/&�HIIHFW� LV�SUHVHQWHG�
EDVHG� RQ� WKH� H[DPLQDWLRQ� RI� WKH� 6�SDUDPHWHUV�� 7KHQ��
YDOLGDWLRQ�UHVXOWV�DUH�SUHVHQWHG�DQG�GLVFXVVHG��

���� 7KHRUHWLFDO� DSSURDFK� RQ� WKH� /&�HIIHFW�
QHXWUDOL]DWLRQ�WHFKQLTXH��

)RU� FRPSHQVDWLQJ� WKH� /&�HIIHFW�� ZH� XVH� WKH� /+� DFWLYH�
FLUFXLW�ZLWK�WKH�FRQILJXUDWLRQ�H[SODLQHG�LQ�)LJ�����,W�FRQVLVWV�
RI� FDVFDGLQJ� WKH� GLVWXUELQJ� /&�QHWZRUN� ZLWK� DQ� DFWLYH�
FLUFXLW�IRUPHG�E\�D�WUDQVLVWRU�HQGHG�E\�DQ�/+�FHOO���
�
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�
)LJXUH����/&�FLUFXLW�FRPSHQVDWHG�ZLWK�/+�DFWLYH�FLUFXLW��
�
$ORQJ� WKLV� VWXG\�� IRU� WKH� DQDO\WLFDO� GHPRQVWUDWLRQ�� WKH�
WUDQVLVWRU� LV� VXSSRVHG� FRPSULVHG� RI� D� WUDQVFRQGXFWDQFH� JP�
DQG� D� GUDLQ�VRXUFH� UHVLVWDQFH� 5GV�� KHUH�� LQFOXGHG� LQ� WKH�
PDWFKLQJ�UHVLVWDQFH�5��7KHUHIRUH�� WKH�VFDWWHULQJ�SDUDPHWHUV�
RI�WKH�FLUFXLW�VKRZQ�LQ�)LJ����DUH�H[SUHVVHG�DV��
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�� &=M/&&=M/&M6   ������
����� M6 �� � � � �����
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)RU� WKH� UHIHUHQFH� LPSHGDQFH� GHQRWHG� =��  � ����� E\�
VXSSRVLQJ��
� � ���� �

� /& �� � � �����
ZLWK�Ȧ��LV�DQ�DQJXODU�IUHTXHQF\��WKH�PDJQLWXGH�DQG�SKDVH�RI�
WKH� WUDQVPLVVLRQ� SDUDPHWHU� 6��� RI� WKH� /&�FLUFXLW� DORQH� DUH�
UHVSHFWLYHO\�JLYHQ�E\��
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7R� QHXWUDOL]H� WKLV� DWWHQXDWLRQ� DQG� WKLV� SKDVH� VKLIW� DW� WKH�
JLYHQ�IUHTXHQF\�Ȧ���ZH�PXVW�YHULI\��
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M6
M6 �� � �����

%\� VROYLQJ� WKLV� HTXDWLRQ� V\VWHP�� WKH� IROORZLQJ� V\QWKHVLV�
UHODWLRQV�DUH�HVWDEOLVKHG��

� 



  ��� � =55=/O  �� � �����

DQG� 



  ���� �� =55&O  �� � � �����

$FFRUGLQJ� WR� WKH� GHVLUHG� YDOXH� RI� WKH� WRWDO� WUDQVPLVVLRQ�
JDLQ ��6 �� WKH� WUDQVLVWRU� FKDUDFWHULVWLF�JP�PXVW� EH� HTXDO� WR�

�
5=5=/

5/5==6
JP
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,Q� WKLV� FDVH�� WKH� PLQLPDO� YDOXH� RI� WKH� RXWSXW� SDUDPHWHU�
��� ��� 6 �LV�DFKLHYHG�LI��

� ����� �
�

�
�

�
�

�
��   =5 �� � �����

,W� LV� QRWHZRUWK\� WKDW�ZKHQ� ��   �� WKH� H[SUHVVLRQV� RI� WKH�
FRPSHQVDWLQJ�/+�FHOO�HOHPHQWV� LQWURGXFHG�LQ������DQG������
DUH�WUDQVIRUPHG�DV��
� � ���� �� 5=/O  � � �����

DQG�� � ���� �
� OO /& � � � �����

,Q�WKLV�FDVH��WKH�WUDQVLVWRU�SDUDPHWHUV�FDQ�EH�H[WUDFWHG�IURP�
WKH�GHVLUHG�YDOXH�RI�WKH�RXWSXW�SDUDPHWHU ��6 ZLWK�IRUPXODH��

� ��� ���� 5/5=6JP   �� � ����

� ����� �
��

�
��� 66=5  �� � � �����

2QH� UHFDOOV� WKDW� WKH� PDWFKLQJ� UHVLVWDQFH� 5P� FDQ� EH�
GHWHUPLQHG� IURP� WKH� HTXLYDOHQW� UHVLVWDQFH� UHODWLRQ�

PGV 555 ������  �� 0HDQZKLOH�� WKH� PDWFKLQJ� UHVLVWDQFH�
FDQ�EH�GHILQHG�ZLWK�WKH�HTXDWLRQ ��� 55555 GVGVP  ���
7R� YHULI\� WKH� UHOHYDQFH� RI� WKLV� /&�HIIHFW� FDQFHOODWLRQ�
WHFKQLTXH��DQ�DSSOLFDWLRQ�LV�SUHVHQWHG�LQ�WKH�QH[W�VXEVHFWLRQ��

���� 9DOLGDWLRQ�ZLWK�63,&(�VLPXODWLRQV�

7KH�VLPXODWLRQ�UHVXOWV�SUHVHQWHG�LQ�WKLV�SDSHU�ZHUH�UXQ�ZLWK�
WKH� HOHFWURQLF� DQG� PLFURZDYH� FLUFXLW� VLPXODWRU� $GYDQFHG�
'HVLJQ�6\VWHP��$'6��IURP�$JLOHQW70���
�
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�
)LJXUH����0DJQLWXGHV��D��DQG�SKDVHV��E��RI�WKH�/&��/+�FHOO�
DQG�FRPSHQVDWHG�FLUFXLW�WUDQVPLVVLRQ�SDUDPHWHUV��
'XULQJ� WKH� VLPXODWLRQV�� DQ� DUELWUDU\� /&�QHWZRUN� ZLWK�
SDUDPHWHUV�/� ���Q+�DQG�&� �����S)�ZDV�FRQVLGHUHG��$W�WKH�
JLYHQ�IUHTXHQF\�I�� ���*+]��WKH�/+�DFWLYH�FLUFXLW�HOHPHQWV�
/O� ����Q+��&O� �����S)�DQG�5� ������DUH�V\QWKHVL]HG��7KHQ��
DIWHU�VHQVLWLYLW\� VWXGLHV�ZLWK� WROHUDQFHV�IL[HG� WR�������RQH�
JHWV� WKH� VLPXODWLRQ� UHVXOWV� GLVSOD\HG� LQ� )LJV�� ��� 7KHVH�
JUDSKV� LOOXVWUDWH� WKH� IHDVLELOLW\�RI� WKH� WUDQVPLVVLRQ�JDLQ�6���
DQG� SKDVH� S��� QHXWUDOL]DWLRQV�� 2QH� FDQ� VHH� WKDW� ZLWK� /+�
DFWLYH� FLUFXLW� SDUDPHWHU� YDULDWLRQV� RI� ����� 6��� DQG� S���
UHODWLYH� YDULDWLRQV� RQO\� RI� DERXW� ����� DUH� IRXQG�� ,Q�
DGGLWLRQ��DQDO\VLV�RI�WKH�WUDQVLVWRU�SDUDPHWHU�LQIOXHQFHV�ZDV�
DOVR� SHUIRUPHG� E\� YDU\LQJ� ILUVW�� JP� DQG� IL[LQJ� WKH� GUDLQ�
VRXUFH� UHVLVWDQFH� 5GV�  � ���� ��� DQG� WKHQ�� YDU\LQJ� 5GV� DQG�
IL[LQJ�JP� ����P6��7KHUHIRUH�� WKH�UHVXOWV�VKRZQ�LQ�)LJV�� ��
ZHUH� UHDOL]HG�� 7KHVH� ODWHU� H[SODLQ� WKDW� WKH� JDLQ�
FRPSHQVDWLRQV�FDQ�EH�FDUULHG�RXW�IURP�FHUWDLQ�YDOXHV�RI�WKH�
XVHG�WUDQVLVWRU�SDUDPHWHUV���
�
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�
)LJXUH�����D��6���I���YV�JP�DQG��E��6���I���YV�5GV��

���� 5HPDUNV�DQG�GLVFXVVLRQV�

$�QHXWUDOL]DWLRQ� WHFKQLTXH� HQDEOLQJ� WR� FDQFHO� RXW� WKH� /&�
HIIHFW�GHJUDGDWLRQ�LV�SUHVHQWHG�E\�XVLQJ�DQ�/+�DFWLYH�FLUFXLW�
FRPSULVHG� RI� D� WUDQVLVWRU� FDVFDGHG�ZLWK� D� VHULHV� FDSDFLWRU�
HQGHG� E\� D� SDUDOOHO� LQGXFWDQFH�� 6\QWKHVLV� H[SUHVVLRQV�
HQDEOLQJ� WR� GHWHUPLQH� WKH� FRPSHQVDWRU� DUH� HVWDEOLVKHG�
DFFRUGLQJ� WR� WKH� RSHUDWLQJ� IUHTXHQF\� DQG� WKH� /&�
SDUDPHWHUV�� 7R� YDOLGDWH� WKH� V\QWKHVLV� PHWKRG�� UHVXOWV� LQ�
YHU\�JRRG�DJUHHPHQW�ZLWK� WKH� WKHRU\�ZHUH� UHDOL]HG�� ,Q� WKH�
FRQWLQXDWLRQ� RI� WKLV� ZRUN�� WKLV� WHFKQLTXH� ZLOO� EH� XVHG� IRU�
LPSURYLQJ� WKH� PLFURZDYH� GHYLFH� SHUIRUPDQFHV� DQG� WKH�
VLJQDO�LQWHJULW\��

�� 'LVWXUELQJ�UHVRQDWLQJ�HIIHFWV�FDQFHOODWLRQ�ZLWK�
1*'�FLUFXLW�IRU�PRGXODWHG�PLFURZDYH�VLJQDOV�

7KH�UHVRQDQFH�SKHQRPHQRQ�LV�RQH�RI�WKH�HIIHFWV�VXVFHSWLEOH�
WR� GLVWXUE� PRVW� RI� SK\VLFDO� V\VWHPV�� ,Q� WKLV� VHFWLRQ�� ZH�
SURSRVH� D� FDQFHOODWLRQ� WHFKQLTXH� RI� WKH� UHVRQDQFH� HIIHFW�
HVVHQWLDOO\�PRGHOHG�E\�SDUDOOHO�/&�QHWZRUN��7R�GR�WKLV��WKH�
PLFURZDYH� 1*'� FLUFXLW� IRUPHG� E\� D� WUDQVLVWRU� DVVRFLDWHG�
ZLWK�5/&�VHULHV�QHWZRUN�GHYHORSHG�LQ�>�����@�LV�XVHG��)LJ��
�� UHSUHVHQWV� WKH� FRQILJXUDWLRQ� FRQVLGHUHG� WR� SHUIRUP� WKLV�
QHXWUDOL]DWLRQ�WHFKQLTXH��
�

T ra ns is to r
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LpCp

Resonance model NGD circuit

�
)LJXUH� ��� 5HVRQDWLQJ� FHOO�PRGHO� LQ� FDVFDGH�ZLWK� DQ�1*'�
FLUFXLW���
�
6LPLODU� WR� WKH� SUHYLRXV� VWXG\� HVWDEOLVKHG� LQ� VHFWLRQ� ��� WKH�
UHVRQDWLQJ� FLUFXLW� JHQHUDWLQJ� WKH� SHUWXUEDWLRQ� LV� FDVFDGHG�
ZLWK�WKH�1*'�FLUFXLW�FRUUHFWRU��

���� 6\QWKHVLV� RI� WKH� 1*'� FLUFXLWV� LQ� IXQFWLRQ� RI� WKH�
FRQVLGHUHG�UHVRQDQFH�SDUDPHWHUV�

7KH�V\QWKHVLV�SURFHVV�LQWURGXFHG�LQ�WKLV�VXEVHFWLRQ�LV�DLPHG�
WR� WKH� GHWHUPLQDWLRQ� RI� QHXWUDOL]HU� HOHPHQWV� LQ� IXQFWLRQ� RI�
WKH�SHUWXUEDWLRQ�5S/S&S�DURXQG�WKH�UHVRQDQFH��

� &/&/ SS  ����� ��� � �����

$URXQG� WKLV� IUHTXHQF\�� RQH� HVWDEOLVKHV� WKDW� NQRZLQJ� WKH�
WUDQVLVWRU� FKDUDFWHULVWLFV�� WKH� 6�SDUDPHWHUV� RI� WKH� ZKROH�
FLUFXLW�VKRZQ�LQ�)LJ����DUH�H[SUHVVHG�DV��

� ������ ����� =55=J6 P1*'5/&   �� �����

� ����� ����� =5=56 1*'5/&   ��� ������

7KH�FRUUHVSRQGLQJ�JURXS�GHOD\�LV�HTXDO�WR��
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$V�DIRUHPHQWLRQHG��WKH�QHXWUDOL]DWLRQ�LV�UHDOL]HG�ZKHQ���
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1*'5/&

1*'5/&6
��� � �����

%\� VROYLQJ� WKLV� ODVW� HTXDWLRQ�� ZH� REWDLQ� WKH� IROORZLQJ�
V\QWKHVLV�IRUPXODH�LQ�IXQFWLRQ�RI�WKH�SDUDPHWHUV�5S��/S�DQG�
&S��
� � ����� ��  PJ==5 �� � �����

������� �
�
��� =/=5=55/ SS  �� �����

,Q� WKLV� FDVH�� WKH� FDSDFLWDQFH� YDOXH� FDQ� EH� GHGXFHG� E\�
LQYHUWLQJ�HTXDWLRQ�������

���� $SSOLFDWLRQ�UHVXOWV�
7R� YDOLGDWH� WKH� FRQFHSW�� QHXWUDOL]DWLRQ� RI� UHVRQDWLQJ�
QHWZRUN�ZLWK�DUELWUDU\�SDUDPHWHUV�5S� ����ȍ��/S� ���Q+��&S�
 ���S)�ZDV�SHUIRUPHG��,Q�WKLV�FDVH��WKH�UHVRQDQFH�IUHTXHQF\�
LV� I�� ���*+]��7KH�HPSOR\HG� WUDQVLVWRU� LV�FKDUDFWHUL]HG�E\�
WKH� WUDQVFRGXFWDQFH� JP�  � ���� P6� DQG� WKH� GUDLQ�VRXUFH�
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7SG� LQDFFXUDWH� WKDQ� WKDW� LQYROYLQJ� IURP� \���W��� 6R��ZH� KDYH�
WKH� 7SG�� LQ� ����� \LHOGHG� IURP� WKH� HTXDWLRQ�
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0RUH� DFFXUDWH� YDOXH� RI� 7SG� FDQ� EH� REWDLQHG� E\� DVVXPLQJ�
\��W��DV� LWV�VWHHSHVW�VORSH�RI� WKH� WKLQ�EODFN� OLQH�GLVSOD\HG� LQ�
)LJ������7KLV�OLQH�LV�GHILQHG�IURP�WKH�WDQJHQW�DW�WKH�LQIOHFWLRQ�
SRLQW��7KHUHE\��7SG��ZLOO�EH�WKH�URRW�RI�HTXDWLRQ��
� ���������� ����  \W\W7W\ LLSGL ��� �����

$V�UHVXOW��WKH�SURSDJDWLRQ�GHOD\�FDQ�EH�ZULWWHQ�DV��
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)LJXUH� ���� 8QLW� VWHS� UHVSRQVH� RI� WKH� VHFRQG� RUGHU� DFWLYH�
V\VWHP� IRU� �

�
� ������������ QQ   �DQG� Q � �

LOOXVWUDWLQJ�WKH�7SG��DSSUR[LPDWLRQ�DVVRFLDWHG�WR�WKH�UHVSRQVH�
WR� � ���

���� 9DOLGDWLRQ�UHVXOWV�

)LJ�����GLVSOD\V�WKH�GHWDLOHG�FLUFXLW�GLDJUDP�RI�WKH�SURRI�RI�
FRQFHSW� XQGHU� WHVW�� 7KH� 3+(07�$7)������� IURP� $YDJR�
7HFKQRORJ\70�ZDV�HPSOR\HG�WR�LPSOHPHQW�WKH�1*'�FLUFXLW�
YDOXHV�FRPSHQVDWLQJ�WKH�5&�HIIHFW��$IWHU�DSSOLFDWLRQ�RI�WKH�
V\QWKHVLV�UHODWLRQV�SURSRVHG�LQ�>��@��WKH�K\EULG�SODQDU�FLUFXLW�
FRPSULVHG�RI�VXUIDFH�PRXQW�FKLS�SDVVLYH�FRPSRQHQWV�5��/��
DQG�&�GLVSOD\HG�LQ�)LJ�����ZDV�PDQXIDFWXUHG���
�
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)LJXUH� ���� 6FKHPDWLFV� RI� WKH� 5&1*'�FLUFXLW� LQFOXGLQJ�
ELDVLQJ�QHWZRUN�XVLQJ�DQ�)(7� �3+(07�$7)��������9JV� �
�9��9G� ��9��,G� �����P$���IRU�5F� ���� ��&� �����S)��DQG�
5� ���� ��5R� ���� ��/ ����Q+��&E ����Q)��=�� �� ��
�
7KLV� SURWRW\SH� ZDV� SULQWHG� RQ� WKH� )5�� VXEVWUDWH� ZLWK�
SHUPLWWLYLW\�İU� �����DQG�WKLFNQHVV�K� ������P��
�

�
)LJXUH�����3KRWRJUDSK�RI�WKH�5&1*'�FLUFXLW�LPSOHPHQWHG��
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������ 0HDVXUHG� IUHTXHQF\� UHVXOWV� RI� WKH� QHXWUDOL]HG�
FLUFXLW�

7KH�PHDVXUHG� IUHTXHQF\� UHVXOWV� DQDO\VHG� LQ� WKLV� SDUDJUDSK�
ZHUH� H[WUDFWHG� IURP� WKH� 6�SDUDPHWHUV� DV� LQ� ������� )LJV�� ���
GLVSOD\� WKH� IUHTXHQF\� UHVSRQVHV� RI� WKH� 5&��� 1*'�� DQG�
5&1*'�FLUFXLWV�IURP�WKH�H[SHULPHQWDWLRQV�IURP�'&�WR�����
0+]��:H�FDQ�VHH� WKDW�D�YHU\�JRRG�FRUUHODWLRQ�EHWZHHQ� WKH�
H[SHFWHG� WKHRUHWLF� FRQFHSW� LOOXVWUDWHG� LQ� )LJV�� ��� DQG� WKH�
PHDVXUHPHQWV�LV�REVHUYHG��
�
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�
)LJXUH� ���� 0HDVXUHPHQW� UHVXOWV� RI� WKH� WUDQVIHU� IXQFWLRQV�
IURP� WKH� 5&��� 1*'�� DQG� 5&1*'�FLUFXLWV� WHVWHG�� �D��
0DJQLWXGH�DQG��E��JURXS�GHOD\��
�
2QFH� DJDLQ�� WKDQNV� WR� WKH� JDLQ� PRUH� WKDQ� ��� G%� XS� WR�
���0+]� DQG� 1*'� RI� DERXW� ��� QV� XS� WR� ��� 0+]�� D�
VLJQLILFDQW� UHGXFWLRQ� RI� WKH� 5&�HIIHFWV� LV� REVHUYHG�� $V�
FRQVHTXHQFH��WKH�JDLQ�RI�WKH�5&1*'�FLUFXLW�LV�FORVH�WR���G%�
XS� WR� ���0+]� ZKHUHDV� DV� VKRZQ� LQ� )LJ�� ���E�� WKH� JURXS�
GHOD\� LV� UHGXFHG� VWURQJO\� XS� WR� ���0+]�� 7KHVH� IUHTXHQF\�
UHVSRQVHV� LOOXVWUDWH� WKH� PHFKDQLVP� RI� WKH� QHXWUDOL]DWLRQ�
PHWKRG� SURSRVHG�� 7R� KLJKOLJKW� PRUH� FRQFUHWHO\� WKH�
LQWHUSUHWDWLRQ� RI� WKLV� PHWKRG�� WLPH�GRPDLQ� PHDVXUHPHQWV�
ZHUH� DOVR� SHUIRUPHG�� 7KH� QH[W� SDUDJUDSK� SUHVHQWV� UHVXOWV�
REWDLQHG�E\�FRQVLGHULQJ�DQDORJXH�QXPHULFDO�LQSXW�VLJQDOV��

������ 7LPH�GRPDLQ�H[SHULPHQWDO�UHVXOWV�

7R� FRQILUP� WKH� SURSRVHG� QHXWUDOL]DWLRQ� WHFKQLTXH�
HIIHFWLYHQHVV� IRU� WKH� VLJQDO� LQWHJULW\� LPSURYHPHQW�� ZH�
FRPSDUH� WKH� VTXDUH� ZDYH� SXOVH� YLQ�� DQG� WKH� 5&�� DQG�
5&1*'�FLUFXLW�RXWSXWV�� UHVSHFWLYHO\�GHQRWHG�YUF� DQG� �YUFQJG�
DV� SORWWHG� LQ� )LJ�� ���� 6R��ZH� REVHUYH� WKDW� FRPSDUHG� WR� YUF��
WKH� RXWSXW� �YUFQJG� LV� ZHOO�UHFRQVWUXFWHG� DQG� OHVV� GLVWRUWHG�
DFFRUGLQJ�WR�WKH�LQSXW��YLQ��$V�ZH�FDQ�VHH�LQ�)LJ������WKH�5&�
FLUFXLW�GHJUDGHV�WKH�RXWSXW�OHDGLQJ�HGJH�ZLWK�D�ULVH�WLPH�DQG�
D� ��� �� SURSDJDWLRQ� GHOD\� UHVSHFWLYHO\� RI� QVWU �� DQG�
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)LJXUH� ���� 0HDVXUHG� WLPH� GRPDLQ� UHVXOWV� IRU� DQ� LQSXW�
VTXDUH�ZDYH�SXOVH�ZLWK�9�� ���9�ZLWK�D����QV�GXUDWLRQ�RU�
���0V\P�V�UDWH����QV�ULVH��DQG�IDOO�WLPHV��
�

+HQFH�� GXH� WR� WKH� 1*'� FLUFXLW� FRPSHQVDWLRQ�� WKHVH�
SDUDPHWHUV� ZHUH� UHVSHFWLYHO\� UHGXFHG� WR� QVWUQJG �� �DQG�

QV7UFQJG ���� �� ,W� FRUUHVSRQGV� WR� D� UHODWLYH� UHGXFWLRQ��

���� UFUFQJG 77  ����� ��� DQG� ���� UUQJG WW � ����� ��� ,Q�
DGGLWLRQ�� DQ� H[FHOOHQW� LPSURYHPHQW� RI� WKH� VLJQDO� ULVLQJ�
WUDLOLQJ�HGJHV�LV�DOVR�DFKLHYHG��

�

�� &RQFOXVLRQV�
$� QHXWUDOL]DWLRQ� WHFKQLTXH� HQDEOLQJ� WR� VXSSUHVV� WKH�
HOHFWURPDJQHWLF�DQG�SDUDVLWLF�GLVWXUEDQFHV�PRGHOHG�E\�/&��
DQG� 5&�QHWZRUNV� LV� GHYHORSHG� LQ� WKLV� SDSHU�� 7KH� EDVLF�
SULQFLSOH� RI� WKH� QHXWUDOL]DWLRQ� FRQFHSW� LV� H[SODLQHG�� 7KH�
WHFKQLTXH� LV� EDVHG� RQ� WKH� XVH� RI� /+� >�����@� DQG� 1*'�
DFWLYH� FLUFXLWV� SUHVHQWLQJ� WUDQVIHU� IXQFWLRQ� LQYHUVH� RI� WKH�
GLVWXUELQJ�QHWZRUNV���
$SSOLFDWLRQV� ZLWK� YDULRXV� DSSOLFDWLRQ� H[DPSOHV� RI�
XQZDQWHG� GLVWXUEDQFHV� FDQFHOODWLRQ� DUH� GHYHORSHG�
WKHRUHWLFDOO\�� QXPHULFDOO\� DQG� H[SHULPHQWDOO\�� )LUVW�� D�
SRVVLELOLW\� RI� WKH� /&�HIIHFW� QHXWUDOL]DWLRQ� LV� SHUIRUPHG� E\�
XVLQJ� DQ� /+� DFWLYH� FLUFXLW�� 7KH� V\QWKHVLV� UHODWLRQV� LQ�
IXQFWLRQ� RI� WKH� /&�SDUDPHWHUV� DUH� HVWDEOLVKHG�� 7KHQ��
VLPXODWLRQV� FRQILUP� WKH� IHDVLELOLW\� RI� WKH� WHFKQLTXH�
SURSRVHG� DURXQG� �� *+]�� 7KHQ�� D� FRPSHQVDWLRQ� RI� WKH�
UHVRQDQFH�HIIHFW�PRGHOHG�E\�/&�SDUDOOHO�QHWZRUN�E\�XVLQJ�
DQ�1*'�FLUFXLW�FRPSULVHG�RI�D�WUDQVLVWRU�DVVRFLDWHG�ZLWK�DQ�
5/&�VHULHV� QHWZRUN� ZDV� DOVR� LQYHVWLJDWHG�� 1XPHULFDO�
YHULILFDWLRQV�FRQILUP�RQFH�DJDLQ��WKH�XWLOLW\�RI�WKH�WHFKQLTXH���
7KH� ODVW� FDVH� FRQFHUQV� WKH� QHXWUDOL]DWLRQ� RI� WKH� 5&�HIIHFW�
ZLWK� WKH� EDVH� EDQG� 1*'� FLUFXLW� SURSRVHG� LQ� >��@�� 7KH�
IXQFWLRQLQJ�RI�WKH�1*'�HIIHFW�LQ�EDVH�EDQG�IUHTXHQFLHV�ZDV�
LOOXVWUDWHG�ZLWK�H[SHULPHQWDWLRQ�RI�D�FLUFXLW�LQ�K\EULG�SODQHU�
WHFKQRORJ\��2XWSXW�VLJQDO�ZLWK�IURQW�ZDYHV�LQ�WLPH�DGYDQFH�
RI� DERXW� ���� QV� FRPSDUHG� WR� WKH� LQSXW� RQHV� LV� REVHUYHG��
7KHQ�� DQDO\WLFDO� LQYHVWLJDWLRQ� RQ� WKH� IUHTXHQF\�UHVSRQVH�
DQG�XQLW�VWHS�UHVSRQVHV�RI�WKH�FRPSHQVDWHG�5&1*'�FLUFXLW�
LV� SUHVHQWHG�� 7KH� UHOHYDQFH� RI� WKH� WHFKQLTXH� LV� FRQILUPHG�
ZLWK� PHDVXUHG� UHVXOWV� ERWK� LQ� IUHTXHQF\�� DQG� LQ� WLPH�
GRPDLQV�� %\� FRQVLGHULQJ� DQDORJXH�GLJLWDO� VLJQDO� ZLWK� ���
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0V\P�V� UDWH�� D� PL[HG� VLJQDO� LQWHJULW\� LPSURYHPHQW� LV�
GHPRQVWUDWHG�H[SHULPHQWDOO\��
,Q� WKH� FRQWLQXDWLRQ� RI� WKLV� ZRUN�� WKH� DSSOLFDWLRQ� RI� WKH�
SUHVHQW� QHXWUDOL]DWLRQ� WHFKQLTXH� IRU� FDQFHOOLQJ� WKH�
GHJUDGDWLRQ�RI�HOHFWUR�RSWLF�SHUWXUEDWLRQV�LV�LQ�SURJUHVV��
�

5HIHUHQFHV�
>�@ 6RPPHUIHOG�� ³(LQ� (LQZDQG� JHJHQ� GLH� 5HODWLYWKHRULH�

GHU�(OHNWURG\QDPLN�XQG�VHLQH�%HVHLWLJXQJ´��3K\VLN��=��
���SS�����������������

>�@ 6RPPHUIHOG�� ³8EHU� GLH� )RUWSIODQ]XQJ� GHV� /LFKWHV� LQ�
'LVSHUJLHUHQGHQ� 0HGLHQ´�� $QQ�� 3K\VLN�� ���� SS�� ����
�����������

>�@ /��%ULOORXLQ��:DYH�3URSDJDWLRQ�LQ�3HULRGLF�6WUXFWXUHV��
0F*UDZ�+LOO��1HZ�<RUN��������

>�@ 6RPPHUIHOG�� 9RUOHVXQJHQ� �EHU� 7KHRUHWLVFKH� 3K\VLN��
%DQG� ,9�� 2SWLN�� 'LHWHULFK¶VFKH� 9HUODJVEXFKKDQGOXQJ��
������

>�@ 6RPPHUIHOG�� /HFWXUHV� RQ� 7KHRUHWLFDO� 3K\VLFV�� 2SWLFV��
$FDGHPLF�3UHVV�,QF��86��������

>�@ /�� %ULOORXLQ�� :DYH� SURSDJDWLRQ� DQG� JURXS� YHORFLW\��
$FDGHPLF�3UHVV��1HZ�<RUN��SS�������	����������������

>�@ *��%��*DUUHWW� DQG�'��(��0F*XPEHU��³3URSDJDWLRQ�RI�D�
*DXVVLDQ� OLJKW� SXOVH� WKURXJK� DQ� DQRPDORXV� GLVSHUVLRQ�
PHGLXP´��3K\V��5HY��$��9RO�����SS�����������������

>�@ 6��&KX��DQG�6��:RQJ��³/LQHDU�3XOVH�3URSDJDWLRQ� LQ�DQ�
$EVRUELQJ�0HGLXP´��3K\V��5HY��/HWW���9RO������SS������
�����������

>�@ 6pJDUG� DQG� %�� 0DFNH�� ³2EVHUYDWLRQ� RI� QHJDWLYH�
YHORFLW\� SXOVH� SURSDJDWLRQ´�� 3K\V�� /HWW�� ����� SS�� ����
�����������

>��@ 0DFNH�DQG�%��6HJDUG��³3URSDJDWLRQ�RI� OLJKW�SXOVHV�DW�D�
QHJDWLYH� JURXS�YHORFLW\´��(XU��3K\V�� -��'����� SS������
�����������

>��@ $�� 0�� 6WHLQEHUJ� DQG� 5�� <�� &KLDR�� ³'LVSHUVLRQOHVV��
KLJKO\� VXSHUOXPLQDO� SURSDJDWLRQ� LQ� D� PHGLXP� ZLWK� D�
JDLQ� GRXEOHW´�� 3K\V�� 5HY�� $�� 9RO�� ���� SS�� ����±������
�������

>��@ $��'RJDULX��$��.X]PLFK�DQG�/��-��:DQJ��³7UDQVSDUHQW�
DQRPDORXV� GLVSHUVLRQ� DQG� VXSHUOXPLQDO� OLJKW�SXOVH�
SURSDJDWLRQ�DW�D�QHJDWLYH�JURXS�YHORFLW\´��3K\V��5HY��$��
9RO������SS�����������������������������

>��@ /��-��:DQJ��$��.X]PLFK�DQG�$��'RJDULX��³*DLQ�DVVLVWHG�
VXSHUOXPLQDO� OLJKW�SURSDJDWLRQ´��1DWXUH������SS������±�
�����������

>��@ .�� 7��0F'RQDOG�� ³1HJDWLYH� JURXS� YHORFLW\´��$PHU�� -��
3K\V���9RO������1R�����SS�����±�����0D\�������

>��@ 2�� )�� 6LGGLTXL��0��0RMDKHGL� DQG� *�� 9�� (OHIWKHULDGHV��
³3HULRGLFDOO\� ORDGHG� WUDQVPLVVLRQ� OLQH� ZLWK� HIIHFWLYH�
QHJDWLYH�UHIUDFWLYH�LQGH[�DQG�QHJDWLYH�*URXS�YHORFLW\´��
,(((�7UDQVDFWLRQV�RQ�$QWHQQDV�DQG�3URSDJDWLRQ��9RO��
����1R������SS�������������2FW��������

>��@ -�� )�� :RRGOH\� DQG� 0�� 0RMDKHGL�� ³1HJDWLYH� JURXS�
YHORFLW\� DQG� JURXS� GHOD\� LQ� OHIW�KDQGHG�PHGLD´��3K\V��
5HY��(��9RO������SS���������������������������

>��@ 5��<��&KLDR��³6XSHUOXPLQDO��EXW�FDXVDO��SURSDJDWLRQ�RI�
ZDYH�SDFNHWV�LQ�WUDQVSDUHQW�PHGLD�ZLWK�LQYHUWHG�DWRPLF�
SRSXODWLRQV´��3K\V��5HY��$��9RO������SS��5���5����������

>��@ 5��<��&KLDR��3RSXODWLRQ�LQYHUVLRQ�DQG�VXSHUOXPLQDOLW\��
LQ� DPD]LQJ� OLJKW�� 6SULQJHU�9HUODJ�� 1HZ�<RUN�� SS�� ���
�����������

>��@ 5��<��&KLDR��(��/��%ROGD��-��%RZLH��-��%R\FH�DQG�0��:��
0LWFKHOO�� ³6XSHUOXPLQDOLW\� DQG� DPSOLILHUV´�� 3URJ��
&U\VWDO�*URZWK�&KDUDFW��0DW������SS�����������������

>��@ 0�� :�� 0LWFKHOO� DQG� 5�<�� &KLDR�� ³&DXVDOLW\� DQG�
QHJDWLYH�JURXS�GHOD\V� LQ�D�VLPSOH�EDQGSDVV�DPSOLILHU´��
$P��-��3K\V���9RO������SS����±����������

>��@ 0��:��0LWFKHOO�DQG�5�<��&KLDR��³1HJDWLYH�JURXS�GHOD\�
DQG� µ)URQWV¶� LQ� D� FDXVDO� V\VWHPV�� $Q� H[SHULPHQW� ZLWK�
YHU\�ORZ�IUHTXHQF\�EDQGSDVV�DPSOLILHUV´��3K\V��/HWW��$��
9RO�������SS�����±�����-XQ��������

>��@ '�� 6ROOL�� 5�� <�� &KLDR� DQG� -�� 0�� +LFNPDQQQ��
³6XSHUOXPLQDO� HIIHFWV� DQG� QHJDWLYH� JURXS� GHOD\V� LQ�
HOHFWURQLFV�� DQG� WKHLU� DSSOLFDWLRQV´��3K\V��5HY��(��9RO��
����SS����������������������������

>��@ 0��.LWDQR�� 7�� 1DNDQLVKL� DQG�.�� 6XJL\DPD�� ³1HJDWLYH�
JURXS� GHOD\� DQG� VXSHUOXPLQDO� SURSDJDWLRQ�� $Q�
HOHFWURQLF� FLUFXLW� DSSURDFK´�� ,(((� -RXUQDO� RI� 6HOHFWHG�
7RSLFV� LQ�4XDQWXP�(OHFWURQLFV��9RO�� ���1R�� ��� SS�� ���
����)HE��������

>��@ 7�� 1DNDQLVKL�� .�� 6XJL\DPD� DQG� 0�� .LWDQR��
³'HPRQVWUDWLRQ� RI� QHJDWLYH� JURXS� GHOD\V� LQ� D� VLPSOH�
HOHFWURQLF� FLUFXLW´��$P�� -�� 3K\V��� 9RO�� ���� 1R�� ���� SS��
�����������������

>��@ -��1��0XQGD\�DQG�5��+��+HQGHUVRQ��³6XSHUOXPLQDO�WLPH�
DGYDQFH�RI� D� FRPSOH[� DXGLR� VLJQDO´��$SSO��3K\V��/HWW���
9RO������SS�����������-XO��������

>��@ 6��-��(ULFNVRQ��0��.KDMD�DQG�0��0RMDKHGL��³7LPH��DQG�
IUHTXHQF\�GRPDLQ�PHDVXUHPHQWV�IRU�DQ�DFWLYH�QHJDWLYH�
JURXS� GHOD\� FLUFXLW´�� LQ� 3URF� RI� ,(((� $QW�� 3URS�� 6RF��
,QW��6\PS���9RO���$��SS�����������������

>��@ 9��9HVHODJR�� ³7KH� HOHFWURG\QDPLFV�RI� VXEVWDQFHV�ZLWK�
VLPXOWDQHRXVO\� QHJDWLYH� YDOXHV� RI� İ� DQG� �´�� 6RYLHW�
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$EVWUDFW�

7KH� UHYHUVH� 'RSSOHU� (IIHFW� RQO\� LV� REVHUYHG� LQ�
PHWDPDWHULDO� ZLWK� ERWK� QHJDWLYH� SHUPLWWLYLW\� DQG�
QHJDWLYH� SHUPHDELOLW\�� $� QHZ� ZD\� WR� REVHUYH� UHYHUVH�
'RSSOHU� (IIHFW� XVLQJ� D� VLPSOH� FLUFXLW� FRQILJXUDWLRQ� LV�
SUHVHQWHG�� 7KH� H[SHULPHQWDO� UHVXOWV� VKRZ� JRRG�
DJUHHPHQW�ZLWK�WKH�WKHRUHWLFDO�SUHGLFWLRQ��

��� � ,QWURGXFWLRQ�

7KH� 'RSSOHU� (IIHFW� LV� D� ZHOO�NQRZQ� SKHQRPHQRQ� E\�
ZKLFK�WKH�IUHTXHQF\�RI�D�ZDYH�LV�VKLIWHG�DFFRUGLQJ�WR�WKH�
UHODWLYH� YHORFLW\� RI� WKH� VRXUFH� DQG� WKH� REVHUYHU� >�@�� 7KH�
DSSOLFDWLRQ� RI� WKLV� SKHQRPHQRQ�KDYH� EHHQ�ZLGHO\� XVHG�
DQG� LQFOXGH� ZHDWKHU� DQG� DLUFUDIW� UDGDU�� EORRG� IORZ�
PHDVXUHPHQW� DQG� WKH� GHWHFWLRQ� RI� H[WUD� VRODU� SODQHWV��
+RZHYHU��WKH�UHYHUVH�'RSSOHU�(IIHFW�UHIHUV�WR�IUHTXHQF\�
VKLIWV� DUH� LQ� WKH� RSSRVLWH� ZD\� WR� WKRVH� SKHQRPHQRQV�
PHQWLRQHG�DERYH��)RU�H[DPSOH��WKH�IUHTXHQF\�LQFUHDVLQJ�
RI� D� ZDYH� ZRXOG� EH� PHDVXUHG� RQ� UHIOHFWLRQ� IURP� D�
UHFHGLQJ� ERXQGDU\� >���@�� 7KH� H[SLDWLRQ� LV� WKDW� LQ�
OHIW�KDQGHG�PHGLD� WKH� JURXS� DQG�SKDVH� YHORFLWLHV� RI� WKH�
ZDYHV� DUH� LQ� RSSRVLWH� GLUHFWLRQV�� ,I� ZH� FDQ� FRQVWUXFW�
VXFK�D�PRYLQJ�UHIOHFWLQJ�ERXQGDU\�DQG�ILQG�D�PHWKRG�RI�
PHDVXULQJ� WKH� IUHTXHQF\� VKLIWV� RI� UHIOHFWHG� ZDYH� IURP�
WKH�ERXQGDU\��WKH�UHYHUVHG�'RSSOHU�(IIHFW�FDQ�EH�YHULILHG�
HDVLO\�� �
7KH� EDVLV� RI� WKH� 'RSSOHU� HIIHFW� LV� GHWHUPLQHG� E\� WKH�
DIIHFW� WKDW� UHIOHFWLQJ� ERXQGDU\� PRWLRQ� KDV� RQ� REVHUYHG�
IUHTXHQF\��$�FRPSRVLWH�ZDYHIURQW�LV�FUHDWHG�EHFDXVH�WKH�
UHIOHFWLQJ� ERXQGU\� LV� LQ� PRWLRQ� DQG� WKH� HPLWWHG�
ZDYHIURQWV�H[SHULHQFH�GLIIHUHQW�SURSDJDWLRQ�GLVWDQFHV�WR�
WKH� REVHUYHU�� 7KH� SKDVH� RI� WKH� ZDYHIURQW� FDQ� EH�
H[SUHVVHG�DV�
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UHIOHFWLQJ� ERXQGDU\�� DQG� ȕ� LV� WKH� SURSDJDWLRQ� SKDVH�
FRQVWDQW��7KH�IUHTXHQF\�RI�WKH�ZDYH�LV�GHWHUPLQHG�E\�WKH�
WLPH�GHULYDWLYH�RI�WKH�SKDVH��JLYHQ�E\� �
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,W�LV�QRWLFHG�WKDW�ZKHWKHU�UHFHLYHG�IUHTXHQF\� IU�KLJKHU�RU�
ORZHU�WKDQ�WKH�RULJLQDO�IUHTXHQF\�I�V�LV�GHWHUPLQHG�E\�WKH�
VLJQ� RI� WKH� SURSDJDWLRQ� SKDVH� FRQVWDQW� ȕ�� 7KXV�� LI� WKH�
UHIOHFWLQJ� ERXQGDU\� LV� PRYLQJ� WKURXJK� DQ� /+� PHGLXP�
ZKHUH�ȕ�LV�D�QHJDWLYH�YDOXH�UDWKHU�WKDQ�D�SRVLWLYH�YDOXH��D�
UHYHUVH�'RSSOHU�HIIHFW�ZLOO�EH�LQGXFHG��
,Q� WKLV� SDSHU�� WKH� H[SHULPHQW� ZDV� SHUIRUPHG� XVLQJ� WKH�
WXQDEOH�&RPSRVLWH�5LJKW�/HIW�+DQGHG�7UDQVPLVVLRQ�/LQH�
�&5/+�7/�� DV� LWV� H[SHULPHQWDO� SODWIRUP�� &RPSRVLWH�
5LJKW�/HIW�+DQGHG�7UDQVPLVVLRQ�/LQH� �&5/+�7/�� LV�DQ�
LPSRUWDQW� DUWLILFLDO� HOHFWURPDJQHWLF� VWUXFWXUH� WR�
LPSOHPHQW� PLFURZDYH� PHWDPDWHULDO�� &5/+�7/� LV�
DQDO\]HG� EDVHG� RQ� WUDQVPLVVLRQ� OLQH� DSSURDFK�� DQG�
IDEULFDWHG� E\� VXUIDFH� PLFUR�PDFKLQLQJ� DQG�
VXUIDFH�PRXQW�WHFKQRORJ\��,Q�UHFHQW�\HDUV��WKHUH�KDV�EHHQ�
DQ�LQWHQVLYH�LQWHUHVW�LQ�&5/+�7/�EHFDXVH�RI�LWV�REYLRXV�
DGYDQWDJHV��VXFK�DV�VLPSOH�VWUXFWXUH��FRPSDFW�VL]H��HDV\�
WR�IDEULFDWH��ORZ�ORVV�DQG�EURDGEDQG��&5/+�7/�SURYLGHV�
DQ� HIILFLHQW� GHVLJQ� WRRO� IRU� OHIW�KDQGHG� DSSOLFDWLRQV� DQG�
SURYLGHV� LQVLJKW� LQWR� WKH� SK\VLFDO� SKHQRPHQD� RI�
PHWDPDWHULDO��

��� � ([SHULPHQWDO�'HVLJQ�

����7KH�VWUXFWXUH�RI�WXQDEOH�&5/+B7/�

7KH�VWUXFWXUH�RI�WKH�WXQDEOH�&5/+�7/�LV�VKRZQ�LQ�)LJ�����
,Q� WKH� VWUXFWXUH� RI� &5/+�7/�� WKH� LQGXFWDQFH� DQG�
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FDSDFLWDQFH�ERWK�KDYH�GHFLVLYH�LPSDFW�WR�WKH�OHIW�KDQGHG�
SDVVEDQG�FKDUDFWHULVWLFV� LQ�EDQGJDS�PDWHULDOV�FRPSRVHG�
E\� OXPSHG� HOHPHQWV� ZKHQ� XQLW� OHQJWK� RI� SHULRGLF�
VWUXFWXUH� LV� YHU\� VKRUW� FRPSDUHG� ZLWK� WKH� ZDYHOHQJWK��
:KHQ� WKH� LQGXFWDQFH� RU� FDSDFLWDQFH� LV� YDULHG�� WKH�
IUHTXHQF\� UDQJH� RI� WKH� OHIW�KDQGHG� SDVVEDQG� FKDQJHG�
DFFRUGLQJO\��,Q�WKH�PLFURZDYH�EDQG��LW�LV�YHU\�GLIILFXOW�WR� �

L L L Lvaractor varactor varactor

�
�
)LJXUH� ��� 7KH� VWUXFWXUH� RI� WKH� &5/+�7/�� 7KH� EOXH�
VTXDUH� LV� PLFURVWULSOLQH�� 7KHUH� DUH� WKUHH� FHOOV� RI� WKH�
&5/+�7/�VKRZQ�LQ�WKH�ILJXUH��
�
FKDQJH� WKH� LQGXFWDQFH� RI� VXUIDFH�PRXQW� FRPSRQHQWV�
FRQWLQXRXVO\��%XW�WKH�OHIW�KDQGHG�SDVVEDQG�FDQ�EH�HDVLO\�
DGMXVWHG�LI�ZH�XVH�YDUDFWRU�GLRGHV�LQVWHDG�RI�WKH�OXPSHG�
FDSDFLWDQFH�� 9DUDFWRU� GLRGH� LV� D� NLQG� RI� GHYLFH� WKDW� LWV�
FDSDFLWDQFH� ZLOO� FKDQJH� ZLWK� WKH� ELDV� YROWDJH�� 7KH�
FDSDFLWDQFH�RI�YDUDFWRU�GLRGH�ZLOO�GHFUHDVH�ZKHQ�LWV�ELDV�
YROWDJH� LQFUHDVH�DQG�YLFH�YHUVH��2Q�WKLV�EDVLV��D� VSHFLDO�
&5/+�7/� WKDW� LWV� WUDQVPLVVLRQ� FKDUDFWHULVWLFV� FDQ� EH�
WXQHG� LV� GHVLJQHG�� 7KH� VWUXFWXUH� XVLQJ� GRXEOH�VLGHG�
SULQWHG� FLUFXLW� ERDUG�� WKH� YDUDFWRU� FRQQHFWHG� E\�
PLFURVWULSOLQH� DQG� WKH� 60'� LQGXFWRU� /� FRQQHFWLQJ� WKH�
XSSHU� DQG� ORZHU� VXUIDFHV� RI� WKH� SULQWHG� FLUFXLW� ERDUG�
WKURXJK�WKH�KROH�ZKLFK�PHQWLRQHG�E\�WKH�UHG�FLUFOH��9E�LV�
D�H[WHUQDO�YROWDJH�XVLQJ�WR�DGMXVW�WKH�ELDV�YROWDJH�RI�WKH�
YDUDFWRU��7KH� LQGXFWDQFH�RI� WKH�60'�LQGXFWRU� LV����Q+��
7KH�PRGHO�RI�WKH�YDUDFWRU�LV�%%����ZKLFK�PDQXIDFWXUHG�
E\� 3KLOLSV�� 7KH� OHQJWK� RI� D� FHOO� LV� ����PP�� 7KH�
UHODWLRQVKLS� EHWZHHQ� WKH� FKDQJHV� RI� WKH� YDUDFWRU¶V�
FDSDFLWDQFH� DQG� WKH� GLVSHUVLRQ� UHODWLRQVKLS� RI� WKH�
&5/+�7/�LV�VKRZQ�LQ�)LJ����
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���� 7KH� HVWDEOLVKPHQW� RI� WKH� PRYLQJ� UHIOHFWLQJ�
ERXQGDU\�

+RZ�WR�EXLOG�D�PRYLQJ�UHIOHFWLQJ�ERXQGDU\� LQ�WKLV�NLQG�
RI� WUDQVPLVVLRQ� OLQH� LV� WKH� NH\� SRLQW� RI� WKLV� H[SHULPHQW��
7KH� VFKHPDWLF� GLDJUDP� RI� H[SHULPHQWDO� SODWIRUP� LV�
VKRZQ�LQ�)LJ����� �
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)LJXUH����6FKHPDWLF�GLDJUDP�RI�H[SHULPHQWDO�SODWIRUP��
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7KH� IUHTXHQF\� RI� WKH� RULJLQDO� HOHFWURPDJQHWLF� ZDYH�
XVLQJ� LQ� WKLV� H[SHULPHQW� LV� �*+]�� 7KH� QXPEHU� RI�
&5/+�7/�FHOOV�RI�WKH�WUDQVPLVVLRQ�OLQH�LV� IRXUWHHQ��7KH�
H[WHUQDO�FLUFXLW�LV�XVHG�WR�JHQHUDWH�D�³ELDV�ZDYH´�WR�YDU\�
WKH�ELDV�YROWDJH�RI�HDFK�XQLW�YDUDFWRU�GLRGH�VXFFHVVLYHO\��
:KHQ�WKH�ELDV�YROWDJH�RI�WKH�YDUDFWRU�LV��9��WKH�VWDWH�RI�
WKH�WUDQVPLVVLRQ�OLQH�LV�LQ�WKH�EDQG�JDS��HOHFWURPDJQHWLF�
ZDYH�FDQ�QRW�SURSDJDWH�DQG�DOO�UHIOHFWHG�EDFN��:KHQ�WKH�
ELDV�YROWDJH�LV�LQFUHDVHG��WKH�FDSDFLWDQFH�RI�WKH�YDUDFWRU�
LV�GHFUHDVHG��WKH�VWDWH�RI�WKH�WUDQVPLVVLRQ�OLQH�LV�FKDQJHG��
WXUQHG� LQWR� WKH� SDVVEDQG�� 7KH� UHODWLRQVKLS� EHWZHHQ� WKH�
VWDWH�RI�WKH�WUDQVPLVVLRQ�OLQH�DQG�WKH�FKDQJHV�RI�WKH�ELDV�
YROWDJH�LV�VKRZQ�LQ�)LJ����

)LJXUH� ��� 7KH� UHODWLRQVKLS� EHWZHHQ� WKH� VWDWH� RI� WKH�
WUDQVPLVVLRQ�OLQH�DQG�WKH�FKDQJHV�RI�WKH�ELDV�YROWDJH��
�
6LQFH� WKH� ELDV� YROWDJH� RI� HDFK� XQLW� YDUDFWRU� GLRGH� LV�
FKDQJLQJ�VXFFHVVLYHO\��WKH�HQWLUH�WUDQVPLVVLRQ�OLQH�LV�DOVR�
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JHWWLQJ� LQWR� WKH� SDVVEDQG� JUDGXDOO\�� )RU� WKH�
HOHFWURPDJQHWLF� ZDYH�� LW� LV� OLNH� WKHUH� LV� D� UHIOHFWLQJ�
ERXQGDU\� PRYHV� LQ� WKH� WUDQVPLVVLRQ� OLQH�� 7KH� ELDV�
YROWDJH� RI� YDUDFWRUV� LV� YDULHG� IURP� OHIW� WR� ULJKW�
VXFFHVVLYHO\� E\� XVLQJ� WKH� ³ELDV� ZDYH´�� ,W� FRQVWUXFWV� D�
UHIOHFWLQJ� ERXQGDU\� PRYLQJ� IURP� OHIW� WR� ULJKW� ZKLFK� LV�
DZD\�IURP� WKH�VRXUFH��8VLQJ�D�VLPLODU�ZD\��D�UHIOHFWLQJ�
ERXQGDU\� PRYLQJ� WRZDUG� WKH� VRXUFH� FDQ� DOVR� EH�
JHQHUDWHG�� 7KH� FLUFXODWRU� LQ� WKLV� FRQVWUXFW� LV� XVLQJ� WR�
VHSDUDWH� WKH� UHIOHFWHG� ZDYH� DQG� LQFLGHQW� ZDYH�� VR� WKH�
VSHFWUXP� DQDO\]HU� FDQ� JHW� WKH� IUHTXHQF\� VKLIW� RI� WKH�
UHIOHFWHG�ZDYH��
7KH� YHORFLW\� RI� WKH� UHIOHFWLQJ� ERXQGDU\� YU�LV� GHILQHG� E\�
WKH�WLPH�LQWHUYDO�ǻW�DQG�WKH�OHQJWK�RI�WKH�&5/+�7/�FHOO�
G���JLYHQ�E\�
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7KH� SKDVH� YHORFLW\� RI� WKH� VRXUFH� ZDYH� ZKLFK�
SURSDJDWLQJ� LQ� WKH� &5/+�7/�� YV� LV� GHULYHG� IURP� WKH�
GLVSHUVLRQ�UHODWLRQ�RI�WKH�&5/+�7/��
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V�LV�WKH�VLJQ�RI�WKH�SURSDJDWLRQ�SKDVH�FRQVWDQW�ȕ��VLQFH�
V�LV�HTXDO� WR� ���LQ�WKDW�FDVH�� WKH�UHFHLYHG�IUHTXHQF\� IU� �
LV� KLJKHU� WKDQ� WKH� RULJLQDO� IUHTXHQF\� I� V� ZKHQ� WKH�
UHIOHFWLQJ� ERXQGDU\� LV�PRYLQJ� DZD\� IURP� WKH� VRXUFH�
DQG� WKH� IUHTXHQF\� VKLIW� ǻI� LV� SRVLWLYH�� 7KH� UHFHLYHG�
IUHTXHQF\� IU� � LV� ORZHU� WKDQ� WKH� RULJLQDO� IUHTXHQF\� I� V�
ZKHQ� WKH� UHIOHFWLQJ� ERXQGDU\� LV� PRYLQJ� WRZDUG� WKH�
VRXUFH� DQG� WKH� IUHTXHQF\� VKLIW� ǻI� LV� QHJDWLYH�� 7KH�
UHYHUVH�'RSSOHU�HIIHFW�LV�LQGXFHG�� �

��� � ([SHULPHQWDO�5HVXOWV�

7KH�VRXUFH�VLJQDO�LQ�WKLV�H[SHULPHQW�LV�JHQHUDWHG�E\�WKH�
$JLOHQW� 36*� 9HFWRU� 6LJQDO� *HQHUDWRU� (����'�� WKH�
IUHTXHQF\� LV� �*+]�� 7KH� VSHFWUXP� DQDO\]HU� XVLQJ� WKH�
$JLOHQW� 0;$� 6LJQDO� $QDO\]HU� 1����$�� WKH� IUHTXHQF\�
VKLIW�RI� WKH�UHIOHFWHG�ZDYH� LV�PHDVXUHG�E\� WKH�VSHFWUXP�
DQDO\]HU��7KH�UHVXOW�RI�WKH�VSHFWUXP�DQDO\]HU�LV�VKRZQ�LQ�
)LJ�� ��� 7KH� UHVXOWV� VKRZ� WKH� IUHTXHQF\� VKLIW� LV� SRVLWLYH�
ZKHQ� WKH� UHIOHFWLQJ� ERXQGDU\� LV�PRYLQJ� DZD\� IURP� WKH�
VRXUFH� LQ� )LJ�� ��D�� DQG� WKH� IUHTXHQF\� VKLIW� LV� QHJDWLYH�

ZKHQ� WKH� UHIOHFWLQJ� ERXQGDU\� LV� PRYLQJ� WRZDUG� WKH�
VRXUFH�LQ�)LJ����E���

2ULJLQDO�ZDYH

'RSSOHU�ZDYH
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VKLIW�LV�VKRZQ�LQ�)LJ�����
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Abstract 

A one-dimensional transmission line-based medium capable 
of bidirectional lossless negative group delay signal 
propagation is described. The microwave circuit comprises 
two symmetric resonator loaded transmission lines with 
active gain compensation and coupled through power 
combiners. We demonstrate the circuit is conditionally 
stable and capable of transmitting a finite bandwidth pulse 
in both directions. A group delay of -600 ps in either 
direction is achieved for a Gaussian pulse with a bandwidth 
of 14 MHz modulated at a frequency of 280 MHz.  

1. Introduction 

Media exhibiting superluminal or negative group delay 
(NGD) have been explored in the optical regime [1] as well 
as the microwave regime where they are commonly 
implemented using loaded transmission lines [2]. Passive 
devices based on resonator loaded transmission lines can 
provide NGD in regions of anomalous dispersion but are 
accompanied by loss. Several active circuit designs, which 
incorporate gain elements, have been proposed to 
compensate for this loss [3-9]. These circuit topologies are, 
however, inherently unidirectional. Bidirectional 
transmission line media have recently been demonstrated 
that are capable of superluminal group velocity using shunt 
negative capacitance devices [10], and negative group 
velocity using symmetric coupled active transmission lines 
[11]. In this paper we present a bidirectional lossless NGD 
transmission line and demonstrate measurements of stable 
time-domain pulse propagation with NGD in both 
directions through this media.  

Circuits exhibiting superluminal or negative group delay 
have enabled many novel microwave devices through their 
ability to provide phase equalization or delay compensation. 
Several passive NGD circuits, mostly based on series or 
parallel RLC resonators have been reported [2,12,13]. 
These devices exhibit large attenuation for any reasonable 
NGD, and there is a trade-off between the achieved NGD 
and attenuation at the resonance frequency [7]. The 
attenuation can be compensated by cascading active 
elements with resonators or by integrating the resonator 
within the amplifier feedback circuitry. The use of active 
elements limits the signal transmission in gain-compensated 
NGD media to be unidirectional and places restrictions on 

their application. For example, the gain-compensated NGD 
application in series-fed phased arrays [14,15] can be used 
for either transmit or receive modes, but not simultaneously. 
In [11] a symmetric bilateral gain-compensated NGD circuit 
was presented which enabled a bilateral lossless constant 
phase shifter. Most studies of NGD microwave devices 
present the frequency behavior, with few examining the time-
domain response to finite bandwidth waveforms and their 
associated distortion [16]. 

2. Bidirectional NGD Media 

In this paper we present a one-dimensional medium that 
exhibits NGD without absorption in both directions. The 
medium enables finite bandwidth pulses to propagate in 
both directions without loss as shown in Fig. 1a. This would 
also enable construction of a finite sized (delay) medium 
exhibiting lossless zero delay. 
 

 
 

 
 

Figure 1a) Bidirectional medium with length τ0=c/l 
exhibiting negative group delay and b) its implementation 
using a symmetric coupled resonator-loaded transmission 
line circuit with active gain compensation. 
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The bidirectional NGD device comprises two symmetric 
resonator loaded transmission lines with active gain 
compensation, which are coupled through power combiners 
as shown in Fig. 1b. The resonator-loaded transmission lines 
in each of the branches (A-B) are used to produce the NGD 
and can be constructed using several different topologies as 
previously described in [6]. A passive resonator based 
circuit exhibiting negative group delay will inherently have 
attenuation associated with it. The attenuation is 
compensated by cascading an active gain stage with the 
NGD circuit. Various approaches, involving cascaded NGD 
circuit-amplifiers [3], integration of the NGD resonator in 
the feedback path of an op-amp [7] or use of the out-of-band 
negative phase characteristic in the roll-off of an amplifier 
has been used to achieve lossless NGD [17] in transmission 
line based media. However, all these previous approaches 
are unidirectional due to the active gain stages in these 
circuits. 

The 2-port description of the circuit in Fig. 1b will be 
derived by considering the transmission and reflection 
coefficients of the branches (A-B). A passive resonator-
based NGD circuit comprised of simple resonators can be 
modeled using a cascaded second-order transfer function 
[7]. For the generic gain-compensated case of Fig. 1, the 
transmission coefficient of a matched cascaded N-stage 
design is  

 

� 

S21
AB ω( ) = −G

1+ jQ ω ω0 −ω0 ω( )
Atot
1/N + jQ ω ω0 −ω0 ω( )

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

N

e− jβl ,    (1) 

where Q is the chosen quality factor of individual 
resonators, ω0 is the resonance frequency, and Atot is the 
maximum out-of-band magnitude swing of the overall N-
stage design (Atot=AN). Here, G is the compensating 
amplifier gain and compensates for the NGD resonator loss 
as well as losses in the splitters and |G/Atot||>1 or 
|S21

AB(ω)|>1. The exp(-jβl) term accounts for the phase shift 
due to finite physical dimensions. Expression (1) assumes 
ideal wideband input and/or output matching of the 
cascaded stages. The overall N-stage bandwidth is 
determined by the overall quality factor Qtot=ω0/Δω. 
Assuming 1/(2Qtot)<<1, and with Atot > 21/2 yields 

 

� 

Qtot = Q
1− (2 /Atot

2 )1/N

21/N −1
.                                        (2) 

 
The bidirectional gain-compensated NGD circuit is shown 

in Fig. 2. It consists of two 3-dB power splitters/combiners 
with high isolation, and two amplifiers, one for each 
propagation direction, as shown in Fig. 1b. Assuming the 
power divider-couplers have an insertion loss, L, and 
isolation, I, and with |S22

AB(ω)|=0 the overall transfer and 
reflection coefficients for the bidirectional circuit is 
 

 

� 

S11 = S22 = L2 (S21
AB )2 I + S11

AB

1− (S21
AB )2 I2

,                                   (3) 

 

� 

S21 = S12 = L2S21
AB 1+ S11

ABI
1− (S21

AB )2 I2
.                                (4) 

At the resonance frequency we note that for splitters with 
good isolation, such that |S21

ABI|<<1 and |S11
ABI|<<1, the 

transmission coefficient is S21 = L2S21
AB. 

The transmission coefficient phase and the differential-
phase group delay can be expressed, respectively, as 
 

� 

φ(ω) = tan−1 Im(S21)
Re(S21)
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟   and  

� 

τg = −
dφ(ω )
dω

.                     (5) 

The minimum group delay (largest NGD, if it becomes 
negative) occurs approximately at the resonance frequency, 
and can be evaluated from (2) as 

� 

GD21 = τ g ω =ω 0

    

� 

= −
2Qtot

ω0

N 21/N −1 1−1/Atot
1/N

1− (2 /Atot
2 )1/N

+ τAB + 2τL ,     (6) 

 
where τAB is the positive group delay associated with the 
physical delay of the NGD circuit (A-B) and τL is the delay 
due to the coupler. 
 

 
 

 
 

Figure 2a) Bidirectional resonator-loaded transmission 
line circuit exhibiting NGD and b) its equivalent circuit 
block diagram. 

 

2.1. Bidirectional gain-compensated NGD circuit 

The constructed bidirectional NGD circuit is shown in Fig. 
2a, with its equivalent circuit shown in Fig. 2b. In this work 
we employ a T-network of series / parallel resonators for 
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the NGD passive circuit [13], equivalent to the N=3 stage 
cascaded second order filter (1). The resonator is cascaded 
with a wideband, low group delay, amplifier with a gain, G, 
and an attenuator with insertion loss LATTN. The attenuator 
after the amplifier is used to adjust the total insertion loss of 
the circuit so that a net gain of the bidirectional circuit is 
zero. When the resonance frequency and quality factor of 
the stages are equal, the transmission and reflection 
coefficients of the individual NGD–gain compensated 
branches (A-B) is  

 

� 

S21
AB = Gtot

1
1+ zp

2
2 + ys(1+ zp )

e− jωτ AB ,                    (7) 

 

� 

S11
AB =

1
1+ zp

2zp − ys(1− zp
2 )

2 + ys(1+ zp )
e− jωτ AB ,                       (8) 

where 

� 

zp =
Rp /Z0

1+ jQ ω
ω 0

−
ω 0

ω
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
, ys =

Z0 /Rs

1+ jQ ω
ω 0

−
ω 0

ω
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

,             (9) 

 

� 

Q = Qp =
Rp

Lp /Cp

= Qs =
Ls /Cs

Rs

,                      (10) 

 

� 

ω0 = ω p =
1
LpCp

= ωs =
1
LsCs

,                         (11) 

 

� 

Rs =
Z0
2 − Rp

2

2Rp

, Atot =
Z0 + Rp

Z0 − Rp

.                          (12) 

 
Equation (12) puts limits on the possible values of Rp. Here 
Gtot = GLATTN with LATTN = -3 dB in the constructed circuit. 
A resonant frequency of f0 = 310 MHz, a Q = 2.62 and an 
out-of-band gain Atot = 2.84 (9.1 dB) were chosen as design 
parameters along with a reference impedance Z0 = 50Ω. The 
gain is chosen so that G = Atot/(LLATTN) where L is the 
coupler insertion loss. 
 

2.2. Measured frequency response and group delay 

The measured S-parameters of the single-branch (A-B) gain 
compensated circuit are shown in Fig. 3a. The measured 
resonance frequency was 280 MHz, while the gain at the 
resonance was 7.2 dB. The amplifiers are designed for a 
gain of slightly over 6 dB at the resonant frequency, in order 
to compensate for loss at the two splitters. The resonance 
frequency and matching of the circuit deviate slightly from 
the theoretically designed values due to the actual chosen 
values of the R,L,C components and parasitic effects. The 
values used in the fabricated resonator design were Rp=24Ω, 
Lp=4.7nH, Cp=56pF and Rs=43Ω, Ls=39nH, Cs=6.8pF. Fig. 
3b shows the measured group delay of the single-branch (A-
B) circuit. Ignoring the positive delays, τAB and τL, Equation 
(3) predicts a group delay of GD21 = -2.3 ns at the resonance 
frequency, while the measured value is -1.8 ns. 

 

 
 

 
 

Figure 3a) Measured S-parameters of the gain-
compensated resonator-loaded transmission line single 
branch (A-B) in Fig. 2b and b) its measured group delay. 

 
 

 
 

 
 

Figure 4a) Measured S-parameters of the entire 
bidirectional NGD circuit and b) the measured group 
delay in both directions.  
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The measured S-parameters and group delay of the overall 
bilateral circuit from Fig. 2 are shown in Fig. 4a and Fig. 4b, 
respectively. For matched terminations at both ports, the 
circuit is stable at all frequencies (both |S11| and |S22| are 
below 0 dB). The transmission coefficients in both 
directions at the resonance frequency are fully compensated 
(|S21| and |S12| are both 0.38 dB). The circuit exhibits a 
maximum negative group delay of 0.85 ns at the resonance 
frequency, in both directions. This includes the delay of the 
amplifier, the splitter/combiners and the interconnecting 
transmission lines. The speed-of-light delay across the 
physical length of the circuit (14.5 cm) in air would be 
483ps. The negative group delay produced by this circuit 
would enable compensating for a physical length of 0.4 m. 
 

3. Bidirectional Pulse Propagation 

The bidirectional and stable NGD operation of the circuit is 
demonstrated in the time-domain by propagation of the 
same Gaussian modulated pulse through the circuit in both 
directions. The time-domain reflectometry experiment 
shown in Fig. 5a is employed. The setup uses 50Ω delay 
lines, with delays TD1 and TD2, to separate the incident, 
reflected and two-way transmitted pulses for a device under 
test (DUT) inserted in the propagation path. A short-circuit 
load is placed at the end of the second delay line so that the 
same pulse transmitted in the forward direction through the 
DUT is reflected back and is transmitted through it in the 
reverse direction. Fig. 5b shows an example of the 
measured waveform when the bidirectional NGD circuit is 
the DUT. It clearly indicates the incident pulse, the reflected 
pulse from the DUT (due to non-zero S11) and the two-way 
transmitted pulse. Three different devices were used for the 
DUT; a very short 15 ps delay line, a 443 ps delay line 
(approximately equal to the speed-of-light delay across the 
14.5 cm physical length of the NGD circuit), and the 
bidirectional NGD circuit.  
 

The measured two-way transmitted pulses for the three 
devices are shown in Fig. 6a. Fig. 6b shows the normalized 
envelopes of the three two-way transmitted pulses. Using a 
three parameter fit of the Gaussian envelopes, the measured 
two-way delay of the pulse peak (relative to the 15 ps delay 
line peak) was 965 ps for the 443 ps delay line. The 
measured delay was -1.200 ns and for the NGD circuit (one-
way group delay of -600 ps). The amplitude of the NGD 
device waveform is slightly amplified, by a factor of 1.25 
(1.12 for one-way transmission), with respect to the other 
two devices due to the slightly larger overall gain for a finite 
bandwidth signal (|S21(ω)| is slightly larger than unity at 
frequencies other than the resonant frequency). The pulse 
shape for the NGD device is also slightly distorted, as 
expected, due to the non-linear frequency response near the 
resonant frequency. This demonstrates the ability to advance 
a finite bandwidth pulse in both directions.  
 

 
 

Figure 5a) Time-domain reflectometry measurement of a 
14MHz bandwidth Gaussian pulse modulated at 280MHz as 
it propagates in both directions through the DUT and b) 
example waveform indicating incident, reflected and two-
way transmitted pulses. 
 

 
 

 
 

Figure 6a) Measured two-way transmitted modulated 
pulses through the 15 ps and 443 ps delay line devices 
and the bidirectional NGD device and b) the envelopes of 
the pulses, indicating peak delays of 965 ps and -1.201 ns 
relative to the 15 ps delay line. 
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4. Bidirectional Circuit Stability 

Due to the large out-of-band gain, |S21(ω m0)|~Atot>1, and 
the greater-than-unity reverse transmission coefficient, 
|S12(ω )|=|S21(ω )|>1, the bidirectional circuit is potentially 
unstable. For the demonstrated NDG circuit, the measured 
input and output reflection coefficients are less than 0 dB 
for all frequencies as shown in Fig. 4a, making the bilateral 
circuit stable for the case of matched terminations 
(|ΓIN|=|S11(ω )|=|ΓOUT|=|S22(ω )|<1 for |ΓL|,|ΓS|=0, where ΓL is 
the load termination reflection coefficient and ΓS is the 
source termination reflection coefficient). To analyze the 
stability of the bidirectional circuit, the input and output 
reflection coefficients for the general termination case are 
considered. For stable operation [18], 

� 

ΓIN = S11 +
S21
2 ΓL

1− ΓLS22
< 1, ΓOUT = S22 +

S12
2ΓS

1− ΓSS11
< 1.      (13) 

 
Using (13), and the S-parameters of the bidirectional 

circuit, the range of impedances for which the circuit will be 
stable can be identified. Using expressions for identifying 
the regions of instability [18] a conditional stability analysis 
was performed to identify the range of impedances for 
which the circuit remains stable. The analysis was 
performed using the NGD design equations (3-4),(7-12), 
with a resonant frequency of f0=310 MHz, a Q = 2.62 and an 
out-of-band gain Atot = 2.84 (9.1 dB). Since the power 
splitter/combiners have a finite isolation and an insertion 
loss, these will affect the result. Fig. 7a shows the simulated 
S-parameters of the NGD circuit for I=-34 dB and L=-3 dB. 
Fig. 7b indicates the maximum magnitude of the complex 
termination reflection coefficient, |Γ|max, for which the 
circuit is stable (|ΓL|max = |ΓS|max due to the symmetry of S). 
This is a lower limit since the circuit could be stable for 
larger magnitudes but only for certain angles. The circuit is 
conditionally stable for all frequencies. At frequencies near 
f0, the circuit is stable for almost all values of |Γ|. For all 
possible L, I values, the bidirectional circuit will be 
conditionally stable since |S12(ω )|=|S21(ω )| >1. 
 

5. Conclusions 

A bidirectional, conditionally stable gain-compensated 
circuit exhibiting NGD was presented. The design operates 
at 280 MHz, but it can be extended to higher frequency 
through proper choice of amplifiers and power splitters. The 
bidirectional NGD device has application in minimization 
of transmitting/receiving beam-squint in linear phased 
arrays, bidirectional baluns, or bidirectional 90° feed for 
circular polarization of antennas. By matching the NGD 
with the medium delay, the bidirectional lossless behavior 
would enable construction of a finite size medium 
exhibiting the properties of a spatial void for finite 
bandwidth signals.  
 

 
 

 
 

Figure 7a) Simulated S-parameters for a bidirectional 
NGD circuit and the resonator within branch (A-B) with 
f0=310 MHz, Q = 2.62, Atot = 2.84 and  I=-34 dB, C=-34 
dB and b) maximum allowed termination reflection 
coefficient magnitude, |ΓL|max, for stability. 
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RI�WKH�JUDWLQJ��DQG�PXFK�ODUJHU�WKDQ�WKH�SODVPD�ZDYHOHQJWK�
S��,Q�RWKHU�ZRUGV��S����O���G��7KH\�KDYH�VKRZQ�WKDW�WKHLU�
PDLQ�RSWLFDO�SURSHUW\��WKH�(27��LV�GXH�WR�WKH�FRXSOLQJ�RI�WKH�
LQFLGHQW� SODQH� ZDYH� ZLWK� FDYLW\� UHVRQDQFHV� ORFDWHG� LQVLGH�
WKH� VOLWV�� OHDGLQJ� WR� ORFDOL]HG� 633�� RU� WR� WKH� H[FLWDWLRQ� RI�
FRXSOHG�VXUIDFH�HOHFWURPDJQHWLF�PRGHV�RQ�ERWK�VXUIDFHV�RI�
WKH� JULG�� UHVXOWLQJ� LQ� FRXSOHG� 633� �VHH� UHI�� ��� IRU� PRUH�
GHWDLO����
�
7KHRUHWLFDO� VWXGLHV� GHDOLQJ� ZLWK� FRPSDUDEOH� S�� O�� DQG� G��
KDYH�EHHQ�SHUIRUPHG�RQ� LQILQLWH�RU� WUXQFDWHG�VXSHU�ODWWLFHV�
RI�PHWDO�GLHOHFWULF�RU�VHPLFRQGXFWRU�VHPLFRQGXFWRU�>�����@��
7KH\� VKRZHG� LQ� WKH� FDVH� RI� WUXQFDWHG� VXSHU�ODWWLFHV� WKDW�
EXON� DQG� VXUIDFH� SODVPRQ� VKRXOG� H[LVW� EHFDXVH� RI�
SHULRGLFLW\��7KH�WHUP�EXON�DQG�VXUIDFH�SODVPRQ�DUH�XVHG�WR�
GHVFULEH� WKH� FRXSOLQJ� WKURXJK� WKH� VWUXFWXUH� RI� VXUIDFH�
SODVPRQ� SLQQHG� DW� HDFK� LQWHUIDFH� DQG� VXUIDFH� SODVPRQ�
SLQQHG� DW� WKH� WUXQFDWHG� VXUIDFH�� UHVSHFWLYHO\�� 7KHVH� ZRUNV�
KRZHYHU�GLG�QRW�LQYHVWLJDWH�WKH�LPSDFW�RI�WKH�FDUULHU�GHQVLW\�



��
�

PRGLILFDWLRQ�JLYHQ�E\�WKH�IUDFWLRQ�RI�VSDFH�RFFXSLHG�E\�WKH�
PHWDO��
�
5HFHQWO\�� WKLV�WKHRUHWLFDO�DSSURDFK�KDV�EHHQ�VLPSOLILHG�DQG�
DQ�DQDO\WLF�PRGHO�KDV�EHHQ�SURSRVHG�WR�WUHDW�SHULRGLF�DUUD\V�
RI� GRSHG� DQG� XQ�GRSHG� VHPLFRQGXFWRUV� LQ� WKH� ORQJ�
ZDYHOHQJWK�OLPLW�WR�H[SORLW�WKH�SRODULWRQLF�EHKDYLRXU�RI�WKH�
633� >��@�� 7KH� PDLQ� GLIIHUHQFH� EHWZHHQ� 5HI�� ��� � DQG�
SUHYLRXV� ZRUNV� RQ� SHULRGLF� VOLW� DUUD\V� LV� WKDW� 5HI�� ���
FRQVLGHUV�WKH�FDVH�ZKHUH�G����S��7KLV�LPSOLHV�IXQGDPHQWDO�
GLIIHUHQFHV��LW�LV�QR�PRUH�SRVVLEOH�WR�FRQVLGHU�WKH�PHWDO�DV�D�
SHUIHFW� FRQGXFWRU� DQG� WKH� ]HUR� RUGHU� WUDQVPLVVLRQ� RU�
UHIOHFWLRQ�LV�DW�KLJKHU�IUHTXHQF\�WKDQ�WKH�SODVPD�IUHTXHQF\��
6R� WKH� RSWLFDO� SURSHUWLHV� RI� GRSHG� DQG� XQ�GRSHG�
VHPLFRQGXFWRU� DUUD\V� DUH� HVVHQWLDOO\� JRYHUQHG� E\� 633�
ORFDWHG�LQVLGH�WKH�XQ�GRSHG�VHPLFRQGXFWRU�SDUW��2QH�RI�WKH�
PDLQ� UHVXOWV�RI� WKLV�DQDO\WLF�PRGHO�ZDV� WR�GHPRQVWUDWH� WKH�
H[LVWHQFH� RI� D� KXJH� SKRWRQLF� EDQG� JDS� ZKLFK� RSHQV� WKH�
SRVVLELOLW\� WR� UHDOLVH� RSWLFDO� ILOWHULQJ� LQ� WKH� ,5� DQG� 7+]�
UDQJHV�� 6LPLODU� VWUXFWXUHV� EDVHG� RQ� PHWDO� DQG� GLHOHFWULF�
ZDYHJXLGHV� KDYH� EHHQ� ILUVW� VWXGLHG� LQ� ����� >��@�� 7KUHH�
EUDQFKHV� DSSHDUHG� LQ� WKH� GLVSHUVLRQ� UHODWLRQ�� WZR� RI� WKHP�
FRUUHVSRQGLQJ�WR�WKH�V\PPHWULF�PRGHV�DQG�RQH�WR�WKH�DQWL�
V\PPHWULF� PRGH�� 6HYHUDO� RWKHU�ZRUNV� KDYH� FRPSOHWHG� WKH�
WKHRUHWLFDO�VWXG\�RI�633�ZDYH�JXLGHV�>�����@��+RZHYHU�WKH�
TXDVL�EL�GLPHQVLRQDO� VKDSH� RI� ZDYH�JXLGHV� PDNHV� WKHP�
GLIILFXOW�WR�PDQLSXODWH�LQ�IUHH�VSDFH�RSWLF��3HULRGLF�DUUD\V�LQ�
FRQWUDVW�DOORZ�DYRLGLQJ�WKLV�SUREOHP�DQG�JLYH�DFFHVV�WR�QHZ�
RSWLFDO� SURSHUWLHV� OLNH� QHJDWLYH� UHIUDFWLYH� LQGH[� >�����@� RU�
KLJK�LQGH[�RI�UHIUDFWLRQ�>��@��
�
,Q� WKLV� ZRUN�� ZH� SURSRVH� D� WKHRUHWLFDO� ZRUN� RQ� SVHXGR�
YROXPH�SODVPRQV�ZKLFK�FDQ�EH�REVHUYHG�LQ�SHULRGLF�DUUD\V�
RI�GRSHG�DQG�XQ�GRSHG�VHPLFRQGXFWRU��:H�ILUVW�GHVFULEH�WKH�
WKHRUHWLFDO� IUDPHZRUN�DQG�KLJKOLJKW�WKH�DQDORJ\�EHWZHHQ�D�
633�DQG�DQ� LRQLF�FU\VWDO� �6HF�� ,,���:H� WKHQ�JHQHUDOLVH� WKLV�
DSSURDFK�WR�SHULRGLF�VWUXFWXUHV�EHIRUH�GHILQLQJ�WKH�FRQFHSW�
RI�SVHXGR�YROXPH�SODVPRQ�DQG�VWXG\LQJ�LWV�SURSHUWLHV��6HF��
,,,��� )LQDOO\�� ZH� SURSRVH� D� VFKHPH� RI� WKH� SVHXGR� YROXPH�
SODVPRQ��6HF��,9��DQG�GLVFXVV�WKH�SK\VLFDO�PHDQLQJ�RI�WKH�
SVHXGR� YROXPH�SODVPRQ� IUHTXHQF\� LQ� OLJKW� RI� WKH� LRQLF�
FU\VWDO�DQDORJ\��6HF��9���

�� 6XUIDFH�3ODVPRQ�3RODULWRQV�PRGHOOHG�DV�DQ�
LRQLF�FU\VWDO�

���� 633�DW�WKH�PHWDO�GLHOHFWULF�LQWHUIDFH�

:H� FRQVLGHU� WKH� LQWHUIDFH� EHWZHHQ� WZR� VHPL�LQILQLWH�
PDWHULDOV�DV�GHSLFWHG�LQ�)LJ�����)RU�VLPSOLFLW\��ZH�QRUPDOL]H�
DOO� IUHTXHQFLHV� WR� WKH� SODVPD� IUHTXHQF\� S�� WKH� ZDYH�
QXPEHUV� WR� NS�  � S� �F�� WKH� OHQJWKV� �LQFOXGLQJ� VSDWLDO�
YDULDEOHV��WR�NSí���DQG�WLPH�WR�S

í���
�
7KH�LQGH[�RI�WKH�VWUXFWXUH�LV�GHILQHG�DV��

�𝑛 (𝑧, 𝜔) =
𝜀     𝑓𝑜𝑟    𝑧 > 0

𝜀 = 𝜀 1 − ( )   𝑓𝑜𝑟    𝑧 < 0 �� ����

ZKHUH� D� 'UXGH� GLHOHFWULF� IXQFWLRQ� LV� XVHG� WR� PRGHO� WKH�

EHKDYLRXU�RI�WKH�GRSHG�VHPLFRQGXFWRU���

�
)LJXUH� ��� 6FKHPH� RI� WKH� VWUXFWXUH� FRUUHVSRQGLQJ� WR� DQ�
LQWHUIDFH� �[� D[LV�� EHWZHHQ� WZR� PDWHULDOV� ZKLFK� DUH�
DVVXPHG�WR�EH�VHPL�LQILQLWH�LQ�WKH�]�GLUHFWLRQ�DQG�LQILQLWH�
LQ�WKH�\�GLUHFWLRQ��7KH�LQGH[HV�RI�WKH�GRSHG�DQG�XQ�GRSHG�
VHPLFRQGXFWRUV� DUH� UHVSHFWLYHO\� 𝑛 = √𝜀′ �DQG� 𝑛 =
𝜀 ���7KH�633�SURSDJDWHV�DORQJ�WKH�[�GLUHFWLRQ��

�
:H�FRQVLGHU�WKDW�WKH�70�ILHOG�H[FLWLQJ�WKH�VXUIDFH�ZDYH�WKDW�
SURSDJDWHV�DORQJ�WKH�LQWHUIDFH�WDNHV�WKH�IRUP��

��⃗�(𝑥, 𝑧, 𝑡) =
𝐸(𝑧)
0

𝐹(𝑧)
𝑒 ( )�� � � ����

:H� VWXG\� WKH� GHSHQGHQFH� ZLWK� WKH� ]� YDULDEOH�� &RPSXWLQJ�
𝛻 × 𝛻 × �⃗�(𝑥, 𝑧, 𝑡) �LQ� WKH� 0D[ZHOO� HTXDWLRQ� 𝛻 × 𝛻 × �⃗� +
(𝑛 𝑐⁄ )𝜕 𝐸 = 0 �� DQG� HOLPLQDWLQJ�𝜕 𝐹(𝑧) �� ZH� REWDLQ� WKH�
XVXDO�+HOPRW]�HTXDWLRQ�IRU�(�]���DQG�DQ�H[SOLFLW�H[SUHVVLRQ�
IRU�)�]���

+ [𝑛 (𝑧, 𝜔)𝜔 − 𝑞 ]𝐸 = 0�� � � ����

[𝑛 (𝑧, 𝜔)𝜔 − 𝑞 ]𝐹 = −𝑖𝑞 �� � � ����

&RQVLGHULQJ�WKH�ERXQGDU\�FRQGLWLRQV�DW�WKH�LQWHUIDFH��WKDW�LV�
WKH� FRQWLQXLWLHV� RI� WKH� ILHOG� FRPSRQHQWV� (���� %�� WKH�
GLVFRQWLQXLWLHV�RI�WKH�ILHOG�FRPSRQHQWV�(��%���DQG�WKH�*DXVV�
WKHRUHP� IRU� ]� �� ��� �𝛻 𝜀 𝐸⃗(𝑥, 𝑧, 𝑡) = 0�� DQG� IRU� ]� !� ���
� 𝛻(𝜀 𝐸⃗(𝑥, 𝑧, 𝑡)) = 0 �� DOORZ� FROOHFWLQJ� �� HTXDWLRQV��
0DQLSXODWLQJ� WKHVH� HTXDWLRQV� DOORZV� REWDLQLQJ� WKH� ZHOO�
NQRZQ�HTXDWLRQ��

�� − = 0�� � � � � ����

ZKHUH�ND�DQG�NE�DUH�UHVSHFWLYHO\�WKH�ZDYHQXPEHUV�IRU�]�����
DQG�]�!���DQG�DUH�JLYHQ�E\��

𝑘 = 𝜀 (𝜔 − 1) − 𝑞 �� � � � ����

𝑘 = 𝜀 𝜔 − 𝑞 ��� � � � ����

)RU�PRUH�GHWDLO� WKH�UHDGHU�VKRXOG�UHIHU�WR�>�@��,QMHFWLQJ�(T��
����DQG�����LQ�����JLYHV��



��
�

𝑞 = 𝜔 �� � � � �����

ZKHUH�𝜔 = �� � � � ����

(T������DQG�����DUH�UHVSHFWLYHO\�WKH�GLVSHUVLRQ�UHODWLRQ��T��
DQG� WKH� H[SUHVVLRQ� RI� WKH� 633� IUHTXHQF\� DW� WKH�
PHWDO�GLHOHFWULF�LQWHUIDFH��

���� $QDORJ\�EHWZHHQ�633�DQG�LRQLF�FU\VWDO�

/HW�XV�FRPSDUH�WKH�GLVSHUVLRQ�UHODWLRQ��T��LQ�(T������WR�WKH�
RQH�IRXQG�LQ�LRQLF�FU\VWDOV��$VKFURIW�	�0HUPLQ�>��@�GHILQH�
LW�LQ�FKDSWHU����IRUPXODH���������DQG����������

𝜀(𝜔) = 𝜀 + ( ) �� � � � �����

�𝜔 = 𝜔 �� � � � � �����

ZKHUH���DQG���DUH�WKH�GLHOHFWULF�FRQVWDQWV�DW�ORZ�DQG�KLJK�
IUHTXHQFLHV� DQG� WKH� VXEVFULSWV� /� DQG� 7� DUH� PHDQW� IRU�
/RQJLWXGLQDO� DQG� 7UDQVYHUVH�� (T�� ����� LV� WKH� VR�FDOOHG�
/\GGDQH�6DFKV�7HOOHU� UHODWLRQ�� &RPELQLQJ� WKHVH� WZR�
UHODWLRQV�JLYHV�

𝜀(𝜔) = 𝜀 �� � � � �����

7DNLQJ�LQWR�DFFRXQW�𝜔 = 𝑐 𝑞 𝜀⁄ (𝜔)��ZH�REWDLQ��

𝑞 = 𝜖 𝜇 𝜔 𝜀 �� � � � �����

ZKHUH�𝜖 �DQG����DUH�WKH�SHUPLWWLYLW\�DQG�SHUPHDELOLW\�RI�WKH�
YDFXXP���
�
1RZ� (T�� ����� LV� H[DFWO\� WKH� H[SUHVVLRQ� RI� WKH� GLVSHUVLRQ�
UHODWLRQ�JLYHQ�DERYH�LQ�(T������SURYLGHG�WKDW��

𝜀 = �� � � � � �����

  𝜔 = 𝜔 � � � � � �����

𝜔 = 𝜔 �� ��� � � � �����

7KH�GLHOHFWULF�FRQVWDQW�DW�KLJK�IUHTXHQFLHV�RI�WKH�FRPSRVLWH�
PDWHULDO�FRQVLGHUHG�LQ�WKH�LRQLF�FU\VWDO�PRGHO�LV�DQ�DYHUDJH�
EHWZHHQ� WKHVH� RI� WKH� PHWDO� DQG� RI� WKH� GLHOHFWULF�� ,I� ERWK�
GLHOHFWULF� FRQVWDQWV� DUH� HTXDO� ZH� REWDLQ� WKH� ZHOO�NQRZQ�
YDOXH� RI� WKH� 633� IUHTXHQF\� LQ� WKH� FDVH� RI� DQ� LQWHUIDFH�
EHWZHHQ�D�QREOH�PHWDO�DQG�WKH�DLU��𝜔 √2⁄ ��7KH�ORQJLWXGLQDO�
IUHTXHQF\�� DVVRFLDWHG� WR� WKH� ]HUR� RI� WKH� GLHOHFWULF� IXQFWLRQ�
�(T���������FRUUHVSRQGV�WR�WKH�SODVPD�IUHTXHQF\�ZKLFK�LV�RI�
FRXUVH� D� SXUH� ORQJLWXGLQDO� HOHFWULF� ZDYH�� 7KH� WUDQVYHUVH�
IUHTXHQF\��DVVRFLDWHG�WR�D�SROH�RI�WKH�GLHOHFWULF�IXQFWLRQ��(T��
������� FRUUHVSRQGV� WR� WKH�633� IUHTXHQF\�� ,Q� IDFW�� WKLV� LV� WKH�
IUHTXHQF\� RI� WKH� RVFLOODWRU� �RU� WKH� WZR� OHYHO� V\VWHP��
QHFHVVDU\� WR�GHYHORS� WKH�FU\VWDO�LRQLF�PRGHO��7KXV��ZH�FDQ�
YLHZ�WKH�633�DV�DQ�RVFLOODWRU�SLQHG�DW�WKH�LQWHUIDFH�EHWZHHQ�
WKH� PHWDO� DQG� WKH� GLHOHFWULF�� )LQDOO\�� FRQVLGHULQJ� WKH�
/D\GGDQH�6DFKV�7HOOHU�UHODWLRQ��ZH�FDQ�GHILQH�WKH�GLHOHFWULF�
FRQVWDQW�DW�ORZ�IUHTXHQFLHV��

�� �E�� � � � � � �����

$V� H[SHFWHG� IRU� DQ� LRQLF� FU\VWDO�� �� LV� VPDOOHU� WKDQ� ��� ,Q�
DGGLWLRQ�� �� LV� VLPSO\� GXH� WR� WKH� FRQWULEXWLRQ� RI� WKH�
GLHOHFWULF� PDWHULDO�� 7KLV� VWHPV� IURP� WKH� IDFW� WKDW� WKH�
HOHFWURPDJQHWLF� ZDYH� GRHV� QRW� SHQHWUDWH� WKH� PHWDOOLF� SDUW�
ZKLFK� FDQ� EH� FRQVLGHUHG� DV� D� SHUIHFW� FRQGXFWRU� DW� ORZ�
IUHTXHQF\��

���� 7KH�633�GLVSHUVLRQ�UHODWLRQ��T��
/HW�XV�FRQVLGHU�WKH�GLVSHUVLRQ�UHODWLRQ�HT������ZKLFK�LV�YDOLG�
IRU�ERWK�UHDO�DQG� LPDJLQDU\�VROXWLRQV�RI� WKH�ZDYH�YHFWRU�T��
$V�DQ�H[DPSOH�ZH�VKRZ� LQ�)LJXUH��� WKH� VROXWLRQV�REWDLQHG�
ZKHQ� ERWK�D� DQG�E� GLHOHFWULF� FRQVWDQWV� DUH� WDNHQ� HTXDO� WR�
����� �ZKLFK� LV� WKH� YDOXH� RI� ,Q$V��� 7KH� UHDO� DQG� LPDJLQDU\�
VROXWLRQV� DUH� WKH� EODFN� DQG� WKH� UHG�GDVKHG� OLQHV��
UHVSHFWLYHO\�� 7KH� 633� IUHTXHQF\� LV� QRWHG� V�� ,Q� WKH� ORZ�
IUHTXHQF\� UDQJH� �ORZHU� WKDQ� V�� RQH� FDQ� UHFRJQL]H� WKH�
GLVSHUVLRQ�UHODWLRQ�ODZ�RI�WKH�633�ZKLFK�FRUUHVSRQGV�WR�WKH�
ERXQG�PRGH�DW� WKH� LQWHUIDFH��+LJK�IUHTXHQFLHV��KLJKHU� WKDQ�
���FRUUHVSRQG�WR�WKH�UDGLDWLYH�UHJLPH�LQWR�WKH�PHWDO��$W�WKHVH�
IUHTXHQFLHV�� WKH�PHWDO� LV� WUDQVSDUHQW��:KHQ� WKH� QRUPDOL]HG�
IUHTXHQF\�OLHV�EHWZHHQ�V�DQG����ZH�REWDLQ�D�SKRWRQLF�EDQG�
JDS��D�UDQJH�RI�IUHTXHQFLHV�ZKHUH�WKH�ZDYHQXPEHU�LV�SXUHO\�
LPDJLQDU\��1R�PRGH� LV� VXVWDLQHG�DW� WKH� LQWHUIDFH��7KH� LQVHW�
LQ� ILJXUH� �� VKRZV� WKH� [� DQG� ]� FRPSRQHQWV� RI� WKH� HOHFWULF�
ILHOG�WKURXJK�WKH�LQWHUIDFH��1RWH�WKDW�WKH�HOHFWULF�ILHOG�RI�WKH�
XQLTXH�633�PRGH� LV�SLQHG�DW� WKH� LQWHUIDFH� �([�FRPSRQHQW���
7KLV�LV�WKH�RQO\�SRVVLEOH�PRGH�DW� WKH�LQWHUIDFH��:H�ZLOO�VHH�
LQ� WKH� IROORZLQJ� WKDW� WKLV� PRGH� FDQ� EH� FRPSDUHG� WR� WKH�
V\PPHWULF� PRGH� RI� ZDYH�JXLGH� >��@� RU� RI� SHULRGLF�
VWUXFWXUHV�>�����@�ZKHUHDV�WKH�LPDJLQDU\�VROXWLRQ�VKRXOG�EH�
FRPSDUH� WR� WKH� DQWL�V\PPHWULF� RQH�� ,QGHHG�� IRU� WKHVH� FDVHV�
VHYHUDO�PRGHV�FDQ�EH�VXVWDLQHG��:H�GHYHORS�WKLV�SRLQW�LQ�WKH�
QH[W�VHFWLRQ���

�
)LJXUH� ��� 'LVSHUVLRQ� UHODWLRQ� RI� 633� DW� WKH� LQWHUIDFH�
EHWZHHQ� D� GRSHG� VHPLFRQGXFWRU� DQG� DQ� XQ�GRSHG�
VHPLFRQGXFWRU��7KH�GLHOHFWULF�FRQVWDQWV�DUH�HTXDO�WR�������
7KH� GDUN� OLQHV� DQG� WKH� UHG� GDVKHG� OLQH� FRUUHVSRQG�
UHVSHFWLYHO\�WR�WKH�UHDO�DQG�WKH�LPDJLQDU\�VROXWLRQV�RI�HT��
������7KH�633�IUHTXHQF\�LV�QRWHG�V��,QVHW�VKRZV�WKH�]�DQG�
[�FRPSRQHQWV�RI� WKH�HOHFWULF� ILHOG�DORQJ� WKH�]�D[H�RI� WKH�
633��
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�� 7KH�SHULRGLF�DUUD\�RI�GRSHG�DQG�XQ�GRSHG�
VHPLFRQGXFWRUV�

:H�QRZ�H[WHQG�WKH�SRLQW�RI�YLHZ�RI�WKH�LRQLF�FU\VWDO�PRGHO�
WR� SHULRGLF� DUUD\V�� /HW� XV� UHFDOO� WKH�PDLQ� UHVXOWV� RI� UHI�� ���
REWDLQHG� LQ� WKH� ORQJ� ZDYHOHQJWK� OLPLW� DSSUR[LPDWLRQ��
,QGHHG�� WKH� PDLQ� GLIIHUHQFH� EHWZHHQ� WKLV� DSSURDFK� DQG�
SUHYLRXV� RQHV� >�����@� LV� WKH� IDFW� WKDW�S� LV� ODUJHU� WKDQ� WKH�
JUDWLQJ� SHULRG� �D� �� E��� 7KLV� LPSOLHV�� ILUVW�� WKH� VHOHFWLRQ� RI�
YHUWLFDO�633� LQWR� WKH� XQ�GRSHG� VHPLFRQGXFWRU� DQG�� VHFRQG��
WKH� SRVVLELOLW\� WR� REWDLQ� 633� PRGHV� QHDU� WKH� SODVPD�
IUHTXHQF\��
�
&RQVLGHU� WKH�PHWDPDWHULDO�FRPSRVHG�RI�D�SHULRGLF�DUUD\�RI�
GRSHG�DQG�XQ�GRSHG�VHPLFRQGXFWRUV��)LJ����D�DQG�F���:KHQ�
OLJKW� LV� XQGHU� QRUPDO� LQFLGHQFH�� WKLV� PHWDPDWHULDO� PD\� EH�
FRQVLGHUHG�DV�LRQLF�FU\VWDO�LQ�70�ILHOG�DQG�DV�D�PHWDO�LQ�7(�
ILHOG��)LJ����E�DQG�G���7R�UHDFK�WKHVH�UHVXOWV�LW�LV�QHFHVVDU\�WR�
FRQVLGHU� WKH� GLHOHFWULF� IXQFWLRQ� DQG� WKH� WKLFNQHVV� RI� WKH�
GRSHG��
�DQG�D��DQG�XQ�GRSHG��E�DQG�E��VHPLFRQGXFWRUV�DV�
IROORZV��

𝑛 (𝑧, 𝜔) =
𝜀     𝑓𝑜𝑟    𝑧 ∈ [−𝑏, 0]

𝜀 = 𝜀 1 − ( )     𝑓𝑜𝑟    𝑧 ∈ [0, 𝑎] �� �����

7KH�GRSHG�VHPLFRQGXFWRU�IROORZV�D�'UXGH�PRGHO�ZKHUHDV�LQ�
WKH� FDVH� RI� WKH� XQ�GRSHG� RQH� ZH� FRQVLGHU� LWV� GLHOHFWULF�
FRQVWDQW�� $IWHUZDUGV�� LW� LV� QHFHVVDU\� WR� VROYH� WKH�0D[ZHOO�
HTXDWLRQV� LQ� HDFK� UHJLRQ� DQG� FRQVLGHU� WKH� ERXQGDU\�
FRQGLWLRQV� LQ� ERWK� LQWHUIDFHV�� 6HYHUDO� PDWKHPDWLFDO�
PDQLSXODWLRQV�DUH�QHFHVVDU\�WR�REWDLQ�WKH�GLVSHUVLRQ�UHODWLRQ�
LQ�ERWK�FDVHV�

�𝑞 = 𝜀 𝜔 �� � � � � �����

ZKHUH�T� LV� WKH�ZDYHQXPEHU�DQG�HII� WKH�HIIHFWLYH�GLHOHFWULF�
IXQFWLRQ�� 1RWH� WKDW� WKH� WHUP� HIIHFWLYH� GLHOHFWULF� IXQFWLRQ��
HII�� LV� YHU\� UHVWULFWLYH� EHFDXVH� LW� LV� YDOLG� IRU� QRUPDO�
LQFLGHQFH� RU� FORVH� WR� WKH� QRUPDO� LQFLGHQFH�� HII� LV� ZHOO�
GHILQHG� HVVHQWLDOO\� DORQJ� WKH� [� GLUHFWLRQ� DQG� LV� VWURQJO\�
SRODULVDWLRQ�GHSHQG��

�
)LJXUH� ��� 6FKHPH� RI� WKH� VLPSOLILFDWLRQ� REWDLQHG� E\� WKH�
PRGHO� RI� UHI�� ���� 7KH� SHULRGLF� DUUD\V� RI� GRSHG� DQG� XQ�
GRSHG�VHPLFRQGXFWRUV�FDQ�EH�YLHZ�DV�LRQLF�FU\VWDO�XQGHU�
70�ILOHG�UDGLDWLRQ��D��DQG�E���RU�DV�D�PHWDO�XQGHU�7(�ILHOG�
UDGLDWLRQ��F��DQG�G���0DWHULDOV�D�DQG�E�VWDQG�IRU�PHWDO�DQG�
GLHOHFWULF��UHVSHFWLYHO\��
�
,QGHHG�LQ�70�ILHOG��HII�IROORZV�WKH�LRQLF�FU\VWDO�PRGHO�ZLWK�
FKDUDFWHULVWLF� GLHOHFWULF� FRQVWDQW� 70� DQG� IUHTXHQF\�U��70�

DQG� U� FRUUHVSRQG� UHVSHFWLYHO\� WR� WKH� DYHUDJH� GLHOHFWULF�
FRQVWDQW� DQG� WR� WKH� IUHTXHQF\� DVVRFLDWHG� WR� WKH� RVFLOODWRUV�
SLQHG�DW�WKH�LQWHUIDFH��

𝜀 = 𝜀 ( )
( ) �� � � � �����

ZKHUH�𝜀 = ( ) �� � � � �����

DQG�𝜔 = �� � � � �����

7KH�DVVRFLDWHG�PRGHV�DUH�V\PPHWULF��,W�LV�LPSRUWDQW�WR�QRWH�
WKDW� DQ� DQWL�V\PPHWULF� PRGH� H[LVWV� ZLWK� WKH� IROORZLQJ�
GLVSHUVLRQ�UHODWLRQ�ODZ��

�𝜔(𝑞) =   𝜔 �� � � � � �����

ZLWK�

�𝜔 = �� � � � � �����

7KH� IUHTXHQF\� RI� WKLV� DQWL�V\PPHWULF� PRGH� LV� WKXV�
LQGHSHQGHQW� RQ� T� DQG� WKLV� PRGH� LV� QRW� FRXSOHG� WR� QRUPDO�
LQFLGHQW�OLJKW���
�
$W� WKLV� VWDJH�� LW� LV� SRVVLEOH� WR� FRPSDUH� WKH� SUHYLRXV�
H[SUHVVLRQV�ZLWK�WKRVH�REWDLQHG�IRU�WKH�LRQLF�FU\VWDO�PRGHO��
$V� LQ� WKH� FDVH� RI� WKH� 633� DW� RQH� LQWHUIDFH� 70��S��U� DUH�
UHVSHFWLYHO\� WKH� KLJK� IUHTXHQF\� GLHOHFWULF� FRQVWDQW�� WKH�
SODVPD� DQG� RVFLOODWRU� IUHTXHQFLHV�� ,W� LV� DOVR� SRVVLEOH� WR�
GHILQH�E\�WKH�ZD\�RI�HT�������WKH�VWDWLF�GLHOHFWULF�FRQVWDQW��

𝜀 = 𝜀 �� � � � � �����

$V�H[SHFWHG����LV�VPDOOHU�WKDQ���EXW�FRQWUDULO\�WR�WKH�633�
DW�DQ�LQWHUIDFH���GHSHQGV�RQ�WKH�SURSRUWLRQ�RI�WKH�GLHOHFWULF�
PDWHULDO� LQ� WKH�PHWDPDWHULDO��7KLV� LV� FRKHUHQW�ZLWK� WKH� IDFW�
WKDW���LV�GXH�WR�WKH�FRQWULEXWLRQ�RI�WKH�GLHOHFWULF�PDWHULDO�
�
,Q� 7(� ILHOG�� HII� IROORZV� D� 'UXGH�PRGHO� ZLWK� FKDUDFWHULVWLF�
GLHOHFWULF� FRQVWDQW� 7(� DQG� IUHTXHQF\� W�� 7(� DQG� W�
FRUUHVSRQG� UHVSHFWLYHO\� WR� WKH� DYHUDJH� GLHOHFWULF� FRQVWDQW�
DQG� WR� WKH� IUHTXHQF\�DVVRFLDWHG� WR� WKH�FROOHFWLYH�RVFLOODWLRQ�
RI�WKH�IUHH�FDUULHU��WKDW�LV�WKH�SODVPD�IUHTXHQF\�RU�WKH�SVHXGR�
YROXPH�SODVPRQ� IRU� WKLV� PHWDPDWHULDO�� 1RWH� WKDW� W�
QDWXUDOO\�DSSHDUV�LQ�WKH�DQDO\WLF�PRGHO��

𝜀 = 𝜀 1 − ( ) � � � � ������

ZLWK�����𝜀 = ( )�� � � ��� �����

2I�FRXUVH�� WKHVH�UHVXOWV�DUH�YDOLG�ZKHQ�D�DQG�E�DUH�VPDOOHU�
WKDQ�NS����� �VHH� UHI�� ��� IRU�PRUH�GHWDLOV��� ,QGHHG� IRU� ODUJHU�
WKLFNQHVV�� JXLGHG� PRGHV� DSSHDU� LQYDOLGDWLQJ� RXU� PDLQ�
DSSUR[LPDWLRQ�� WKH� ORQJ� ZDYHOHQJWK� OLPLW�� W� FDQ� EH� DOVR�
YLHZ�DV�WKH�FXW�RII�IUHTXHQF\�RI�WKH�ZDYHJXLGH��

�� 7KH�SVHXGR�YROXPH�SODVPRQ�
7KH�PDLQ�DSSUR[LPDWLRQ�RI�WKH�DQDO\WLF�PRGHO�LV�WR�FRQVLGHU�
WKDW� ZH� FDQ� OLQHDUL]H� WKH� WDQJHQW� IXQFWLRQ� SUHVHQW� LQ� WKH�
VROXWLRQV� REWDLQHG� E\� UHVROYLQJ� WKH� 0D[ZHOO� HTXDWLRQV� LQ�
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��
�

70� ILHOG�� UHVSHFWLYHO\� IRU� WKH� V\PPHWULF� ����� DQG� DQWL�
V\PPHWULF������PRGHV���
𝜀 𝑘 tan(𝑎 𝑘 2⁄ ) + 𝜀 𝑘 1 − ( ) tan(𝑏 𝑘 2⁄ ) = 0�
� � � �����
𝜀 𝑘 1 − ( ) tan(𝑎 𝑘 2⁄ ) + 𝜀 𝑘 tan(𝑏 𝑘 2⁄ ) = 0�
� � � �����
)LJXUH���VKRZV�WKH�GLVSHUVLRQ�UHODWLRQ�RI�WKH�RSWLFDO�PRGHV�
SURSDJDWLQJ� LQWR� WKH�PHWDPDWHULDO� XVLQJ� WKH� DQDO\WLF�PRGHO�
�RSHQ� FLUFOHV�� RU� QXPHULFDO�PRGHO� �OLQHV�RU� GDVKHG�OLQH� HT��
���DQG������7KH�EODFN�DQG�UHG� OLQHV�RU�V\PEROV�FRUUHVSRQG�
UHVSHFWLYHO\�WR�WKH�V\PPHWULF�DQG�WKH�DQWL�V\PPHWULF�PRGHV�
LQ� 70� ILHOG�� 7KH� GDVKHG� EOXH� OLQH� FRUUHVSRQGV� WR� WKH�
IXQGDPHQWDO�PRGH� LQ�7(� ILHOG��$V�ZH�FDQ�VHH�� WKH�DQDO\WLF�
PRGHO�DQG�WKH�QXPHULFDO�RQH�DUH�LQ�YHU\�JRRG�DJUHHPHQW�IRU�
T� �� ���� NS����7KLV� XSSHU� OLPLW� RI�T� GHSHQGV� GLUHFWO\� RQ� WKH�
GLHOHFWULF� FRQVWDQW� RI� WKH� FRQVWLWXWLYH� PDWHULDOV� RI� WKH�
PHWDPDWHULDO��

�
)LJXUH� ��� 'LVSHUVLRQ� UHODWLRQ� RI� 633� LQWR� DQ� DUUD\� RI�
GRSHG� DQG� XQ�GRSHG� VHPLFRQGXFWRUV�� 7KH� GLHOHFWULF�
FRQVWDQWV� DUH� HTXDO� WR� ����� DQG� WKH� UDWLR� D�E�  � ���� 7KH�
RSHQ� FLUFOH� FXUYHV� FRUUHVSRQG� WR� WKH� DQDO\WLF� PRGHO��
/LQHV�DQG�GDVKHG�OLQHV�FRUUHVSRQG�WR�WKH�QXPHULF�PRGHO��
7KH�GDUN��UHG�DQG�EOXH�FRORXUV�FRUUHVSRQG�UHVSHFWLYHO\�WR�
V\PPHWULF�� DQWL�V\PPHWULF� PRGHV� LQ� 70� ILOHG� DQG� WKH�
IXQGDPHQWDO�PRGH�LQ�7(�ILHOG��7KH�633�IUHTXHQF\�IRU�D�
VLQJOH�LQWHUIDFH�LV�QRWHG�V��DQG�W�DQG�U�DUH�UHVSHFWLYHO\�
IUHTXHQFLHV� RI� WKH� SVHXGR� YROXPH�SODVPRQ� DQG� 633� RI�
WKH�DQDO\WLF�PRGHO��

�
:H� FDQ� VHH� WKDW� W� FRUUHVSRQGV� H[DFWO\� WR� WKH� FXW�RII�
IUHTXHQF\� IRU�DQ� LQFLGHQW�HOHFWURPDJQHWLF�ZDYH� LQ�7(�ILHOG�
SRODULVDWLRQ�� %XW� LQ� FRQWUDVW� WR� D� ZDYHJXLGH� ZLWK� SHUIHFW�
HOHFWULF� FRQGXFWRU� WKH� FXW�RII� IUHTXHQF\� GRHV� QRW� GHSHQG�
RQO\� RQ� WKH� GLHOHFWULF� FRQVWDQW� DQG� RQ� WKH� VL]H� RI� WKH�
ZDYHJXLGH�EXW�DOVR�RQ�WKH�GLHOHFWULF�FRQVWDQW�DQG�RQ�WKH�VL]H�
RI� WKH� GRSHG� VHPLFRQGXFWRU� �WKH� PHWDO� KHUH��� 7KLV� QHZ�
GHSHQGHQFH� LV� PDLQO\� GXH� WR� WKH� IDFW� WKDW� WKH�
HOHFWURPDJQHWLF�ZDYH�SHQHWUDWHV�LQ�WKH�PHWDOOLF�SDUW��,QGHHG�
WKH� SUR[LPLW\� RI� WKH� SODVPD� IUHTXHQF\� LPSOLHV� D� ZHDN�
SHUPLWWLYLW\���
�
%\�DQDORJ\�ZLWK�WKH�FDVH�RI�D�PHWDO��W�FDQ�EH�LQWHUSUHWHG�DV�
WKH� SODVPD� RU� YROXPH� SODVPRQ� IUHTXHQF\� IRU� WKH�

PHWDPDWHULDO� XQGHU� LQYHVWLJDWLRQ�� 7KXV� ZH� GHILQH� WKLV�
IUHTXHQF\� DV� WKH� SVHXGR� YROXPH�SODVPRQ� IUHTXHQF\�ZKHUH�
ZH� XVH� SVHXGR� WR� GLIIHUHQWLDWH� IURP� WKH� ULJRURXV� GHILQLWLRQ�
RI�WKH�YROXPH�SODVPRQ��7KLV�DSSURDFK�DOORZV�XQGHUVWDQGLQJ�
KRZ� PRGLI\LQJ� WKH� VL]H� RI� ERWK� PDWHULDOV� PRGLILHV� W��
'HFUHDVLQJ� WKH� PHWDO� WKLFNQHVV� GHFUHDVHV� WKH� QXPEHU� RI�
FKDUJHV� DQG� WKXV�W�� DQG� YLFH�YHUVD�� $W� D� IUHTXHQF\� ORZHU�
WKDQ� W�� WKH� HOHFWURPDJQHWLF� ZDYHV� LQ� 7(� ILHOG� FDQQRW�
SURSDJDWH� EHFDXVH� WKH� GLHOHFWULF� IXQFWLRQ� LV� QHJDWLYH�� 7KH�
PHWDO� LV� D� SHUIHFW�PLUURU��$W� KLJKHU� IUHTXHQF\� WKDQ�W�� WKH�
PHWDO� EHFRPHV� WUDQVSDUHQW�� 7KH� HOHFWURPDJQHWLF� ZDYHV�
SURSDJDWH��
�
)LJXUH� �� VKRZV� D� VFKHPH� RI� WKH� SVHXGR� YROXPH�SODVPRQ�
LQWR�WKH�PHWDPDWHULDO��7KH�HOHFWULF�ILHOG�OLQHV�DUH�UHSUHVHQWHG�
E\�WKH�EODFN�DUURZV�DQG�WKH�FKDUJH�GHQVLW\�LV�UHSUHVHQWHG�E\�
WKH� SOXV� RU� PLQXV� FKDUJHV� IRU� LRQV� DQG� HOHFWURQV��
UHVSHFWLYHO\�� 7KLV� LV� D� ORQJLWXGLQDO� HOHFWULF� ZDYH� ZLWK� D�
ZDYHOHQJWK�W��
�

�
)LJXUH� ��� 6FKHPH� RI� WKH� FROOHFWLYH� RVFLOODWLRQ� RI�
FKDUJHV� �SRVLWLYH� LQ� EOXH�� QHJDWLYH� LQ� UHG�� LQWR� WKH�
PHWDPDWHULDO� DVVRFLDWHG� WR� WKH� SVHXGR� YROXPH�
SODVPRQ� IUHTXHQF\� W� DQG� ZDYHOHQJWK� W�� 7KLV� LV� D�
ORQJLWXGLQDO�ZDYH�ZKLFK�LV�SXUHO\�HOHFWULF��7KH�HOHFWULF�
ILHOG�LV�UHSUHVHQWHG�E\�WKH�EODFN�DUURZV��D��E�DQG�G�DUH�
UHVSHFWLYHO\� WKH� WKLFNQHVV� RI� WKH� GRSHG�� XQ�GRSHG�
VHPLFRQGXFWRU�DQG�WKH�SHULRG��

�

�� 3URSHUWLHV�RI�WKH�SVHXGR�YROXPH�SODVPRQ�
:H�ZLOO� DQDO\VH� KHUH� WKH� EHKDYLRXU� RI� WKH� SVHXGR� YROXPH�
SODVPRQ��SDUWLFXODUO\�QHDU�W�IRU�T� ���
�
)LJXUH��� VKRZV� WKDW�DW�T� ��� WKHUH� LV� QR�GHJHQHUDF\�RI� WKH�
KLJK�IUHTXHQF\�EUDQFKHV�LQ�7(�DQG�70�ILHOGV���!�W���7KLV�
LV� QRW� WKH� H[SHFWHG� EHKDYLRXU� RI� D� PHWDO�� ,QGHHG�� LI� WKH�
PHWDPDWHULDO� ZHUH� HTXLYDOHQW� WR� D� PHWDO� IRU� ERWK�
SRODULVDWLRQV� WKHQ� WKH� ORZHVW� IUHTXHQF\� RI� WKH� KLJK�
IUHTXHQF\�PRGH�RI�WKH�70�ILHOG�VKRXOG�EH�UHVRQDQW�ZLWK�W��
WKH�SVHXGR�YROXPH�SODVPRQ�IUHTXHQF\���
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�
)LJXUH� ��� D��� E�� DQG� F�� DUH� UHVSHFWLYHO\� VFKHPHV� RI� WKH� SVHXGR� YROXPH�SODVPRQ�� WKH� DQWL�V\PPHWULF� DQG� V\PPHWULF�
PRGHV��7KH�]� �UHG��DQG�[��EOXH��FRPSRQHQWV�RI� WKH�HOHFWULF� ILHOG�DUH�GHSLFWHG��G��'LVSHUVLRQ� UHODWLRQV�RI�633� IRU� WKH�
VWUXFWXUH�VKRZQ�LQ�ILJ����REWDLQHG�ZLWK�HT�������������7KH�GDUN�DQG�UHG�FXUYHV�FRUUHVSRQG�UHVSHFWLYHO\�WR�V\PPHWULF�DQG�
DQWL�V\PPHWULF�PRGHV� LQ� 70� ILOHG�� 7KH� 633� IUHTXHQF\� LV� QRWHG�V�� DQG�W� LV� WKH� IUHTXHQF\� RI� WKH� SVHXGR� YROXPH�
SODVPRQ��
�

,Q�FRQWUDVW� WR� WKLV� LQWXLWLRQ�� WKH� ORZHU� IUHTXHQF\�RI� WKH�70�
EUDQFK�LV�S�ZKHUHDV�WKH�FXW�RII�IUHTXHQF\�RI�WKH�7(�EUDQFK�
LV�W��,Q�IDFW��LQ�7(�SRODULVDWLRQ�WKH�HOHFWURPDJQHWLF�ZDYH�LV�
VHQVLWLYH� WR� WKH� WRWDO� FDUULHU� FRQFHQWUDWLRQ� LQWR� WKH�
PHWDPDWHULDO�� 7KXV� WKH� FXW�RII� IUHTXHQF\� IROORZV� WKH�
EHKDYLRXU� RI�W� ZKLFK� GHSHQGV�PDLQO\� RI� WKH� JHRPHWU\� RI�
WKH� PHWDPDWHULDO�� ,Q� UHYHQJH�� LQ� 70� SRODULVDWLRQ� WKH� ORZ�
IUHTXHQF\� OLPLW� RI� WKH� VHFRQG� V\PPHWULF� PRGH� GHSHQGV�
H[FOXVLYHO\� RQ� ZKDW� KDSSHQV� DW� WKH� PHWDO�GLHOHFWULF�
LQWHUIDFH��7KH�DVVRFLDWHG�IUHTXHQF\�WKXV�GHSHQGV�H[FOXVLYHO\�
RQ� WKH� SODVPD� IUHTXHQF\� S� RI� WKH� PHWDOOLF� SDUW� RI� WKH�
PHWDPDWHULDO��
�
,Q� FRQWUDVW�� ILJ�� �� UHYHDOV� XQDPELJXRXVO\� WKDW� WKH� DQWL�
V\PPHWULF� PRGH� LQ� 70� ILHOG� DQG� WKH� 7(� PRGH� DUH�
GHJHQHUDWHG� DW�T�  ����7KLV�GHJHQHUDF\�GRHV�QRW� GHSHQG�RQ�
WKH� VWUXFWXUH� H[FHSW� ZKHQ� D� DQG� E� !� ���� NS��� ZKLFK�
FRUUHVSRQG�WR�WKH�OLPLW�RI�YDOLGLW\�RI�WKH�DQDO\WLF�PRGHO�>��@��
7KLV�SX]]OLQJ�EHKDYLRXU�FDQ�EH�H[SODLQHG�DV�IROORZV��/HW�XV�
ILUVW�UHPLQG�WKH�UHVXOWV�RI�WKH�)LJ����ZKHUH�ZH�PRGHOOHG�WKH�
633�E\�DQ�LRQLF�FU\VWDO�DSSURDFK��:H�REWDLQHG�WZR�VROXWLRQV�
IRU� WKH� 70� SRODULVDWLRQ�� RQH� FRUUHVSRQGLQJ� WR� WKH�
SURSDJDWLYH�ZDYH�ZLWK�D�UHDO�ZDYH�YHFWRU�T�DQG�WKH�VHFRQG�
FRUUHVSRQGLQJ� WR� WKH� QRQ�SURSDJDWLYH� ZDYH� ZLWK� D� SXUHO\�
LPDJLQDU\� ZDYH�YHFWRU� T�� 7KLV� VHFRQG� VROXWLRQ� PRGH�
IUHTXHQF\� GHFUHDVHV� FRQWLQXRXVO\� ZLWK� T� IURP� WKH� SODVPD�
IUHTXHQF\�S�WR�WKH�VXUIDFH�SODVPRQ�IUHTXHQF\�V��7KHUH�LV�D�
SKRWRQLF� EDQG� JDS� LQ� WKLV� IUHTXHQFLHV� UDQJH�� ,Q� 7(�
SRODULVDWLRQ�� WKHUH� LV� QR� SURSDJDWLRQ� IRU� � �� S� ZKHUHDV�
SURSDJDWLYH� ZDYHV� IROORZLQJ� WKH� GLVSHUVLRQ� UHODWLRQ� ODZ� LV�
SRVVLEOH�IRU�S�����,W� LV� LPSRUWDQW�WR�QRWLFH�WKDW� WKH�XSSHU�
YDOXH� RI� WKH� LPDJLQDU\� EUDQFK� LQ� 70� ILHOG� LV� HTXDO� WR� WKH�

ORZHU�YDOXH�RI�WKH�UHDO�EUDQFK�LQ�7(�ILHOG��WKDW�LV�S��IRU�T� �
��� 1RZ�� WKHUH� H[LVWV� DQ� DQDORJ\� EHWZHHQ� WKH� LRQLF� FU\VWDO�
DQG�WKH�GRSHG�XQGRSHG�VHPLFRQGXFWRU�SHULRGLF�DUUD\��,Q�WKH�
FDVH� RI� WKH� SHULRGLF� VWUXFWXUHV� �)LJ�� ��G��� WKH� SODVPD�
IUHTXHQF\�S�LV�UHSODFHG�E\�WKH�SVHXGR�YROXPH�SODVPRQ��W��
GHSLFWHG� LQ� WKH�)LJ����D�� ,Q�7(� ILHOG� WKH�SURSDJDWLYH�ZDYHV�
DUH� DOORZHG� IRU� � �� W�� ,Q� 70� ILHOG� ZH� REWDLQ� WZR�
SURSDJDWLYH�PRGHV�IRU����W��RQH�V\PPHWULF�DQG�WKH�RWKHU�
RQH�DQWL�V\PPHWULF��%XW� LQ�FRQWUDVW� WR� WKH� WZR�GLPHQVLRQDO�
FDVH� ZLWK� 633�� WKH� LPDJLQDU\� EUDQFK� LV� UHDO� ZKLFK� PHDQV�
WKDW� ERWK� PRGHV� SURSDJDWH�� ,I� ZH� FRPSDUH� WKH� GLVSHUVLRQ�
UHODWLRQV�RI�WKH�PHWDO�GLHOHFWULF�LQWHUIDFH��)LJ�����DQG�RI�WKH�
PHWDPDWHULDO� DW� KLJK� T� �)LJ�� ��E�� ZH� REWDLQ� WKH� VDPH�
EHKDYLRXU�� 7KH� XSSHU� DQG� ORZHU� OLPLW� IUHTXHQFLHV� IRU� WKH�
LPDJLQDU\�PRGH�LQ�70�ILHOG�DQG�WKH�DQWL�V\PPHWULF�PRGH�LQ�
70�ILHOG�DUH�LGHQWLFDO��S�RU�W�DQG�V��UHVSHFWLYHO\��6R�WKH�
DQWL�V\PPHWULF�PRGH�RI�WKH�PHWDPDWHULDO�FRUUHVSRQGV�WR�WKH�
LPDJLQDU\�PRGH�LQ�70�ILHOG��
�
7KH�TXHVWLRQ�LV�ZKHWKHU�WKLV�VLWXDWLRQ�LV�SK\VLFDOO\�VRXQG��,Q�
IDFW�� LW� LV� WKH�SHULRGLFLW\�RI�WKH�VWUXFWXUH�WKDW� WUDQVIRUPV�WKH�
LPDJLQDU\� VROXWLRQ� LQWR� D� UHDO� RQH�� ,QGHHG�� DQ� DQWL�
V\PPHWULF� PRGH� KDV� QR� PHDQLQJ� DW� D� PHWDO�GLHOHFWULF�
LQWHUIDFH�� 2QO\� D� V\PPHWULF� PRGH� FDQ� H[LVW� �)LJ�� ��F��� ,Q�
UHYHQJH�� DQWL�V\PPHWULF� PRGH� LV� SRVVLEOH� LQ� SHULRGLF�
VWUXFWXUHV�EHFDXVH�RI� WKH�SRVVLELOLW\� WR�SLQ� WKH�HOHFWULF� ILHOG�
DW� WKH� LQWHUIDFHV�DQG� WR�H[WLQJXLVK� WKH�HOHFWULF� ILHOG� LQWR� WKH�
GLHOHFWULF� RU� PHWDOOLF� SDUW� RI� WKH� PHWDPDWHULDO� �)LJ�� ��E���
:KHQ�WKH�IUHTXHQF\�RI�WKLV�DQWL�V\PPHWULF�PRGH�UHDFKHV�W�
LWV� ORQJLWXGLQDO� FRPSRQHQW� EHFRPH� GRPLQDQW� OHDGLQJ� WR� D�
PRGH� ZKLFK� LV� QRW� FRXSOHG� WR� LQFLGHQW� OLJKW�� 7KLV� LV� WKH�
GHILQLWLRQ�RI�WKH�SVHXGR�YROXPH�SODVPRQ��
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$W�WKLV�VWDJH��LW�LV�LQWHUHVWLQJ�WR�HYDOXDWH�KRZ�PRGLI\LQJ�WKH�
SURSHUWLHV�RI�WKH�PHWDPDWHULDO��D��E��QD�DQG�QE��LPSDFWV�W�WKH�
SVHXGR� YROXPH�SODVPRQ�� 7KH� JHQHUDO� H[SUHVVLRQ� RI� WKH�
YROXPH� SODVPRQ� ZKHQ� SRVLWLYH� FKDUJHV� DUH� LPPHUVHG� LQ� D�
PDWHULDO�ZLWK�D�GLHOHFWULF�FRQVWDQW��LV��

𝜔 = �� � � � � �����

ZKHUH� Q� DQG�P� DUH� UHVSHFWLYHO\� WKH� FKDUJH� GHQVLW\� DQG� WKH�
HOHFWURQ�HIIHFWLYH�PDVV��7R�PRGLI\�S��RQH�FDQ�SOD\�ZLWK�Q��
P�RU���$V�DQ�H[DPSOH��FRQVLGHU�GLYLGLQJ�WKH�FKDUJH�GHQVLW\�
E\�D�IDFWRU����(T�������VKRZV�WKDW�S�ZLOO�EH�GLYLGHG�E\�√2��
1RZ�� FRQVLGHU� D� SHULRGLF� VWUXFWXUH� ZLWK� D� �E�� DQG� D�  � E��
(T�� ����� OHDGV� WR�𝜔 = √ �ZKLFK� PHDQV� WKDW�𝜔    LV� DOVR�
GLYLGHG�E\�√2.  7KLV�LV�D�FRQILUPDWLRQ�RI�WKH�VDPH�EHKDYLRXU�
IRU�ERWK�HTXDWLRQV��
�
7KHVH� UHVXOWV� VKRZ� WKDW� RQH� FDQ� HDVLO\� FRQWURO� W� MXVW� E\�
PRGLI\LQJ�WKH�JHRPHWULFDO�SURSHUWLHV�RI�WKH�PHWDPDWHULDO�RU�
E\� FKDQJLQJ� WKH� LQGLYLGXDO� PDWHULDOV� FRQVWLWXWLQJ� WKH�
SHULRGLF�DUUD\�� L�H��FKDQJLQJ�WKH�GLHOHFWULF�FRQVWDQWV��7KLV�LV�
D�YHU\�LPSRUWDQW�DVVHW�RI�RXU�V\VWHP��,Q�WKH�FDVH�RI�PHWDOV��LW�
LV� YHU\� GLIILFXOW� WR� SOD\� GLUHFWO\� ZLWK� WKHVH� SDUDPHWHUV� WR�
UHDFK�ZDYHOHQJWK�LQ�WKH�,5�UDQJH��2QH�RI�WKH�PDLQ�VROXWLRQ�
LV� WR� FRQVLGHU� D� PHWDPDWHULDO� FRPSRVHG� RI� PHWDOOLF� QDQR�
SDUWLFOHV��13��HPEHGGHG�LQ�KRVW�PDWHULDO�>��@��,QGHHG��LI�WKH�
HOHFWURPDJQHWLF� ZDYH� DYHUDJHV� WKH� PHWDPDWHULDO�� FKDQJLQJ�
WKH� VL]H� DQG� WKH� GHQVLW\� RI� 13� DOORZV� SOD\LQJ� ZLWK� WKH�
HOHFWURQ� GHQVLW\�� %XW� LW� LV� YHU\� GLIILFXOW� WR� FRQWURO� H[DFWO\�
ZKDW� RFFXUV� LQ� WHUPV� RI� FKDUJH� GHQVLW\�� GLHOHFWULF� FRQVWDQW�
DQG� KRPRJHQHLW\� RI� WKH� PDWHULDO�� ,Q� WKH� FDVH� RI� GRSHG�
VHPLFRQGXFWRUV� LQ� FRQWUDVW�� RQH� FDQ� VHOHFW� WKH� ULJKW�
VHPLFRQGXFWRUV� DQG� DGMXVW� DW� ZLOO� WKHLU� GRSLQJ� OHYHO� WR�
REWDLQ�WKH�WDUJHW�P�DQG���(T�������VKRZV�WKDW�LQ�WKH�JHQHUDO�
FDVH�ZKHQ�D��E��D�DQG�E�FDQ�EH�DGMXVWHG��DFKLHYLQJ�D�WDUJHW�
YROXPH� SODVPRQ� IUHTXHQF\� LV� WULYLDO� ZKHUHDV� LW� LV� QRW� VR�
VLPSOH�ZLWK�PHWDOV��(T���������2XU�VLPSOLILHG�PRGHO�FDQ�EH�
XVHG� WR�HDVLO\�GHVLJQ�DQG� IDEULFDWH�D�PHWDPDWHULDO�ZLWK� WKH�
H[SHFWHG� RSWLFDO� SURSHUWLHV�� 2I� FRXUVH�� GRSHG�
VHPLFRQGXFWRUV� FDQQRW� EH� XVHG� LQ� WKH� YLVLEOH� UDQJH��
+RZHYHU��WKH\�FDQ�EH�WKH�EHVW�FKRLFH�IRU�,5�DSSOLFDWLRQV��
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Abstract 

Acoustic metamaterials constructed by resonant 
microelements in subwavelength scale were generally 
characterized by the effective medium approximation 
theory, which neglects the interaction between adjacent 
elements. In this paper, we show that twisting the 
orientation of resonators in acoustic metamaterials produces 
secondary coupled resonant modes by introducing internal 
vibration interaction. Metamaterials composed of single-slit 
Helmholtz resonator arranged in two-dimensional square 
lattice are investigated. We rotate a portion of the resonator 
so that the adjacent resonators in īX direction have a twist 
angle of ĳ. For the system with ĳ = 180°, the coupling 
interaction produces the symmetric coupled mode in in-
phase oscillation and the anti-symmetric coupled mode in 
out-of-phase oscillation. This acoustic analog of 
“hybridization effect” leads to a sharp transparency window 
in the extended locally-resonant forbidden gap, which is 
analogous to the phenomenon of electromagnetically 
induced transparency. Such coupled resonant modes may 
have potential applications in sound wave manipulations 
such as acoustic filtering and imaging. 
 

1. Introduction 

Recently, acoustic metamaterials have received high interest 
due to their unprecedented physical behavior beyond those 
found in nature [1, 2]. In particular, the effective bulk 
modulus and mass density can be simultaneously or 
independently negative within a certain frequency region, 
which is unattainable using traditional composites. These 
intriguing properties allows ability to control sound in novel 
ways, ranging from acoustic cloaking [3-5] and 
subwavelength imaging [6-10] to sound energy 
superabsorption [11]. Most of the acoustic metamaterials 
reported to date are based on localized resonance induced by 
the subwavelength microelements. Negative effective bulk 
modulus and mass density can derive from appropriate 
monopolar and dipolar resonance, respectively [12]. One 
famous example is the engineered acoustic metamaterial 
consisting of Helmholtz resonator (HR), which is a tiny 
structure featuring a miniature gap analogous to the metal 
split-ring resonator in electromagnetic metamaterials [13]. 
Unique properties such as low-frequency locally-resonant 
band gap and anomalous transmission behavior have been 

demonstrated theoretically and experimentally [10, 14-17], 
and further numerical retrieval analysis of transmission-
reflection coefficients also confirms the negative bulk 
modulus in one-dimensional HR chain and two-dimensional 
HR array [18-20]. Subsequent researches observe negative 
refraction, surface modes and superlensing effect via 
homogenization near resonance in a finite array of HRs [9, 
10, 15].  

The acoustic metamaterials derive their overall 
properties from individual sub-wavelength resonators. 
Changing the size and geometry of the HR determines the 
acoustic properties of the metamaterial and its operation 
frequency. The general case of describing an acoustic 
metamaterial uses the effective media approximation (EMA) 
theory [1, 14]. In EMA model, since the resonator element 
is much smaller in size than the working wavelength, the 
response of the acoustic metamaterial is treated as the 
averaged effects of the individual element’s resonance 
response. Thus the metamaterial can be characterized by the 
effective parameters of mass density and bulk modulus. 

 However, the EMA theory ignores the coupling 
interactions between the resonator elements, which always 
exist when the elements are structured into metamaterials. 
Previous studies demonstrate that parallel HRs with 
identical resonant frequency could couple with each other, 
and the intensive interaction between adjacent HRs 
significantly extends the width of the locally-resonant 
forbidden gap, which is different from the case in solid 
elastic metamaterials [21]. The aim of our work is to 
demonstrate the coupled resonant modes in twisted acoustic 
metamaterials. In this paper, significant modulation to the 
band structure is investigated using the analyses of the 
dispersion curves and the transmission spectra. We identify 
these coupled resonances through the pressure fields of the 
supercell’s eigenmodes. The adjunct resonator elements 
oscillate in-phase for the symmetric coupled mode and out-
of-phase for the anti-symmetric coupled mode. These 
coupled resonant modes further lead to some “hybridization 
effect”, which split the dispersion curves and causes the 
occurrence of sharp transparency window in the extended 
forbidden gap. This kind of coupled resonant mode may be 
used to develop novel functional acoustic devices in the 
future, including acoustic imaging with deep subwavelength 
resolution and acoustic transparency. 
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2. Description of the model 

Figures 1(a) and 1(b) illustrates the schematic configuration 
of the regular acoustic metamaterial and the proposed 
twisted metamaterial. The cut-off view of the samples in x-y 
plane and the schematics of the corresponding supercells are 
plotted in the upper and lower panels, respectively. The 
structure we investigated is comprised of identical HRs 
periodically arranged in square lattice. The HRs are 
cylindrical metal shells with single slit. The outer and inner 
radii of the shells are a and b, respectively. The lattice 
constant is d and the height of the slit is h. The system is 
translationally invariant in the z-direction. The host medium 
is fluid such as water with bulk modulus ț0 and mass density 
ȡ0, and the HRs are assumed as rigid-walled due to the 
mismatched acoustic impedance between metal and fluid. A 
supercell contains two HRs aligned along the x axis and the 
right HR is rotated with twist angle of ĳ [ĳ = 0° for regular 
metamaterial in Fig. 1(a) and ĳ = 180° for twisted 
metamaterial in Fig.1 (b)]. 
 

 
Figure 1: Scheme diagram and the corresponding 
equivalent acoustic circuit of (a) the regular acoustic 
metamaterials with ĳ = 0° and (b) the twisted acoustic 
metamaterials with ĳ = 180°.  
 

Let us now consider the behavior of the individual HR. 
Since the incident wavelength is considerably long 
compared with the HR’s transverse dimensions in x-y plane, 
we can employ the well-known theory of equivalent acoustic 
circuits to model the acoustic metamaterials. For simplicity, 
we use the 2D model. Figure 1(a) shows a circuit section 
composed of standard L-C oscillating circles, and the 
repeated circuit sections will further construct an acoustic 
transmission line in x-direction. The short slit of the split 
ring acts as an inductor with acoustic mass MHR=ȡ0*(a-b)/h, 
and the inner cavity acts as a capacity with acoustic 
capacitance CHR=ȧb2/ȡ0c0

2. In all our studies, the host 
medium is chosen as water with ț0 = 2.19 GPa and ȡ0 = 998 
kg/m3, and the geometry size of the resonator is set as 
a=0.48 m, b=0.34 m, h=0.05 m and d=1 m unless otherwise 
specified. To include the influence of periodicity on the 
acoustic radiation of the slit, we employ an equivalent extra 
mass radiation mass and revise the effective acoustic mass 
as Meff =ȡ0(a-b+2.85h)/h. Hence the resonant frequency fR 
[=(1/MeffCHR)0.5/(2ʌ)] of the HR is obtained to be 164 Hz, 

and the corresponding normalized frequency fRd/c0 is 0.11. 
The HR chain in x-direction could be modeled as a 1D 
transmission line with periodic loaded L-C shunt branches. 
We further give a qualitative description on the coupling 
effect from the view point of acoustic circuit. Due to the 
twisted configuration, the near-field coupling interaction 
between close-spaced slits is significant enhanced and its 
influence could be characterized as an mutual acoustic mass 
M. M takes negative value when the two HRs oscillate in-
phase since the mass loading at the outlet of the slit is 
decreased, and vice versa. Thus a coupled acoustic 
propagation mode may be established in this case and could 
be used to open a transparency window in forbidden gap, as 
illustrated below. 

3. Results and discussion 

3.1. Band structures 

To describe the coupling properties for acoustic wave 
propagating within the twisted structure, we first calculate 
the band structure of the metamaterials. The band structure 
of the composite metamaterial can be calculated by solving 
the acoustic eigenvalue problem of the supercell. The 
periodic boundary conditions are applied to the supercell 
along the x-direction and y-direction based on Bloch’s 
theorem. The finite element technique transforms the wave 
equation into a generalized acoustic eigenvalue problem 
expressed by [K(kx�-Ȧ2M]P=0, where K(kx) and M are the 
stiffness and mass matrices. An alternative searching 
arithmetic is employed to determine the eigenfrequency Ȧ. 
The spatial discretization is fine enough for the convergence 
in our numerical experiments. 
 

Figure 2: Band structures for (a) regular and (b) twisted 
acoustic metamaterials. The corresponding normalized 
transmission spectra are shown in panel (c). 
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The band structures for regular and twisted 
metamaterials are shown in Figs. 2(a) and 2(b), respectively. 
As a first observation, we can see one Bragg-scattering (BR) 
gap from 0.256 to 0.808 and one locally-resonant (LR) gap 
from 0.089 ~ 0.167 for regular acoustic metamaterials with 
ĳ = 0°. The phenomenon is consistent with previous studies 
for regular HR chain and array [14, 15, 21]. In contrast, 
although the position and width of the BR gap for twisted 
metamaterial are exactly the same as that for regular 
metamaterial, the number of transmission bands below BR 
gap is doubled. Generally, two native bands separated by 
the only LR gap exist in the frequency range below the BR 
gap for regular metamaterial [Fig. 2(a)], which originate 
from the eigen-vibration of the individual HRs. However, 
four transmission bands intersected by two LR gaps exist in 
the frequency region below the BR gap for the twisted case 
[Fig. 2(b)]. The origin of the four transmission bands could 
be ascribed to the symmetric and asymmetric combination 
of original eigen-vibration modes by the intensive coupling 
interaction, which will be discussed in the following section. 
The calculations assume that the dissipation is weak and the 
vibration amplitude is limited, hence the viscosity loss is 
not included in this case. We also take the large loss factor 
into consideration and find that the band structures change a 
little. 

In order to confirm the analysis of band structures, the 
transmission spectra through finite supercells are calculated 
using the full-wave finite element simulations. The 
computational domain is shown in the inset of Fig. 2(c). 
Bloch conditions are applied in the y-direction since the 
structure is supposed to be infinite in this direction. A plane 
wave source with the amplitude of 1 Pa is added on the left 
surface of the domain. In order to improve the accuracy of 
the numerical model, the perfect match layers are added at 
the external boundaries to simulate the infinite region. 
Sound wave transmissions through the periodic superlattice 
are calculated, as shown in Fig. 2(c). We note that the LR 
transmission gap appears at 0.089 ~ 0.167 for the case of 
regular acoustic metamaterials, which is in agreement with 
the dispersion curves [as shown in Fig. 2(a)]. On the other 
hand, the LR gaps appear at 0.060 ~ 0.121 and 0.146 ~ 
0.233 for the case of twisted acoustic metamaterials. Note 
that a narrow transparency window extends from 0.121 to 
0.146 which located between the two LR gaps [see Fig. 
2(b)]. This secondary transparency window should be 
attributed to the splitting of the dispersion curves. We also 
note that both BR gaps appear at 0.256 ~ 0.808 for the two 
cases. In general, the transmission spectra are in agreement 
with the dispersion curves. The consistency demonstrates 
the drastic effect of subwavelength coupling interaction on 
the propagation of acoustic waves. 

We continue to study the transparency window inside 
the extended LR gap through the pressure field of wave 
propagation. The edge of third dispersion curve is utilized as 
load frequency since only one eigenmode is supported in 
this case. The pressure fields at the load frequencies of 200 
Hz for the two cases are shown in Figs. 3(a) and 3(b), 
respectively. For comparison, the corresponding profile 
along the cross-section line of y=d/2 are plotted in each 

panel. Since the frequency of incident wave is inside the LR 
gap for the case of regular metamaterials, the incident wave 
could only penetrate the first few HRs and the interior field 
is nearly zero. In this case, the propagation of the wave is 
forbidden, and most of the incident energy is reflected 
backward. These results are consistent with the dispersion 
curves and transmission spectra. On contrary, the incident 
wave could effectively propagate through the superlattice for 
the case of twisted metamaterials. The variation trend of the 
absolute value of the pressure field is periodic, which can be 
determined by the periodicity of the supercell. In this case, 
the supercells exhibit unique oscillation modes in which the 
two HRs in each supercell vibrate in-phase with each other. 
Note that the pressure amplitude in the supercell region is 
significantly higher than that of the incident and transmitted 
wave. This phenomenon should be attributed to the intensive 
resonance in the HRs through coupling interaction. This 
finding should have substantial practical applications, for 
example in controlling and filtering the propagation wave 
via tuning the twisted structure. 

Figure 3: Pressure fields and the corresponding profile 
along the cross-section line of y=d/2 at the load frequency 
of 200 Hz for (a) regular and (b) twisted acoustic 
metamaterials. The red (blue) corresponds to the 
maximum (minimum) pressure. The plane wave with the 
amplitude of 1 Pa travels along the x-direction. 
 

It is interesting to note that the acoustic transparency 
window induced by coupled resonance is different from that 
induced by coupling between the rod-resonator modes [22], 
although both structures employ twisted configuration. In 
the rod-resonators with a twist angle of 45° relative to each 
other, the surface resonant modes with identical resonant 
frequencies but different quality factors respectively act as 
radiative mode and dark mode, and the destructive 
interference of them results in electromagnetically-induced-
transparency like effect. Importantly, the distance of the 
rod-resonators is much longer than the wavelength. In 
contrast, the HRs in our proposal can be deep 
subwavelength spaced, which is very compact for 
construction. The transparency is achieved through the 
cancellation of opposite contributions from the two HRs. 

3.2. Eigenmodes distributions 

In order to explore the physical mechanism causing such 
splitting of the dispersion curves illustrated in Fig. 2, we 
further investigate the recombination of acoustic vibration 
modes induced by the twisted structure. Sound waves in the 
metamaterials propagate through the particle vibrations in 
the constructive resonant microelements in subwavelength 
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scale, which can be decomposed into eigenmodes with the 
characteristic oscillation pattern. In this section, we 
characterize the eigenmodes through the pressure field 
distribution of the supercell. By assigning both the wave-
vector kx and frequency Ȧ, the specific eigenmodes are 
excited and the pressure data at each node are recorded to 
reconstruct the eigenmodes. The eigenmodes defined at the 
zone edge below the BS gap are discussed. We have also 
investigated the other modes with k values located at general 
positions of the dispersion curves, e.g. at zone center. The 
results show that the coupling interaction maintains the 
effect of mode recombination, which are not listed in the 
paper. 

Figure 4: Pressure field distributions of the eigenmodes. 
Panels (a0) and (b0) correspond to modes A0 and B0 for the 
regular acoustic metamaterials, and panels (a1), (a2), (b1) 
and (b2) correspond to modes A1, A2, B1 and B2 for the 
twisted acoustic metamaterials. The direction (size) of the 
cones indicates the direction (magnitude) of velocity vector, 
and the red (blue) correspond to the maximum (minimum) 
pressure. 
 

Based on the mode characterization method, we first 
depict the pressure fields of the eigenmodes A0 [marked in 
Fig. 2(a)] for regular acoustic metamaterials with the twist 
angle of ĳ = 0° in Fig. 4(a0). In this case, the dominant 
particle motion occurs in the short neck, and the upper/lower 
region outside the resonator. The pressure distribution 
exhibits symmetric variation with respect to the mid-plane 
of the short-neck (the plane of y = d/2). Note that the 
eigenmodes are defined at the zone edge with kxd/ʌ = 1 and 
Ȝ = 2d, for which the adjacent unit cells move in antiphase. 

Comparing mode A0 with mode A1 and A2 for the 
twisted acoustic metamaterials with ĳ = 180° [see Figs. 
4(a1) and 4(a2)], an interesting observation is that the 
oscillation of the adjacent cells exhibit in both in-phase and 
out-of-phase patterns. For the case of mode A1, the left and 
right HRs exhibit in-phase vibration along the x-direction 
[Fig. 4(a1)]. As a result, the entire supercell also shows 
antisymmetric pressure field distribution with respect to the 
mid-plane along x-direction (the plane of x = d). In contrary, 
the left and right HRs vibrate out of phase for the case of 
mode A2, leading to the symmetric variation of the pressure 
field [Fig. 4(a2)]. Therefore, the twisted structure combines 
the vibration mode of standalone HR into a pair of 
asymmetric and symmetric modes, which is analogous to 
the bonding and anti-bonding magnetic plasmon modes in 
magnetic dimer [23]. Similar effect of eigenmode 
recombination is also found in other transmission band. For 
example, the mode B0 [Fig. 3(b0)] constructs the symmetric 
mode B1 [Fig. 4(b1)] and antisymmetric mode B2 [Fig. 
5(b2)]. We outline the physical mechanism which leads to 
the combination effect as follows. The hybridization of the 
acoustic response in the case of ĳ = 180° is mainly due to 
vibration coupling between the HRs. Each HR in deep 
subwavelength scale can be viewed as a quasi-atom, and the 
supercell of the coupled metamaterial with ĳ = 180° can be 
regarded as a quasi-molecule. The quasi-atom possesses 
strong polarity caused by its nonaxisymmetrical structure, 
and the local amplitude at the short neck may be extremely 
high. For regular metamaterial with ĳ = 0°, the polar axes of 
all of the HRs lie in the same direction, and the interactions 
between adjacent cells are so weak that the periodic cells 
vibrate in-phase independently [as shown in Fig. 3(a)]. On 
contrary, for twisted metamaterial with ĳ = 180°, the polar 
axes of the two HRs in the quasi-molecule lie in opposite 
direction, and the significantly enhanced interaction couples 
the left and right HRs without obvious modification to their 
standalone eigenmodes. The decoupled eigenmode A0 can 
combine in symmetric and asymmetric manners, leading to 
the splitting of the dispersion relations (e.g. the two 
transmission bands for regular acoustic metamaterials with 
ĳ = 0° below the BR gap split into four transmission bands 
for twisted metamaterials with ĳ = 180° as illustrated in Fig. 
2). In general, the splitting of the dispersion curves 
originates from the hybridization of the original decoupled 
modes with small frequency offset. 

3.3. Evolution of coupling effect with the lattice constant 

As illustrated above, the coupling interaction is crucial in the 
hybridization effect of the transmission bands. The strength 
of the coupling interaction depends strongly on the distance 
between the quasi-atoms and for the considered geometry 
can be tuned by changing the lattice constant d. Therefore, 
we investigate the band structure with the lattice constant 
ranging from d = 0 to 1.6 m. The evolution of bandgap 
extent is extracted from the band structures and illustrated as 
a function of the lattice constant d in Fig. 5, where panels (a) 
and (b) correspond to the regular acoustic metamaterials 
with ĳ = 0° and twisted acoustic metamaterials with ĳ = 
180°, respectively. It is found that the sensitivity of the 
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bandgaps to the lattice constant is different. Three remarks 
should be noted. (1) Both BS gaps for the two cases 
(bounded by curves with blue open squares and blue open 
circles) gradually shrink in the same trend and the midgap 
frequencies move downward. Its upper (lower) band-edge 
frequency decreases from 0.80 (0.26) to 0.37 (0.23) when 
the lattice constant d is increased from 1 m to 1.6 m. This 
phenomenon, which is analogous to the BS gap in phononic-
crystals composed of solid cylinders periodically arranged in 
the background of fluid, should be attributed to the fact that 
the periodicity of the scatterer has to be of the same length-
scale as half the wavelength of the sound waves. (2) The 
width of the LR gap for the case of regular metamaterial also 
gradually shrinks. However, its midgap frequency 
eventually approaches 0.12, which is almost unchanged and 
equals the resonant frequency of the individual HR. (3) For 
the case of twisted metamaterial, similar dependence on the 
lattice constant is also observed in both the first and the 
second LR gap. In addition, the transparency window 
between the two LR gaps also depends on the lattice 
constant. Its upper edge frequency (indicated by curve with 
red solid up-triangles and) first slightly increases from 0.15 
at d = 1 m to 0.16 at d = 1.1 m and then decreases to 0.13 at 
d = 1.6 m. Meanwhile, its lower edge frequency (indicated 
by curve with black solid circles) maintains the value of 0.12 
which is almost unchanged.  

Figure 5: Complete phononic band gap extent as a function 
of the lattice constant for (a) regular and (b) the twisted 
acoustic metamaterials. The corresponding normalized 
transmission spectra are plotted in panels (c) and (d), 
respectively. 
 

To confirm the bandgap extent in Figs. 5(a) and 5(b), 
the transmission spectra maps with the variation of the 

lattice constant are shown in Figs. 5(c) and (d). It is found 
that the location and width of transmission gaps agree with 
the band structures. In addition, the transparency window 
lies within the frequency region defined by the transmission 
bands of the infinite system. From above observations, we 
can conclude that the strength of the coupling interaction 
depends strongly on the lattice constant, which performs as 
a key factor in engineering the band gap and acoustic 
transparency window. 

4. Conclusions 

In conclusion, we have studied the coupled resonant modes 
in acoustic metamaterials composed of single-slit 
Helmholtz resonators with twist angle between adjacent 
cells. The coupling effects are demonstrated by the 
consistent band structures and transmission spectra, in 
which doubled dispersion curves and a sharp transparency 
window in the extended LR gap are observed. Due to the 
resonance interaction, eigen-vibration mode of individual 
HR recombined into a pair of symmetric coupled mode in 
in-phase oscillation and anti-symmetric coupled mode in 
out-of-phase oscillation. By adjusting the coupling strength 
which strongly depends on the separation distance 
determined by the lattice constant, transmission and modes 
of an acoustic metamaterial are highly tunable. Thus, the 
coupled resonant modes, introduced by twisting the 
orientation of resonators in acoustic metamaterial, may 
provide a new way of tailoring their acoustic properties. 
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Abstract 

Phononic crystals (PCs) commonly consisted of two 
materials with huge contrasted elastic properties and mass 
densities are generally studied in theory such as the finite 
element method for many difficulties in the experiments. In 
this paper, the laser-ultrasonic non-destructive testing is 
introduced to investigate the propagation of Lamb waves in 
two-dimensional PC plates. The existence of band gaps for 
low order Lamb wave modes is demonstrated 
experimentally. Crucial parameters such as the thickness of 
PC plate and the periodical arrangement of scatterers are 
discussed in detail for the influence of location of band gaps. 
The finite element analysis agrees well with the result of the 
laser-ultrasonic measurement.  

1. Introduction 

Phononic crystals (PCs) are periodic elastic structures 
which consist of two or more materials with much different 
elastic properties such as mass density and elastic constants. 
For frequencies within a complete band gap, the vibration 
and propagation of acoustic waves are forbidden, whatever 
the polarization and the wave vector. Absolute forbidden 
band gaps donate many potential applications, such as 
acoustic filters, elastic wave guides, vibration isolators, and 
chemical and biological sensors [1-7]. Sigalas et al. [8] 
theoretically proved the existence of frequency gaps in the 
periodic elastic solid materials by imbedding golden/lead 
spheres in the host medium of aluminum/silicon. From then 
on, many efforts have been devoted to studies of forbidden 
band gaps of bulk and surface acoustic waves propagating 
in phononic crystals with one-, two- and three-dimensional 
periodic arrays theoretically and experimentally [9-15]. 

Due to the coupling of longitudinal and transversal 
strain components at the plate boundaries with complex 
wave vectors, Lamb waves in PC plate are more interesting 
and complicated. Earlier studies mainly focus on the 
calculation of Lamb waves propagating in the one-
dimension (1D) PC plate in theory. Chen et al. [15] has 
studied the propagation of the lower-order Lamb waves in 
1D composite thin plates. Gao et al. [16] have studied the 
band gap structures of Lamb waves in 1D quasiperiodic 
composite thin plates and the thin PC plate with 1D PC 
layer coated on a substrate by using the finite element 

method. Hsu et al. [17] has investigated the band gap 
structures of Lamb waves in two-dimension composite thin 
plates according to the plane wave expansion method. 
However, little experimental observation and the research in 
a higher dimension are known. 

2. Laser-ultrasonic detection of Lamb waves 

2.1. Experiment system 

The Laser-ultrasonic measurement is an effective 
means to determine the vibrations in solid materials due to 
its advantages of non-contact and non-destruction. For the 
Lamb wave measurements, a modified optical detection 
system with the laser-induced vibrations based on the study 
of Kavalerov et al. [18] is employed, as schematically 
shown in Fig. 1. The detection is performed with a 632.8 
nm reflected probe beam by means of a balanced photo 
receiver (BPR) that measures the optical intensity difference 
between the two parts of the probe beam detached by the 
mirror set M3, which implies information of the 
propagation of acoustic waves in the sample plate. 

 

 

Figure 1: Schematic diagram of the Laser-ultrasonic 
detection system. 
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2.2. Principal of the detection 

When the system is in the static balance with no 
vibration in the sample plate, the optical spot is divided by 
two mirrors of M3, seeing the solid line in Fig. 2. The 
amplitude distribution of the Gaussian probe beam can be 
written as 
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where E0 is the amplitude of the probe beam at the central 
of the beam, R is radius of the optical spot on M3. Then the 
intensity of the divided two parts is 
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where S is the deflection of the probe beam which is 
practically negligible in the static balance condition. 

While Lamb waves pass the detection point, the 
reflected probe beam is disturbed and the deflection of the 
spot on M3 įs is shown in Fig. 2. Then the intensity 
variation of the two parts of the probe beam is obtained 
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The two parts of the detection beam are absorbed at 
two photodiodes of BPR, and the output i which is the 
difference of the two can be described as 
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where Șt is the transformation efficiency of two photodiodes. 
 

 

Figure 2: The deflection of the reflected probe beam in 
the cross section. 

 

The displacement of Lamb waves induced by the pulse 
laser propagated in the sample plate is 

0( , ) cos( )u x t u t kxZ � , (5) 

where u0 is the amplitude of Lamb waves, Ȧ is the angular 
frequency and k is the wave number. The deflection angle 
of the reflected probe beam caused by the propagation of 
acoustic waves in the sample plate at the detection point can 
be approximated as 
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And the deflection shift of the optical spot on M3 is 

3s FG T � , (7) 

where F3 is the focal length of the collimating lens L3. 
Then combining Equation (4) and (7), the output signal 

of BPR can be express as 
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For wideband Lamb waves, Equation (8) can be 
written as 
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3. Experimental results and numerical simulations 

We investigate theoretically and experimentally the 
propagation of Lamb waves in two-dimension (2D) PC 
plates. The laser-ultrasonic measurement is introduced to 
detect surface particle displacements of composite thin 
plates caused by the propagation of Lamb waves. The 
transmission properties of Lamb waves in PC plate are 
calculated employing the finite element method. 

 
Table 1: Thermal conductivity kxx, thermal expansion 

coefficient Į, heat capacity c, density ȡ, bulk modulus K 
and Poisson's ratio ı of aluminum (A) and air (B). 

Material Aluminum (A) Air (B) 

kxx [W/P×K] 240 0.026 

Į [10-6/K] 23.2 3700 

c [J/kg×K] 880 1005 

ȡ [kg/m3] 2.7 1.29 

K [105N/m2] 6.8*105 1.01 

ı 0.34 -  
 
Two patterns of composite thin plates (foursquare and 

triangular distribution) are schematically shown in Fig. 3(a) 
and (b), respectively. The PCs are created by patterning air 
(B) filled holes in the aluminum (A) thin plates with the 
thickness of 0.3 mm. The radius of air holes is r= 1.5 mm, 
the lattice constant is a= 4 mm, and the filling rate of 2D 



3 
 

PCs systems is 2 2 0.442r aW S  . Table 1 shows the 
parameters of the samples used in the experiments and 
numerical simulations. 

 

Figure 3: Schematic configuration of the 2D phononic-
crystal plate: (a) foursquare distribution; (b) triangular 
distribution. 

 

 

 
Figure 4: Transmitted waveforms of Lamb waves 
propagated in (a1) aluminum plate; (a2) sample 01 
(foursquare distribution); (b) transmission spectra in 
aluminum plate (dot curve) and sample 01 (solid curve).

 
Figure 4 (a2) shows that the transmitted waveform for 

the 2D composite plate with foursquare distribution PCs 
(sample 01) is distorted visibly, compared to the aluminum 
thin plate presented in Fig. 4 (a1). Three acoustic band gaps 
are noted in the transmission spectra of Lamb waves 

propagated in sample 01 [see the solid curve in Fig. 4 (b)], 
which are obtained from 0.24 MHz to 0.3 MHz (the 
bandwidth įf= 0.06 MHz, corresponding bandwidth/center 
frequency ratio įf / fm= 0.222), 0.45 MHz to 0.54 MHz (įf= 
0.09 MHz, įf / fm= 0.182) and 0.77 MHz to 0.91 MHz (įf= 
0.14 MHz, įf / fm= 0.167), respectively. 

 

Figure 5: (a) The detected transmission spectrum of 
Lamb waves in sample 01; (b) Dispersion curves of 
Lamb waves. 

 
The calculated results of sample 01 are shown in Fig. 5 

(b). As shown by the hatched region in Fig. 5, the first 
absolute forbidden band gap of calculated results is 
obtained from 0.32 MHz to 0.41 MHz with the bandwidth 
of 0.09 MHz (įf / fm= 0.246), which is wider slightly than 
the experimental result with a little blue shift of center 
frequency fm. The dispersion curves reveal three absolute 
forbidden band gaps in low frequency, which bring out the 
location characters of Lamb wave band gaps in the 2D PC 
thin plate and basically agreed with the experimental results. 
There are two mainly possible causes of variances. On the 
one hand restricted by the mechanical process, the structural 
parameters and material parameters of the sample 
composite thin plate do not strictly equal to that of the 
calculated model, which affect much on the band structure 
of Lamb waves[19]. And there are some unavoidable 
systematic and measurement errors. On the other hand the 
infinite PC model is employed neglected boundary 
problems such as reflection and dispersion which exist in 
experiment detection. The locations of the other two 
absolute forbidden band gaps are also plotted in Fig. 5 (b). 
Based on the calculation, the second band gap is found from 
0.48 MHz to 0.62 MHz with the bandwidth of 0.14 MHz (įf 
/ fm= 0.254), which is comparable to the case of the first one. 
The third one is localized from 0.86 MHz to 1.04 MHz 
(compared with the detected result 0.77 MHz to 0.91 MHz 
in Fig. 5 (a)) with the bandwidth of 0.18 MHz (0.14 MHz) 
and the ratio įf / fm of 0.189 (0.167). Thus, the bandwidths 
of three calculated absolute forbidden band gaps are broad 
slightly with a little shift of center frequency. 

We patterned the scatterers in the triangular arrangement 
in a thin aluminum plate, while other parameters of the 
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composite plate remain constant as shown in Fig. 3 (b). 
Figure 6 (a) indicates that periodic structures have a strong 
impact on the propagation of Lamb waves. On the basis of 
experiment results, the spectrum of transmission for Lamb 
waves in composite sample plate 02 is plotted (the solid 
curve in Fig. 6 (b)) and presents three acoustic band gaps 
compared with the one of aluminum plate (dot curve). 

 

 

 
Figure 6: Transmitted waveforms of Lamb waves 
propagated in (a1) aluminum plate; (a2) sample 02 
(triangular distribution); (b) transmission spectra: 
aluminum plate (dot curve) and sample 02 (solid curve).

 
Figure 7 shows the band structure of Lamb waves 

propagated in the composite plate with triangular 
distribution PCs (sample 02). Compared with the dispersion 
curves (Fig. 7 (b)), it is found that the first slit on 
transmission spectrum indicated by the arrows is not 
absolute forbidden band. The second absolute forbidden 
band obtained by experimental detection (numerical 
calculation) is localized from 0.6 MHz to 0.72 MHz (0.71 
MHz to 0.82 MHz) with the bandwidth of 0.12 MHz (0.11 
MHz) and the ratio įf / fm of 0.182 (0.144). And the third 
absolute forbidden band obtained by detection is extends 
from the frequency of 0.9 MHz to 1.03 MHz with įf = 0.13 
MHz and fm= 0.965 MHz, while the calculated one is 
localized from 1.04 MHz to 1.15 MHz with įf = 0.11 MHz 
and fm= 1.095 MHz. The bandwidths of two results are 
mainly closely while the center frequencies have little shift, 
and the characters of the variances between two results are 
much similar to the case of sample 01. Figure 7 (a) and (b) 

exposit that there are one partial forbidden band and two 
absolute forbidden bands of Lamb waves in low frequency 
range for sample 02, which is great different with .the case 
for sample 01. Comparing Fig. 5 with Fig. 7, the huge 
influence of the arrangement of scatterers on the band 
structure of Lamb waves in a 2D PC plate is confirmed not 
only in theory but also in experiment. 

 

Figure 7: (a) The detected transmission spectrum of 
Lamb waves in sample 02; (b) Dispersion curves of 
Lamb waves. 

 

4. Conclusions 

The propagation of Lamb wave in 2D PC thin plate is 
studied. The calculated results show the periodical 
arrangement of scatterers strongly modifies the location of 
Lamb wave band gaps. The PC with scatterers patterned 
squarely shows three absolute forbidden bands, while the 
PC with scatterers patterned triangularly presents one partial 
forbidden band and two absolute forbidden bands in low 
frequency domain. On the basis of calculations, 2D PC 
plates are manufactured. Through laser-ultrasonic 
measurements, acoustic band gaps in the PC plates are 
observed experimentally, which confirms the existence of 
Lamb wave band gaps in 2D PC plates. The transmit power 
spectra detected in the experiments mainly agree with the 
calculateG results. 
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Abstract 

Based on the effective medium approximation, we propose 
a practical implementation of cylindrical acoustic cloak 
with concentric alternating multilayered structure of 
homogeneous isotropic materials, which can perfectly 
mimic the ideal radius-dependent and anisotropic ordinary 
lens cloak. The proposal exhibits near-ideal cloaking 
performance such as low-scattering and shadow-reducing at 
a wide range frequency, thus can hide an object from the 
detection of acoustic wave. The acoustic waves can pass 
through the cloaking shell with unchanged wavefront shape, 
which endues the cloaked object with duplex 
communication ability. More simulations on the acoustic 
far-field scattering patterns and total scattering cross-section 
(TSCS) are performed to investigate the layer number and 
frequency dependence of cloaking effect, and the results 
show that the thinner layers exhibit better cloaking effect. 
The proposal may significantly facilitate the experimental 
demonstration of acoustic cloak. 

1. Introduction 

Recently, transformation optics has attracted increasing 
interest, since it offers a conceptual design technique to 
create a wide variety of unprecedented optical effects and 
functional devices by controlling the paths of 
electromagnetic (EM) wave propagation at will [1-8]. One 
of the most remarkable applications enabled by this 
technique is the so-called invisibility cloak, which can bend 
light around a region of space and make any object in the 
region seem invisible. The invisibility cloak has been 
experimentally realized at microwave [4] and optical [8] 
frequencies with the aid of artificial EM metamaterials. 
Since the acoustic wave equation is also transformation 
invariant, the transformation-based method was then further 
extended to manipulate acoustic wave in similar manner 
and design the inaudibility cloak, which may significantly 
reduce the acoustic signature of the cloaked object and 
make it acoustically undetectable [9-26]. 

There are two schemes been developed to achieve the 
cloaking effect of scattering cancellation and acoustic 
transparency, according to whether the cloaked object has 
capability of sending and receiving information. The first 
scheme is to expand a point or a line in one coordinate 
system into a hole (cloaked region with spherical, 

cylindrical, wedged or other shapes) in another [9-21]. 
Since a point/line is defined as the smallest/thinnest 
mathematical entity, nothing can penetrate them, i.e. in the 
transformed coordinate system the wave can not get into the 
hole because it must locally follow the coordinate system. 
The object inside the hole thus becomes invisible, but 
meanwhile it loses communication with the surroundings 
because no wave can penetrate the cloak. In order to get 
around such an inherent limitation, the second scheme was 
then proposed in which the object lies outside the cloak or 
encircled by lens [7, 22-26]. In the external cloak scheme 
the object is canceled out by its anti-object made of 
negative materials for the propagating waves [7, 22-24], 
while the lens can be regarded as perfectly-matched layer 
which can mach two mismatched domains, so it can cloak 
object from external illumination too [25-26]. Both in anti-
object and hyperlens proposal, single-negative even left-
hand materials were needed until it was subsequently found 
that ordinary lens made of positive materials can also hide 
an object from detection of acoustic wave [26]. However, 
the implement of ordinary lens cloak depends on the 
medium with radius-dependent and anisotropic density and 
bulk modulus, which is still difficult to realize because of 
the limited resource of natural materials with radial 
anisotropy. One possible solution is to use acoustic artificial 
metamaterial composed of subwavelength resonant 
inclusions, but the metamaterial works in a limited 
frequency range and its local resonance may result in 
considerable absorption of wave [15, 27-29].  

In this paper, we employ the principle of layered system 
used in invisibility cloak [5-6] and the first scheme 
inaudibility cloak [16-20] to design two-dimensional (2D) 
ordinary lens acoustic cloak. The proposed cloak is 
implemented with concentric alternating multilayered 
structure of homogeneous isotropic materials. Based on the 
effective medium approximation [30], when each layer has 
proper parameters and enough thin thickness, the 
multilayered structure can behave as a single effective 
medium with radius-dependent and anisotropic density and 
bulk modulus. Full-wave simulations by finite element 
method (FEM) are performed to demonstrate the properties 
of the proposed structure. The simulation results clearly 
show near-ideal cloaking performance such as low-
scattering and shadow-reducing. Meanwhile, the acoustic 
wave can pass through the cloaking shell changelessly 
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which makes the cloaked object capable of exchanging 
information with the surroundings by acoustic wave for any 
purpose. It is noteworthy that the proposed cloak has a wide 
operating frequency region in which the upper limit is only 
determined by layer thickness. With the feasibility of 
designing an acoustic cloak by ordinary isotropic materials 
instead of acoustic metamaterial with complex structured 
inclusions, this proposal may significantly facilitate the 
experimental demonstration of acoustic cloak. 

2. Ideal cloak 

According to the acoustic transformation theory, when 
original space x'(r', ș', z') is transformed into physical space 
x(r, ș, z) by a radial mapping in cylindrical geometry (r'=f(r), 
ș'=ș, z'=z), the density and bulk modulus in the physical 
space can be expressed as 

 ( ) / ( )r f r r f rU Uc c , ( ) / ( ( ))f r rf rTU Uc ,  

 / ( ( ) ( ))r f r f rN Nc c , (1) 

where ȡ' and ț' are the density and bulk modulus in the 
original space. It can be noticed in Eq. (1) that ȡr/ȡ' and ȡș/ȡ' 
are reciprocal. In order to simplify the parameters, we set ȡr 
as a constant, then ȡș becomes constant too. Suppose 
f'(r)r/f(r)=n, then the general form of transformation 
function f(r) which yields constant ȡr and ȡș can be obtained 
as 

 ( ) nf r mr . (2) 

Here, m and n are two unknown coefficients which can be 
obtained by the requirement of continuous condition of f(r) 
at boundary.  

 
Figure 1: The transformation function f(r) of the cloak.  
 

For a central cylindrical object with density ȡ0, bulk 
modulus ț'' and radius a, its corresponding transformation 
function is 

 
1 0( ) /f r r N Ncc , (3) 

as shown in Fig. 1. Here ȡ0 and ț0 are the density and bulk 
modulus of the host medium. In order to cancel the 
scattering of the object, we shield it by an acoustic cloaking 
shell with inner (outer) radius a (b). As is shown in Fig. 1, 
the transformation function f2(r) to produce acoustic 
cloaking must fulfill the continuous conditions that 

 
2 1( ) ( )f a f a , 

2 ( )f b b . (4) 

By solving Eq. (4), we eventually obtain the parameters of 
the 2D ideal acoustic cloak [26] 

 
0r nU U , 

0 / nTU U , 2 2
0( ) nr b nN N� , (5) 

with coefficient n=1+0.5lg(ț''/ț0)/lg(b/a). It can be noticed 
in Eq. (5) that, the density of the cloak is anisotropic but 
homogeneous, and only the bulk modulus is spatially variant. 

As is shown in Fig. 1, there are two cases. (1) ț'' > ț0a
2/b2, 

then the coefficient n should locate at the range (0, +�) and 
the parameters of the cloak are all positive. (2) ț'' < a2ț0/b2, 
then the coefficient n locates at the range (-�, 0) and the 
parameters of the cloak are all negative. The cloak with 
negative parameters has been discussed, so we only consider 
the first case in this paper. 

Full-wave simulations are performed by FEM to 
demonstrate the cloaking effect. In all simulations in this 
paper, the host medium is set as water with the density 
ȡ0=998 kg/m3 and the bulk modulus ț0=2.19 GPa, the 
cloaked object has density ȡ0, bulk modulus ț''=2.25ț0 and 
radius a=1.0 m, the outer and inner radius of the cloaking 
shell are chosen as b=1.5 m and a=1.0 m, and the acoustic 
plane wave travels from left to right with spatial frequency 
in host medium k0=4ʌ, unless otherwise specified. The 
acoustic parameters of the cloaking shell can be readily 
obtained by inserting the corresponding coefficients into Eq. 
(5). 

 
Figure 2: Acoustic pressure field distributions for (a) 
uncloaked scatterer and (b) cloaked scatterer. 
 

The acoustic pressure field distributions for uncloaked 
and cloaked scatterer are shown in Figs. 2(a) and 2(b), 
respectively. As observed, without the cloak the plane wave 
is strongly disturbed by the scatterer, which results in the 
remarkable backward reflection and the sharp-edged 
acoustic shadow. With the cloak, both the backward 
reflection and shadow are significantly suppressed, which 
results in the undisturbed pressure field outside the shell. 
Moreover, the incident plane wave can pass through the 
cloaking shell with unchanged wavefront shape, which 
makes the cloaked object capable of receiving information 
from the surroundings without distortion.  

It should be noted that, the density ȡ0 and bulk modulus 
ț'' of the cloaked object is in fact the effective parameters. 
Because the object in water generally has a composite 
structure, we treat the object as a homogeneous effective 
medium. In Figs. 3 a square region (-0.25 m<x<0.25m, -0.25 
m<y<0.25 m) within the object is constructed by two kinds 
of alternately stacking layers with same geometry size. The 
width and length of each layer are 0.05 m and 0.5 m. The 
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mass density and bulk modulus of the two kind layers are 
ȡ1=1.5ȡ0, ț1=2ț'' and ȡ2=0.5ȡ0, ț2=2ț''/3, respectively. The 
other region of the cloaked object has density ȡ0 and bulk 
modulus ț''=2.25ț0. The total effective parameters of the 
cloaked object are ȡ0 and ț'', so the parameters of the 
cloaking shell are same with that in Fig. 2(b). Comparing 
Fig. 3(b) with Fig. 3(a), the cloaking shell can significantly 
reduce the scattering and the cloaking effect is valid for the 
composite object. 

 
Figure 3: Acoustic pressure field distributions for (a) 
uncloaked composite scatterer and (b) cloaked composite 
scatterer. 
 

In order to yield perfect cloaking effect, the effective 
mass density of the object must equal ȡ0 exactly. However, 
the density of the object suspending underwater is just 
approximately same with ȡ0, and it may be variation with the 
work condition (e.g., submarine).  Now we maintain the 
parameters of the cloaking shell in Fig. 2(b) and multiply the 
mass density and bulk modulus of the cloaked object by a 
factor Ș. In Figs. 4(a) and 4(b) the factor are chosen as Ș=0.7 
and Ș=1.5, respectively. It is apparent that at a relatively 
wide range (0.7<Ș<1.5) of objects, the cloaking effect is 
robust because the change of the parameters of the cloaked 
object only induces slight turbulences.  

 
Figure 4: Acoustic pressure field distributions for cloaked 
object with (a) Ș=0.7 and (b) Ș=1.5. 
 

3. Layered cloak 

The parameters of the cloaking shell are anisotropic and 
inhomogeneous, which makes it difficult to experimentally 
realize. So we further construct the cloak by alternating 
homogeneous isotropic materials. As verified in Ref. [16, 
30], the transverse isotropic density can be mimicked by an 
alternating layered system. Figure 5(a) shows the structure 
of acoustic layered system in cylindrical coordinates. For a 
concentric layered structure consisting of two kinds of 
alternating layers A (B) whose parameters are homogeneous 

and isotropic density ȡA (ȡB) and bulk modulus țA (țB), it 
can be properly treated as a single anisotropic medium 
which has the transverse isotropic density along the r-
direction and ș-direction based on the effective medium 
approximation, if only the thickness of each layer is much 
smaller compared with the incident wavelength. The 
effective density tensor and bulk modulus of the layered 
structure take the following form 

 
1
A B

r

U KUU
K

�
 

�
, 1 1 1( )

1 A BT

K
U K U U
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�

, 

 1 1 1( )
1 A B

K
N K N N
 �

�
, (6) 

where, ȡr and ȡș are the radial and angular components of 
the effective anisotropic density tensor, respectively, ț is the 
effective bulk modulus, and Ș is the ratio for the thicknesses 
of B layers (dB) and A layers (dA). 

 
Figure 5: (a) The structure of acoustic layered system. (b) 
The schematic of 2N-layered acoustic cloak. 
 

Now we come to realize the radius-dependent, anisotropic 
acoustic cloaking shell described by Eq. (5) using layered 
structures of homogeneous isotropic materials described by 
Eq. (6). First, break the ideal continuous shell into N layers 
which have stepwise discrete parameters distribution. The 
material in each layer is thus anisotropic and homogenous. 
Then, mimic each anisotropic layer by alternating layers of 
isotropic materials A and B whose parameters are precisely 
designed by Eq. (6) from the corresponding anisotropic layer. 
If N is large enough, each anisotropic but homogeneous 
layer can be mimicked by only two isotropic and 
homogeneous layers A and B. Finally, the inhomogeneous 
anisotropic cloaking shell is approximately implemented by 
2N discrete layers of homogeneous isotropic materials, as 
shown in Fig. 5(b). Suppose the layers have equal thickness 
(Ș=1) and substitute Eq. (5) into Eq. (6), then the density and 
bulk modulus of each layer can be obtained as follows 

 2
2 1 0( 1)i n nU U�  � � , 

 2
2 0( 1)i n nU U � � , i=1, 2, 3, … , N,  

 0
2 2( )i n

in r b

NN � , i=1, 2, 3, … , 2N, (7) 

with ri=a+(2i-1)(b-a)/4N, i=1, 2, 3, … , 2N. 
The acoustic pressure field distributions for cylindrical 

scatterer shielded by the 10-layered cloak and 40-layered 
cloak are shown in Figs. 6(a) and 6(b), respectively. 
Comparing Fig. 6(a) with Fig. 6(a), when the scatterer is 
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shielded by the 10-layered cloak (2N = 10, dA = Ȝ/10), the 
deformation of pressure field decreases but the scattering is 
still very large. Figure 6(b) shows the efficient cloaking 
effect by the 40-layered cloak (2N = 40, dA = Ȝ/40). Outside 
the cloaking shell, the scattering is greatly reduced and the 
plane wave field is almost undisturbed. For an exterior 
observer, the acoustic field seems to be emitted from the 
source directly as if there is no scatterer in the host medium. 
The absence of scattered waves clearly verifies the efficient 
cloaking effect of the proposed layered cloak. And it is 
worth pointing out that the incident plane wave can pass 
through the cloaking shell with the shape of the wavefront 
unchanged, which makes it capable of receiving information 
from the surroundings. Figures 6(a) and 6(b) imply that the 
proposed cloak with larger layer number 2N produces 
smaller scattering for external illumination, and the cloaking 
performance is quite excellent when 2N becomes large 
enough (e.g., 2N = 40).  

 
Figure 6: Acoustic pressure field distributions for (a) 10-
layered cloak and (b) 40-layered cloak.  
 

 
Figure 7: (a) The acoustic far-field scattering patterns and (b) 
TSCS for different 2N-layered cloak. 
 

 
Figure 8: Acoustic pressure field distributions of 40-layered 
cloak with (a) Ȝ = 1.5a and (b) Ȝ = a/6. 
 

We further investigate the acoustic total scattering cross-
section (TSCS) [11] which is defined as the ratio of the total 
scattered power to the incident power and can be calculated 

by integrating the far-field scattering pattern over ș. Figure 
7(b) depicts the TSCS as a function of layer number 2N at Ȝ 
= 0.5a. For the bare scatterer (2N = 0), the TSCS is about 
4.1. When the scatterer is shielded by a 2-layered cloak, the 
TSCS is 8.1 and it may significantly drop as the layer 
number 2N increases. Finally, the TSCS will decrease to 
zero when 2N is large enough. It is clearly shown in Fig. 7(b) 
that the larger layer number, the smaller this 2N-layered 
cloak produces scattering for fixed external illumination.  

For the purpose of quantitatively analyzing the cloaking 
effect, the acoustic far-field scattering pattern [5, 11] is 
calculated by using the acoustic scattering theory under 
plane wave incidence. Figure 7(a) plots the acoustic far-field 
scattering patterns for different 2N-layered cloak at Ȝ = 0.5a. 
For the bare scatterer, the maximum scattering is 46.12 dB 
at ș = 0° which corresponds to the sharp forward shadow 
behind the scatterer. When it is shielded by the 40-layered 
(10-layered) cloak, the forward (ș = 0°) scattering 
dramatically decreases to 12.98 dB (32.21 dB). The 
maximum reduction (94.17 dB) of scattering due to the 
presence of 40-layered cloak occurs in ș = 80°, and at most 
angles (�71.11%) the reduction is more than 25 dB. It can be 
found in Fig. 7(a) that, when the layer number 2N is 
increasing the scattering of such 2N-layered cloak 
significantly drops compared with that of a bare cylindrical 
scatterer, which clearly demonstrates the efficiency of the 
layered cloaking system.  

We also investigate the performance of the multilayered 
cloak with different wavelengths. The acoustic pressure field 
distributions of 40-layered cloak for plane wave incidence 
with wavelength Ȝ = 1.5a (dA = Ȝ/120) and Ȝ = a/6 (dA = 
3Ȝ/40) are shown in Figs. 8(a) and 8(b), respectively. 
Compared to Fig. 6(b), the pressure field in Fig. 8(a) suffers 
so smaller disturbance from the scatterer that the 
deformation of exterior plane wave can not been caught by 
the naked eye. Namely, the cloaking effect improves as the 
wavelength increases from Ȝ = 0.5a to Ȝ = 1.5a, but in 
contrast the cloaking effect markedly degrades when the 
wavelength is decreased to a/6, as shown in Fig. 8(b). It is 
clearly seen that the plane wave field is strongly disturbed 
and the wavefront becomes discontinuous, indicating non-
negligible scattering appears. 

 
Figure 9: (a) The far-field scattering patterns of 40-layered 
cloak under plane wave incidence with different wavelength 
Ȝ. (b) The frequency dependence of TSCSs for bare scatterer 
and 40-layered cloak. 
 

We further quantify the directional performance of the 
cloak with different wavelengths. Figure 9(a) plots the 
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scattering patterns of 40-layered cloak for wavelength Ȝ = 
a/6, Ȝ = 0.5a and Ȝ = 1.5a. As observed, when the 
wavelength decreases from 1.5a to 0.5a and further to a/6, 
the scattering increases dramatically in all directions. For Ȝ = 
1.5a and Ȝ = a/6, the scatterings in the direction ș = 0° (ș = 
180°) are -20.79 dB and -46.42 dB (59.17 dB and 0.59 dB), 
respectively. Namely, the forward shadow (backward 
reflection) increases 79.96 dB (47.01 dB) as Ȝ only 
decreases from 1.5a to a/6. The scattering patterns 
accurately match the pressure field distributions in Fig. 8. 

In order to present an overall performance on the cloak’s 
operating frequency, we further calculate the acoustic TSCS 
spectra under different frequency, and depict it as a function 
of the normalized frequency k0a (2ʌ/Ȝ) in Fig. 9(b). At 
extremely low frequency (k0aĺ0), the size of the scatterer 
and 40-layered cloak are much smaller than the wavelength, 
the TSCSs for three cases thus approach zero. As k0a 
increases from 0 to 5.66 and further to 45, the TSCS of the 
bare scatterer first rapidly increases to 5.3 and then oscillates 
around average value 4, while the TSCSs for two types of 
40-layered cloak increase monotonously with k0a. However, 
the TSCS of the 40-layered cloak is always smaller than that 
for bare scatterer in the range of k0a = 0 - 44.55, which 
distinctly confirms the efficient cloaking effect of the 
proposed layered structure, and the cloaking effect is 
gradually degraded as the frequency increases (or 
wavelength decreases). In the range of k0a = 0 – 27.02, the 
TSCS of the cloak maintains below 0.44 and the cloaking 
efficiency keeps above 90%. As k0a is further increased to 
44.55, the TSCS of the cloak increases dramatically and 
equals to that for bare scatterer at last, the cloaking 
efficiency thus vanishes. If the cutoff frequency is defined as 
a benchmark distinguishing whether the cloaking effect 
exists, then the operating frequency of the 40-layered cloak 
is 0 - 44.55. The frequency dependence of the cloaking 
effect agrees well with Figs. 8 and 9(a). 

The investigation about the layer number and frequency 
dependence of the cloaking effect clearly show that the 
thinner the layers compared with incident wavelength, the 
better this 2N-layered structure cloaks the scatterer. This 
character can be easily explained by effective medium 
approximation. The layered cloak is characterized as an 
effective anisotropic material, and the mimic works if only 
dA (dB) << Ȝ. When the wavelength decreases or the layers 
become thick the long-wavelength limit will be destroyed, 
which directly degrades the working condition of the 
approximation, and hence, attenuates the cloaking effect. As 
a result, the better cloaking effects and wider operating 
frequency could be obtained by thinner alternating layers. 
However, in practical realization it is difficulty to coat too 
many thin layers which follow the parameter described by 
Eq. (3), we thus have to terminate the coating process at a 
proper medium value of layer number 2N considering the 
fabrication cost and implementation difficulty.  

Since the wave from external sources can pass through 
the cloaking shell, we have also considered the case where a 
source is put inside the cloaked region to decide whether the 
wave can travel from inside to external region. The 
simulation results are given in Fig. 10 in which the point 

source is located at (1.0 m, 180°). Without cloak, the wave 
directly travels into the distance, but the wavefront shape no 
longer keeps cylindrical because of the scattering by the 
cylinder, as shown in Fig. 10(a). In Fig. 10(b) the 
cylindrical wave can pass through the cloaking shell and 
reach the outside with changeless wavefront shape, which 
makes it capable to send information to outside. In addition, 
the cloaking shell produces an imaginary image P' at (0.67 
m, 180°), which results in an intriguing effect that for an 
exterior observer the acoustic wave appears to be radiated 
from the point P'. 

 
Figure 10: Acoustic pressure field distributions for (a) bare 
scatterer and (b) 40-layered cloak. The acoustic wave is 
incident from a point source located at (1.0 m, 180°) with 
wavelength in host medium Ȝ = 0.5a. 
 

4. Conclusions 

In conclusion, we have presented an inaudibility cloaking 
scheme by mimicking the radius-dependent and anisotropic 
ordinary lens through alternating layered structures of 
homogeneous isotropic materials based on the effective 
medium approximation. The low-scattering and shadow-
reducing properties have been demonstrated, which make an 
acoustic sensor undetectable. Since the wave can pass 
through the cloaking shell with changeless wavefront shape, 
the cloaked object is able to exchange information with the 
outside environment by acoustic wave for the purpose of 
communication or detection. The investigation about layer 
number and operating frequency show that the thinner layers 
produce better cloaking effect. Moreover, the proposed 
scheme has no requirement of any anisotropic or 
inhomogeneous materials which are usually constructed by 
resonant metamaterial, thus the layered cloak may have a 
wide operating frequency range in which the upper limit is 
only decided by layer thickness. The proposal may 
significantly facilitate the experimental demonstration of 
acoustic cloaking. 

Acknowledgements 

This work was supported by the National Basic Research 
Program of China under Grant No. 2012CB921504, NSFC 
(11074124, 11104139 and 10904052), SRFDP 
20110091120040, and Jiangsu Provincial Natural Science 
Foundation (BK2011542) and PAPD of Jiangsu higher 
education institutions. 
 



6 
 

References 

[1] U. Leonhardt, Optical conformal mapping, Science 312: 
1777í1779, 2006. 

[2] J. B. Pendry, D. Schurig, D. R. Smith, Controlling 
electromagnetic fields, Science 312: 1780í1782, 2006. 

[3] S. A. Cummer, B. I. Popa, D. Schurig, D. R. Smith, J. B. 
Pendry, Full-wave simulations of electromagnetic 
cloaking structures, Phys. Rev. E 74: 036621, 2006. 

[4] D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J. B. 
Pendry, A. F. Starr, D. R. Smith, Metamaterial 
electromagnetic cloak at microwave frequencies, 
Science 314: 977í980, 2006. 

[5] Y. Huang, Y. Feng, T. Jiang, Electromagnetic cloaking 
by layered structure of homogeneous isotropic materials, 
Opt. Express 15: 11133í11141, 2007. 

[6] C. W. Qiu, L. Hu, X. Xu, Y. Feng, Spherical cloaking 
with homogeneous isotropic multilayered structures, 
Phys. Rev. E 79: 047602, 2009. 

[7] Y. Lai, H. Y. Chen, Z. Q. Zhang, C. T. Chan, 
Complementary media invisibility cloak that cloaks 
objects at a distance outside the cloaking shell, Phys. 
Rev. Lett. 102: 093901, 2009. 

[8] J. Valentine, J. Li, T. Zentgraf, G. Bartal, X. Zhang, An 
optical cloak made of dielectrics, Nature Mater. 8: 
568í571, 2009. 

[9] G. W. Milton, M. Briane, J. R. Willis, On cloaking for 
elasticity and physical equations with a transformation 
invariant form, New J. Phys. 8: 248, 2006. 

[10] S. A. Cummer, D. Schurig, One path to acoustic 
cloaking, New J. Phys. 9: 45, 2007. 

[11] L. W. Cai, J. Sánchez-Dehesa, Analysis of Cummer-
Schurig acoustic cloaking, New J. Phys. 9: 450, 2007. 

[12] H. Chen, C. T. Chan, Acoustic cloaking in three 
dimensions using acoustic metamaterials, Appl. Phys. 
Lett. 91: 183518, 2007. 

[13] S. A. Cummer, B. I. Popa, D. Schurig, D. R. Smith, J. 
Pendry, M. Rahm, A. Starr, Scattering theory derivation 
of a 3D acoustic cloaking shell, Phys. Rev. Lett. 100: 
024301, 2008. 

[14] A. N. Norris, Acoustic cloaking theory, Proc. R. Soc. A 
464: 2411í2434, 2008. 

[15] S. Zhang, C. G. Xia, N. Fang, Broadband acoustic cloak 
for ultrasound waves, Phys. Rev. Lett. 106: 024301, 
2011. 

[16] Y. Cheng, F. Yang, J. Y. Xu, X. J. Liu, A multilayer 
structured acoustic cloak with homogeneous isotropic 
materials, Appl. Phys. Lett. 92: 151913, 2008. 

[17] D. Torrent, J. Sánchez-Dehesa, Acoustic cloaking in 
two dimensions: a feasible approach, New J. Phys. 10: 
063015, 2008. 

[18] H. Y. Chen, T. Yang, X. D. Luo, H. R. Ma, Impedance-
matched reduced acoustic cloaking with realizable mass 
and its layered design, Chin. Phys. Lett. 25: 3696í3699, 
2008. 

[19] Y. Cheng, X. J. Liu, Three dimensional multilayered 
acoustic cloak with homogeneous isotropic materials, 
Appl. Phys. A 94: 25í30, 2009. 

[20] H. Y. Chen, C. T. Chan, Acoustic cloaking and 
transformation acoustics, J. Phys. D: Appl. Phys. 43: 
113001, 2010. 

[21] B. I. Popa, L. Zigoneanu, S. A. Cummer, Experimental 
acoustic ground cloak in air, Phys. Rev. Lett. 106: 
253901, 2011. 

[22] B. Liu, J. P. Huang, Acoustically conceal an object with 
hearing, Eur. Phys. J. Appl. Phys. 48: 20501, 2009. 

[23] J. J. Yang, M. Huang, C. F. Yang, J. H. Peng, J. Chang, 
An external acoustic cloak with N-sided regular 
polygonal cross section based on complementary 
medium, Comput. Mater. Sci. 49: 9í14, 2010. 

[24] Q. Su, B. Liu, J. P. Huang, Remote acoustic cloaks, 
Front. Phys. 6: 65í69, 2011. 

[25] X. F. Zhu, B. Liang, W. W. Kan, X. Y. Zou, J. C. 
Cheng, Acoustic cloaking by a superlens with single-
negative materials, Phys. Rev. Lett. 106: 014301, 2011. 

[26] X. F. Zhu, The investigation of phononic crystal and 
acoustic metamaterials, PhD thesis, Nanjing University, 
Nanjing, 2011. 

[27] Z. Liu, X. Zhang, Y. Mao, Y. Y. Zhu, Z. Yang, C. T. 
Chan, P. Sheng, Locally resonant sonic materials, 
Science 289: 1734í1736, 2000. 

[28] G. W. Milton, New metamaterials with macroscopic 
behaviour outside that of continuum elastodynamics, 
New J. Phys. 9: 359, 2007. 

[29] J. Li, L. Fox, X. Yin, G. Bartal, X. Zhang, Experimental 
demonstration of an acoustic magnifying hyperlens, 
Nature Mater. 8: 931í934, 2009. 

[30] M. Schoenberg, P. N. Sen, Properties of a periodically 
stratified acoustic half-space and its relation to a biot 
fluid, J. Acoust. Soc. Am. 73: 61í67, 1983. 



 META’12 CONFERENCE, 19 – 22 APRIL 2012, PARIS - FRANCE 

  

Determining the full transformed relations in transformation method 
 

Jin Hu1 *, and Xiang-Yang Lu 1, 2 
 

1 School of Information and electronics, Beijing Institute of Technology, Beijing, China 
2 School of Electronic and Information Engineering, Zhongyuan University of Technology, Zhengzhou, China 

*corresponding author, E-mail: bithj@bit.edu.cn 
 
 

Abstract 
Transformation method provides an efficient way to control 
wave propagation by materials. The transformed relations 
for field and material during a transformation are essential 
to fulfill this method. However, there are no general 
methods to obtain the transformed relations for a general 
physic process; all the results in literatures are derived case 
by case. As a result, the degree to which this transformation 
concept can be applied to other physical phenomena 
remains an open question. Recently, Hu et al. present a 
general framework for determining the transformed 
relations of physical quantities in arbitrary PDE in its 
application scope according to the idea of transformation 
method. In this paper, we will review the main concepts of 
this general theory, particularly the difference between this 
idea and the usual method. The flexibility of this method is 
shown by an example.  

1. Introduction 
The transformation method proposed for electromagnetic 
(EM) waves [1-3] has been found many applications to 
control and manipulate electromagnetic fields with help of 
electromagnetic metamaterials, such as cloaks [2,4]. The 
method is also extended to acoustic wave for liquid 
materials [5,6], heat conduction [7] and matter waves [8]. 
The basic principle of transformation method is based on 
the form-invariance of the corresponding equations under a 
general spatial mapping, and then the needed materials to 
distribute the fields in a prescribed manner can be 
constructed directly. Consider a physical process described 
on an initial space : , the field u  and material C  are 
related together at a point x and time t by a differential 
equation F as 

( , , ( , ), ( )) 0F t t  x u x C x , �:x .  (1) 

The operator F announces the certain physical mechanism 
between C  and u  in every point within : . If F is form-
invariant under the mapping which transform the space :  
to ':  by ' '( ) x x x , i.e. there is 

( ', , '( ', ), '( ')) 0F t t  x u x C x , ' '�:x , (2) 

then the attached field u  and materials C  in :  can also be 
mapped to ':  as 'u  and 'C . The idea of transformation 

method is to carefully perform a specifical mapping so that 
the transformed field 'u  in the transformed space follows a 
designed way, and 'C  then tells how to realize this function 
by the material distribution. Hence, the transformed 
relations for field and material during a transformation, i.e.,  

: 'uT u u� , : 'CT C C� ,   (3) 

are essential to fulfill this method.  
To obtain Eq. (3) for different equations, different 

groups have come up with different methods. Pendry et al. 
[2] rebuild the Maxwell’s equations in a small 
parallelepiped and find the transformed relations with help 
of both the contravariant and covariant components of 
vectors. The similar method is used by Cummer et al. [9] to 
obtain the velocity transformation for scalar acoustic 
equations. Greenleaf et al. [10] analyze the Helmholtz 
equation with respect to Riemannian metrics, and then the 
transformed relations can be obtained by comparison of the 
equations in Riemannian space and Euclidian space. Milton 
et al. [11] give another concise mathematical formulation. 
They utilize tensor calculation to prove that for a given 
transformation of field and material in the Maxwell’s 
equations, the equations can retain their form. Norris [12] 
shows that the material transformations of generalized-
acoustic equations are not uniquely defined based on the 
pentamode elastic material theory [13]. Interestingly, 
Leonhardt et al. [14] find that general relativity provides the 
recipes for calculating the required electromagnetic material 
properties. Recently, the so-called “change of variable” 
method which was developed by Milton et al. [11] has been 
extended by Vasquez et al. [15] and Norris et al. [16] to 
obtain the transformations of the elastodynamics equations. 
The main idea of the this “change of variable” method is: 
one should first assume certain transformed relations for 
some physical quantities between x  and 'x , and  then 
reestablish the whole equations and other quantities also 
respect to 'x , according to the calculus rules. If the 
reestablished equations have the same form as the original 
one, then the equations are declared to be form-invariant, 
and the transformed relations Eq. (3) can be easily obtained 
by comparing the two sets of equations; otherwise, the 
equations are considered as form-variant and thus the 
transformation method can not be applied. By this method, 
the two groups achieve coincident results for transformation 
elastodynamics: if the transformed elasticity tensor is 
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assumed to be full symmetric, then the reestablished 
elastodynamics equations are changed from Navier’s 
equations to Willis’ equation; if one want to retain the form 
of Navier’s equations, the transformed elasticity tensor 
should be asymmetric, which is first shown by Brun et al. 
[17] for the transformation elastodynamics as a special case. 

The abovementioned methods are, generally speaking, 
based on the mathematical interpretation of the form-
invariance. In this interpretation, the “form-invariance” is a 
pure mathematical property of a given set of equations. One 
needs first to find the transformed equations to verify 
whether they have the same forms as the original ones, if 
that is the case, the transformed relations for fields and 
materials can be obtained. Recently, Hu et al. and Chang et 
al. [18-20] have proposed another method to obtain the Eq. 
(3). In their method, the “form-invariance” is interpreted 
from the physical point of view, i.e., if the governing 
equation Eq. (1) is used for both homogeneous (isotropous) 
and inhomogeneous (anisotropic) materials, it is considered 
as form-invariant. In this framework, there is no need to 
find the transformed governing equation, because any 
reasonable governing equation must have clear answer for 
their application scope. The physical interpretation of form-
invariance bring about conveniences in obtaining the 
transformed relations for field and material during a 
transformation, however as it is totally different to the usual 
methods, the difference and relationship between these two 
ideas should be give more clarifications. That is the 
objective of this paper. 

The paper is arranged as follows: In Section 2, the 
“change of variable” method in transformation method is 
discussed, and the ambiguity implied in this idea is pointed 
out, then in Section 3 the method based on the physical 
interpretation of form-invariance is discussed. A sample is 
given to show the flexibility of this method in Section 4, 
with a concluding summary of the paper in Section 5.  

2. The “change of variable” method in 
transformation method 

The “change of variable” method is a representative method 
to obtain the Eq. (3) based on the mathematical 
interpretation of form-invariance. The main idea of this 
method has been briefly introduced in Section 1. In this 
section, we will give more detailed introduction to this 
method in context of elastodynamics according to Ref. [11, 
15-16], and the ambiguity of this method will be 
demonstrate subsequently. 

The governing equations of elastodynamics are 

2Z U� �  �ı u ,   �ı C u ,  (4) 

where u  denotes displacement vector, ı  is 2-order stress 
tensor, C  is 4-order elasticity tensor, U  is density and Z  is 

the frequency. If one physical quantity transformation can be 
given first, then all the others can be obtained. For example, 
if one assumes the displacement vector has this 
transformation [11] 

T 1' ( )� u A u ,     (5) 

where A  is the Jacobian transformation tensor with the 
components ' /ij i jA x x w w , then the transformations of other 

physical quantities, ı , C , U  can be derived by submitting 
Eq. (5) to (4) and rewriting the equations respect to 'x . The 
“test function” method can be introduced to simplify the 
derivation [11]. One can find that the chain rule in calculus 
will lead to the form-variance of Eq. (4) in the new space 

':  [11] 

2' ' ' ' ' 'Z� �  � �ı D u ȡ u , ' ' ' ' ' ' � �ı C u S u , (6) 

which are of the form of Willis’ equations. 

 Realizing that the assumption of Eq. (5) is just a special 
case, Vasquez et al. [15] and Norris et al. [16] then propose 
a more general transformation of the displacement vector 

T' � u B u ,     (7) 

where B is an arbitrary invertible matrix-like transformation 
operator. As the arbitrary operator B is introduced, the 
transformations of quantities in Eq. (6) are nonunique 
[15,16] 

1'ijkl im jn kp lq mnpqC J A B A B C� , 

1' kq
ijk im jn mnpq

p

B
S J A B C

x
� w

 
cw

,  (8) 

' 'kij ijkD B , 

1 1 2 jqin
ij ik jk mnpq

m p

BB
J B B J C

x x
U U Z� � � wwc  �

c cw w
, 

where detJ  A . Hence, it is obvious that  
(a) If 'C  needs to be full symmetric, i.e., 'ijklC = ' jiklC = 

'klijC , then one has to set  B A , the transformed equations 

become Eq. (6), and this the case by adopting the 
assumption of Eq. (5); 

(b) If the transformed equations need to be keep their 
original form as Eq. (4), i.e., ' ' 0  D S  in Eq. (6), then  
one has to set B = const, and thus 'C  loses it full symmetry 
because there may has 'ijklC z ' jiklC . If  B I , the result of 

Brun et al. [17] can be included as a specifical case.  
So far it is seems that the analyses are complete.  

However, the following question makes the above result 
becomes debatable: although Eq. (7) is more general than 
Eq. (5), it is still a special case, so why the special result 
should be think as the general one, and assert that Eq. (4) 
can not retain their form if the transformed elasticity tensor 

'C  needs to be full symmetric? The real general 
transformation of displacement vector is 

'( ') ( ', , ( ))f u x x x u x ,    (9) 

where f  is an  arbitrary continuous function, it can be 
much more complex than Eq. (7). In fact, as shown by 
Cevery [21], a time-harmonic solution of the elastodynamic 
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equation (4) for an inhomogeneous medium can be written 
in the form of a vectorial ray series  

0

( ')
( ', ) exp[ ( ( ')]

( )
n

n
n

t i t T
i

Z
Z

f

 

ª º
 � �« »�¬ ¼
¦U x

u x x� , (10) 

and the system can be solved successively according to its 
recurrent character. Other literatures about the displacement 
solutions of inhomogeneous elastodynamic can be found in 
Ref. [22]. This type of displacement vector can not be 
expressed by the simple transformation Eq. (7).  For the 
isotropous homogeneous medium, we can assume the 
transformations of the material parameters from space :  to 

': , which transform the medium to anisotropies 
inhomogeneous one 

( ', , ) : ( ')g x x C C C x�� , 

( ', , ) : ( ')h U U Ux x x�� ,   (11) 

where g and h are given functions, and C�  is of full 
symmetric by this transformation, then the displacement 
solution u�  can be obtained by Eq. (10) in space ': . We 
have 

2Z U� �  �ı u ,   �ı C u , �:x    

2' Z U� �  �ı u�� � ,  ' �ı C u�� � , ' '�:x  (12) 

where u is the solution of the isotropous homogeneous 
medium in space : , which can be of a harmonic plane 
wave form 

( )u x = ( )U x exp ( ( ( )))i t TZ� � x .   (13) 

Thus, according to Eq. (12), there must exist point-to-point 
mapping between space :  and ':  

( ')C C x�� , 

( ')U U x�� ,    (14) 

( , ) ( ', )t tu x u x�� . 

Equations (14) clearly show that even if the elasticity tensor 
keeps full symmetric, the elastodynamic equation (4) can be 
form-invariant for a general space mapping, provide the 
transformation of the displacement vector can be properly 
assumed. This result disagrees with the assertions (a) and (b) 
in this section. 

However, although the elastodynamic equation can, in 
principle, be form-invariant from the pure mathematic point 
of view, it not indicates that Eq. (14) can be used in the 
framework of transformation method to control the 
displacement field. This is because the inhomogeneous 
elastodynamic equations are equivalent to have non-physical 
sources term, thus the displacement solution Eq. (10) is not a 
smooth wave field, but a scattered wave field [21], which 
usually can not satisfy the engineering design requirement.  

This fact demystifies the key point in the transformation 
method: the method does not concern for whether the 
governing equations can be mapped (form-invariance) or 

not, instead, it concern for what kind of mapping (form-
invariance) the equations have, or the characters of the 
transformed relations Eq. (3).  

For high frequency elastic waves ( Z  >>1 ), one can 
only use the zeroth-order term in the  series of Eq. (10)  

0 0( ', ) ( ') exp[ ( ( ')]t i t TZ � �u x U x x� . (15) 

In this approximation, Eq. (10) is reduced to the form of 
plane wave form Eq. (13), which presents a smooth wave 
field, and can be used in the frame work of transformation 
method. The local linear transformation must exist between 
the displacement vectors u and 0u�  because of their 
identical forms. This condition is also true for 
electromagnetic and acoustic waves, if the local linear 
transformation can be found, then Eq. (3) can be used in 
transformation method. However, this “local linear” restrict 
can not be naturally introduced into the “change of 
variable” method, because this restrict is based on the 
strong physical and engineering background, while the 
“change of variable” method is based on the mathematical 
interpretation of the “form-invariance”. Thus, deeper 
physical insight should be introduced into the 
transformation method. 

3. Physical interpretation of the form-invariance 
The objective of the transformation method is to control 
some physical fields by designed appropriate materials, and 
the achieved materials are usually inhomogeneous and 
anisotropic. Thus, if one wants to manipulate the physical 
fields in such media, he must in advance know the 
governing equations for these materials. In view of this, Hu 
et al. [18] give the physical interpretation of the form-
invariance: the governing equation (1) is used for isotropic 
homogeneous materials, if it can also be used for the 
anisotropic inhomogeneous materials, then it is considered 
as form-invariant. Namely, in this interpretation, Eq. (1) and 
Eq. (2) are the governing equations for isotropic 
homogeneous and anisotropic inhomogeneous materials, 
respectively. For example, in classical physics, Maxwell’s 
equations  

,
t t

w w
�u  � �����u  �

w w
H EE ȝ H İ ,  (16) 

can be equally used for both isotropic homogeneous 
materials and anisotropic inhomogeneous materials. 
Similarly, the classical acoustic wave equation 

, ,p pU N�  ��  � �u u��    (17) 

can also be equally used for both isotropic homogeneous 
materials and anisotropic inhomogeneous materials, where 
the mass density is assumed to have a tensor form in general. 
For the classical elastodynamics equations (4), although 
some use it for inhomogeneous materials, but as shown in 
Ref. [23,24], in such cases elastodynamics should be 
governed by Willis equations.  

The essential difference between acoustics (or optics) 
and elastodynamics is that the former is established by the 
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first-order approximation, i.e., the variation of a quantity 
around a point is expressed by Taylor series expansion with 
higher-order terms being neglected. Then the physical model 
of the Eq. (16) or (17) is simply based on a point, which can 
be used for both homogeneous and inhomogeneous 
materials. In contrast, elastodynamics must consider the 
moment effect, thus the physical model is based on a finite 
area rather than a point that cannot support moment. The 
balance equation of angular momentum by first-order 
approximation is written as (without summation)  

1 1
2 2

ij ji
ij i ji j

i j

dx dx
x x
V V

V V
w w

�  �
w w

,  (18) 

where i,j=1,2,3 i jz . Equations (18) complete the 
elastodynamics equations in addition to Eq. (4). However, 
Eq. (18) are difficult to solve, so one can simplified it to 

 ij jiV V       (19) 

by zero-order approximations. Equation (19) is usually 
omitted in Navier’s equation because it is included by the 
symmetry of classical elasticity tensor. Thus, equations (4) 
with symmetric elasticity tensor in fact use zero-order 
approximation and are proper only for slowly varying 
materials (or high-frequency waves). 

The detailed discussions on the precision of the 
governing equations are beyond the scope of this paper. 
What we want to emphasize is that in the physical 
interpretation, the “form-invariance” or “form-variance” of 
the governing equations is already known before obtaining 
Eq. (3). The anisotropic inhomogeneous material can be 
regarded as transformed from the isotropic homogeneous 
one. However the transformation can be arbitrary, different 
transformations will lead to different material, then how to 
find the appropriate transformation that can be used to 
control the physical fields? The transformation method gives 
a graceful solution: it connects the material transformation 
to a point-to-point coordinates mapping between the two 
materials and the local properties of the transformed 
material is determined by the local geometrical property of 
this space mapping. Though this way, the material can be 
transformed via a certain visualized method point by point, 
in turn the physical fields related to material. 

Hu et al. [25] further recognize that the space mapping is 
equivalent to space deformation. If Eq. (1) and Eq. (2) are 
established by first-order approximation, the local linear 
transformation must exist between them. So the space 
deformation can also be interpreted by first-order 
approximation, or the space deformation is regarded as local 
affine deformation point-by-point, and the physical 
quantities transformations are equivalent to physical 
quantities deformations arouse by space deformation. 
Afterwards, according to continuum mechanics, the 
deformation gradient tensor A  (equals to the Jacobian 
transformation tensor) induced by the space mapping can be 
decomposed by a rotation (orthogonal) tensor R  and a pure 
stretch tensor V  as  A VR . Suppose at each point 'ie  and 

iO  respectively the eigenvectors and eigenvalues of V, then 

there are V = 1 1 1' 'O e e + 2 2 2' 'O e e + 3 3 3' 'O e e . The physical field 

u  and material C  in the initial space are rigidly rotated 
with the element to the local system 'e  of the transformed 
space, in the new local Cartesian system 'e  the components 
of the field u  and material C  will then be rescaled along 

'ie . Symbolically the transformations can be written as  

: ', ,�� ����  qV R q q q u C� ,   (20)
 

where qV  is the scaling tensor for the quantity q, and has a 

diagonal form in the specially established frame 'e , i.e., 

1 2 3diag[ , , ]q q q qV , where iq  are scaling factors to be 

determined. The form-invariance of Eq. (1) and (2) and 
differential relation between the two spaces 

/ ' (1/ ) /i i ix xOw w  w w  can lead to the some conditions for 
determining the scaling factors. In addition, one should 
assume during the mapping, each type of energy is 
conserved and there is not energy conversion. If ( , )w u C  

and '( ', ')w u C  denote respectively any type of energy 
densities in the initial and transformed spaces, the volume of 
an element dv  becomes 1 2 3dvO O O  during the mapping, so 
the energy conservation of each point leads to the following 
physical constraint condition  

1 2 3( , ) '( ', ')w w O O O u C u C .   (21)
 

The energy conservation will provide other constraint 
condition for the scaling factors. The constraint conditions 
will allow one finally to determine the transformed relations 
for the field and material.  

This theory provides a general method to determine the 
transformed relations for any physical process governed by 
a set of PDE, if the PDEs are established by the first-order 
approximation. Hu et al. [18] show that the constraint 
conditions are not enough to determine completely the 
transformed relation for transformation acoustics, leaving a 
possibility to define them differently as found in the 
literature. New acoustic transformations with constant 
density or modulus are also proposed. They also show that 
the transformed relation is uniquely determined for 
transformation optics.  With help of this theory, we have a 
convenient method to explore the transformation method in 
a vast range of potential dynamical systems. 

4. Transformation elastodynamics sample 
The theory based on the physical interpretation of the form-
invariance can work well for those equations established by 
the first-order approximation, because in these cases the 
equations can be equally used for both homogeneous and 
inhomogeneous materials. However, the method is not 
limited for those equations; the physical view make it has 
more flexibility in material design compared to the usual 
method such as change of variable method. 

Recall the physical interpretation of the form-invariance, 
the designer should in advance knows the governing 
equations for the inhomogeneous and anisotropic material, 
thus, even if the equations is not a standard first-order 
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approximation but within some application scope they can 
be used in the inhomogeneous media, then the form-
invariance still exists. Take the elastodynamics as an 
example. It is known that Eq. (4) with symmetric elasticity 
tensor can not be used in inhomogeneous materials, 
however, in the high-frequency waves or slowly varying 
materials cases, these equations can be used 
approximatively. Therefore, in this limit, one can still 
explore the method introduced in the previous section to 
obtain the transformed relations of Eq. (4). 

As shown in Ref. [21,26], the researches on the high 
frequency (short wavelength) have a long history in 
acoustic and elastodynamic wave propagation problems for 
various important applications, such as in seismology, 
petroleum exploration, nondestructive ultrasound evaluation 
and other important areas. In addition, as shown in Ref. [21], 
the condition of high frequency has only a relative meaning. 
It requires that the appropriate material parameters of the 
media do not vary greatly over an order of wavelength, for 
example, in seismology, sometime the wave with frequency 
§ 8 Hz can be considered as high frequency. Thus, the high 
frequency transformation elastodynamics is useful in 
practice.  

The transformed relations are derived directly from the 
constraint conditions, none of transformed relation is pre-
assumed, and as the constraint equations of elastodynamics 
have non-unique solution, various transformations can be 
obtained [19-20]. Interestingly, in the local conformal space 
mapping, which will lead to both isotropic transformed 
modulus and density, the impedance-matched condition for 
both S and P waves in perpendicularly incident cases exists 

' , ' , ' /E EO X X U U O ����  ����  ,  (22) 

where E  and X  denote Young’s modulus and Poisson’s 
ratio of the media, respectively, and O  is the local scaling 
factors of the conformal space mapping.  Equations (22) 
show that for the perpendicularly incident elastic waves, the 
impedance-matched condition does not require the 
boundary between the transformed media and the 
background media to be fixed, in contrast to the 
electromagnetic waves [27,28]. Thus, we can design an 
approximative elastic waves cloak with isotropous 
homogeneous material. Let a region with a hole has a 
uniform magnifying 

' O x x ,.    (23) 

where O >1 is a constant real. Then with help of the 
designed cloak, the scattering arouse by the obstacle in the 
hole can be smaller compared to that without the cloak, 
because the cloak as effective as to “compress” the obstacle 
size. Equations (22) guarantee there are no scattering in the 
incident boundary, and the cloak is of isotropous and 
homogeneous. The space mapping is shown in Fig. 1. The 
simulation result is shown in Fig. 2, where the constant 
scaling factor O =3 and the background media is the 
structural steel with material parameters 200GpaE  , 

0.33X   and 37850 kg/mU  . The obstacle has material 

parameter 10obsE E  and other parameters are as same as 
the background. It is shown that the cloak can obviously 
reduce the scattering.  

�:x

' '�:x

' O x x

:

':
 

Figure 1: The space mapping of the approximative elastic 
waves cloak with isotropous homogeneous material.  
 
(a)

(b)

(c)

Figure 2: The simulation result (total displacement) of the 
designed elastic waves cloak. (a) Original waves without 
obstacle; (b) waves without cloak; (c) waves with the 
designed cloak. 
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5. Discussion and conclusions 
This paper review some important concepts and methods 
contained in transformation method. The transformed 
relations for field and material during a transformation, 
equations (3), are very important in the framework of 
transformation method. The usual methods to obtain Eq. (3) 
are based on the mathematical interpretation of the form-
invariance, where the form-invariance is a pure 
mathematical property of a given set of equations, that one 
need to verify. The “change of variable” method is a 
representative method of this idea. It needs to assume 
certain transformed relations for some physical quantities 
first, and then express the others in a general arbitrary 
curvilinear coordinate system according to the coordinate 
transformation laws. Thus the results depend on the pre-
assumed transformed relations and this method can not 
obtain the full transformed relations. More important, the 
mathematical interpretation of the form-invariance masks 
the physical essence implicated in the transformation 
method, i.e., the most important question need to answer is 
not whether the governing equations can be mapped or not, 
but what kind of mapping the equations have.  

An alternative interpretation to the form-invariance is 
explored. The main idea is that if the governing equation is 
used for both homogeneous and inhomogeneous materials 
in its known scope, or it is physically form-invariant, then 
there is no need to find the governing equation for the 
inhomogeneous materials by “change of variable” method. 
If the governing equation is established by the first-order 
approximation, one can also interpret the general mapping 
by first-order approximation. The transformed material 
property and physical field are constrained by some 
constraint conditions. The flexibility of this method is 
discussed, followed by a demonstration of an isotropous 
homogeneous approximative elastic cloak. 
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Abstract 
We overview the results of theoretical and on-going 
experimental investigations of electrically ultra-thin 
metamaterial-inspired absorbers operating in the range of 
millimetre and submillimetre waves and intended for 
integration with spectrally-selective bolometric devices. 
The attainability of values up to 180 for the ratio of the free-
space wavelength to the absorber’s thickness is 
experimentally demonstrated. The first prototypes of 
spectrophotometric and imaging detectors utilizing 
metamaterial-based radiation-sensitive pixels are presented.  

1. Introduction 
The range of short millimeter and submillimeter waves of 
the terahertz spectrum (0.1-1 THz) remains an attractive 
area for applied sciences and technologies due to high 
penetrability of T-rays through various optically opaque 
materials and media, as well as attainability of a sufficient 
spatial resolution upon object imaging [1, 2]. When 
investigating objects, their data information can be 
noticeably increased if different spectral bands and 
polarization discrimination are involved in data processing. 
Such terahertz sensors or cameras, combining the options of 
high spatial resolution, multispectral capability, polarization 
sensitivity, low cost and real-time operation are 
commercially unavailable and remain much demanded.  

In this contribution we discuss the concepts of micro-
Golay cell arrays and THz-to-IR converters, as the flexible 
uncooled bolometric detectors with the aforementioned 
functional capabilities that were recently developed by our 
group for spectropolarimetric applications and imaging with 
CW terahertz oscillators [3-5]. Both the micro-Golay cell 
array detector and the THz-to-IR converter are estimated to 
be flexible to the choice of the operating wavelength and 
have no principle constraint on the array’s overall 
dimensions due to an optical readout system, which does 

not demand development of a specially designed 
multiplexer system integrated with sensitive elements. It is 
essential that adaptation of these detectors to the THz band 
became feasible due to elaboration of the concept of 
electrically thin electromagnetic absorbers with a close to 
unity absorptivity within a desired frequency range [6, 7]. 
Such absorbers are frequently considered as a kind of 
artificial engineered or metamaterial structures and can be 
effectively designed by using the concept of high-
impedance or artificial impedance surfaces (AISs) [7]. 
Unlike the classical Salisbury, Jaumann, or Dallenbach 
electromagnetic absorbers based on unfavorably thick 
quarter-wave absorbing layers, the AIS absorbers allow one 

to attain the ratio of the free-space wavelength O to the 
absorber’s thickness d of at least several tens. The condition 

O / d >> 1 is essential for decreasing the absorber’s heat 
capacity that enables achieving high sensitivity and low 
response time of the bolometric detector. The investigations 

also show that the increase of the O / d ratio inevitably leads 
to decreasing the absorption bandwidth, making AIS 
absorbers ideally applicable to bolometric detectors with a 
high spectral resolution.  

In this work we overview the results of theoretical and 
experimental investigations of ultra-thin AIS absorbers of 
different configurations, designed for narrow-band 
operation in the frequency range 0.05-0.5 THz. The 
prospects for application of such absorbers in uncooled 
bolometric sensors are experimentally demonstrated. 

2. Ideology of ultra-thin absorbers 
The ideology of high-performance electromagnetic 
absorbers, exhibiting a considerable excess of the operating 

free-space wavelength O over the absorber thickness d, is 
built on manipulating a spatial distribution of the 
electromagnetic field to shift the electric field antinode onto 
the lossy surface of the absorber.  This goal can be 
effectively achieved by using a high-impedance surface 
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(HIS) approach [7]. The conventional HIS is represented by 
a subwavelength single-layer frequency-selective surface 
(FSS) of a capacitive kind placed over a thin grounded 
dielectric slab. At the HIS resonance frequency, the surface 
impedance tends to infinity, yielding a zero reflection 
phase. In this case, the tangential component of the total 
magnetic filed formed by the incident and reflected waves 
vanishes upon the HIS surface (the “magnetic wall” 
condition), while the electric component is maximized. By 
properly incorporating dissipative losses into FSS or the 
dielectric slab, the regime of perfect absorption can be 
further easily realized. If a dissipative parameter is chosen 
to be small enough, the absorption resonance Q-factor and 

the absorber’s O / d ratio can reach the level of several 
hundreds that is attractive for spectrophotometric 
applications. 

3.  Selected results 
By appealing to an equivalent circuit model analysis and 3D 
full-wave electromagnetic simulations, we thoroughly 
analyze the ultimate performance of ultra-thin absorbers 
with different FSS geometries and establish fundamental 
relations between the resonant absorption bandwidth, 
wavelength-to-thickness ratio, FSS conductivity, dielectric 
slab loss tangent, and other parameters (see [3] for details). 
Through the performed analysis we highlight the advantage 
of the low-loss bulk materials to maximize the absorber’s 

O / d ratio and spectral selectivity. As a result, when 
implementing experimentally, polypropylene (PP) material 
was chosen as the caring dielectric for the absorber’s 

substrates (PP permittivity: H # 2.27–j�4u10-4), while highly 
conductive metallization (with typical conductivity 

V t 2u107 S/m and thickness 0.4 Pm) was utilized in the 
FSS and “ground” layers. Our analysis shows that for PP-
based absorbers the energy dissipation occurs mainly in the 
metallized FSS layer, unlike the results of other research 
groups reported on absorption predominance in the 
dielectric slab [6, 7]. 

Designed for operation in the frequency range 0.05–
0.5 THz and utilizing FSS of different geometries, the 
experimental prototypes of ultra-thin absorbers were 
fabricated via a contact photolithography technique. 

Limited by the fabrication technology, the absorber’s O / d 
ratios in our case were shown to attain the values ~50 for 
FSS with split-ring resonator elements, while reaching the 
record-breaking magnitudes ~180 for FSS comprised by 
metallic patches. The results of the electromagnetic 
modeling for such ultra-thin absorbers are in a good 
agreement with their experimental characterization by using 
a subTHz BWO-spectrometer and AB mm™ Vector 
Network Analyzer, which demonstrated 90-99.9% of the 
resonant absorptivity for the designed wavelengths at 
bandwidth selectivity of several percent. 

The developed absorbers were further effectively used 
for integration with T-ray sensing devices (single-channel 
and matrix sensors), and we present the first results on 
single- and multi-spectral subterahertz imaging and 
spectropolarimetry using such detectors (Fig. 1). 

 

Figure 1: Implementing a 3-spectral polarization-sensitive 
terahertz imager based on the THz-to-IR converter concept 
[3]–[5]. (a) Matrix structure of absorbers with split ring 
resonator elements. (b) Spectral absorptivity of matrix pixels 
for optimal polarization. (c) Movie’s screen-shots at real-
time imaging of the radiation beam from a backward-wave 
oscillator of the milliwatt output radiation power level. 
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���PP��5L ����PP��

�

�

�

)LJXUH� ��� 0RGHO� RI� WKH� VLPXODWLRQ�� �D�� 'LDJUDP� RI� WKH�
'5�VWUXFWXUH�� GDVKHG� ER[� LQGLFDWHV� WKH� XQLW� FHOO�� �E��
6FKHPDWLF� GLDJUDP� RI� WKH� VLPXODWLRQ�� 7KH� \HOORZ� GDVKHG�
OLQHV� LQGLFDWH� WKH�'5V�DQG� WKH�EOXH� UHFWDQJOH� LQGLFDWHV� WKH�
VXEVWUDWH�RI�WKH�SODQDU�PHWDPDWHULDO��
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�
7KH�SODQH�ZDYH�VRXUFH�LV�SXW�LQ�WKH�OHIW�VLGH�LQ�YDFXXP�ZKHUH�
]!��LV�VKRZQ�LQ�)LJXUH���E���7KH�SODQDU�PHWDPDWHULDO�ORFDWHV�
DURXQG�] ���)RU�QRUPDO� LQFLGHQFH��6SHFWUD� LV�VLPXODWHG�E\�
XVLQJ�WKH�WLPH�GRPDLQ�VLPXODWRU�RI�WKH�FRPPHUFLDO�VRIWZDUH�
&67� DV� VKRZ� LQ� )LJXUH� ��7KH� UHG� VROLG� OLQH� LQGLFDWHV� WKH�
WUDQVPLVVLRQ�SKDVH�DGYDQFH�DQG� WKH�UHG�GDVK� OLQH� LQGLFDWHV�
WKH� WUDQVPLVVLRQ�� 7KH� WUDQVSDUHQF\� ZLQGRZ� FDXVHG� E\�
LQWHUIHUHQFH�RI�WKH�WZR�UHVRQDQFHV�LV�DURXQG�WKH�IUHTXHQF\�RI�
���*+]��YHUWLFDO�GRW�OLQH��ZLWK�TXDOLW\��4��IDFWRUV��GHILQH�DV�
WKH� UDWLR� RI� WKH� UHVRQDQFH� IUHTXHQF\� WR� WKH� EDQGZLGWK�� LV�
DERXW������:H�FDQ�DOVR�ILQG�D�VKDUS�SKDVH�GLVSHUVLRQ�DURXQG�
��*+]��7KLV�PLPLFNLQJ�(,7� SKHQRPHQRQ� LV� EDVHG� RQ� WKH�
H[LVWHQFH�RI�WKH�WUDSSHG�PRGH��ZKLFK�LV�FDXVHG�E\�WKH�LQQHU�
ULQJ�DQG�WKH�RXWHU�ULQJ�H[FLWHG�HTXDOO\�EXW�LQ�RSSRVLWH�SKDVH�
>��@��7KLV�FXUUHQW�GLVWULEXWLRQ�PDNH�WKH�VFDWWHUHG�ILHOG�LV�YHU\�
ZHDN�DQG�KLJK�4�IDFWRU��

��
)LJXUH����7UDQVPLVVLRQ�VSHFWUXP�RI�WKH�SODQDU�PHWDPDWHULDO�
ZLWK�FRUUHVSRQGLQJ�SKDVH���

�� 5HVXOWV�DQG�GLVFXVVLRQ�

%DVHG� RQ� WKH� PRGHO� DERYH�� WKH� IDFW� WKDW� WKH� WUDQVPLVVLRQ�
SKDVH� DQG� WUDQVPLVVLRQ� YDULHV� UDSLGO\� ZLWK� WKH� JHRPHWULF�
SDUDPHWHUV�KDV�EHHQ� IRXQG��)DUWKHU� UHVHDUFK�VKRZV� WKDW�E\�
ILQH�WXQH�WKH�UDGLXV�RI�WKH�LQQHU�ULQJV��5L��DW���*+]�ZKLOH�IL[�
WKH� RWKHU� JHRPHWULF� SDUDPHWHUV�� WKH� PRVW� UDSLGO\� SKDVH�
FKDQJHV� FDQ� EH� REWDLQHG� DV� VKRZQ� LQ� )LJXUH� ��� 7KH�
WUDQVPLVVLRQ�SKDVH� DGYDQFH� DQG� WUDQVPLVVLRQ� DUH� LQGLFDWHG�
E\�EOXH�HPSW\�WULDQJOH�DQG�EOXH�HPSW\�FLUFOH��7KH�EOXH�VROLG�
OLQH�LV�WKH�OLQHDU�ILW�RI�WKH�WUDQVPLVVLRQ�SKDVH�DGYDQFH��IURP�
ZKHUH�ZH�FDQ�ILQG�WKH�OLQHDU�UHODWLRQ�EHWZHHQ�WKH�UDGLXV�RI�
WKH�LQQHU�ULQJ�DQG�WKH�WUDQVPLVVLRQ�SKDVH�FOHDUO\������GHJUHH¶�
FKDQJHV�FDQ�EH�JRW�ZLWK�WKH�PLQXWH�YDULDWLRQ�RI�5L�UDQJLQJ�
IURP�����PP�WR����PP�$W�WKH�VDPH�WLPH��WKH�WUDQVPLVVLRQ�

FDQ� EH� HQVXUHG� JUHDWHU� WKDQ� ���� E\� HOLPLQDWLQJ� PDUJLQDO�
SRLQWV��
�

�
)LJXUH����7UDQVPLVVLRQ�SKDVH�DGYDQFH�YDU\�DORQJ�ZLWK�UDGLXV�
RI�WKH�LQQHU�ULQJ�DW���*+]��
�
7KH� SKDVH� FRQWURO� E\� WXQLQJ� WKH� JHRPHWU\� SDUDPHWHUV� KDV�
LPSRUWDQW�FRQVHTXHQFH�LQ�DQWHQQD�GHVLJQ��7UDQVSODQW�FRQFHSW�
IURP�WKH�RSWLFV�>�@��D�QHZ�ZD\�WR�FRQWURO�WKH�ZDYHIURQW�FDQ�EH�
DWWDLQHG�E\� LQWURGXFLQJ� WKLV�NLQG�RI�SKDVH� VKLIW� WR� WKH�SDWK��
)RU�H[DPSOH��WKH�DQJOH�RI�WKH�UHIUDFWLRQ�RI�QRUPDO�LQFLGHQFH�
SODQH�ZDYH�FDQ�EH�FRQWUROOHG���
�

�
)LJXUH� ��� 6FKHPDWLFV� RI� WKH� GHIRUPDWLRQ� RI� WKH� )HUPDW¶V�
SULQFLSOH��5HG�VROLG�OLQH�LQGLFDWH�WKH�:D\���3XUSOH�VROLG�OLQH�
LQGLFDWH� WKH�:D\��� �Φ�DQG�φ + ∆φ��5DGLDQ�� DUH� WKH� SKDVH�
VKLIWV�EHWZHHQ�WZR�SDWK�ZD\�FURVV�WKH�LQWHUIDFH�
�
%DVHG� RQ� )HUPDW¶V� SULQFLSOH�� WKH� SKDVH� VKLIW� EHWZHHQ� WZR�
SDWKV�VKRXOG�EH�]HUR�

[k0nt sin(θt) ∆x + φ] − [φ + ∆φ] = 0           (1)�
:KHUH�θt �LV� WKH� DQJOH� RI� WKH� UHIUDFWLRQ��∆[� LV� WKH� GLVWDQFH�
EHWZHHQ�WKH�FURVVLQJ�SRLQWV��Φ�DQG�φ + ∆φ��5DGLDQ��DUH�WKH�
SKDVH�VKLIWV�EHWZHHQ�WZR�SDWKV�FURVV�WKH�LQWHUIDFH��nt �LV� WKH��
LQGH[� RI� WKH� UHIUDFWLRQ� RI� WKH� WUDQVPLVVLRQ� PHGLXP�  k0 =
2π λ0⁄ �DQG� λ0�WKH�YDFXXP�ZDYHOHQJWK��



�

�
�

sin(θt) = λ0
2πnt

∆φ
∆x                                 (2)�

DQG�

θt = arcsin λ0
2πnt

∆φ
∆x                            (3)�

)URP� ZKDW� ZH� VWXG\� DERYH��∆φ∆x �DORQJ� WKH� LQWHUIDFH� FDQ� EH�

DFKLHYHG�E\�FRQILJXULQJ�WKH�SURSHU�JHRPHWU\�RI�WKLV�NLQG�RI�

SODQDU� PHWDPDWULDOV�� $QG� VLQFH� ∆φ∆x �FDQ� EH� QHJDWLYH�� WKH�

QHJDWLYH�UHIUDFWLRQ�FDQ�EH�DWWDLQHG��
7R� GHPRQVWUDWH� WKH� DQJOH� RI� WKH� UHIUDFWLRQ� WKDW� FDQ� EH�
DGMXVWHG��D�VLPSOH�VLPXODWLRQ�KDV�EHHQ�FDUULHG�RXW��7KH�JURXS�
D�E�F�DQG�G�LQGLFDWH�GLIIHUHQW�FRQILJXUDWLRQV�RI�5L�ZKLFK�OLVWHG�
LQ�WKH�7DEOH����7KH�GLIIHUHQFH�RI�WKH�SKDVH�VKLIW�FURVVLQJ�WKH�
LQWHUIDFH� EHWZHHQ� WZR� DGMDFHQW� FRQILJXUDWLRQV� LV� ��� GHJUHH�
�∆φ���∆x�LV�WKH�VLGH�OHQJWK�RI�WKH�XQLW�FHOO��λ0�LV�WKH�YDFXXP�
ZDYHOHQJWK�DW���*+]�)RU�WKH�VLPXODWLRQ�DV�VKRZQ�LQ�)LJXUH�
��E��� nt = n0 = 1��

θt = arcsin 30mm
2π

25
10mm

2π
360 = 12o       (4)�

�)URP� WKH� VLPXODWLRQ� RI� WKH� VFDWWHUHG� HOHFWULF� ILHOG� IRU� WKH�
LQGLYLGXDO�FRQILJXUDWLRQ�DV�VKRZHG�LQ�)LJXUH���WKH�GLIIHUHQFH�
RI� WKH� VFDWWHUHG� HOHFWULF� ILHOG� VWUHQJWK� LV� FDXVHG� E\� WKH�
GLIIHUHQW� WUDQVPLVVLRQ��� DQ� DQJOH� DERXW� ��� GHJUHH� RI�
LQFOLQDWLRQ� �θi�� ZDV� REWDLQHG�� ZKLFK� LV� LQ� JRRG� DJUHHPHQW�
ZLWK�WKH�FDOFXODWLRQ��θt���
�

7DEOH����WKH�FRQILJXUDWLRQ�RI�WKH�5L�
*URXS� 5L�>PP@�
D� �����
E� �����
F� �����
G� �����

�

)LJXUH����6LPXODWLRQ�RI�WKH�VFDWWHUHG�HOHFWULF�ILHOG�IRU�WKH�
LQGLYLGXDO�FRQILJXUDWLRQ�RI�WKH�'5�VWUXFWXUH��%ODFN�GDVK�OLQHV�

LQGLFDWH�WKH�ZDYH�IURQW�RI�WKH�LQGLYLGXDO�HOHFWULF�ILHOG��5HG�
VROLG�OLQH�LQGLFDWHV�WKH�FR�ZDYHIURQW��DQG�θi �LV�WKH�DQJOH�RI�

WKH�LQFOLQDWLRQ��

�� &RQFOXVLRQV�

7R�VXPPDUL]H��WKH�'5�VWUXFWXUH�KDV�EHHQ�VWXGLHG�LQ�WKHRU\��
$QG� WKH� OLQHDUO\� YDULDWLRQ� RI� WKH� WUDQVPLVVLRQ� SKDVH� ZDV�
DFKLHYHG��7KDW�LV�WR�VD\�WKDW�E\�XVLQJ�SODQDU�VWUXFWXUH�ZH�FDQ�
FRQWURO� WKH� SKDVH� RI� SODQH�ZDYH�� &RPELQLQJ� WKLV� SURSHUW\�
DQG�)HUPDW
V�SULQFLSOH�ZH�FDQ�GHYHORS�D�QRYHO�OHQV�DQWHQQD��
ZKLFK�PD\�OHDG�WR�D�VLJQLILFDQW�GHFUHDVH�LQ�YROXPH�FRPSDUH�
WR�WKH�WUDGLWLRQDO�RQHV��

$FNQRZOHGJHPHQWV�

6XSSRUWHG� E\� 1DWLRQDO� %DVLF� 3URJUDP� ������ RI� &KLQD�
�1R�����&%��������� DQG� E\� WKH�1DWLRQDO�1DWXUDO� 6FLHQFH�
)RXQGDWLRQ�RI�&KLQD��1RV�������������

5HIHUHQFHV�

>�@ :�/�� %DUQHV�� :�$��0XUUD\�� -�� 'LQWLQJHU�� (�� 'HYDX[�� 7�:��

(EEHVHQ��6XUIDFH�SODVPRQ�SRODULWRQV�DQG�WKHLU�UROH�LQ�WKH�
HQKDQFHG�WUDQVPLVVLRQ�RI�OLJKW�WKURXJK�SHULRGLF�DUUD\V�RI�
VXEZDYHOHQJWK�KROHV�LQ�D�PHWDO�ILOP��3K\V��5HY��/HW��9RO��
������������������

>�@ <�=��&KHQJ��+�/��<DQJ��<��1LH��5�=��*RQJ��=�=��&KHQJ��
,QYHVWLJDWLRQ� RI� QHJDWLYH� LQGH[� SURSHUWLHV� RI� SODQDU�
PHWDPDWHULDOV�EDVHG�RQ�VSOLW�ULQJ�SDLUV��$SSO�3K\V�$������
���������������

>�@ 6�(�� +DUULV�� -�(�� )LHOG� DQG� $�� ,PDPRJOX�� 1RQOLQHDU�
RSWLFDO� SURFHVVHV� XVLQJ� HOHFWURPDJQHWLFDOO\� LQGXFHG�
WUDQVSDUHQF\��3K\V��5HY��/HW��9RO������������������

>�@ 0�� )OHLVFKKDXHU�� $�� ,PDPRJOX�� -�3�� 0DUDQJRV��
(OHFWURPDJQHWLFDOO\� LQGXFHG� WUDQVSDUHQF\�� 2SWLFV� LQ�
FRKHUHQW�PHGLD��5HY��0RG��3K\V��9RO�����������������

>�@ /�9��+DX��6�(��+DUULV��=�'XWWRQ�� �&�+�%HKURR]L��/LJKW�
VSHHG�UHGXFWLRQ�WR����PHWUHV�SHU�VHFRQG�LQ�DQ�XOWUDFROG�
DWRPLF�JDV��1DWXUH������������������

>�@ 6�(��+DUULV��/�9��+DX��3K\V��5HY��/HWW������������������

>�@ 9�$��)HGRWRY��0��5RVH��6�/��3URVYLUQLQ��1��3DSDVLPDNLV��
1�,��=KHOXGHY��6KDUS�WUDSSHG�PRGH�UHVRQDQFHV�LQ�SODQDU�
PHWDPDWHULDOV�ZLWK�D�EURNHQ�VWUXFWXUDO�V\PPHWU\��3K\V��
5HY��/HWW��9RO�������������������
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>�@ 6��=KDQJ���'�$��*HQRY��<��:DQJ��0��/LX�DQG�;��=KDQJ���
3ODVPRQ�LQGFHG�WUDQVSDUHQF\�LQ�PHWDPDWHULDO��3K\V��5HY��
/HWW��9RO��������������������

>�@ 6�<��&KLDP��5�-��6LQJK��&��5RFKVWXKO��)��/HGHUHU��:�/��
=KDQJ�� $�$�� %HWWLRO�� $QDORJXH� RI� HOHFWURPDJQHWLFDOO\�
LQGXFHG�WUDQVSDUHQF\�LQ�D�WHUDKHUW]�PHWDPDWHULDO��3K\V��
5HY��%��9RO�������������������

>��@ 1��3DSDVLPDNLV��<�+��)X��9�$��)HGRWRY��6�/��3URVYLUQLQ��
'�3��7VDL��1�,��=KHOXGHY��0HWDPDWHULDO�ZLWK�SRODUL]DWLRQ�
DQG�GLUHFWLRQ�LQVHQVLWLYH�UHVRQDQW�WUDQVPLVVLRQ�UHVSRQVH�
PLPLFNLQJ� HOHFWURPDJQHULFDOO\� LQGXFHG� WUDQVSDUHQF\��
$SSO��3K\V��/HWW��9RO�������������������

>��@ 1�)��<X��3��*HQHYHW��0�$��.DWV��)��$LHWD��-��3��7HWLHQQH��
)�� &DSDVVR�� =��*DEXUUR�� /LJKW� SURSDJDWLRQ� ZLWK� SKDVH�
GLVFRQWLQXLWLHV�� JHQHUDOL]HG� ODZV� RI� UHIOHFWLRQ� DQG�
UHIUDFWLRQ��6FLHQFH��9RO������������������



�0(7$¶���&21)(5(1&(�����±����$35,/�������3$5,6���)5$1&(�

�
7HPSHUDWXUH�DJLOH�DQG�6WUXFWXUH�WXQDEOH�2SWLFDO�3URSHUWLHV��

RI�92��$J�7KLQ�)LOPV�
�
�

;��5��=KDQJ���:��:DQJ�����<��=KDR���;��+X���.��5HLQKDUGW����
5��-��.QL]H��DQG�<DOLQ�/X�������

�
�$GYDQFHG�$SSOLHG�5HVHDUFK�&HQWHU��+H)HL�1DWLRQDO�/DERUDWRU\�IRU�3K\VLFDO�6FLHQFHV�DW�WKH�0LFURVFDOH���

8QLYHUVLW\�RI�6FLHQFH�DQG�7HFKQRORJ\�RI�&KLQD��$QKXL���������3��5��&KLQD�
˪��&$6�.H\�/DERUDWRU\�RI�0DWHULDOV�IRU�(QHUJ\�&RQYHUVLRQ��'HSDUWPHQW�RI�0DWHULDOV�6FLHQFH�DQG�(QJLQHHULQJ���

8QLYHUVLW\�RI�6FLHQFH�DQG�7HFKQRORJ\�RI�&KLQD��+HIHL���������3��5��&KLQD�
��0DWHULDOV�6FLHQFH�DQG�(QJLQHHULQJ��WKH�8QLYHUVLW\�RI�7H[DV�DW�$XVWLQ��$XVWLQ��7;��������86$�

�8QLWHG�6WDWHV�$LU�)RUFH�2IILFH�RI�6FLHQWLILF�5HVHDUFK������1RUWK�5DQGROSK�6WUHHW��$UOLQJWRQ��9$��������86$�
�/DVHU�2SWLFV�5HVHDUFK�&HQWHU��3K\VLFV�'HSDUWPHQW��8QLWHG�6WDWHV�$LU�)RUFH�$FDGHP\��&2��������86$�

&RUUHVSRQGLQJ�DXWKRU��(�0DLO��\OOX#XVWF�HGX�FQ�RU�\DOLQ�OX#XVDID�HGX�
 
 
 

$EVWUDFW�

%\� LQWHJUDWLQJ� WRJHWKHU� WKH� 92�¶V� XQLTXH� QHDU� URRP�
WHPSHUDWXUH� �57�� VHPLFRQGXFWRU�PHWDO� �6�0�� SKDVH�
WUDQVLWLRQ� ZLWK� D� WKLQ� OD\HU� VLOYHU¶V� �$J�� SODVPRQLF�
SURSHUWLHV�� 92��$J� PXOWLOD\HUV� FRXOG� SUHVHQW� D� PXFK�
HQKDQFHG� RSWLFDO� WUDQVPLVVLRQ� FKDQJH�ZKHQ� LQFUHDVLQJ� WKH�
WHPSHUDWXUH� IURP� 57� WR� RYHU� 92�¶V� 6�0� SKDVH� WUDQVLWLRQ�
WHPSHUDWXUH�� &KDQJLQJ� 92�� DQG� $J� OD\HU� WKLFNQHVVHV� FDQ�
DOVR� VLJQLILFDQWO\� WXQH� WKHLU� WUDQVPLVVLRQ� DQG� DEVRUSWLRQ�
SURSHUWLHV�� ZKLFK� FRXOG� OHDG� WR� D� IHZ� XVHIXO� GHVLJQV� LQ�
RSWRHOHFWURQLF�DQG�HQHUJ\�VDYLQJ�LQGXVWULHV������

�� ,QWURGXFWLRQ�
$� PXOWLOD\HU� ZLWK� LWV� RSWLFDO� SURSHUWLHV� WR� EH� DFWLYHO\�
PRGXODWHG� YLD� H[WHUQDO� SK\VLFDO� SDUDPHWHUV� FDQ� ILQG� PDQ\�
SRWHQWLDO� DSSOLFDWLRQV� LQ� D� IHZ� HPHUJLQJ� WHFKQRORJ\� DUHDV�
LQFOXGLQJ� RSWRHOHFWURQLFV� DV� HLWKHU� FRPSRQHQWV� RU� VXE�
V\VWHPV��,Q�FHUWDLQ�VHFXULW\�UHODWHG�FDVHV�D�VPDUW�ZLQGRZ�IRU�
WKRVH� VHQVRUV� PRQLWRULQJ� YDULRXV� H[WHUQDO� SK\VLFDO�
SDUDPHWHUV� UHTXLUHV� DQ� LQVWDQW� UHVSRQVH� WR� DQ� XQH[SHFWHG�
LQFLGHQW� UDGLDWLRQ�� )RU� H[DPSOH� ZKHQ� LQFLGHQW� ZLWK� D�
WKHUPDO�UDGLDWLRQ�LQ�D�KDUVK�HQYLURQPHQW��WKH�ZLQGRZ�VKRXOG�
LQVWDQWO\�EHFRPH�KLJKO\�UHIOHFWLYH��UHDOL]LQJ�D�XQLTXH�VHQVRU�
SURWHFWLRQ� IXQFWLRQ�� 6LPLODUO\�� WKLV� IXQFWLRQ� FDQ� DOVR� EH�
DSSOLHG� WR� EXLOGLQJ� ZLQGRZV� IRU� HQHUJ\�VDYLQJ�� $�
WKHUPRFKURPLF� ZLQGRZ� KLJKO\� UHIOHFWLYH� WR� WKHUPDO�
UDGLDWLRQ� DQG� DXWRPDWLFDOO\� VZLWFKDEOH� E\� WKH� WHPSHUDWXUH�
FDQ�HIIHFWLYHO\�SUHYHQW�D�EXLOGLQJ�IURP�RYHUKHDWLQJ�E\�VRODU�
LUUDGLDWLRQ�LQ�VXPPHU�WLPH��,Q�WKHVH�UHJDUGV��D�WHPSHUDWXUH�
DJLOH� DQG� VWUXFWXUDOO\� WXQDEOH�PXOWLOD\HU� FRDWLQJ� FRPELQLQJ�
WKH� XVH� RI� WHPSHUDWXUH�DFWLYH�PDWHULDOV� LV� KLJKO\� GHVLUDEOH��
DQG�WKH�FRDWLQJ�VKRXOG�EH�VLPSOH�LQ�VWUXFWXUH��FRVW�HIIHFWLYH�
LQ�PDWHULDO�XVDJH��HDV\�LQ�ILOP�IDEULFDWLRQ��DQG�IOH[LELOLW\�WR�
EH�FRDWHG�RQ�VXEVWUDWH�PDWHULDOV�VXFK�DV�UHJXODU�JODVVHV���
�����9DQDGLXP� GLR[LGH� �92��� WKLQ� ILOPV� KDYH� EHHQ� WKH�
VXEMHFW� RI� LQWHQVLYH� UHVHDUFK� LQ� UHFHQW� \HDUV�� ,W� KDV� D�

UHYHUVLEOH� ILUVW�RUGHU� VHPLFRQGXFWRU�PHWDO� �6�0�� SKDVH�
WUDQVLWLRQ� XQGHU� D� IHZ�GLIIHUHQW� H[WHUQDO� H[FLWDWLRQV��:KHQ�
FKDQJLQJ� WKH� WHPSHUDWXUH�� IRU� H[DPSOH�� LW� KDV� D� SKDVH�
WUDQVLWLRQ�DW�DURXQG���℃��'XULQJ�WKH�6�0�SKDVH�WUDQVLWLRQ��
92�� H[SHULHQFHV� GUDPDWLF� FKDQJHV� LQ� PDQ\� SURSHUWLHV�
LQFOGXLQJ�GLHOHFWULF�FRQVWDQW�DQG�HOHFWULFDO�FRQGXFWLYLW\�������
9HU\� HQFRXUDJLQJO\�� YLD� GRSLQJ� WKLV� SKDVH� WUDQVLWLRQ�
WHPSHUDWXUH�FDQ�EH�DOPRVW�OLQHDUO\�ORZHUHG�WR�a���℃3��DQG�
LWV�FORVHQHVV�WR�57�PDNHV�WKH�PDWHULDO�PRUH�DWWUDFWLYH�WR�WKH�
DERYH�GLVFXVVHG� VHFXULW\� SKRWRQLFV� DQG� HQHUJ\�VDYLQJ�
ZLQGRZV�DSSOLFDWLRQV��,Q�WKH�SDVW��WKHUH�DUH�D�IHZ�UHVHDUFKHV�
UHSRUWHG� WKH� XVH� RI�92��HPEHGGHG� QREOH�PHWDO�92�� ILOPV�
WR� LPSURYH� WKHLU� RSWLFDO� SHUIRUPDQFH� ����� ,Q� WKRVH� GHVLJQV��
WKLQ�OD\HU�QREOH�PHWDO�VXFK�DV�SODWLQXP�ZDV�XVXDOO\�XVHG�DV�
WKH�VXUIDFH� OD\HU�ZLWK�D�JRDO� WR�PRGLI\�WKH�UHIHFWLRQ�WR�WKH�
LQIUDUHG�� 7KLV� OD\HU� RI� QREOH� PHWDO� KDV� WR� EH� YHU\� WKLQ� LQ�
RUGHU�QRW�WR�VDFULILFH�WKH�RSWLFDO� WUDQVPLVVLRQ�WR�WKH�YLVLEOH�
OLJKW��DQG�WKLV�FDXVHV�WHFKQLFDO�SUREOHPV�UHODWHG�WR�WKH�ILOP�
JURZWK�DQG�WKHQ�DGGV�OLPLWDWLRQ�WR�PDWHULDO�VHOHFWLRQ�RQ�WKH�
QREOH�PHWDO�RQO\�� ,Q� WKLV� UHVHDUFK�YLD� VLPXODWLRQV�ZH�KDYH�
XVHG� D� VLPSOH� VWUXFWXUH� RI� 92�� DQG� SODVPRQLF� PHWDOOLF�
VLOYHU� �HPEHGGHG� EHQHDWK� WKH�92�� OD\HU�� WR� EH� SRWHQWLDOO\�
PDGH� RQ� JODVV� VXEVWUDWHV�� DQG� LQYHVWLJDWHG� WKHLU� RSWLFDO�
WUDQVPLVVLRQ�DQG�DEVRUSWLRQ�RYHU�D�ZLGH�WHPSHUDWXUH�UDQJH�
FURVVLQJ� WKURXJK� WKH�92��SKDVH� WUDQVLWLRQ� WHPSHUDWXUH�DQG�
RYHU� D� UDQJH� RI� VWUXFWXUDO� FKDQJHV�� ,W� ZDV� H[SHULPHQWDOO\�
GHPRQVWUDWHG� EHIRUH� WKDW� E\� DGGLQJ� D� WKLQ� OD\HU� RI� $J�
EHQHDWK� WR� D� VHPLFRQGXFWRU� OD\HU� WKH� RSWLFDO� WUDQVPLVVLRQ�
FDQ� EH� VLJQLILFDQWO\� PRGLILHG� ��� GXH� WR� WKH� SODVPRQLF�
EHKDYLRU� DQG� WKH� WKLFNQHVV� FKDQJH� RI� WKH� $J� OD\HU�� +HUH�
HPEHGGLQJ� D� WKLQ� $J� OD\HU� FRXOG� WKHUHIRUH� XWLOL]H� ERWK�
EHQHILWV� IURP� WKH� WHPSHUDWXUH� DJLOLW\�RI�92�� DQG� IURP� WKH�
SODVPRQLF�HQKDQFHPHQW�RI�WKH�HPEHGGHG�$J�WKLQ�OD\HU��$Q�
DGGLWLRQDO� EHQHILW� LV� WKDW� WKH� VWUXFWXUH� FRXOG� WROHUDWH�
UHODWLYHO\� WKLFNHU� PHWDOOLF� OD\HU� ZKLFK� PD\� HDVH� WKH� WKLQ�
ILOP�GHSRVLWLRQ��
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�� &RPSXWDWLRQDO�PHWKRG�

7KH�VFKHPDWLF�VWUXFWXUH�LQFOXGHV�D�WKLQ�$J�OD\HU�VDQGZLFKHG�
EHWZHHQ� D� 92�� OD\HU� DQG� D� .�� JODVV� VXEVWUDWH�� ,Q� RXU�
VLPXODWLRQV��ZH�PDSSHG�WKH�92��WKLFNQHVV�IURP�YHU\�WKLQ�WR�
DERXW�����QP��DQG�FKDQJHG�WKH�$J�WKLFNQHVV�IURP����QR�$J�
OD\HU��WR����QP�DW�DQ�LQWHUYDO�RI���QP���$�ZDYHOHQJWK�UDQJH�
IURP������WR���ȝP��IURP�XOWUDYLROHW��89��WR�WKH�PLG�LQIUDUHG�
�,5�� FRYHULQJ� WKH� PDMRU� VRODU� VSHFWUXP�� ZDV� DOVR� VZHSW�
WKURXJK�LQ�WKH�LQYHVWLJDWLRQ��'LHOHFWULF�FRQVWDQWV��Q�DQG�N��RI�
92��XVHG�LQ�RXU�VLPXODWLRQV�ZDV�WDNHQ�IURP�LQWHUSRODWLQJ�RI�
WKH� UHSRUWHG� H[SHULPHQWDO� VSHFWURVFRSLF� GDWD� ����� DQG� ZHUH�
VKRZQ� LQ� )LJ��D� DQG� )LJ��E�� UHVSHFWLYHO\�� 7R� EH� EULHI� DQG�
VLPSOH��RQO\�D�IHZ�OLQHV�FRUUHVSRQGLQJ�WR�D�IHZ�WHPSHUDWXUHV�
DVLGH� WKH� SKDVH� WUDQVLWLRQ� WHPSHUDWXUH� ZHUH� VKRZQ��
1RUPDOO\� WKH� PDWHULDO� LV� UHODWLYHO\� WUDQVSDUHQW� LQ� LWV�
VHPLFRQGXFWRU� VWDWH�� DQG� UHIOHFWLYH� DQG� DEVRUSWLYH� LQ� WKH�
PHWDO� VWDWH�� LQ� WKH� QHDU�LQIUDUHG� VSHFWUXP�� 'LHOHFWULF�
FRQVWDQW� RI� VLOYHU� LV� WDNHQ� IURP� WKH� WDEXODWHG� GDWD� LQ� ���� ,Q�
WKH�LQWHUHVWHG�ZDYHOHQJWK�UDQJH��WKH�.��JODVV¶V�GLVSHUVLRQ�LV�
VPDOO� FRPSDULQJ� WR� WKRVH� RI� VLOYHU� DQG�92��� DQG�ZDV� WKHQ�
QHJOHFWHG��:H�XVHG�D�FRQVWDQW�.�¶V�UHIUDFWLYH�LQGH[�RI�������
7KH�VLPXODWLRQV�ZHUH�H[HFXWHG�IROORZLQJ�WKH�WUDQVIHU�PDWUL[�
PHWKRG� ���7KH� PHWKRG� JHQHUDWHV� DQDO\WLF� UHVXOWV� IURP� WKH�
0D[ZHOO¶V� HTXDWLRQV� LQ� KRUL]RQWDOO\� LQILQLWH� PXOWLOD\HU�
VWUXFWXUHV� LQ� RXU� FDVHV� KHUH�� ZKLFK� DUH� HTXLYDOHQW� WR� WKH�
)UHVQHO¶V�IRUPXODWLRQ�EXW�PXFK�PRUH�FRQYHQLHQW������

�
)LJ��� �D�� DQG� �E�� DUH� UHDO� DQG� LPDJLQDU\� UHIUDFWLYH�
LQGLFHV� RI� 92�� LQ� WKH� YLVLEOH� WR� QHDU�,5� VSHFWUXP�
UDQJH�DW�D�IHZ�GLIIHUHQW�WHPSHUDWXUHV��

�� 5HVXOWV�DQG�GLVFXVVLRQ�

���� $GGLQJ�D�XOWUD�WKLQ�VLOYHU�OD\HU��
:H�ILUVW�LQYHVWLJDWHG�WKH�FDVH�RI�HPEHGGLQJ�D�WKLQ�$J�OD\HU�
WR� WKH� VWUXFWXUH� ZLWK� D� IL[HG� 92�� WKLFNQHVV� RI� ��� QP��
FRPSDULQJ� WR�WKH�FDVH�RI�QR�$J�OD\HU��)LJ���D�DQG��E�VKRZ�

ERWK� WUDQVPLVVLRQ� DQG� DEVRUSWLRQ� VSHFWUD� IRU� WKH� VWUXFWXUH�
ZLWK� GLIIHUHQW� $J� WKLFNQHVVHV� RI� ��� ��� ��� WR� ��� QP��
UHVSHFWLYHO\��ZLWK� WKH�92�� LQ� LWV� VHPLFRQGXFWRU� �VROLG� OLQHV�
PDUNHG� ZLWK� µV¶�� VHOHFWHG� DW� ��� R&�� DQG� PHWDOOLF� SKDVHV�
�GRWWHG� OLQHV� DV� µP¶�� VHOHFWHG� DW� ��� R&��� ,Q� )LJ�� �D�� RSWLFDO�
WUDQVPLVVLRQ�IRU�WKH�PHWDOOLF�92��VWDWH�DOZD\V�UHGXFHV�DV�WKH�
$J� WKLFNQHVV� LQFUHDVHV�� :KHUHDV� LQ� WKH� GLHOHFWULF� VWDWH��
FKDQJH� RI� WKH� RSWLFDO� WUDQVPLVVLRQ� FDQ� EH� URXJKO\� GLYLGHG�
LQWR�WKUHH�ZDYHOHQJWK�VHFWLRQV������������������DQG�!�����ȝP��
:KHQ� EHORZ� ���� ȝP�� WKH� WUDQVPLVVLRQ� SUHVHQWV� D�
PRQRWRQRXV�UHGXFWLRQ�DV�WKH�$J�WKLFNQHVV�LQFUHDVLQJ��:KHQ�
DERYH� ���� ȝP�� DGGLQJ� D� WKLQ� $J� OD\HU� ILUVW� HQKDQFHV� WKH�
WUDQVPLVVLRQ��DQG�WKHQ�UHGXFHV�LW��,Q�WKH�UDQJH�RI���������ȝP��
KRZHYHU�� WKLV� HQKDQFHPHQW� H[WHQGV� WR� WKH� FDVH�ZLWK� DQ�$J�
WKLFNQHVV�RI����QP��IURP�WKDW�RI��QP�ZKHQ�WKH�ZDYHOHQJWK�
LV�!�����ȝP���

�
)LJ����7UDQVPLVVLRQ�DQG�DEVRUSWLRQ�LQ�FDVHV�ZLWK�DQG�
ZLWKRXW� WKH� WKLQ� $J� OD\HU�� ZLWK� µV¶� VWDQGV� IRU� WKH�
VHPLFRQGXFWRU�92��� DQG� µP¶� IRU�PHWDOOLF�� 7KH�92��
OD\HU�WKLFNQHVV�LV�IL[HG�DW���QP���

�
����,Q� JHQHUDO�� RSWLFDO� WUDQVPLVVLRQ� RI� D� PXOWLOD\HU� PD\�
UHIOHFW� WKH� YDULDWLRQV� LQ� DEVRUSWLRQ�RI� WKH�PDWHULDOV� DQG� WKH�
UHIOHFWLRQ� E\�PXOWLSOH� LQWHUIDFHV�� )LJ�� �E� VKRZV� WKH� RSWLFDO�
DEVRUSWLRQ� LQ� GLHOHFWULF� �VHPLFRQGXFWRU�� DQG� PHWDOOLF� 92��
VWDWHV� ZKHQ� LQFUHDVLQJ� WKH� $J� WKLFNQHVV�� PRQLWRUHG� E\�
VLPXODWLQJ�WKH�H[DFW�HOHFWULFDO�ILHOG�LQVLGH�WKH�PXOWLOD\HU��,Q�
WKH�PHWDOOLF�VWDWH��WKH�PXOWLOD\HU�LV�DOO�PHWDOOLF�DQG�LW�VKRZV�
WKUHH� GLVWLQFW� DEVRUSWLRQV�� VKDUS� LQFUHDVLQJ� LQ� DEVRUSWLRQ�
IURP�SKRWRLRQL]DWLRQ�LQVLGH�WKH�VNLQ�OD\HU�XQGHU�KLJK�HQHUJ\�
89� SKRWRQ� LUUDGLDWLRQV�� SODVPRQ� DEVRUSWLRQ� DV� WKH� SHDN� DW�
a���� ȝP�� DQG� DEVRUSWLRQ� IURP� IUHH� FDUULHUV� H[FLWHG� E\� WKH�
QHDU� ,5� SKRWRQV� �!� �� ȝP��� 7KH� PRQRWRQRXV� UHGXFWLRQ� LQ�
WUDQVPLVVLRQ� DV� WKH�$J� WKLFNQHVV� LQFUHDVLQJ� LQ� WKH�PHWDOOLF�
92��VKRZQ�LQ�)LJ��D�FDQ�EH�H[SODLQHG�E\�WKH�VXSHUSRVLWLRQ�
RI�DOO�WKUHH�DEVRUSWLRQ�PHFKDQLVPV�GLVFXVVHG�DERYH���
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����:KHQ�92��LV�LQ�WKH�GLHOHFWULF�VWDWH��KRZHYHU��DV�XVXDO� LW�
SUHVHQWV� SKRWRLRQL]DWLRQ� DEVRUSWLRQ� IRU� KLJK� HQHUJ\� 89�
SKRWRQV� DQG� WKHQ� PXOWLSOH� LQWHUIDFH� UHIOHFWLRQV� IRU� YLVLEOH�
DQG� ,5� SKRWRQV� DW� WKH� FDVH� RI� QR�$J� OD\HU��$GGLQJ� D� WKLQ�
OD\HU�RI�$J�WR�WKH�VWUXFWXUH�H[FLWHV� WKH�SODVPRQ�DEVRUSWLRQ�
LQ� WKH� ZDYHOHQJWK� UDQJH� DURXQG� �� ȝP�� 7KLV� SODVPRQ�
DEVRUSWLRQ� LV� HQKDQFLQJ� DQG� WKHQ� EOXH�VKLIWV� DV� WKH� $J�
WKLFNQHVV� LQFUHDVHV�� 7KLV� FRUUHVSRQGV� ZHOO� WR� WKH�
REVHUYDWLRQ� LQ�$J�QDQRSDUWLFOHV� ���� ,Q� WKH� ORQJ�ZDYHOHQJWK�
UDQJH��DGGLQJ�WKH�$J�OD\HU�UDLVHV�WKH�IUHH�FDUULHU�DEVRUSWLRQ�
IURP� WKH� QHDU� ,5� SKRWRQ� H[FLWDWLRQ��$GGLWLRQDOO\�� D� SODQDU�
FDYLW\� UHVRQDQFH� LQVLGH� WKH� GLHOHFWULF�92�� OD\HU� KDV� WR� EH�
FRQVLGHUHG� KHUH� IRU� WKRVH� SKRWRQV� KDYLQJ� ZDYHOHQJWKV�
VKRUWHU� WKDQ� DQ� HIIHFWLYH� TXDUWHU� ZDYHOHQJWK� RI� WKH� FDYLW\�
���Q�� IRU�D����QP� WKLFN�92�� WKLV� LV�DURXQG�����ȝP���7KLV�
UHVRQDQFH�ZLOO�RYHUODS�DQG�PRGXODWH�WKH�UHIOHFWLRQ�ZKHQ�WKH�
VSHFWUXP�KDYLQJ�ZDYHOHQJWKV� VPDOOHU� WKDQ���Q�a�����ȝP��
DQG�ZKHQ�WKH�$J�WKLFNQHVV�FKDQJHV���

���� 6WUXFWXUH�WXQDEOH�RSWLFDO�WUDQVPLVVLRQ�DQG�DEVRUSWLRQ��
)RU�D�SDUWLFXODU�DSSOLFDWLRQ��D�XVHIXO�SDUDPHWHU�WR�EH�GHULYHG�
IURP�)LJ���D� LV� WKH� RSWLFDO� WUDQVPLVVLRQ�GLIIHUHQFH�EHWZHHQ�
WKH� 92�¶V� GLHOHFWULF� DQG� PHWDOOLF� VWDWHV�� )RU� SRWHQWLDO�
SKRWRQLF� DSSOLFDWLRQV� LQYROYLQJ� ODVHUV�� IRU� H[DPSOH��
ZDYHOHQJWKV� RI� ������ ȝP� �1G���<$*�� DQG� ����� ȝP�
�(U���)LEHU��ZRXOG�EH�RI�WKH�PDMRU�LQWHUHVWV��)RU�VRODU�HQHUJ\�
DSSOLFDWLRQV�� IRU� DQRWKHU� H[DPSOH��ZH�PD\� EH� LQWHUHVWHG� LQ�
WKH� µKRW¶� ,5�ZDYHOHQJWK� UDQJH��$FFRUGLQJ� WR� DERYH�)LJ���D�
UHVXOWV�DQG�FRQVLGHULQJ�WKH�$J�WKLQ�ILOP¶V�IDEULFDWLRQ�TXDOLW\�
LVVXH��LQ�RXU�VXEVHTXHQW�VLPXODWLRQV�ZH�ZLOO�FKRRVH�WKH�$J¶V�
WKLFNQHVV�RI����QP��ZKLFK�LV�QRW�WRR�WKLQ�EXW�VWLOO�PDLQWDLQV�
DFFHSWDEOH�EL�VWDWXV�WUDQVPLVVLRQ�FRQWUDVWV�RYHU�D�IDLUO\�ODUJH�
,5� ZDYHOHQJWK� UDQJH�� :H� ZHUH� WKHQ� PDSSLQJ� ERWK�
WUDQVPLVVLRQ� DQG� DEVRUSWLRQ� RYHU� D�ZDYHOHQJWK� UDQJH� IURP�
�����WR���ȝP�DQG�RYHU�D�92��WKLFNQHVV�IURP�YHU\�WKLQ�WR�����
ȝP��LQ�WKH�VHPLFRQGXFWRU�VWDWH���DW�ERWK�FDVHV�RI�ZLWKRXW�DQG�
ZLWK� $J� ���� QP� WKLFN��� )LJ��� �D�G�� VKRZV� WKH� RSWLFDO�
WUDQVPLVVLRQ� �D� DQG� F�� DQG� DEVRUSWLRQ� �E� DQG� G�� PDSSLQJ�
VSHFWUD�IRU�WKH�EDUH�92��ILOP��D�DQG�E��DQG�WKH�VWUXFWXUH�ZLWK�
$J�OD\HU��F�DQG�G���ZLWK� WKH�YDU\LQJ�92��WKLFNQHVV�DQG�WKH�
ZDYHOHQJWK���
����$SSDUHQWO\��DQ�HQKDQFHG�RSWLFDO�WUDQVPLVVLRQ�RFFXUV�DV�D�
GDUN�VWULS�LQ�)LJ���F�LQ�WKH�FDVH�RI�DGGLQJ�WKH�$J�OD\HU��DQG�
WKH� HQKDQFHPHQW� VKLIWV� WR� ORQJHU� ZDYHOHQJWK� DV� WKH� 92��
WKLFNQHVV� LQFUHDVHV�� 7KLV� LV� D� PDLQO\� IURP� WKH� FDYLW\�
UHVRQDQFH�UHVSRQVH� LQVLGH� WKH�92�� OD\HU� WKDW� LV�DIIHFWHG�E\�
SODVPRQ� DQG� IUHH� FDUULHU� DEVRUSWLRQV� LQVLGH� WKH� PHWDOOLF�
OD\HU�DQG�DOVR�SRVVLEO\�LQVLGH�WKH�VHPLFRQGXFWRU�OD\HUV��WKH�
FKDQJLQJ�DPSOLWXGH�DORQJ� WKH�GDUN�VWULS���3RVVLEOH�SODVPRQ�
DQG� IUHH� FDUULHU� FRQWULEXWLRQ� WR� WKH� DEVRUSWLRQ� LQVLGH� WKH�
VHPLFRQGXFWRU�OD\HU�FDQ�EH�FOHDUO\�VHHQ�LQ�)LJ���G��7KH\�DUH�
YHU\�ZHDN� LQ� WKH� FDVH�RI� WKH� EDUH�92�� VWUXFWXUH�� DV�RQO\� D�
IHZ�OLJKW�FRORU�FRQWRXUV�FDQ�EH�VHHQ�LQ�WKH�VLPLODU�DUHD�LQ�D�
)LJ�� �E� WR� WKDW� LQ� )LJ�� �G�� )LJ�� �� JLYHV� WKH� QHFHVVDU\�
LQVWUXFWLRQ� WR� IXUWKHU� GHYLFH� GHVLJQLQJ�� DQG� LQGLFDWHV� WKH�
VWUXFWXUH¶V� EHWWHU� SHUIRUPDQFH� IRU� ORQJ� ZDYHOHQJWKV� ZKHUH�
WKH�SODVPRQ�UHODWHG�DEVRUSWLRQ�LV�UHGXFLQJ��EH\RQG�WKH���ȝP�
ZDYHOHQJWK�UDQJH���

�
)LJ�� �� 0DSSLQJ� WUDQVPLVVLRQ� DQG� DEVRUSWLRQ� ZLWK�
YDU\LQJ�92�� WKLFNQHVV� DQG� LQFLGHQW� ZDYHOHQJWK�� �D��
DQG��E��DUH�IRU�EDUH�92���UHVSHFWLYHO\���F��DQG��G��DUH�
IRU�WKH�FDVH�ZLWK�D����QP�$J�OD\HU���

���� 7HPSHUDWXUH�DJLOH�WUDQVPLVVLRQ�DQG�DEVRUSWLRQ��

�
)LJ����0DSSLQJV�WUDQVPLVVLRQ��D��F��H��DQG�DEVRUSWLRQ�
�E�� G�� I�� VSHFWUD� ZLWK� YDU\LQJ� WHPSHUDWXUH� DQG� 92��
OD\HU�WKLFNQHVVHV���D��E��IRU����QP���F��G��IRU����QP��
�H��I��IRU����QP���7KH�$J�OD\HU�ZDV�IL[HG�DW����QP��

�

)LJXUH� �� VKRZV� WKH� RSWLFDO� WUDQVPLVVLRQ� DQG� DEVRUSWLRQ�
VSHFWUD� ZLWK� YDU\LQJ� WHPSHUDWXUH� DQG� 92�� OD\HU� WKLFNQHVV��
ZKHQ� WKH� VLOYHU� OD\HU� ZDV� IL[HG� DW� ��� QP��:H� QHJOHFWHG� D�
SRVVLEOH� UHGXFWLRQ� RI� WKH� 92�¶V� 6�0� SKDVH� WUDQVLWLRQ�
WHPSHUDWXUH� FDXVHG� E\� RYHUODSSLQJ� WKH� 92�� ZLWK� $J�� DQG�
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IL[HG� WKH� SKDVH� WUDQVLWLRQ� WHPSHUDWXUH� DW� a��� R&� LQ� DOO� WKH�
IROORZLQJ� VLPXODWLRQV�� $� QRWLFHDEOH� SKHQRPHQRQ� LV� WKH�
DEUXSW� FKDQJH� �IURP� KLJK� WR� ORZ�� LQ� RSWLFDO� WUDQVPLVVLRQ�
ZKHQ�WKH�92��OD\HU�FKDQJHV�LWV�VWDWH�IURP�VHPLFRQGXFWRU�WR�
PHWDOOLF�� 7KLV� FKDQJH� RFFXUV� PDLQO\� LQ� WKH� YLVLEOH� WR� QHDU�
LQIUDUHG� ZDYHOHQJWK� UDQJH�� ZKLFK� VKLIWV� DQG� H[SDQGV� LQ�
UDQJH�ZKHQ�LQFUHDVLQJ�WKH�92��WKLFNQHVV�IURP����WR����QP��
7KLV�UDQJH�LV�URXJKO\�LQ���������ȝP�DW�WKH�92��WKLFNQHVV�RI�
��� QP�� VKLIWV� DQG� H[SDQGV� WR� ���� WR� ����ȝP� DW� ��� QP�� DQG�
IXUWKHU� WR� ����� WR� ����� ȝP� DW� ��� QP�� 7KLV� FKDQJH� FDQ� EH�
H[SODLQHG� E\� RYHUODSSLQJ� WKH� SODVPRQ� DEVRUSWLRQ�� IUHH�
FDUULHU� DEVRUSWLRQ�� DQG� UHVRQDQFH� FDYLW\� HIIHFW� GLVFXVVHG�
DERYH�� DQG� FDQ�EH� DOVR� FOHDUO\� VHHQ� LQ� )LJ�� �E�� �G�� DQG��I��
:KHQ�EHORZ�����ȝP�� WKDW� OLWWOH�RSWLFDO� WUDQVPLVVLRQ�FKDQJH�
ZKHQ�FURVVLQJ�WKH�SKDVH�WUDQVLWLRQ�WHPSHUDWXUH�LV�EHFDXVH�RI�
WKH�KLJK�DEVRUSWLRQ�RI�ERWK�92��VWDWHV�RYHU�WKRVH�VKRUW�89�
SKRWRQV�� 6XFK� UHVXOWV� LQ� )LJ�� �� DUH� DWWUDFWLYH� WR� IXWXUH�
HQHUJ\�VDYLQJ�DQG�VSHFLILF�SKRWRQLF�DSSOLFDWLRQV��
�

�� &RQFOXVLRQV�
$Q� LQWHJUDWLRQ� RI� QHDU� 57� SKDVH�WUDQVLWLRQ� PDWHULDO� 92��
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VWUXFWXUH�WXQDEOH�FRDWLQJV�RQ�JODVVHV�ZDV�SURSRVHG�DQG�IXOO\�
LQYHVWLJDWHG� E\� VLPXODWLRQV�� $GGLQJ� D� WKLQ� $J� OD\HU�
HQKDQFHV� WKH� RSWLFDO� WUDQVPLVVLRQ� ZKHQ� 92�� LV� LQ� LWV�
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Abstract  

We   theoretically   and   experimentally   investigate   the  
establishment  process  of  the  tunneling  mode  in  the  conjugate  
matched  pair  consisting  of  ε-negative   (ENG)  and  μ-negative  
(MNG)   materials   based   on   time-domain   method.   The  
one-dimensional  conjugate  matched  pair  is  realized  by  using  
transmission  line  approach  and  the  position  and  time  behavior  
of   the   transmitted   signal   along   the   pair   is   measured   and  
recorded   by   oscilloscope.   It   is   found   that   the   field   does   not  
decay   to   zero   in   a   finite   length   single  negative  material   and  
the  average  power   flow   is  a  constant.  While   for  a  conjugate  
matched   ENG/MNG   pair,   the   incident   field   attenuates   in  
ENG   material   in   the   first   instance   and   then   the   fields   are  
rapidly   enhanced   at   ENG-MNG   interface   due   to   the   strong  
interaction  between  the  evanescent  wave  and  MNG  material.  
After  a  certain  time,  the  steady  state  resonance   is  eventually  
achieved.   It   is   revealed   that   there   is   a   combination   of  
travelling  wave  and  reactive  standing  wave  inside  the  bilayer  
with   the   ratio   between   them   varying   with   the   position   and  
time.   It   is   also   proved   that   the   bilayer   can   be   treated   as   an  
open  resonator,  in  which  the  charging  up  characteristic  time  is  
in  proportion  to  the  Q  factor  of  the  structure.     

1.  Introduction  

Metamaterials,   including   negative-index   materials   [1,2]  
and  single  negative  materials  [3-6]  have  attracted   intensive  
studies   in   the   past   few   years,   due   to   their   unique  
electromagnetic  properties  and  potential  applications  [7-13].  
One   of   the   most   important   applications   of   negative-index  
material   is   super-resolution   imaging  which   come   from   the  
amplification   of   evanescent  waves[6,7].   The   studies   of   the  
evanescent  wave  amplification  becomes  very  important  and  
desirable.   There   are   two   kinds   of   single   negative  
metamaterials:  one  is  the  ε-negative  (ENG)  medium  and  the  
other   is   the   μ-negative   (MNG)   medium.   For   the   single  
negative   materials,   the   electromagnetic(EM)   wave   is  
evanescent,   but   it   is   surprising   that   the   complete   tunneling  
mode   was   found   in   a   conjugate  matched   pairing   structure  
made   of   ENG   and   MNG   metamaterials,   where   the  
evanescent   field   is  amplified  [5].   For   the   steady   state   case,  
the  EM  field  of  the  tunneling  mode  is  exponentially  increase  
from   the   boundary   to   the   center   of   the   pair   and   strongly  
localized   on   the   interface.  Many   applications   based   on   the  
tunneling   mode   such   as   transparency,   subwavelength  
imaging   and   self-collimation   properties   have   been   studied  

[5,8,14].  A  single-mode  cavity  with  sub-wavelength  size  has  
also   been   proposed   based   on   the  ENG-MNG  pair  and   lead  
to  unusual  Rabi   splitting  when  an  artificial  “atom”  was  put  
into   the   interface[13].   The   conjugate  matched   ENG-MNG  
pair   can   be   reduced   to   nihility   without   any   reflection   and  
phase  shift  when  steady  state  response  is  built,  whereas  the  
foundation  of  the  steady  state  resonance  is  not  instantaneous,  
it  requires  a  certain  time.  In  Ref.14,  Andrea  et  al  studied  the  
tunneling  mechanics  theoretically  by  using  finite-difference  
time-domain   (FDTD)   method.   The   studies   about  
instantaneous   process   of   the   interaction   between  wave   and  
metamaterials   will   help   us   to   understand   some   interesting  
physical   phenomenon   [15].   In   this   paper,   the   (near)  
conjugate  matched  pair  containing  ENG  and  MNG  materials  
are   made   of   L-C   loaded   transmission   lines,   the  
establishment  process  of  the  tunneling  mode  is  investigated  
by  time  domain  analysis,  simulation  and  measurement.  

2.  Model  and  theory  

We  consider  a  single  ENG  slab  with  the  thickness  of  dENG  in  
free  space  using  the  coordinates   shown   in  Fig.1   firstly.  For  
the   sake   of   simplicity,  we   only   consider  a  TM  plane  wave  
(Ex,  Hy)  incident  normally  on  the  slab.  The  general  solution  
of   electric   field   in   phasor   form   can   be   written  
as: i ijk z jk z

xE E e E e    ,  where  wave  number   k i i i   ,  
and  E+  and  E-   are   the   electric   field   coefficients   of   forward  
wave   and   backward   wave,   i and   i    are   the   permittivity  
and   permeability   respectively.   In   free   space,   the   wave  
number  

0 0  k i       is  real,  so  the  solution  represents  the  
traveling   wave.   However,   inside   the   ENG   slab,   the   wave  
number |  k |ii ij      becomes   imaginary.   People   tend   to  
simply  regard  the  solution  here  as  the  evanescent  wave,  and  
the  single  negative  material  can  not   support  power   flow.   In  
fact   the   situation   is   not   rigorous   exponentially   decay   in   a  
finite  ENG  slab.  After  applying  the  boundary  conditions  on  
the   two   interfaces  of   the  ENG  slab  and  some  mathematical  
manipulation,  the  EM  field  can  be  expressed  as:  

Ej
xx EE e     and   H

y y
jH H e                                   (1)  

the   phase   difference 1 between   the   electric   field   and  
magnetic   field   in   Regions   1   is   HE   .   It   is   easy   to  
obtain   that   the   average   power   flow ENGp in   the   finite   ENG  
material  is  constant,     
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(2)  

where   k   .   The   propagation   property   is   similar   in   a  

finite  MNG  slab.  So  in  a  finite  single  negative  metamaterial,  
the  power  flow  decrease  with  the  thickness  but  not  zero,  the  
average   power   flow   is   constant   along   the   slab   since   the  
phase   difference   between   electric   field   and  magnetic   field  
varies  with   the  position.  For   the  ENG/MNG  bilayer   shown  
in  the  inset  of  Fig.  1,  People  also  tend  to  simply  regard  the  
solution  here  as   the  evanescent  wave,  and   the  structure  can  
not   support   power   flow.   In   fact   the   situation   is   more  
complicated   and   needs   a   rigorous   analysis.   After   applying  
the   boundary   conditions   on   the   three   interfaces   of   the  
ENG/MNG  slabs  and  some  mathematical  manipulation,  the  
EM   field   can   be   obtained.   Interesting,   the   complete  
tunneling   can   happen   in   the   ENG/MNG   bilayer   when   the  
condition  is  satisfied  [4,14]:  

222111 dd      and
2211 //      (3)     

where  d1  and  d2  are   the   thickness  of  ENG  and  MNG  slabs,  
respectively.     

  
Figure  1  The  EM  field  distribution  of  the  conjugate  matched  
bilayer  of  ENG/MNG  at  the  resonance  frequency,  the  insets  
are   the   schematics   and   the   transmission   spectrum   of   the  
bilayer  of  ENG  and  MNG  slabs.  

As  a  special  case,  a  conjugate  matched  blayer  is  denoted  
by: 1 2        , 1 2       and   d1=d2=d,   we   have:  

k   ,   (i=1,   2).   The   steady   state   EM   fields   in   the  
bilayer  can  be  expressed  as  follows.  
Region  1  (0<  z  <d):     

    1
1 0 0 1

0

cosh sinh Ej
x xE E kz j E kz E e 


                  (4)  
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                     (5)     

Region  2  (d<  z  <2d):  
   2

2 0 0 2
0
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x xE E k z d j E k z d E e 


     (6)  

20 0
2 2

0

cosh[ ( 2 )] sinh[ ( 2 )] Hj
y y

E EH k z d j k z d H e 

 
     (7)  

where  the  wave  impedance   /   and  
0 0 0/   .  It  

is   quite   easy   to   prove   that   the   average   power   flow avip in  
Regions  1  and  2  is  constant  (i  =  1,  2),     
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                  (8)  

being  equal   to  the  average  power   flow   in  Regions  0  and  3.  
where 111 HE   and   222 HE   ,   which   change  

with   the   position.   The   constant   power   flow   has   confirmed  
the   complete   tunneling   inside   this   conjugate   matched  
ENG/MNG  bilayer,  and   the  EM  fields   inside   the  conjugate  
matched   ENG/MNG   bilayer   is   a   hybrid   of   the   traveling  
wave  and  the  reactive  standing  wave[16].     

Consider   an   example  where   the  Drude  models   for   the  
permittivity  and  permeability  in  the  lossless  ENG  and  MNG  

slabs   are:  
2

01 /42/ f , 2/ 01  ,  
2

02 /42/ f
,  

2/ 02  ,   where f is   frequency   measured   in   GHz   and  
mmdd 5.3721  .   According   to   the   conjugate   matched  

condition   Eq.(3),   the   bilayer   exhibits   a   complete   tunneling  
mode  at  f0=1GHz  shown  in  the  inset  of  Fig.1.  The  analytical  
amplitude   of   the   steady   electric   and   magnetic   fields   are  
plotted  in  Fig.  1.  It  is  clear  that  the  amplitudes  of  Ex  and  Hy  
reach  to  their  peaks  at  the  interface  of  the  bilayer  and  decay  
‘exponentially’  towards  either  edge  of  ENG/MNG  slab.     
At  the   tunneling   frequency,   there  is  a   substantial  amount  

of  EM  energy   ( MNGENGEM WWW  )   stored   in   the  tunneling  
structure   which   work   as   a   resonator   and   the   total  
instantaneous   EM   energy   can   be   calculated.   Under   the  lossless   condition,   the   output   quality   (Q)   factor   of   the  
tunneling  mode  can  be  define  as   3/EM avQ W p .  

  
Figure   2.  The   analytical   and   FDTD   simulated   charging-up  
characteristic   times   τ/T   vs   thickness   d   of   the   conjugated  
matched   ENG/MNG   slabs,   the   parameters   are   the   same   as  
those  in  Fig.1.     

It  will  takes  a  certain  amount  of  time  to  tunnel  thought  the  
ENG/MNG  and  reach  to  its  steady  state   [14].  The   transient  
process   of   the   complete   tunneling   can   be   quantitatively  
described   by   the   charging   up   characteristic   time   τ.   The  
charging   up   process   of   the   resonator   with   a   rectangular  
waveform  signal  follows  1-exp(-αt)[17],  where  the  charging  
up   coefficient   α=ω/2Q.   So   the   charging   up   characteristic  
time  τ  /T=(2/π)[(sinh(2kd))/2  +  tan-1  (e2kd)  –π/4]  [16]  under  
the   conditions   in   Fig.   1,   where  T   is   the   cycle   of   the  wave  
and  d  is  the  thickness  of  the  slab.  It   increases  exponentially  
with  the  thickness  of  the  slabs,  corresponding  to  the  increase  



     

of   Q   factor   of   the   tunneling   mode   as   shown   in   Fig.2   (the  
solid  line).  
In  order  to  study  the  transient  process,  we  have  simulated  

the   building   up   of   the   complete   tunneling   mode   in   this  
conjugate  matched  pair  of  ENG/MNG  slabs  by  using  FDTD  
method   [18].  The  problem   space   is  1500   cells   long,  where  

0 / 1120z      with 0 300mm  ,   the   thicknesses   of   the  
ENG   and  MNG   layers   are   140ENG MNGd d z   ,   the   time  
step   is   set   to   be      0.5 / 0.4464t z c ps    .   A   plane  
sinusoidal   wave   is   launched   at   about   a   half   wavelength  
away   from   the   surface   of   ENG   with   a   rectangular  
waveform.     

                             
     

  
Figure  3.   (a)  FDTD  simulated   time  histories  of   the  electric  
field  at  the  entrance  to  ENG,  at  the  ENG/MNG  interface  and  
at  the  exit  of  MNG  slab,  respectively.  (b)  The  electric  field  
distribution   along   ENG/MNG   pair   at   different   time   points  
marked  by  a,  b,  c,  d,  e  and  f  in  Fig.3  (a),  respectively.  

The   amplitude   and   the   phase   information   of   the   electric  
and  magnetic  fields  at  any  position  can  be  obtained  from  the  
temporal   evolution.   In   Fig.   3(a),   the   time   histories   of   the  
electric   field   (magnetic   fields   are   not   shown   here)   at   the  
entrance  of  ENG,  at  the  ENG/MNG  interface  and  at  the  exit  
of   MNG   slab   are   plotted   respectively.   In   Fig.   3(b),   the  
transient  field  distributions  built  inside  the  pair  are  plotted  at  
different  time  points  which  are  marked  by  a,  b,  c,  d,  e  and  f  
as   shown   in   Fig.   3(a).   It   is   evident   that   the   electric   field  
amplitude   begins   to   attenuate   in   ENG   material   when   the  

wave   incidents   on   the   first   interface   between   air   and  ENG  
material   until   arrive   at   the   ENG/MNG   interface,   then   the  
field   amplitude   begins   to   increase   because   of   the  multiple  
reflections  within  the  bilayer.  Especially,  the  field  amplitude  
at   the   ENG-MNG   interface   is   rapidly   improved   due   to   a  
strongest   reactive   field.  When   the  EM   field   reaches   to   the  
steady  state,  the  field  amplitude  is  equal  at  the  entrance  and  
the  exit  faces  of  the  bilayer  without  any  phase  shift.        

3.  Experiment  and  simulation  

Single   negative   metamaterials   can   be   realized   by  
periodically   arranged   metallic   structures   and   dielectric  
composite   [3,4].   In   addition,   in   a   transmission   line   (TL)  
loaded   with   lumped   elements   characterized   by  
nonresonance,   MNG   and   ENG  metamaterials   can   also   be  
realized   with   low   loss[19].   For   the   sake   of   simplicity,   the  
transmission  lines  loading  shunt  inductor  L  (series  capacitor  
C)  possessing  ENG  (MNG)  properties  in  a  certain  range  of  
frequencies   are   termed   as   ENG   (MNG)   TLs,   the   circuit  
models  of  ENG  TL  and  an  MNG  TL  are  shown  in  Fig.  4(a).  
In   experiment,   ENG   and   MNG   TL   units   have   been  
fabricated  on  a  FR-4  substrate  (with  relative  permittivity  of  
4.75,  thickness  of  1.6mm).  Fig  4(b)  shows  the  photograph  of  
the   fabricated   pair   structure   ENG6MNG6   by   cascading   six  
ENG  TL  units  with  six  MNG  TL  units.  The  S-parameters  of  
the  units  are  simulated  by  Agilent  Advanced  Design  system  
(ADS)  and  measured  by  means  of  an  Agilent  8722ES  vector  
network  analyzer.  The  ENG  TL  unit  with   the  characteristic  
impedance   of   50Ω   is   designed   to   have   the   unit   length   of  
dENG=7mm,   the   loaded   shunt   inductor  LENG=15nH,   and   the  
MNG   TL   unit   to   have   dMNG=7mm,   series   capacitor  
CMNG=6pF,   respectively.   They   can   be   regarded   as   single  
negative  materials  below  1.3GHz,  and  the  ENG/MNG  pairs  
possess   tunneling   mode   at   the   resonance   frequency   [16].  
The  simulated  and  measured  S-parameters  of  the  MNG  TL,  
ENG   TL   containg   ten   TL   units   and   the   paired   structure  
MNGnENGn   (n=4,6,8)   are   shown   in   Fig.5.   The   simulated  
tunneling   frequency   f0=1.04GHz   accords   well   with   the  
experimental   data   f0=1.01GHz.   It   is   evident   that   the  
tunneling  mode   is   robust   against   the   scaling   change   of   the  
pair   structure   and   the   pair   can   work   as   a   sub-wavelength  
open-cavity  resonator  [13].  

     

  
Figure  4  (a)  The  circuit  model  of  ENG  and  MNG  TLs  with  
the  loading  shunt  inductor  (L)  and  series  capacitors  (C);;  (b)  
The  photograph  of  the  fabricated  pair  structure  ENG6MNG6  
by  cascading  six  ENG  TL  units  with  six  MNG  TL  units.  



     

  
Figure   5  The   simulated   (a)  and  measured   (b)   S-parameters  
of   the   MNG   TL,   ENG   TL   and   the   paired   structure  
MNGnENGn  with  n=4,  6  and  8.  
In   order   to   investigate   the   field   establishment   process   of  

the   tunneling   mode   in   experiments,   a   time-domain  
measurement   system   is   setup.   The   Tektronix   arbitrary  
waveform   generator   (AWG710)   is   used   to   generate   the  
rectangle  envelope  of  signal,  while  the  Agilent  vector  signal  
generator   (E8267D)   is   used   to   generate   the   carrier   wave  
with   the   tunneling   frequency(1.01GHz   in   measurement).  
The   rectangle   modulated   signal   is   then   injected   into   the  
ENG/MNG  pair.  A  Tektronix  P7350  differential  probe  with  
the   input   impendence   100   kΩ   is   used   to   measure   the  
waveform   at  P0,  P1,  P2…..P12,   along   the   pair.  The   position  
and   time   behavior   of   the   transmitted   signal   along   the   pair  
are   measured   and   recorded   by   oscilloscope.   The   detailed  
time-domain   measurement   information   could   be   found   in  
Ref.  20.  Fig.  6(a)   shows   the  measured   time  histories  of   the  
voltage   distribution   at   the   3rd,   6th   and   9th   unit   of   the  
fabricated   sample,   respectively,   that   is  p3,   p6   and  p9.   There  
are  some  small   fluctuations   in   the   first  instance  because   of  
reflection.  Fig.  6(b)  shows  the  measured  voltage  distribution  
along  ENG6MNG6  at  different  time  points  which  marked  by  
a,   b,   c   and   d   shown   in   Fig.   6(a).   The   voltage   distribution  
along   the  ENG6MNG6   transmission   line   changes  with   time  
and  position  and  the  tendency  agrees  well  with  that  obtained  
in   FDTD   simulation.   This   clearly   illustrates   the  
instantaneous   response   of   the   tunneling   mode   in   the  
conjugate  matched  ENG/MNG  pair.     
Furthermore,   the   charging   up   characteristic   time   τ   can  

also   be   obtained   by   fitting   the   signal  magnitude   probed   at  
P12  as  shown  in  Fig.4(b)  with  decay-exponential  function.  In  
measurement,  a   rectangle  modulated   sinusoidal   signal  with  

1.01f GHz    is   used.  The   charging   up   characteristic   time  
of  ENGn/MNGn  vs  the  unit  number  n  is  plotted  in  Fig.7.  It  
is  shown  that  τ  increases  exponentially  with  the  pair  length  
under  the  lossless  condition.  The  building  up  process  of  the  
tunneling   mode   in   the   lossy   ENG/MNG   TL   pair   is   also  
modeled   in  ADS.  While  with   the   increase   of   the  dielectric  
loss tan ,   the   tunneling  mode   needs   less   time   to   reach   to  
the   steady   state   since   the   total   Q   factor   of   the   resonator  
decreases.   It   can   be   seen   that   the   measured   charging   up  
characteristic   times   fit  well   in   the   range   of   simulated   ones  
with  losses.  

  
Figure   6.   (a)   The   measured   time   histories   of   the   incident  
rectangle  modulated  sinusoidal  signal  with  carrier  frequency  
of   1.01GHz   at   3rd,   6th  and   9th   unit   respectively,   the  marker  
points   a,   b,   c,   d   denote   different   time   points.   (b)   The  
measured   voltage   distribution   along   the   ENG6MNG6   at  
different  time  points.  

  
Figure   7   The   ADS   simulated   and   measured   charging   up  
characteristic   time   (τ/T)   (logarithmic   scale)   of  
ENGn/MNGn  vs  the  unit  number  n  with  different  dielectric  
loss.     

      4.  Conclusions  

In   conclusion,   the   instantaneous   establishment   process   of  
the  tunneling  mode  in  a  conjugate  matched  ENG-MNG  pair  
is   theoretically   and   experimentally   studied   based   on  
transmission  line  approach.  It  is  found  that  the  field  does  not  
decay  to  zero  in  a  finite  length  single  negative  material  and  
the   average   power   flow   is   a   constant.   For   a   conjugate  
matched   ENG/MNG   bilayer,   it   can   be   work   as   a  



     

sub-wavelength  open-cavity  resonator.  The  transient  process  
of  the  complete  tunneling  can  be  quantitatively  described  by  
the   charging   up   characteristic   time,   which   increases  
exponentially  with  the  thickness  of  the  slabs.     
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VLPXODWHG� GLVWULEXWLRQV� RI� LQWHQVLWLHV� RI� HOHFWULF� ILHOG�

�( � �VROLG� OLQHV�� DQG� PDJQHWLF� ILHOG�
�+ � �GDVKHG�

OLQHV�� IRU� %$�'&���6� DQG� 6�&'���$%� DW� WKH� WXQQHOLQJ�

ZDYHOHQJWK�� �  ������QP���UHVSHFWLYHO\��7KH�WKLFNQHVV�

RI� WKH� VLOYHU� LV� �� WLPHV� RI� LWV� UHDO� WKLFNQHVV�� 7KH� ILHOG�
LQWHQVLW\�RI� WKH� LQFLGHQW�ZDYH� LV� VXSSRVHG� WR�EH����2QH�
FDQ� VHH� WKDW� (0� ILHOGV� DUH� ORFDOL]HG� KLJKO\� QHDU� WKH�
LQWHUIDFH� EHWZHHQ� WKH� PHWDO� DQG� WKH� WUXQFDWHG� 3&� LQ�
ILJXUH����D���EXW�WKRVH�DUH�ZHDN�LQ�WKH�ODWWHU�VWUXFWXUH�DV�
VKRZQ� LQ� ILJXUH��� �E���7KH� UHDVRQ� LV� WKDW� WKH�PHWDO� ORVV�
UHVXOWV� LQ� WKDW� WKH� LPSHGDQFH� FRQGLWLRQV� >���� ��@� DUH�
VDWLVILHG� RQO\� IRU� %$�'&���6� DW� WKH� LQFLGHQW� GLUHFWLRQ�
IURP� OHIW� WR� ULJKW�� %HFDXVH� WKH� LQWHQVLW\� RI� WKH� HOHFWULF�
ILHOG�LQ�WKH�VLOYHU�RI�ILJXUH����D��LV�PXFK�ODUJHU�WKDQ�WKDW�
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:KHUH�� WKH� OLJKW� SURSDJDWHV� IURP� OHIW� WR� ULJKW� DW� WKH�
QRUPDO� LQFLGHQFH��7KH� WKLFNQHVV�RI�$J�LQ� WKH�VFKHPDWLF�
LV���WLPHV�RI�LWV�UHDO�WKLFNQHVV�� �
�
LQ�WKH�ODWWHU�RI�ILJXUH����E���WKH�DEVRUEDQFH�RI�WKH�IRUPHU�
KHWHURVWUXFWXUH�LV�QHDU�XQLW�DW�WKH�ZDYHOHQJWK�RI�733��7KH�
QRQUHFLSURFDO� (0� ILHOG� GLVWULEXWLRQV� RI� 733� LQGXFH�
VWURQJO\� QRQUHFLSURFDO� DEVRUSWLRQ� DQG� UHIOHFWLRQ� RI� WKH�
KHWHURVWUXFWXUH��6XFK�SURSHUWLHV�FDQ�EH�XVHG�WR�GHVLJQ�WKH�
UHIOHFWLRQ�W\SHG� DQG� DEVRUSWLRQ�W\SHG� OLJKW�HPLWWLQJ�
GLRGH�HWF��� �
�
��� � 7KH�FRXSOLQJ�HIIHFW�RI�733V�LQ�VDQGZLFKHG�

VWUXFWXUHV�
,Q�D�VDQGZLFKHG�VWUXFWXUH�FRPSRVHG�RI�D�WKLFN�PHWDO�ILOP�
DQG� WZR� V\PPHWULFDO� WUXQFDWHG� 3&V�� WZR� 733V� FDQ� EH�
UHDOL]HG� LQ� IURQW� RI� DQG� EHKLQG� WKH� PHWDO� ILOP� >��@��
&RPSDUHG�WR�WKDW�RI�WKH�KHWHURVWUXFWXUH��WKH�WUDQVPLVVLRQ�
RI� WKH� VDQGZLFKHG� VWUXFWXUH� FDQ� EH� HQKDQFHG� WKURXJK� D�
WKLFNHU�PHWDO� ILOP�GXH� WR� WKH� FRXSOLQJ�HIIHFW�RI� WKH� WZR�
LQWHUIDFH�PRGHV� >��@��+RZHYHU�� WKH� GLVSHUVLRQ� UHODWLRQV�
RI� 733V� DW� WKH� 3&�$J�3&� LQWHUIDFHV� IRU� 7(� DQG� 70�
ZDYHV� ZHUH� RQO\� VWXGLHG� WKHRUHWLFDOO\�� DQG� WKH�
WUDQVPLVVLRQ� DQG� UHIOHFWLRQ� SURSHUWLHV�ZHUH� LQYHVWLJDWHG�
DW� WKH� QRUPDO� LQFLGHQFH� >��@�� ,Q� WKLV� VHFWLRQ�� WKHVH�
SURSHUWLHV�DUH�GHPRQVWUDWHG�H[SHULPHQWDOO\�IRU�ERWK�WZR�
SRODUL]DWLRQV�� 7KH� VDQGZLFKHG� VWUXFWXUH� 3&�$J�3&�
>�&'��$�'&��6@� DUH� IDEULFDWHG� E\� WKH� HOHFWURQLF� EHDP�

HYDSRUDWLRQ��:KHUH�� WKH� WKLFNQHVV�RI� WKH� VLOYHU� ILOP� �$��
LV� ����� QP� DQG� WKH� RWKHU� PDWHULDO� SDUDPHWHUV� DUH� WKH�
VDPH� WR� WKRVH� LQ�VHFWLRQ����7KH�FRXSOLQJ�HIIHFW�EHWZHHQ�
WZR� 733V� LV� UHODWHG� ZLWK� WKH� WKLFNQHVV� RI� WKH� PHWDOOLF�
ILOP�DQG�WKH�SHULRGLF�QXPEHU�RI�WKH�3&��7KH�VDQGZLFKHG�
VWUXFWXUH� LV� VHOHFWHG� WR� VDWLVI\� WKH� GHJHQHUDF\� RI� WZR�
733V�ZKHQ�WKH�OLJKW�SURSDJDWHV�DW�WKH�QRUPDO�LQFLGHQFH��
'LIIHUHQW� IURP�FRQYHQWLRQDO�633V��733V�FDQ�EH�UHDOL]HG�
IRU� ERWK� 7(� DQG� 70� SRODUL]DWLRQV�� )RU� �&'��$�'&��6��
ILJXUH� �� �D�� DQG� �E�� VKRZ� WKH� 7� DQG� 5� DW� WKH� QRUPDO�

LQFLGHQFH��DQG��F��DQG��G��VKRZ�WKH�5�XQGHU� �� � RI�7(�

DQG�70�SRODUL]DWLRQV��UHVSHFWLYHO\��:KHUH��WKH�(0�ZDYH�
SURSDJDWHV�IURP�OHIW�WR�ULJKW��7KH�EODFN��EOXH��OLQHV�VKRZ�
WKH�QXPHULFDO��PHDVXUHG��UHVXOWV��'XH�WR�WKH�OLPLWDWLRQ�RI�
WKH� VSHFWURSKRWRPHWHU�� UHIOHFWLRQ� VSHFWUD� DUH� RQO\�
VFDQQHG� DW� REOLTXH� DQJOHV� IRU� WZR� SRODUL]DWLRQV�� 7KH�
UHDVRQ�WR�LQGXFH�WKH�GLVFUHSDQF\�EHWZHHQ�WKHRUHWLFDO�DQG� �
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)LJ�� �� �D�� DQG� �E�� VKRZ� WKH� 7� DQG� 5� DW� WKH� QRUPDO�
LQFLGHQFH��DQG��F��DQG��G��VKRZ�WKH�5�XQGHU� �� � RI�7(�
DQG� 70� SRODUL]DWLRQV� IRU� �&'��$�'&��6�� UHVSHFWLYHO\��
:KHUH��WKH�OLJKW�SURSDJDWHV�IURP�OHIW�WR�ULJKW��7KH�EODFN�
�EOXH��OLQHV�VKRZ�WKH�QXPHULFDO��PHDVXUHG��UHVXOWV�
�
PHDVXUHG�UHVXOWV�LV�WKH�VDPH�DV�WKDW�RI�WKH�KHWHURVWUXFWXUH��
(VSHFLDOO\�� WZR� PLQLPDO� SHDNV� LQ� ILJXUH� �� �F��
GHPRQVWUDWH�WKH�QRQGHJHQHUDF\�RI�WZR�733V��,Q�RUGHU�WR�
LOOXVWUDWH�WKH�FRXSOLQJ�HIIHFW�RI�WZR�733V�PRUH�FOHDUO\�DW�
WKH�3&�$J�3&�LQWHUIDFHV�IRU�7(�DQG�70�ZDYHV��ILJXUH���
�D��DQG��E��JLYH�WKH�GLVSHUVLRQ�UHODWLRQV�RI�733V�IRU�WZR�
SRODUL]DWLRQV��UHVSHFWLYHO\��7KH�VROLG��FLUFOHG�RU�VTXDUHG��
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)LJ�� �� �D�� DQG� �E�� VKRZ� WKH� QXPHULFDO� �VROLG� OLQHV�� DQG�
PHDVXUHG� �FLUFOHG� RU� VTXDUHG� OLQHV�� GLVSHUVLRQ� UHODWLRQV�
RI� 733V� DW� WKH� 3&�$J�3&� LQWHUIDFHV� IRU� 7(� DQG� 70�
ZDYHV��UHVSHFWLYHO\��
�
OLQHV� VKRZ� WKH� QXPHULFDO� �PHDVXUHG�� UHVXOWV�� 7KH�
WKHRUHWLFDO� UHVXOWV� KDYH� EHHQ� GHPRQVWUDWHG� LQ�5HI�� >��@��
7KH�GLVSHUVLRQ�UHODWLRQV�VKRZ�WKDW�WKH�GHJHQHUDWHG�733V�
LQ� 7(� FDVH� FDQ� VSOLW� LQWR� WZR� GLVFUHWH� PRGHV� DW� ODUJH�
REOLTXH�DQJOHV��7KH�IRUELGGHQ�JDS�EHFRPHV�EURDGHU�ZLWK�
WKH�LQFUHDVH�RI�WKH�LQFLGHQW�DQJOHV�IRU�WKH�7(�ZDYHV�EXW�LW�
EHFRPHV� QDUURZHU� ZLWK� WKDW� IRU� WKH� 70� ZDYHV� >��@��
ZKLFK� LQGXFHV� WKDW� WKH� (0�ZDYHV� DUH� HYDQHVFHQW�PRUH�
VKDUSO\� LQ� WKH� 3&� DW� ODUJHU� LQFLGHQW� DQJOHV� RI� 7(�
SRODUL]DWLRQ�� 7KHUHIRUH�� VWURQJHU� ORFDOL]HG� 733V� DUH�
UHDOL]HG�EHWZHHQ�WKH�PHWDOOLF�ILOP�DQG�WKH�WUXQFDWHG�3&��
7KH�VWURQJHU�FRXSOLQJ�HIIHFW� EHWZHHQ� WZR�733V� LQ�IURQW�
RI� DQG� EHKLQG� WKH� VLOYHU� ILOP� OHDGV� WR� WKH� GHJHQHUDWHG�
WXQQHOLQJ� PRGH� VSOLWWLQJ� LQWR� WZR� GLVFUHWH� PRGHV� DW�
REOLTXH� DQJOHV� RI�7(�ZDYHV��0RUHRYHU�� VXFK� SURSHUWLHV�
SURYH� WKDW� ODUJHU� ORFDOL]HG� LQWHQVLW\� RI� HOHFWURPDJQHWLF�
ILHOGV�IRU�733V�FDQ�EH�UHDOL]HG�IRU�7(�ZDYHV��
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��� � &RQFOXVLRQ�

,Q� FRQFOXVLRQ�� ZH� KDYH� GHPRQVWUDWHG� WKHRUHWLFDOO\� DQG�
H[SHULPHQWDOO\� WKDW� WKH� 733� FDQ� EH� WRWDOO\� DEVRUEHG� RU�
UHIOHFWHG� LQ� RQH� SURSDJDWLRQ� GLUHFWLRQ� IRU�
KHWHURVWUXFWXUHV�FRPSRVHG�RI�WKH�WKLFN�PHWDOOLF�ILOP�DQG�
WKH� WUXQFDWHG� SKRWRQLF� FU\VWDO�� 0RUHRYHU�� WZR�
QRQGHJHQHUDWH� WXQQHOLQJ� PRGHV� DUH� LOOXVWUDWHG�
H[SHULPHQWDOO\� LQ� WKH� VDQGZLFKHG� VWUXFWXUHV� GXH� WR� WKH�
VWURQJ�FRXSOLQJ�HIIHFW�EHWZHHQ�WZR�733V�LQ�IURQW�RI�DQG�
EHKLQG�WKH�WKLFN�PHWDOOLF�ILOP��7KHVH�VWUXFWXUHV�ZLOO�SOD\�
LPSRUWDQW� UROHV� LQ� QHZ� W\SHV� RI� RSWLFDO� DQG� SKRWRQLF�

GHYLFHV��
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$EVWUDFW�
7KH� PHWDPDWHULDO� OHQV� ZLWK� '36�'16�'36� VWUXFWXUH� KDV�
EHHQ� UHDOL]HG� E\� XVLQJ� WKH� WZR�GLPHQVLRQDO� ��'�� LVRWURSLF�
WUDQVPLVVLRQ� OLQH� DSSURDFK�� :H� VWXGLHG� WKH� YRUWH[OLNH�
SRZHU� IORZ� DW� WKH� LQWHUIDFHV� RI� PHWDPDWHULDO� OHQV� DQG�
YDOLGDWHG� E\� WKH� ILQLWH�GLIIHUHQFH� WLPH�GRPDLQ� �)'7'��
VLPXODWRU�� 7KH� FRPSXWDWLRQDO� UHVXOWV� VKRZLQJ� LWV� GLIIHUHQW�
FRQGLWLRQV�QHDU�'36�'16�DQG�RWKHU�NLQGV�RI�LQWHUIDFHV�DUH�
REWDLQHG�E\�&67�678',2�68,7(�DW�GLIIHUHQW� IUHTXHQFLHV��
DQG� GHPRQVWUDWH� WKH� LQWXLWLRQLVWLF� SRZHU� ORFDWLRQ� DW� WKH�
PHWDPDWHULDO�OHQV�LQWHUIDFHV��

�� ,QWURGXFWLRQ�
6LQFH� WKH� SLRQHHU� ZRUN� RI� 9HVHODJR¶V� SDSHU� DERXW� OHIW�
KDQGHG� PHGLD� LQ� ������ WKH� VWXGLHV� RI� PHWDPDWHULDOV� KDYH�
LQWULJXHG� UHVHDUFKHUV� LQ� WKH� ODVW� GHFDGH� PDLQO\� GXH� WR� WKH�
UHPDUNDEOH� SURSHUWLHV�� VXFK� DV� LPDJLQJ� LQ� QHJDWLYH�
UHIUDFWLRQ�� SHUIHFW� OHQV�ZLWK� LPDJLQJ� UHVROXWLRQ� EH\RQG� WKH�
XVXDO� GLIIUDFWLRQ� OLPLW� >���@�� 5HVHDUFKHV� FRQILUPHG� WKH�
H[LVWHQFHV� RI� WKH� SHUIHFW� LPDJLQJ� ZLWK� PHWDPDWHULDO� OHQV�
EDVHG� RQ� WKH� WUDQVPLVVLRQ� OLQH� DQG� RWKHU� VWUXFWXUHV� >���@��
7KH� GLVSHUVLRQ� UHODWLRQV� RI� WKH� ZDYHYHFWRU� FRPSRQHQWV� LQ�
WKH� QHJDWLYH� LQGH[� PHGLXP� RYHU� D� IUHTXHQF\� UDQJH� DUH�
GLIIHUHQW� IURP� WKDW� LQ�D�FRQYHQWLRQDO�PHGLXP�>�@��:LWK� WKH�
FKDQJLQJ� RI� IUHTXHQF\�� WKH� SHUPLWWLYLW\�� SHUPHDELOLW\� DQG�
UHIUDFWLYH� LQGH[� RI�PHWDPDWHULDOV� FDQ� EH� SRVLWLYH�� QHJDWLYH�
DQG� ]HUR�� DV� WKH� SKHQRPHQD� LQ� WKH� � SKRQRQLF� FU\VWDO�
GHSHQGLQJ� RQ� WKH� DQJOH� RI� LQFLGHQFH� >�@�� 0HWDPDWHULDOV�
HVVHQWLDOO\� FKDUDFWHUL]HG� E\� QHJDWLYH� YDOXH� RI� WKH�
SHUPLWWLYLW\�� SHUPHDELOLW\� DQG� UHIUDFWLYH� LQGH[� UHVXOW� LQ�
RSSRVLWH� GLUHFWLRQV� RI� WKH� ZDYH� YHFWRU� DQG� WKH� 3R\QWLQJ�
YHFWRU�� 1HDU� WKH� LQWHUIDFH� EHWZHHQ� OHIW�KDQGHG� PHGLD� DQG�
FRQYHFWLRQDO�PHGLD�� WKH�SRZHU�IORZ�LV�LQHYLWDEO\�YRUWH[OLNH�
EHFDXVH�RI�QHJDWLYH�UHIUDFWLRQ��7KH�SURSHUWLHV�RI�YRUWH[OLNH�
LQWHUIDFH� PRGH� LQ� RQH�GLPHQVLRQDO� PHWDPDWHULDOV� ZHUH�
VWXGLHG�� DQG� WKH� JURXS�GHOD\� IURP� WKH� FRPSRVLWH� ULJKW�OHIW�
KDQGHG� WUDQVPLVVLRQ� OLQH� WR� WKH� ULJKW�KDQGHG� WUDQVPLVVLRQ�
OLQH�ZDV�VKRZQ�PXFK�ORQJHU�EHFDXVH�WKH�YRUWH[�PRGH�OHDGV�
WR� VORZ� SURSDJDWLRQ� >��@�� 7KH� YRUWH[�OLNH� VXUIDFH� PRGHV�
LQGXFLQJ�LPDJH�RVFLOODWLRQ�DQG�WKH�OLQHDU�JXLGHG�ZDYHV�ZLWK�
D� GLSROH�YRUWH[� LQWHUQDO� VWUXFWXUH� RI� WKH� 3R\QWLQJ� YHFWRU� LQ�
OHIW�KDQGHG� VODE� ZDYHJXLGHV� KDYH� EHHQ� GHPRQVWUDWHG�
>�����@���

�

�� 7KHRUy��
,Q� WKLV� SDSHU�� ZH� VWXGLHG� WKH� YRUWH[OLNH� SRZHU� IORZ� DW� WKH�
GLIIHUHQW�LQWHUIDFHV�RI�WZR�GLPHQVLRQDO�PHWDPDWHULDO�SHUIHFW�
OHQV� ZLWK� VDQGZLFK� VWUXFWXUH� VKRZQ� LQ� )LJXUH�� �L�H��
'36�'1*�'36��� ,Q� VRPH� IUHTXHQF\� EDQGV�� WKH� WZR�
GLPHQVLRQDO� PLFURZDYH� PHWDPDWHULDO� OHQV� FRQVLVWV� RI� WKH�
QHJDWLYH� UHIUDFWLYH� LQGH[� �15,�� UHJLRQ� ZLWK� QHJDWLYH�
SHUPLWWLYLW\�DQG�SHUPHDELOLW\��'1*���DQG�SRVLWLYH�UHIUDFWLYH�
LQGH[� �35,�� UHJLRQ� ZLWK� SRVLWLYH� SHUPLWWLYLW\� DQG�
SHUPHDELOLW\� �'36�� ZKLFK� FDQ� EH� UHDOL]HG� E\� XVLQJ�
WUDQVPLVVLRQ� OLQHV� >�����@�� )URP� 0D[ZHOO
V� VRXUFH� IUHH�
HTXDWLRQV��ZH�FDQ�JHW� WKH�HOHFWULF� ILHOG�(�DQG� WKH�PDJQHWLF�
ILHOG� +�� WKH� SODQH� HOHFWURPDJQHWLF� 7(0� ZDYH� LQ� WKH�
KRPRJHQRXV�PHGLD�FDQ�EH�ZULWWHQ�DV�

W��\N[L�N
�]

\[H((  ����������������������������������������������

�W]N\N�L
�

\W��]N\L�N
�[

]\]\ H(
N

H++ 


 ��������������

�W]N[N�L
�

[W��]N[L�N
�\

][][ H(NH++ 


 ����������

ZKHUH� WKH� ZDYHYHFWRU� REH\V�  ��
\

�
[

� NNN ��  �DQG�

 �UHIHU�WR�WKH�SHUPLWWLYLW\�DQG�SHUPHDELOLW\�LQ�WKH�LVRWURSLF�
PHGLD，� ZKLOH� (


�DQG� +


�DUH� IXQFWLRQV� RI� SRVLWLRQ�� ,Q� WKH�

LVRWURSLF�PHGLD��WKH�WLPH�DYHUDJH�RI�WKH�3R\QWLQJ�YHFWRU�LV��

  �� +
�
N(

�
N+(5H

�
�6













 ���������������������

:H� FRQFHSWXDOO\� DVVXPH� WKH� PHGLD� WR� EH� ORVVOHVV� IRU�
VLPSOLFLW\� DQG�� WKHUHIRUH�� WKH�PDWHULDO� SDUDPHWHUV� DUH� WDNHQ�
WR� EH� UHDO�YDOXHG� TXDQWLWLHV�� ,Q� WKH� '36� UHJLRQ�� 3R\QWLQJ�
YHFWRU� SRVVHVVHV� WKH� VDPH� GLUHFWLRQ� ZLWK� WKH� ZDYH� YHFWRU�
EHFDXVH�  �DQG�  �DUH� SRVLWLYH� VLPXOWDQHRXVO\�� 2Q� WKH�
FRQWUDU\�� WKH� 3R\QWLQJ� YHFWRU� FKDQJHV� WR� WKH� RSSRVLWH�
GLUHFWLRQ�RI�WKH�ZDYH�YHFWRU�LQ�'1*�UHJLRQ��7KHUHIRUH�� WKH�
SODQH�ZDYH�LV�WKH�EDFNZDUG�ZDYH�LQ�WKH�'1*�PDWHULDO��1HDU�
WKH�LQWHUIDFH�EHWZHHQ�WKH�SRVLWLYH�PDWHULDO�DQG�WKH�QHJDWLYH�
PDWHULDO��WKH�3R\QWLQJ�YHFWRU�FKDQJHV�LWV�GLUHFWLRQ�DQG�UHVXOW�
LQ�WKH�YRUWH[OLNH�SRZHU�IORZ���
�



��

�� 'LVFXVVLRQ�
,Q� RXU� PHWDPDWHULDO� OHQV� PRGHO�� WKH� 15,� PHWDPDWHULDO�
UHJLRQ� LV� FRQVWUXFWHG�E\�SHULRGLFDOO\� LVRWURSLF� WUDQVPLVVLRQ�
OLQH�PHGLXP�ORDGHG�LQGXFWRUV�DQG�FDSDFLWRUV��ZKLOH�WKH�35,�
RQH�LV�FRQVWUXFWHG�RI�WKH�LVRWURSLF�PLFURVWULS�JULGV��$QG�WKH�
VDPSOH� RI� WKH� PHWDPDWHULDO� OHQV� FRQVLVWV� RI� WKH� ILUVW� '36�
UHJLRQ�ZLWK�����FHOOV��DQ�DGMDFHQW�'1*�UHJLRQ�ZLWK������
FHOOV��DQG�WKH�VHFRQG�'36�UHJLRQ�ZLWK������FHOOV�LQ��[��\��
SODQH�� 7KH� '36� PHGLXP� DQG� WKH� '1*� KRVW� PHGLXP� DUH�
GHVLJQHG�RQ�D�GLHOHFWULF�VXEVWUDWH��İU ������ZKLFK�KHLJKW�K�LV�
���PP�ZLWK�D�VTXDUH�JULG�RI�Z ���PP�ZLGH�PLFURVWULS�OLQHV��
7KH�XQLW�SHULRG�G�LV���FP�LQ�[�DQG�\�GLUHFWLRQV��,QGXFWDQFHV�
DQG� VKXQW� FDSDFLWDQFHV� DUH� ���Q+� DQG� ���� S)� LQ� WKH� '1*�
UHJLRQ�� 7KH� VFKHPHV� DUH� VKRZQ� LQ� WKH� LQVHW� RI� )LJXUH��� ,Q�
WKH� ORQJ�ZDYHOHQJWK� UHJLPH�� WKH� SHUPLWWLYLW\� DQG�
SHUPHDELOLW\�RI�PHWDPDWHULDOV�FDQ�EH�DUWLILFLDOO\�V\QWKHVL]HG�
ZLWK�SHULRGLF�/�&�QHWZRUNV�DQG�GRXEOH�QHJDWLYH�YDOXHV�ZLWK�
D� QHJDWLYH� UHIUDFWLYH� LQGH[� LQ� WKH� KLJK�SDVV� FRQILJXUDWLRQ�
>������@��+HUH�WKH�XQLW�FHOO�GLPHQVLRQV�DORQJ�ERWK�RI�WKH�[�
D[LV� DQG� WKH� \�D[LV� DUH� VDPH� DQG� PXFK� VPDOOHU� WKDQ� D�
ZDYHOHQJWK� DQG� WKHVH� DUUD\V� RI� WKHVH� XQLW� FHOOV� FDQ� EH�
YLHZHG�DV�LVRWURSLF�DQG�HIIHFWLYH�PHGLD��
�

�
)LJXUH����6WUXFWXUH�RI�WKH�PHWDPDWHULDO�OHQV��

�

rnεrn
rnεrn

�
�D��7KH�SHUPLWWLYLW\�DQG�SHUPHDELOLW\�RI�PHWDPDWHULDO�UHJLRQ��

�
�E��7KH�UHIUDFWLYH�LQGH[�RI�PHWDPDWHULDO�UHJLRQ��

)LJXUH� ��� 7KH� SHUPLWWLYLW\�� SHUPHDELOLW\� DQG� UHIUDFWLYH�
LQGH[�RI�PHWDPDWHULDO�UHJLRQ��
�
,Q�WKH�ORDGHG�WUDQVPLVVLRQ�OLQH�UHJLRQV��ZLWK�WKH�LQWULQVLF�

GLVSHUVLRQV�DQG�WKH�SDUDPHWHUV�DV�PHQWLRQHG�DERYH��ZH�ILQG�
WKUHH� GLIIHUHQW� EHKDYLRUV� DFFRUGLQJ� WR� WKH� VLJQV� RI�
SHUPLWWLYLW\��SHUPHDELOLW\�DQG�UHIUDFWLYH�LQGH[�DV�IROORZV���L��
7KH�GRXEOH�QHJDWLYH� �'1*��ZLWK�SHUPLWWLYLW\��SHUPHDELOLW\�
DQG� UHIUDFWLYH� LQGH[� �� ��� ZLWKLQ� WKH� IUHTXHQF\� UHJLPH� RI�
�����*+]���I�������*+]��%UDJJ�IUHTXHQF\�LQ�WKLV�VWUXFWXUH�
LV� �����*+]�� 7KH� IRFXV� IUHTXHQF\� LV� ����*+]� LQ� WKH� OHQV�
ZKLFK� SUHGLFWV� D� UHODWLYH� UHIUDFWLYH� LQGH[� RI� Q � ±���:LWKLQ�
WKLV� EDQG�� WKH� 3R\QWLQJ� YHFWRU� KDV� RSSRVLWH� GLUHFWLRQ� RI�
ZDYHYHFWRU�� EHFDXVH� WKH� UHODWLYH� SHUPHDELOLW\� DQG�
SHUPLWWLYLW\� DUH� QHJDWLYH�� �LL�� =HUR� UHIUDFWLRQ�� ZLWK� WKH�
SHUPLWWLYLW\�� SHUPHDELOLW\� DQG� UHIUDFWLYH� LQGH[� LQ�
PHWDPDWHULDO� DUH� QHDUO\� ]HUR� ZKLOH� WKH� IUHTXHQF\� LV� DERXW�
����*+]�� 0RVW� SRZHU� IORZ� LV� UHIOHFWHG� DW� WKH� LQWHUIDFH�
EHWZHHQ� WKH� '36� UHJLRQ� DQG� WKH� ]HUR� UHIUDFWLRQ� RQH�� �LLL��
7KH� GRXEOH� SRVLWLYH� �'36�� ZLWK� WKH� SHUPLWWLYLW\��
SHUPHDELOLW\� DQG� UHIUDFWLYH� LQGH[� !� ��� ZKHQ� I� !����*+]��
DQG�WKH�3R\QWLQJ�YHFWRU�KDV�VDPH�GLUHFWLRQ�ZLWK�ZDYHYHFWRU��
7KH� SHUPLWWLYLW\�� SHUPHDELOLW\� DQG� UHIUDFWLYH� LQGH[� RI�
PHWDPDWHULDO�UHJLRQ�DUH�VKRZQ�LQ�)LJXUH�2�SURGXFH�SRVLWLYH��
QHJDWLYH�RU�]HUR�YDOXH�DW�GLIIHUHQW�IUHTXHQFLHV���
�

�� 6LPXODWLRQ�
$� WLPH� GRPDLQ� VLPXODWLRQ� ZDV� FDUULHG� RXW� E\� &67�

VLPXODWRU��7KH�*DXVV� VRXUFH� VLJQDO� LQSXWV� IURP� WKH�PLGGOH�
SRLQW�LQ�WKH�OHIW�VLGH�RI�WKH�ILUVW�'36�UHJLRQ�WR�WKH�[�\�SODQH�
RI� WKH� OHQV�� ,Q� WKH�'36�UHJLRQ�� WKH� ILHOGV�GHFD\�DZD\� IURP�
WKH�VRXUFH��DV�H[SHFWHG��2Q�WKH�FRQWUDU\��LQ�WKH�'1*�UHJLRQ��
3R\QWLQJ� YHFWRU� VKRXOG� EH� SRLQWHG� DZD\� IURP� WKH� SRLQW�
VRXUFH�� WKH�SKDVH� YHORFLW\� YHFWRU� VKRXOG�EH�SRLQWHG� WRZDUG�
WKH� VRXUFH�� DV� GHSLFWHG� LQ� )LJXUH� ��� )LJXUH� �� VKRZV� WKH�
3R\QWLQJ� YHFWRU� GLVWULEXWLRQ� QHDU� WKH� LQWHUIDFHV� DW� GLIIHUHQW�
IUHTXHQFLHV�� 7KH� EOXH� GDVKHG� OLQHV� VKRZ� WKH� LQWHUIDFH�
EHWZHHQ� WKH�GLIIHUHQW� UHJLRQV�� DQG� WKH� \HOORZ�DUURZV� VKRZ�
WKH� GLUHFWLRQ� RI� WKH� YRUWH[OLNH� SRZHU� IORZ�� ,Q� )LJXUH� ��D��
DQG� �E��� WKH� FRPSXWDWLRQDO� UHVXOWV� VKRZLQJ� WKH� YRUWH[OLNH�
SRZHU�IORZ�QHDU�WKH�'36�'1*�DQG�'1*�'36�LQWHUIDFHV�DUH�
REWDLQHG� DW� WKH� IRFXV� IUHTXHQF\� RI� ����� *+]� YLD�
PHWDPDWHULDOV� OHQV�� ZKLOH� WKH� UHODWLYH� UHIUDFWLYH� LQGH[� RI�



��

'36� DQG� '1*� LV� ���� $W� WKH� IRFXV� IUHTXHQF\�� WKH� ZDYH�
LPSHGDQFH�LQ�'1*�UHJLRQ�LV�DERXW�����2KP��VLPLODU�WR�WKH�
ZDYH� LPSHGDQFH� LQ� '36�� ZKLOH� UHODWLYH� SHUPHDELOLW\� DQG�
SHUPLWWLYLW\� DUH� DERXW� QHJDWLYH� RQH�� 7KHUHIRUH�� WKH�
LPSHGDQFH�LV�PDWFKHG�LQ�GLIIHUHQW�UHJLRQV�RI�WKH�PHGLXP��$W�
WKH� LQWHUIDFHV� EHWZHHQ�'36� DQG�'1*�PHGLD�� WKH� GLUHFWLRQ�
RI� WKH� 3R\QWLQJ� YHFWRU� ZLOO� GLIIHU� FRQVLGHUDEO\� IURP� WKRVH�
H[LVWLQJ� DW� LQWHUIDFHV� EHWZHHQ� WZR� '36� PDWHULDOV�� 7KH�
GLUHFWLRQ�RI�3R\QWLQJ�YHFWRU�LQ�RQH�JUDWLQJ�XQLW�LV�FORFNZLVH�
LQ� WKH� XSSHU� SDUW� RI� WKH� UHJLRQ�� ZKLOH� WKH� RQH� LV�
DQWLFORFNZLVH� LQ� WKH� XQGHUVLGH�� 6LPLODU� EHKDYLRUV� VKRZ� LQ�
WKH�RWKHU�UHJLRQV�QHDU�WKH�LQWHUIDFH��&RQWUDVWLYHO\��ZKHQ�WKH�
VLPXODWLRQ�VLJQDO�IUHTXHQF\�LV��*+]��WKH�YDOXH�RI�UHIUDFWLRQ�
LQGH[� LQ� WKH� WZR� GLPHQVLRQDO� ORDGHG� WUDQVPLVVLRQ� OLQHV�
EHFRPHV� SRVLWLYH�� DQG� WKH� LQWHUIDFHV� FKDQJHV� WR�'36�'36��
7KHUHIRUH�� WKH� LQWHUIDFH� EHWZHHQ� WKH� '36� DQG� WKH� ]HUR�
UHIUDFWLRQ� UHJLRQV� EHFRPHV� D� UHIOHFWLQJ� LQWHUIDFH�� VKRZQ� LQ�
)LJXUH����F���
7KHUH�LV�D�VSHFLDO�IUHTXHQF\�UHJLRQ��DURXQG�����*+]��ZKLOH�
WKH�SHUPHDELOLW\�� WKH�SHUPLWWLYLW\� DQG�JURXS�YHORFLW\� LQ� WKH�
'1*� UHJLRQ� DSSURDFK� ]HUR�� 7KH� DPSOLWXGH� RI� WKH�
ZDYHYHFWRU�LQ�WKH�WZR�GLPHQVLRQDO�ORDGHG�WUDQVPLVVLRQ�OLQHV�
LV� QHDUO\� ]HUR�� 7KHUHIRUH�� WKH� WUDQVPLVVLRQ� WKURXJK� WKH�
LQWHUIDFH�EHWZHHQ�WKH�'36�DQG�WKH�]HUR�UHIUDFWLRQ�UHJLRQV�LV�
DOPRVW� IRUELGGHQ�� DQG� WKH� LQWHUIDFH� EHFRPHV� D� UHIOHFWLQJ�
LQWHUIDFH��VKRZQ�LQ�)LJXUH����G���
�

DNGDPS DNGDPS

�
�D�� 9RUWH[OLNH� SRZHU� IORZ� DW� WKH� '36�'1*� LQWHUIDFH� LQ�
����*+]�QHDU�WKH�LQWHUIDFH�Ⅰ� LQ�WKH�EODFN�GDVKHG�UHFWDQJOH�
UHJLRQ�LQ�)LJXUH���

DNG DPSDNG DPS

�
�E�� 9RUWH[OLNH� SRZHU� IORZ� DW� WKH� '1*�'36� LQWHUIDFHV� LQ�
����*+]�QHDU�WKH�LQWHUIDFH�ⅡLQ�)LJXUH���

DPSDPS DPSDPS

�
�F��3RZHU�IORZ�LQ�����*+]�QHDU�WKH�LQWHUIDFH�ⅠLQ�WKH�EODFN�
GDVKHG�UHFWDQJOH�UHJLRQ�LQ�)LJXUH���

�

Zero Refraction DPS Zero Refraction DPS

�
�G�� 3RZHU� IORZ� DW� WKH� '36�=HUR� 5HIUDFWLRQ� LQWHUIDFH� LQ�
����*+]�QHDU�WKH�LQWHUIDFH�Ⅰ�LQ�WKH�EODFN�GDVKHG�UHFWDQJOH�
UHJLRQ�LQ�)LJXUH���UHVXOWLQJ�LQ�OLWWOH�WUDQVPLVVLRQ��
)LJXUH����7KH�SRZHU�IORZ�DW� WKH�LQWHUIDFHV�RI�PHWDPDWHULDO�
OHQV��
�

�
�D������*+]�

�
�E������*+]�
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�
�F������*+]�

)LJXUH� ��� $PSOLWXGHV� RI� SRZHU� IORZ� RI� WKH� VDPSOH� DW�
GLIIHUHQW�IUHTXHQFLHV���D��$PSOLWXGHV�RI�SRZHU�IORZ�IRFXVHG�
LQ�WKH�'1*�UHJLRQ�DQG�WKH�VHFRQG�'36�UHJLRQ�LQ�����*+]��
�E��$PSOLWXGHV�RI�SRZHU�IORZ�DUH�GHFD\LQJ�DZD\� IURP�WKH�
LQWHUIDFH� LQ�����*+]���F��$PSOLWXGHV�RI�SRZHU�IORZ�LQ� WKH�
'36�=HUR�5HIUDFWLRQ�'36�UHJLRQV�LQ�����*+]��
�
7KH� YRUWH[OLNH� SRZHU� IORZ� RQ� WKH� LQWHUIDFHV� FKDQJHV� WKH�
GLUHFWLRQV� RI� SRZHU� IORZ� LQ� WKH� PHWDPDWHULDO� OHQV�� DQG�
SURGXFHV�WKH�ILUVW�IRFXV�SKHQRPHQRQ�LQ�WKH�'1*�UHJLRQ�DQG�
WKH� VHFRQG� IRFXV� LQ� WKH� VHFRQG� '36� UHJLRQ� PHQWLRQHG��
VKRZQ� LQ� )LJXUH� �� �D��� 7KH� FKDQJH� RI� WKH� YRUWH[OLNH�
3R\QWLQJ�YHFWRU�GLUHFWLRQ�DW� WKH�'36�'1*�LQWHUIDFH� LV�DOVR�
DQ�LPSRUWDQW�IHDWXUH�WKDW�PDNHV�WKH�ORFDOL]DWLRQ�IRU�IRFXV�LQ�
WKH� PHWDPDWHULDO� OHQV�� 2Q� WKH� FRQWUDU\�� DW� WKH� '36�'36�
LQWHUIDFH�� WKH� SRZHU� IORZ� RI� HOHFWURPDJQHWLF� ZDYH� VFDWWHUV�
WKURXJK� WKH� LQWHUIDFH� DQG� LWV� DPSOLWXGH� GHFD\�� VKRZQ� LQ�
)LJXUH� �� �E��� 1HDU� WKH� LQWHUIDFH� EHWZHHQ� WKH� '36�=HUR�
UHIUDFWLRQ�UHJLRQV��PRVW�RI�WKH�ZDYH�DQG�WKH�SRZHU�IORZ�FDQ�
QRW�SDVV�WKH�LQWHUIDFH�DQG�EH�GLVSHUVHG�DORQJ�WKH�'36�VLGH�RI�
WKH�LQWHUIDFH��VKRZQ�LQ�)LJXUH����F�����
�

�� &RQFOXVLRQ�
7R�VXPPDUL]H��ZH�KDYH�VWXGLHG�WKH�FKDUDFWHUV�RI�SRZHU�IORZ�
DW� WKH� LQWHUIDFH� LQ� WKH� PHWDPDWHULDO� OHQV�� 7KH� HQHUJ\� IORZ�
IRUPV�YRUWLFHV�DW� WKH� LQWHUIDFHV�EHWZHHQ� WKH�'36�DQG�'1*�
UHJLRQV� DQG� WKH� HQHUJ\� ZDV� SDUWO\� WUDSSHG�� 7KHUHIRUH�� WKH�
ORFDWLRQ�DW�WKH�PHWDPDWHULDO�OHQV�LQWHUIDFHV�FDQ�EH�H[SODLQHG��
7KH�QHZ�PHVVDJH�LQ�WKLV�SDSHU�LV�DQDO\VLV�RI� WKH�YRUWH[OLNH�
SRZHU� IORZ� DQG� WKH� H[SODQDWLRQ� RI� WKH� ORFDWLRQ� DW� WKH�
PHWDPDWHULDO� OHQV� LQWHUIDFHV� ZKLFK� PD\� KDYH� SRWHQWLDO�
DSSOLFDWLRQV�LQ�PHWDPDWHULDOV�EDVHG�LPDJLQJ�V\VWHP��
�

$FNQRZOHGJHPHQWV�
7KH� SUHVHQW� UHVHDUFK� ZDV� VXSSRUWHG� E\� 1DWLRQDO� %DVLF�
3URJUDP� ������ RI� &KLQD� �1R�����&%��������� DQG� E\� WKH�
1DWLRQDO� 1DWXUDO� 6FLHQFH� )RXQGDWLRQ� RI� &KLQD� �1RV��
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Abstract 
The emission of a current line source surrounded by a 
cylindrical shell of left-handed material (LHM) is studied 
theoretically. The use of LHM shell greatly improves the 
directional emission of the line source, while in a broadband 
frequency range its radar cross-section is lower than that of 
a parabolic reflector antenna with the same aperture size. 
This may be useful in stealth antenna design. We prove the 
directive emission is due to the negative refraction and the 
focus effect occurring at the interface of the LHM shell. 
 

1. Introduction 
Metamaterials are engineered composites that exhibit 
superior properties that do not find in nature and not 
observed in the constituent materials. Owing to their 
abnormal electromagnetic characteristics, metamaterials 
have drawn significant scientific and engineering interest. 
Many works have devoted to the physics and possible 
applications of the metamaterials. The most well-known 
applications are superlens [1] and cloaking [2]. Besides, 
theoretical studies predict the great advantages from 
metamaterials in antenna design. For example, resonant 
conditions for strongly subwavelength patch antennas and 
using metamaterials to improve the source radiation have 
been discussed. Ziolkowski [3] proved that double negative 
metamaterials could increase the power radiation of 
electrically small antenna. Ghoshm [4] studied gain 
enhancement of antennas using metamaterials, which 
including left-handed materials (LHM) and single-negative 
materials. Enhancing the directional emission is another 
important application of metamaterials. Enoch [5] first 
showed that energy radiated by a source embedded in an 
isotropic metamaterial was concentrated in the narrow cone 
in the surrounding media. After that, directive emission 
enhancement was studied for the radiators with anisotropic 
metamaterials [6] and cylindrical metamaterials [7-8]. Many 
theoretical works have been backed up with prototypes 
experimentally verifying the proposed ideas, which  
stimulate many interests in antenna design [9-14]. People 
are trying to design new antennas with metamaterials to 
improve the antenna performances.  

In this work, we will show that the line source 
surrounded by a cylindrical shell of left-handed 
metamaterial has a very good directional emission; while it 

has a lower radar cross section in a broadband frequency 
range. This feature provides a new way for designing stealth 
antennas. We prove that the directive emission is caused by 
the negative refraction and focus effects at the interface of 
the LHM shell.  

 

2. Theoretical model 
Consider that a radiator consists of a line source and a 
surrounding cylindrical shell as shown in Fig.1. The line 
source and the shell are infinite long along z-axis, so the 
source emission reduces into a two-dimensional problem. 
The shell is with the inner radius a and outer radius b, 
respectively, which separating the calculation area into the 
regions I, II and III. Without loss of the generality, we 
assume the current line source is on x-axis in the region I. It 
produces a TMz mode electromagnetic (EM) wave, which 
can be expressed, in cylindrical coordinate, as [15] 
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where 0 0k 0Z H P  is the wave number in free space. The 

excited EM wave spreads outward and at steady state, the 
total field in each region is:  
 

 
Figure 1. Schematic diagram of LHM directional antenna, 
which includes a line source and an LHM shell   
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In the above Jn is the Bessel function of first kind and Hn is 
the Hankel function of second kind. The coefficients An, Bn, 
Cn and Dn are unknowns. Using the continuous conditions 
of the electric and magnetic fields at boundaries r = a and b, 
we have a system of linear equations with four unknowns. 
Solving the equations, the field distribution in each region is 
obtained, and then the far-field radiation pattern can be 
derived. Corresponding magnetic fields can be derived by 
Maxwell equation, which are:  
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3. Radiation of a line source with LHM shell 
We suppose the shell in Fig.1 is made of a uniform 
dispersive material. Its permittivity Hr and permeability Pr 
follows Drude model and Lorentz model [17], respectively, 
i.e.  
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where Zep and Je are electric plasma frequency and damping 
coefficient; Zmp, ZmR and Jm are magnetic plasma frequency, 
magnetic resonance frequency and magnetic damping 
coefficient, respectively. We assume fp=Zp/2S=4.24GHz, 
fmp=Zmp/2S=6.5GHz, fm0=Zm0/2S=2.1GHz and F=0.22. For 
simplicity, the damping coefficient Je and�Jm are supposed 
zero in this work. It is easy to verify Hr and Pr are both 
negative in the frequency range 2.1 to 3.7GHz. Specifically, 
at 3GHz both Hr and�Pr are negative one; the impedance of 
shell matches that of free space.   

 The normalized electric far-field radiation pattern at 
3GHz is shown in Fig. 3(a) in solid line. The shell is 
assumed, respectively, with inner radius a=1.5O� and outer 
radius b=3.5O� ҏ where�O� is the wavelength in free space at 
the working frequency. The line source is near the inner 
wall at U0=1.35O�. We see the radiation has a sharp main 
beam along x-axis. The sharp beam marks the EM energy 
mostly focusing on that direction. To display this feature 
intuitively, we did simulation of the time averaged power 
flow by the finite element solver COMSOL. The result, 
shown in Fig. 3(b), illustrates the most of the outgoing EM 

energy concentrates in a small angle along x-axis forming a 
narrow beam. The power flow distribution is the same as 
that of the far-field radiation pattern though they are 
obtained by the different methods. This confirms the 
computing results of the field distribution. The directivity 
derived from radiation pattern is about 20, much greater 
than that of the line source without LHM shell. As a 
compare, we replace the LHM by a normal material with 
Hr=Pr=+1.2, and recalculated the radiation pattern. The 
result is shown in Fig. 3(a) in dash line. Quit different from 
the radiation pattern of the LHM shell, the radiation does 
not focus on any direction but almost radiates uniformly.  

 
Figure 3.  (a) Far-field radiation pattern of the line source at 
3GHz at which the shell has Hr Pr=-1 (solid line). The dash 
line is for the shell with Hr Pr =1.2. (b) Power flow 
distribution of the line source radiation for LHM shell. 
 
 

The difference between the two radiation patterns 
demonstrates the LHM shell greatly improves the directive 
emission of the line source when it locates at a proper 
position; this system can be considered as a directional 
antenna (LHM antenna). With the far-field distribution, we 
have the total radiation power of the line source. It is about 
1.15P0, where P0 is total radiation power of the line source 
in free space. The LHM shell does not reduce total power 
delivered by the line source because of the impedance 
match at working frequency. The slight increase of the total 
power is related to the high mode excitation [3].  
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It may be helpful to compare the directive emission of 
the LHM antenna with a known directional antenna having 
the same aperture size. Here, a parabolic reflector antenna is 
used for a comparison. The aperture size of the parabolic 
antenna is 2a, same as the diameter of the LHM shell. 
Figure 4 is the far-field radiation pattern of two antennas, 
and the inset shows a comparison of their feature size. We 
see two antennas all have a sharp main beam. The half-
power bandwidth HPBW, which measures the main beam 
width, is about 11q for the LHM antenna, slightly larger 
than that of the parabolic antenna 9q. The two main beams 
are almost the same, indicating their similar directional 
emission characteristics. Though the larger sidelobe and 
backlobes cause the directivity of the LHM antenna is lower 
than that of parabolic antenna, the use of LHM shell 
increases the focusing ability of the line source obviously. 

 
Figure 4.  Far-field radiation patterns for LHM antenna and 
a parabolic antenna with same feature aperture size of LHM 
antenna. The inset shows the compare of the feature size of 
two antennas. 
 
 

Another advantage using LHM shell is its lower radar 
cross section. In 2D, the radar cross-section is defined as,   
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where Es is the scattering field and Ei is the incident field. 
We compare the radar cross-section of our antennas with a 
parabolic reflector antenna having the same feature size. 
Figure 5 shows the ratio LHM PV V V , where VLHM and VP 

are the radar cross-section of LHM shell and parabolic 
reflector, respectively. The dispersive H and P of LHM is 
considered in calculations. We see in broadband frequencies 
the V for LHM antenna is never greater, but mostly much 
smaller than that of parabolic antenna. This is due to the 
impedance mismatch at the interface of the LHM shell and 
free space is much smaller than that of for metallic reflector. 
The relative larger V of the LHM shell at 3 GHz is due to 
the focus effects, which will be explained below. The high 
directivity with lower radar cross-section in broadband 
frequency makes the LHM antenna useful in design of 
stealth antennas, which has been becoming more and more 
important in stealth technology today.  

 
Figure 5. RCS ratio of LHM antenna to parabolic antenna 
shown in the inset of Fig. 4. 
 
 

The directive emission shown above can be explained 
by the negative refraction at outer interface and the focus 
effect at inner interface of the LHM shell. The process can 
be proved by the LHM shell illuminated by a plane wave. 
According to the reciprocal principle of the antenna, if the 
incident plane wave can create a focus point within the 
region I, a real source at this point will produce a plane 
wave out of the LHM shell. We did simulations with shell 
parameters a=1.5O0, and b=3.5O0 at 3GHz at which H and P 
are both negative one. Figure 6 gives time averaged power 
flow density distribution when the plane wave incident from 
the right-hand side. In the figure, we see a sharp light spot 
S1, representing the high power flow density, is on x-axis in 
the region I near the inner wall of the shell. The spot 
position is about 1.35O0, same as the source position in 
radiation pattern calculation in Fig. 3. The ray tracing can 
explain the presence of the light spot. As the incident ray 
meets the outer interface, negative refraction occurs. The 
refracted rays will form a focus. Its position is b/2 according 
to the Gauss' formula since the shell's index n is -1 at 3GHz. 
Thus, we need the inner radius a be smaller than b/2. 
Otherwise, the refracted rays will meet the inner interface of 
the LHM shell, and then second refraction at the interface 
causes the rays diversity in region I. If the condition a<b/2 
is satisfied, a focus will appear within the LHM shell due to 
the refraction at the inner interface. This focus as a second 
source generates a high quality image source, the light spot 
S1, in the region I according to the near field imaging 
principle of LHM. Indeed, in Fig. 6 we can find the light 
spot S2 within the LHM shell; the position is about 1.6O0 
slightly smaller than b/2. This is because the shell size is not 
much larger than the operating wavelength as required by 
geometric optics. Therefore, it can be expected that a good 
directional radiation is formed as the line source sets at the 
position light spot S1. 
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Figure 6. Power flow distribution for the LHM shell 
illuminated by the plane wave incident from right-hand side. 
The negative refraction at the outer interface of LHM forms 
the light spots S2, which in turn as a second source creates 
the spot S1 by the image process of LHM at inner interface. 
 
 

4. Conclusions 
We have explored the radiation property of the LHM 
antenna made of the current line source and the surrounding 
LHM shell. The study shows this antenna has a good 
directional emission when the line source locates near the 
inner wall of the LHM shell. The directive emission is 
attributed to the negative refraction and the focus effect 
happening at the interface of the LHM shell, and can be 
well explained by ray tracing. The lower radar cross-section 
in broadband frequencies makes the LHM antenna useful in 
designing stealth antennas. 
 

Acknowledgements 
This work is supported by National Natural Science 
Foundation of China (60771013, 61071007, 61001017) and 
Specialized Research Fund for the Doctoral Program of 
Higher Education (20110091110030, 20100091120045). 
 

References 
[1] N. Fang, H. Lee, C. Sun and X. Zhang, Sub-diffraction-

limited optical imaging with a silver superlens, Science 308: 
534-537, 2005   

[2] D. Schurig, J. J. Mock, B.J Justice, S. A. Cummer, J. B. 
Pendry, A. F, Starr and D. R. Smith, Metamaterial 
electromagnetic cloak at microwave frequencies, Science 314: 
977-980, 2006   

[3] R. W. Ziolkowski and A. D. Kipple, Application of double 
negative materials to increase the power radiated by 
electrically small antennas, IEEE Trans. Antennas Propag. 
51:2626-2640, 2003  

[4] B. Ghoshm, S. Ghosh, and A. B. Kakade, Investigation of 
gain enhancement of electrically small antennas using double-

negative, single-negative, and double-positive materials, Phy. 
Rev. E 78: 026611, 2008   

[5] S. Enoch, G. Tayeb, P. Sabouroux, N. Guerin and P. Vinvent, 
A metamaterial for directive emission, Phys. Rev. Lett. 89: 
213902, 2002  

[6] I. Bulu, H. Caglayan, K. Aydin and E. Ozbay, Compact size 
highly directive antennas based on the SRR metamaterial 
medium, New J. Phys. 7: 223, 2005  

[7] S. Arslanagic and O. Breinbjerg, Electric-line-source 
illumination of a circular cylinder of lossless double-negative 
material: An investigation of near field, directivity, and 
radiation resistance, IEEE Antennas Propag. Magazine 48: 
38-54, 2006  

[8] S. Arslanagic, R. W. Ziolkowski, and O. Breinbjerg, 
Excitation of an electrically small metamaterial-coated 
cylinder by an arbitrarily located line source, Microwave Opt. 
Technol. Lett. 48: 2598-2606, 2006  

[9] L. W. Li, Y. N. Li, T. S. Yeo, J. R. Mosig and O. J. F. Martin, 
A broadband and high-gain metamaterial microstrip antenna, 
Appl. Phys. Lett. 96: 164101, 2010  

[10] H. K. Liu and K. J. Webb, Leaky wave radiation from planar 
anisotropic metamaterial slabs,  Phys. Rev. B 81: 201404, 
2010 

[11] Y. Luo, J. J. Zhang, H. S. Chen, J. T. Huangfu and L. X. Ran, 
High-directivity antenna with small antenna aperture, Appl. 
Phys. Lett. 95: 193506, 2009  

[12] H. F. Ma, X. Chen, H. S. Xu, X. M. Yang, W. X. Jiang and T. 
J. Cui, Experiments on high-performance beam-scanning 
antennas made of gradient-index metamaterials, Appl. Phys. 
Lett. 95: 094107, 2009  

[13] A. Alu and N. Engheta, Enhanced directivity from 
subwavelength infrared/optical nano-antennas loaded with 
plasmonic materials or metamaterials, IEEE Trans. Antennas 
Propag. 55: 3027-3039, 2007   

[14] F. P. Casares-Miranda, C. Camacho-Penalosa and C. Caloz, 
High-gain active composite right/left-handed leaky-wave 
antenna, IEEE Trans. Antennas Propag. 54: 2292-2300, 
2006   

[15] R. F. Harrington, Time-Harmonic Electromagnetic Fields, 
Wiley-IEEE Press, New York, 2001   

[16] D.M. Pozar, Microwave Engineering, John Wiley & Sons, 
New York, 2005   

[17] S. A. Ramakrishna, Physics of negative refractive index 
materials, Rep. Prog. Phys. 68: 449–521, 2005  

4 
 



META’12 CONFERENCE, 19 – 22 APRIL 2012, PARIS - FRANCE 

 

Experimental Observation on Building-up of Negative Refraction 
 

F. F. Li, K. Fang ,Y. W. Zhang* 
 

MOE Key Laboratory of Advanced Micro-structure Materials, Department of Physics, 
 Tongji University, Shanghai 200092, PR China  

*corresponding author: yewen.zhang@tongji.edu.cn 
 

 

Abstract 

The two-dimensional (2D) metamaterial is realized by 
using the isotropic transmission line approach. When an 
electromagnetic (EM) wave hits the interface between the 
positive and negative refractive index materials, the 
reflected wave will build up firstly, and after a while, the 
wave front moves eventually in the negative refracted 
direction. Finite-difference time-domain (FDTD) 
simulations and experiment are used to study the time 
evolution of an EM wave as it hits the interface. 

1. Introduction 

In 1904, Schuster firstly came up with the concept of 
negative refraction in his book [1]. At the end of 1960s, 
Veselago [2] discussed the material which possessed 
simultaneously negative permittivity, and negative 
permeability, would exhibit unusual properties such as 
negative index of refraction. In 1998, Pendry suggested that 
some specific structures would have both ɂeff  and ρeff  
negative (over a range of frequencies).  After that, there 
have been numerous theoretical and experimental studies. In 
SDUWLFXODU�� 0DUNRVß� DQG� 6RXNRXOLV [3] have employed the 
transfer matrix technique to calculate the transmission and 
reflection properties of the structure suggested by Pendry [4] 
and realized experimentally by Smith et al.. Later, Smith et 
al. proved that the data of Ref. [3] can be fitted by length 
independent and frequency dependent ɂeff  and ρeff . They 
found that in a frequency region both ɂeff   and ρeff  were 
negative with negligible imaginary parts. In this negative 
region, n was found to be unambiguously negative. These 
unusual results have raised objections both to the 
interpretation of the experimental data and to the 
realizability of negative refraction. Since then, metamaterial 

became an exciting researching field with much different 
future advancements in physics, material sciences and 
telecommunications. [6-9] 

In this paper, we report a two-dimensional microwave 
metamaterial composed of the isotropic periodically loaded 
transmission line structure which can exhibit the negative 
refraction phenomenon. With the time-domain experiment, 
we find that when the electromagnetic wave hits the 
interface between PRI region and NRI region, the reflective 
wave will build up firstly then the refractive wave will turn 
up. In the time domain experiment we use the Gaussian 
modulated pluses as the input signal.  

2. Negative refraction in metamaterial 

2.1 Parameters calculation 

In particular frequency band, the two-dimensional 
microwave metamaterial consists of negative refractive 
index (NRI) metamaterial region with simultaneously 
negative permittivity and permeability, and positive 
refractive index (PRI) region with simultaneously positive 
permittivity and permeability [10-13]. The NRI metamaterial 
region is constructed by periodically transmission line 
medium with inductors and capacitors. And the PRI one is 
consisted of the microstrip grids.  
We structured a negative refraction sample with isotropic 
periodically loaded transmission line. The height of bottom 
metal layer is 0.018mm. The sample is fabricated on a 
ceramic (ݎߝ = ݎߤ 4.75 = 1) substrate of height h=1.6mm 
and form the PRI region measuring 3×4 cells. The adjacent 
NRI region shaped isosceles triangle is measured 11×11 
cells. Both the PRI medium and the NRI medium are 
consisted of a square grid of w=2.8mm wide microstrip 
lines with d=10mm period. The shunt inductance is L = 
15nH and the series capacitance is C= 3.3 pF.  
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In the PRI region, 
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where ߝ  is effective permittivity of PRI region, ߤ  is 
effective permeability and g is conduct factor which is 
decided by the structure. 
In the NRI region, 
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where ݊ߝ  and ݊ߤ  are effective permittivity and 
permeability of NRI region. The relative index of refraction 
in PRI and NRI region is  

 re rrP 2n PH ��                   (7) 

n rn rrNn PH �                     (8) 

2.2 Negative refractive index  

So, we have the dispersion figure of refractive index in PRI 
and NRI region shown in Fig. 1. The x axis is frequency 
and the y axis is square power of refractive index n. We 
want to have the -1 relative refractive index, so we have the 
next equation. According to the transfer matrix, we can 
calculate the wave vector, phase velocity and group 
velocity. 
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0ܮ  and 0ܥ are distributed parameter of PRI transmission 
line. C and L are loaded capacitance and inductance. ݒ  is 
phase velocity and ݃ݒ  is group velocity. 

 .  

 
Figure 1: Dispersion figure of refractive index 

 

 
Figure 2: Dispersion figure of wave vector. 

 

The frequency band with the negative permittivity and 
permeability in first passband is from Bragg frequency to 
the cutoff frequency. The focus frequency in this band is in 
the condition that the relative refractive index is –1. The 
second passband over 1.54GHz has the simultaneously 
positive permittivity and permeability. 
So we have the results that the broadband region from 
0.36GHz to 1.54GHz has the negative refractive index. 

app:ds:relative
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app:ds:of
app:ds:refraction


 

When the frequency equals 0.73GHz, the sample presents a 
relative refractive index of –1 and the best impedance match. 
We put 0.73GHz to the equation (11) and (12), so in the 

NRI region, pQ =-1.1*108 m/s, gQ =2.4*107 m/s. 

3. Experimental observation on building on 
negative refraction 

3.1 Negative refraction sample   

Fig.3 is the experimental negative refraction sample. Port 1 
is input terminal, while Port 2 and Port 3 are the reflection 
and refraction ones. Horizontal side is signed with numbers 
and vertical side is expressed with letters. We put 50π 
resistance on the sample boundry to match the impedance.  

3.2 Time domain measurement 

In CST simulation and experiment, we use the time-domain 
method to measure all the data and compare with the 
theoretical results. The experimental instruments of 
time-domain measurement are shown schematically in Fig.4. 
The Tektronix arbitrary waveform generator (AWG710) is 
used to generate the Gaussian envelope of signal while the 
Agilent vector signal generator (E8267D) is used to 
generate the carrier wave with the same frequency of focus, 
0.73GHz. Because the AWG710 gives a 10MHz reference 
clock signal to the E8267D and a trigger signal to the 
oscilloscope, these three instruments are synchronized. So 
the waveforms tested from different positions could be 
compared. The Tektronix P7260 probe with an input 
LPSHQGHQFH� RI� ��Nȍ� DQG� EDQGZLGWK� RI� �*+]� GHWHFWV� WKH�
waveforms at different positions. Finally, the oscilloscope 
shows the waveforms and outputs the data. 
We measure the sample in three routes point by point. Then 
pick up 4F, 6D and 6H three dots. These three points have 
the same distance from the interface. The waveform of these 
three points is shown in Fig. 5. Point 4F is in the input 
region, point 6H is in the reflection region and point 6D is 
in the refraction region. From the figure we can see the 
reflected wave build up firstly then the refracted wave 
turned up. Table 1 is the time difference between these 
points.Six points are picked up to be the example. Three of 
them are in the reflection region, another three are in the 
refraction refion. At the same time, they are all symmetrical 

around the interface. From Table we can see the time that 
wave reach to the reflection refion is shorter than the 
refrction region, and the time difference between 

symmetrical points are all about 0.94ns. pQ =-1.0*108 m/s, 

gQ =2.7*107 m/s the data of experiment are much closed to 

the theory. According that we observe that when 
electromagnetic (EM) wave hits the interface between a 
positive and negative refractive index material, the reflected 
wave will build up firstly, and after a while, the wave 
moves in the negative refracted direction.  
 

 
Figure 3 Negative refraction sample 

 

 
Figure 4 Time domain measurement. 
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Figure 5 Waveforms in 3 points 

 
Table 1: Time difference 

Point 
Time difference 
with 4F ǻW�1(ns) 

Time difference 
ǻW2 (ns) 

6B 1.51 Between 6B and 6J 
0.94 6J 0.57 

6C 1.21 Between 6C and 6I 
0.94 6I 0.27 

6D 0.95 Between 6D and 6H 
0.95 6H ζ0.01 

 

4. Conclusion 
To summarize, negative refraction creation process on the 
two-dimensional metamaterial is studied in time-domain 
methods. The simulation and experimental results show that 
when the electromagnetic (EM) wave hits the interface 
between a positive and negative refractive index material, 
the reflected wave will build up firstly, and after a while, 
the wave front moves eventually in the negative refracted 
direction.  By means of that, we can understand the 
characters and the processes of negative refraction in detail. 
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Abstract 
We have considered the realization of metamaterials based 
on semiconductor quantum nanostructures, in particular, 
with the structural arrangement as in quantum cascade laser 
(QCL) designed to achieve optical gain in the mid-infrared 
and terahertz part of the spectrum. The entire structure is 
placed in a strong external magnetic field which facilitates 
the attainment of sufficient population inversion, necessary 
to manipulate the permittivity and enable left-handed 
regime.  

1. Introduction 
In recent years a new type of artificial electromagnetic 
composites termed metamaterials (MTMs) has been 
extensively studied and developed. The broad range of 
configurations of these materials has introduced a variety of 
otherwise unexpected physical phenomena, among which 
the realization of negative refractive index and cloaking 
effect have been among the most interesting ones [1]. 
Composite metamaterial elements are patterned in a 
periodic array to form metamaterials, and the dimensions of 
unit cells, which metamaterials are composed of, are 
significantly less than the wavelength, on the order of tenths 
of wavelengths. Thus metamaterials can be considered as an 
effective medium and are well described by magnetic 
permeability and electric permittivity, in accordance with 
the macroscopic form of Maxwell’s equations. 

The advent of MTMs enabled control of 
electromagnetic properties of materials, going beyond the 
limit that is attainable with naturally existing structures. 
This is especially important for the technologically relevant 
terahertz frequency regime, because the tools that are 
necessary to construct devices operating within this spectral 
range are mainly lacking. Considerable efforts are 
underway to fill this ‘THz gap’ in view of the useful 
potential applications of the THz radiation. Techniques to 
control and manipulate THz waves are lagging behind, but 
moderate progress has been made in THz generation and 

detection and one of the recent examples is the THz 
quantum cascade laser.  

In this paper we have considered the realization of 
metamaterials with the structural composition as in quantum 
cascade lasers which are intended to exhibit negative 
refraction in the mid-infrared and terahertz part of the 
spectrum. Our metamaterials belong to low-loss and active 
optical materials, and are made of very thin GaAs/AlGaAs 
layers, whose configuration corresponds to quantum 
cascade laser. They are subjected to very strong magnetic 
fields which enable modulation of the optical gain by 
discretizing the in-plane electron motion and thus make it 
possible to obtain negative index of refraction. 
 

2. Theoretical consideration 
Quantum cascade laser is a low-dimensional semiconductor 
quantum structure that consists of series of identical stages, 
allowing each electron to emit many photons during its 
transit through the structure. This scheme provides excellent 
laser performance in terms of optical gain and output 
power, thus it has been successfully utilized in many 
different applications (high-sensitivity gas sensing, infrared 
imaging, security monitoring and non-invasive medical 
diagnostics) in the mid-infrared and far-infrared part of the 
electromagnetic spectrum [2-7]. However, in spite of 
impressive properties demonstrated in the mid infrared, the 
operation in the THz part of the spectrum is subject to 
inherent limitations. Therefore, a lot of research effort has 
been invested recently into developing different approaches 
to overcome these limitations.  

Many of the proposed and experimentally demonstrated 
metamaterials are based on inclusions of smart metallic 
films, wires, or spheres and therefore exhibit high optical 
losses which are detrimental to their performance and 
considerably limit their usefulness [8-10]. One of the major 
challenges in new metamaterial development is to design 
active metamaterials, i.e. to compensate the losses by 
adding gain. Active metamaterials, which comprise thin 
layers of semiconductors materials with particular layout, 



may be used to realize substantial optical gain via carrier 
injection at frequencies of interest [8,9,11,12]. Specifically, 
the QCL-like structural profile allows for significant 
tunability of output properties and offers prospects for 
efficient engineering of effective permittivity [2,4,13,14]. 
The relative magnetic permeability of a semiconductor-
based non-magnetic material is 1P  , while the dielectric 
permittivity tensor may be written as [9]: 
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&                                 (1) 

This form is valid for quantum well based semiconductor 
nanostructures which exhibit strong anisotropy of optical 
properties. Here, H&  is the permittivity component along the 
quantum well planes, and is equal to the average 
permittivity of the background materials ( bH ), while HA  
describes the interaction along the growth (z) axis and may 
be represented by the Lorentz model [15]: 
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Here, L is the length of the unit cell in z direction, ,s iN  

represents the electron sheet density in i-th state, nmZ  is the 
resonant transition frequency between states n and m, Z  is 
the frequency of the input light, nmJ  denotes the transition 

linewidth, while mnz is the transition matrix element 
between states n and m. According to Eq. (2), the normal 
component of dielectric permittivity strongly depends on 
the populations of electron energy levels. Our goal was to 
meet the criteria for negative refraction, which in case of 
anisotropic, single-negative, metamaterial read [16]: 

                               0H !& ,     � �Re 0HA �                           (3) 

In the case of a passive configuration, when the upper 
levels are less occupied than the lower ones, both parts, the 
imaginary and the real one, of HA  are always positive. But 
in the active configuration, the total dielectric permittivity 
could be made negative by controlling the carrier 
distribution (Eq. (2)).  Hence, in order to obtain negative 
values of the real part of HA , ne clearly has to achieve high 
enough population inversion , ,

 o

s n s mN ancel out the 
background term and reverse the sign of the real part of Eq. 
(2).  

N  ! to c

The active region of the QCL structures under 
consideration consists of two and three coupled quantum 
wells, for the terahertz and mid-infrared part of the 
electromagnetic spectrum, respectively, biased by an 
external electric field. Each period of the structure has three 
crucial energy states, and the laser transitions occur between 
the upper (n=3) and the lower (n=2) energy state. The main 

scattering mechanism is the electron-LO-phonon scattering, 
which is responsible for depopulation of the lower laser 
state. The active region is surrounded by the 
emitter/collector barriers, which enable injection of carriers 
from the preceding active region/extraction from the lower 
subband.  

The direct use of LO-phonon scattering for lower state 
depopulation offers two advantages. First, when the ground 
energy state (n=1) is separated from the lower laser state 
(n=2) by the resonant LO-phonon energy, depopulation can 
is extremely fast. Second, the large energy separation 
between these two states provides intrinsic protection 
against thermal backfilling of the lower radiative state. Both 
properties are very important for lasers at longer 
wavelengths (which are within our subject of interest), 
because they allow for higher temperature operation. 
Therefore, our semiconductor QCL structures are designed 
so that the energy difference between the states  and  
is approximately equal to LO-phonon energy in order to 
maintaining high population inversion.   

2E 1E

In normal operating conditions, the electron motion in 
QCL structure is quantized along the growth direction only 
and free in the direction parallel to QW planes (x-y). When 
a strong perpendicular magnetic field is introduced, the in-
plane electron motion becomes discretized as well, and 
continuous two-dimensional energy subbands are split into  
series of discrete Landau levels (LLs) whose energies, with 
band nonparabolicity included, are given by [17-21]: 
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where , 0/ (c neB m EZ  &

0k

 is the cyclotron frequency,  
the in-plane energy of the state n for zero in-plane wave 
vector (

0nE

 & ), l=0,1,2,... is the Landau index, m E  
represents the energy-dependent in-plane electron effective 
mass and B is the external magnetic field. The mean values 
of non-parabolicity parameters

0( )n n&

0D , 0E , averaged over 
the z-coordinate, are given according to [20]. It is obvious 
from Eq. (4) that the energy separations between Landau 
levels depends on the strength of the applied magnetic field 
which influences all the relevant relaxation processes in the 
structure and consequently the lifetime of carriers in the 
upper laser level. This enables one to control the population 
inversion in the active region and to influence the overall 
operation of the QCL structure, as described in detail in 
Ref.[18]. Here, such effect may be used to tune the carrier 
relaxation rates and their distributions over LLs which is 
important because it strongly affects the permittivity. 

To calculate the normal component of the permittivity, 
one must first find the electron distribution over all Landau 
levels, by solving the nonlinear system of rate equations 
[11]: 
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where indices i,f run over all Landau levels in all of the 
periods of the QCL and the probability that the state i is 
unoccupied is given by  1 ( )i if eB NS � =  according to the 
Fermi-Dirac distribution. The periodic QCL design enables 
solving the system of rate equations in a simplified form as 
described in [18]. Each state and its LLs can be associated 
with one of the periods of the QCL due to the wave-function 
localization properties. We assume that inside the cascade 
there is a globally linear potential variation, which enables 
the use of periodic boundary conditions for the particle 
surface densities. Each period is assumed to have an 
identical set of N Landau levels, with identical electron 
distributions. Out of the total of N, there are Ní1 linearly 
independent equations, so one of them is replaced by the 
particle conservation law: , where  is the 
total electron sheet density 

ii
N N ¦ S SN

  

3. Results and Discussion 
The calculations are performed for GaAs/AlGaAs quantum 
cascade laser structures, designed to emit radiation at mid-
infrared and THz frequencies, under the influence of an 
intense external magnetic field.  

The first structure under consideration is a 
GaAs/Al0.38Ga0.62As QCL, comprising three quantum wells 
per period, gain-optimized by the genetic algorithm for 
emission at 7.3ȝmO  

1( 0)kE   &

0.290eV
* = 0

5 meV

 [12]. Starting from the left well the 
layer widths are:  11Å, 32Å, 39Å, 23Å, 38Å and the barrier 
height is UB=0.317eV. The applied electric field in the z-
direction is K=48kV/cm, and the minima of energy 
subbands (prior to the application of external magnetic 
field) are at ,  and 

. The material parameters used in 

calculations are:  (  is the free electron 
mass), 

0.083eV

0.0665 m

2 ( 0) 0.119eVkE   &

m 0m
3 ( 0)kE   &

nmJ  b, 13H | and the one period length  (the 
active region plus the corresponding injector/collector) 
L=500Å. 

Oscillations of the relaxation rate with magnetic field 
for transitions from the ground LL of the third subband, into 
which the majority of carriers are injected, into the two sets 
of LLs of the two lower subbands are very pronounced. The 
prominent peaks are found at values of the magnetic field 
which satisfy the resonance conditions for LO phonon 
emission. On the contrary, when the arrangement of Landau 
levels is such that there is no level situated at LOZ| =  
the state (3,0), this type of scattering is inhibited, and the 
lifetime of the upper laser state is increased. When the 
current injection is constant, the modulation of lifetimes of 
all the states in the system results in either a suppression or 
an enhancement of population inversion between states 
(3,0) and (2,0). Thus, for magnetic field values at which the 
configuration of relevant electronic states leads to 

maximally enhanced relaxation rate from the (3,0) state, 
there is a huge drop in the optical gain, and conversely, for 
certain values of B there appears a peak of the gain. The 
total permittivity is calculated according to Eq. (2), and two 
particular cases, one for magnetic fields which enhances the 
population inversion and one where a minima of population 
inversion is found, are  presented in Fig. 1. The injection 
current is kept constant for all displayed magnetic field 
strengths. It is not necessary to reach extremely high values 
of the optical gain in order to obtain negative real part of the 
permittivity. As shown, this can be accomplished for 
regular carrier sheet densities, but at specific values 

 below

of 
magnetic at which the population inversion is enhanced.  

 

 
Figure 1: The dependence of HA  on frequency in a mid-IR 
QCL for various magnetic field values, at NS=1·1011cm-2 
nd T=300K 

 
a

The realistic effects of band non-parabolicity influence 
the energy separation between the levels relevant for the 
radiative transition, thus the resonant wavelength becomes 
dependent on the magnetic field. This allows for the small 
shift of wavelength at which the minima of RH  and IH  are 
achieved and it may be used for fine-t ng  the 
perm

uni of
ittivity.  

Figure 2 illustrates how the frequency range Z' , at 
which metamaterial behaves as left-handed, depends on the 
electron sheet densities and on magnetic field values. Dark 
blue regions correspond to situations at which negative-
refraction cannot be obtained. Even if the structure is 
exposed to very high values of B, in these cases it is 
impossible to reach high enough population inversion in 
QCL to obtain a left-handed regime. We observe that it is 
necessary to ping) the total electron sheet density 
to at least 101 10sN | � cm-2, so that the metamaterial could 
enter the desired working regime for some magnetic fields. 
The increase in the doping level leads to spreading of the 
magnetic field range at which negative-refraction may be 
reached, and the frequency range at ich material behaves 
as left-handed. The widest range 

 set (by do

wh
Z' occurs at magnetic 

field which enhances the population inversion (B=27 d T) an
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it is quite large for all electron sheet densities above (min)sN . 
On the other hand, the narrowest bandwidth corresponds to 
B at which the configuration of relevant electronic states 
leads to a maximally enhanced relaxation rate from  
state and that is for B=30T 
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Figure 2: (a) The dependence of 
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Z'  on electron sheet 
sities for various magnetic field values presented as a 3D 
plot, at T=300K b) Orthographic projection of the 
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dependence of Z'  on electron sheet densities N
magnetic field B.  
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S and 

In order to present some results of our ongoing work, 
which is focused on designing negative-index metamaterials 
based on terahertz QCLs, we describe the second analyzed 
structure. It is a GaAs/Al0.15Ga0.85As QCL, comprising two 
quantum wells per period, designed to emit radiation at 4.6 
THz [13]. The layer widths are 56, 71, 31, 167 Å, starting 
from the emitter towards the collector barrier, and the 
electric field is 17 kVcm-1. The calculated energy difference 
between subbands 3 and 2 is 20.9 meV, while the difference 

r state and the ground state is 
2 36meV1 LOE E Z�  | = . The conduction band diagram of 

Å (height of roughness) and 
=60Å (correlation length). 

 

one period of the structure is illustrated in Figure 3. 
 In modeling this THz QCL an additional nonradiative 

relaxation mechanism that affects the operation of the 
structure must be included: the interface roughness 

scattering [22,23]. This type of scattering must be accounted 
for in calculations because of the small difference between 
adjacent levels. The numerical parameters used in 
calculations (in addition to the above parameters for MIR 
QCL) are: UB=0.125eV, relevant parameters for interface 
roughness scattering ǻ=1.5
ȁ

 

Figure 3: Con iod of two-
well THz quantum cascade laser.  

such th

duction band profile of a single per

 

The dependence of the modal gain on the applied 
magnetic field for this structure is illustrated in Figure 4. 
The oscillations of the relaxation rate with B are again very 
pronounced, with two distinct peaks around B=9 T and 
B=17.5 T. When the arrangement of LLs is at there is 
no level situated near the state (3,0), or at LOZ| =  below it, 
the relevant scattering rates are minima odal gain 
is significantly increased. 

 

l and the m

 

Fig e 
applied magnetic field at N =2.2·1012cm-2 and T=77K 

values of 
the real part of 

ure 4: The modal gain in a THz QCL as a function of th
S

 
For magnetic field which maximizes the optical gain in this 
structure (B=17.4T), with high enough doping level 
(NS=5·1011cm-2) it is possible to achieve negative 

HA (Fig. 5).  
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Figure 5: The dependence of HA  on the radiation 

wavelength in a THz QCL, for B=17.4 T at NS=5·1011cm-2 
and T=77K. 

 
 

4. Conclusions 
The calculations are performed for GaAs/AlGaAs quantum 
cascade laser structures, design to emit radiation at mid-
infrared and THz frequencies, under the influence of an 
intense external magnetic field. Their energies depend on 
the field, which, together with the fact that scattering rates 
between states are sensitive to their energy spacing, enables 
one to selectively enhance or inhibit different relaxation 
channels by varying the magnetic-field strength, which 
translates into a field-induced modulation of the population 
inversion.  

The results presented in this paper show that it is 
possible to obtain a sufficiently high degree of population 
inversion to invert the sign of  Re( )HA  i.e. to obtain its 
negative values. In fact, for mid-infrared structure we can 
even distinguish two frequency ranges where the structure 
behaves as left-handed. For certain magnetic fields that 
enhance the optical gain, those two regions may even merge 
into a very wide one.  However, the fact that the structure is 
exposed to a very strong magnetic field, may not be 
sufficient condition to obtain high enough population 
inversion in the QCL active region to enable the left-handed 
regime. The other condition that must be fulfilled is the total 
electron sheet density, which in our case needs to be at least 

cm-2. An increase in the doping level leads to 
extension of magnetic field range at which negative-
refraction is achieved and the corresponding frequency 
span.  

101 10sN | �

For the THz metamaterial structure we have also 
achieved the desired operating regime, but only for higher 
doping levels and applied magnetic fields which maximize 
the optical gain. This is due to a large background 
permittivity of GaAs, so our future work will focus on 
exploring other semiconductor materials, with lower 
background permittivity, in order to design left-handed 
metamaterials which require much lower magnetic field 
strengths. 
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Abstract 
In this paper, a comparative analysis of the tunneling times 
of electromagnetic waves (EM) propagating in isotropic and 
anisotropic media is presented. The expressions for 
calculating the tunneling times in layered periodic material, 
which possesses anisotropic properties due to its structure, 
are derived. Corresponding numerical calculations are  
performed for a new types of anisotropic semiconductor 
metamaterial. In the first case the analyzed layered structure 
consists of two differently doped In0.53Ga0.47As 
semiconductor. In the second observation, the layered 
structure is made of alternately placed layers of doped 
In0.53Ga0.47As and undoped Al0.48Ga0.52As. It is shown that 
two peaks emerge in the dependence of the dwell time on 
the incident wave frequency, one of which corresponds to 
the peaks of absorption and the group delay, while the other 
one is a consequence of anisotropy. These two peaks are 
affected by variations of layers' doping densities 
Furthermore, with the increase of the incident angle of 
incoming EM wave, the dwell time peak occurs at the upper 
boundary frequency of the frequency interval for which the 
structure exhibits negative refractive index.  
 

1. Introduction 
Recently, a lot of attention has been paid to a specific class 
of artificial materials, called negative-refractive-index 
metamaterials (NIMs). The theoretical concept of interesting 
feature of negative index of refraction dates back to the 
beginning of the 20th century as reported in [1], although  
most of the references point to the work of Veselago [2]. 
Depending on the sign of the constitutive parameters of a 
certain material (permittivity 1 and permeability P ), two 

types of NIMs can be distinguished: single-negative NIMs 
(SN NIMs) [3] and double-negative NIMs (DN NIMs) [4]. 
The latter ones are also known as left-handed metamaterials 
(LHMs), since the electric field, magnetic field and wave 
vector of propagating EM wave follow a left-hand rule. 
With ongoing progress in technology, the gap between 
theoretical predictions of negative refraction and realization 
of materials that exhibit such behavior has been overcome. 
A number of pioneering theoretical studies [5-7] suggested 
how these peculiar properties could be realized in 

funcionally-designed and built materials, and experiments 
subsequently confirmed those predictions [8-10]. Design and 
production of NIMs have experienced rapid progress in the 
past decade, especially in the field of optics where they 
found a lot of applications using unusual properties such as 
inverse Snell’s law, inverse Doppler shift, backward 
Cerenkov radiation, etc [11-13]. Furthermore, novel designs 
also provide NIMs that exhibit negative refractive index at 
near-infrared and optical frequencies [4,14-16].   
 
Another way to obtain negative refractive index in a material 
is to introduce anisotropy in the system, keeping the 
resonance only in one of the constitutive parameters, e.g. H  
[17]. Based on this concept, one class of SN NIMs named 
semiconductor metamaterials, experienced a rapid progress 
in past few years [18,19]. These artificial materials represent 
anisotropic layered semiconductor structures which exhibit 
negative refractive index properties in a certain range of 
frequencies. Such design facilitates the fabrication of 
metamaterials with reduced losses. 
 
From a point of a quantum description, photons and 
electrons can be treated analogously and exhibit many 
similar characteristics. Similarities in their behavior provide 
numerous opportunities for studying interesting 
electromagnetic effects that also occur in quantum 
mechanics [20]. As a consequence of this correspondence, 
the concept of quantum tunneling can be used for 
description of an EM wave encountering the obstacle with 
lower refractive index than the surrounding medium. One of 
the quantities that describes tunneling phenomenon is the 
tunneling time. The debate about the most appropriate 
definitions for tunneling times has been on for many years. 
Two of them, the dwell time and the group delay, are 
accepted as the most apt [21]. The first one is related to 
propagation of electromagnetic energy through the barrier, 
while the second one refers to the wave phase propagation. 
The relation between these times was first derived by 
Winful. Presuming an obstacle made of a nonmagnetic 
material ( 1P  ) with a positive index of refraction, he 

expressed the group delay as the sum of the dwell time and a 
term called the self-interference time [22,23], which 
represents the time that a wave packet spends in front of the 
obstacle interfering with its reflected part. Only when the 
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background medium is dispersive this time is nonzero. 
Furthermore, the more general relations between tunneling 
times have been calculated for different types of isotropic 
NIMs, such as: linear absorptive dispersive [24,25], 
nonlinear non-absorptive non-dispersive [26] and nonlinear 
absorptive dispersive NIMs [27]. The impact of the Goos-
Hänchen shift on these times has been calculated, as well 
[28,29]. 
 
Relying on the design of the above mentioned anisotropic 
layered structure, we derive appropriate expressions for 
determination of tunneling times in such type of media. 
Corresponding numerical results, performed by using the 
parameters of semiconductor NIMs provided in [19], 
indicate strong impact of anisotropy on tunneling of EM 
wave through such a structure. 
 

2. Theoretical consideration 
The observed model considers a non-magnetic obstacle 
( 1P  ) made of a large number of alternately placed layers 

of two different semiconductors (both linear, absorptive and 
dispersive), so that the whole structure exhibits anisotropy 
via the effective permittivity H . The obstacle is placed 
inside the waveguide with given constitutive parameters: 
permittivity bH  and permeability bP  ( ,b b 0H P ! ), as 

depicted in Fig. 1. Incident planar wave is TM polarized.  
 

 
 
Figure 1. The model of anisotropic obstacle with thickness 
L, placed inside a planar waveguide. x is the propagation 
axis, while T  stands for the incident angle. 
 
The permittivity tensor for this structure is given by the 
following expression: 
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where HA  and ||H  represent the permittivity for orthogonal 

and parallel polarization, respectively, and 1H  and 2H  stand 

for the permittivities of the two types of semiconductors 

which constitute the structure. Relations for permittivity of 
each layer can be expressed by the Drude model: 
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Here, 1Hf  and 2Hf  are the semiconductors’ background 

permittivities, 1(2)pZ  are the plasma frequencies, while 1(2)*  

stand for the damping frequencies of these layers. For 
simplicity, here we assume . Furthermore, 1 2e e* | *  *e Z  

is the incident EM wave frequency. The analysis takes into 
consideration only non-magnetic materials, i.e. 
permeabilities of the obstacle and the surrounding 
waveguide are equal to 1 ( P =1 and bP =1). As shown in 

[18], the presented system possesses negative index of 

refraction when � �HARe 0�  and  in a certain 

range of frequencies. Additionally, such anisotropy of the 
system affects only the propagation of TM modes, since 
boundary conditions imply negative refraction only in this 
case. 

� �||Re H 0!

 
In isotropic media, the negative refractive index of the 
obstacle causes the directions of energy flow and the phase 
velocity, i.e. the Poynting and the wave vector, to be 
opposite therein [16]. However both vectors refract 
negatively. In an anisotropic medium the situation is 
different. Due to the anisotropy of the material the Poynting 
vector, which points in the direction of energy flow, and the 
wave vector, directed along the wave front normal, are 
usually non-parallel. As the geometry of the system implies 
solely the conservation of tangential components of the 
wave vector at an interface of two layers, the travelling wave 
can experience positive refraction with respect to the wave 
vector and negative refraction with respect to the Poynting 
vector [30].  
 
Therefore, the expression for the effective refractive index 
of Poynting vector in anisotropic structure presented in [19] 
is given by: 
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This expression describes the refraction of the Poynting 
vector at the boundary between isotropic and anisotropic 
medium  and is valid in case of a structures with small 
losses, as indicated in [19]. If we observe an anisotropic 
structure whose absorption cannot be neglected, the 
following expression for the effective refractive index can 
be obtained (the derivation is given in the Appendix): 
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Here, , , while the parameter 

 is derived according to the Snell’s law for anisotropic 
medium: 
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The parameter �2 2
|| 01 sinxt bk kH H T HA � � 2  represents the x- 

component of the transmitted wave vector, while 0k  and T  

stand for the wave vector in vacuum and the incident angle, 
respectively. Note that the negative refraction of the 
Poynting vector occurs only in case when the expression in 

Equation (5) has negative value, i.e. when . In the 

limit case of low material absorption, , 

'HA �

1:  

0
'H HA A , 

'
|| ||H H  and Equation (5)  reduces to the Equation (4).   

 

2.1.1. Tunneling times definitions 

 
The dwell time is defined as the time spent by a wave packet 
in a given region of space [22,31,32]: 
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where  stands for the stored EM energy inside the 

obstacle and 

W
2

0 0 0(4 )in CS bP H SJ H H Z  represents the 

time averaged incident power. Here, 0 0 cosb kJ H T , SCS 

stands for the cross-section and 0H is the incident 

magnetic field amplitude.  
 
In order to calculate the stored EM energy, we start from the 
Helmholtz equation for anisotropic media: 
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and apply the Equivalent Circuit (EC) method [33], which is 
based on analogy between electric energy density in the 
material and the work done by the corresponding 

(analogous) electrical circuit. Here, yH  is the y component 

of the magnetic field inside the obstacle. In addition, 

� �0 sinb kE H T is the propagation constant and L  is the 

obstacle length.  The other way for calculating the stored 
EM energy is based on determining the EM energy density 
inside the obstacle as described in [34]. However the energy 
density (ED) method offers exact solutions only in cases 
when it is possible to determine all losses in the material, as 
for instance in structures whose permittivity and 
permeability are described by the Drude and the Lorentz 
model, respectively [35,36]. If these parameters are 
arbitrarily complex functions, it is usually not possible to 
derive the exact expression for EM energy density, primarily 
due to impossibility of separating the contributions which 
are related to losses in the medium, from those that are 
related to the time derivative of EM density. Therefore, to 
avoid these problems and in order to obtain accurate results, 
we opted for the EC method.  
 
The EM energy density can be represented as a sum of two 
contributions, one originating from the electric field and the 
second one originating from the magnetic field. Since our 
model describes a nonmagnetic obstacle, the magnetic part 
of the EM magnetic energy density equals [34]:   
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Starting from the expression for the work per unit volume 
(i.e., energy density), necessary for establishing the electric 
field E in an isotropic media with permittivity ( )H Z , we 

have [33]: 
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where D represents the corresponding electric displacement 
field.  Similarly, the work done by electrical circuit equals: 
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where V is the electrical potential difference between two 
ends of a circuit, while I q t w w  represents the current of a 

branch of the circuit. In case of a circuit with linear electric 
response, expression for the electric charge reads: 
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Here, ˆ( )I Z , ˆ ( )V Z  and ( )Z Z represent the current, the 

voltage and the circuit impedance in the frequency domain, 
respectively, while > @ˆRe (q( ) ) exp( )q t j tZ Z . Adopting the 

following analogies:  V El  and  and comparing 

the Equation (13) with expression 
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find: 
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Schematic of the equivalent circuit of the permittivity of 
parallel polarization ||H  in a semiconductor metamaterial is 

depicted in Fig. 2. 
 

    
Figure 2. Schematic of the equivalent circuit of HA  in a 

semiconductor metamaterial. 
 

In the direction of the EM field flow, the permittivity of the 
structure reads: 
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Based on the above analysis, it is easy to conclude that the 
equivalent circuit of this material can be represented by the 
serial connection of two RLC circuits shown in Fig. 2. By 
calculating the work done by electric circuit depicted in Fig. 
2, the expression for the electric energy density for normal 
polarization is derived to be: 
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Using the similar procedure, the expression for the electric 
energy density for parallel polarization reads: 
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where 
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By adding Equations (10), (17) and (18), and integrating 
spatially, we arrive to a relation for the stored 
electromagnetic energy density in the obstacle 
 

� � � �

� � � �

|| 20
0 0 12

|| 0

2 2 20
||2 2

0 || 0 0

2 Im( )
4 ( )

Re( )
,

4 ( ) ( )

eff

L

yeff eff

S
W R H S

S
H dx

HH
J

H H Z

H E JH H
H H Z H H ZA
A

 � � �

ª º
� �« »

« »¬ ¼
³

 

(19
) 

where: 
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Here, the following substitutions have been introduced:  
2

eiZ Z:  � * , � �2 2 2
1 2 2s p pZ Z Z �  and 2

1 2p p pZ Z Z .   

Finally, the expression for the dwell time in a semiconductor 
metamaterial reads: 
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where H0 stands for the incident magnetic field strength and 

� �2 2
0 || ||s k 2J H H H EA � .  

On the other hand, the group delay can be determined from 
the frequency derivative of the transmission phase shift, i.e.: 
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where � �exp tT T iI  and �exp rR R i �I  are the 

transmittance and the reflectance, respectively, while 

0 t L0I I J �  stands for the phase of the transmitted wave. 
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With the standard procedure of subtracting the conjugate of 
the Helmholtz equation multiplied by ydH dx  from the 

derivative of the Helmholtz equation, with respect to Z  

multiplied by *
yH , and integrating this expression along the 

obstacle, the integral in Equation (23) can be derived as a 
function of the group delay. Now, the relationship between 
the tunneling times, the group delay and the dwell time, 
reads: 
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As shown in Equation (25), the group delay can be 
represented as a sum of several contributions, one of which 
is the dwell time. These contributions are consequences of: 
 
1) interference of the incident wave with its reflected part in 
front of the obstacle, named the self-interference time: 
 

� � � �0
||

0

Im 1 1
Imi

R d
R

f d
J

W H
Z J Z

 �� , (28) 

 
2) the absorptive nature of the obstacle: 

� � *
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(29) 

and 

3) the difference in permittivities between the obstacle and 
the surrounding waveguide: 
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(30) 

The latter has non-zero value only if the condition ||H � bH  is 

satisfied, which is always fulfilled since ||H  has a complex 

value.  

3. Numerical results 
Numerical calculations were carried out for three different 
structures, two of which are anisotropic semiconductor 
metamaterials, while the last one represents the isotropic 
NIMs.  
 
In the first setting, the structure from Fig. 1 is composed of a 
large number of alternately placed absorptive layers of two 
differently doped In0.53Ga0.47As samples. The doping density 
of even layers is fixed and equals cm-3 

( ), while the odd layers' doping density is varied in 

the range of  cm-3. The parameters of these 

materials used in our calculations were:

247.5 10dn  �

1 2 12

~p nZ d

0240 12 1dn� � �
.15H Hf f  , 

THz, 1 21pZ  4.75 10e*  THz,  

and the incident angle 

2 1 /1.6,p pZ Z Z� �1 1.6)p(

T  is equal to / 3.2S . The length of 
the barrier is set to 3.6L  ȝm, and the surrounding medium 
is air ( 1bH  , 1bP  ).  

 

 
 Figure 3. (a) The dwell time and (b) the group delay vs. 

incident field frequency in anisotropic media for 
 different doping densities of odd layers  

(the arrow depicts increasing doping density). 
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Fig. 3 depicts dependence of tunneling times on incident 
field frequency for different doping densities. It can be seen 
that the anisotropy of the obstacle causes the emergence of 
two peaks in dwell time, i.e. the peaks are a consequence of 
two plasma resonance frequencies of layers. The increase of 
odd layers' doping density shifts and enhances the regular 
dwell time's peak which is the consequence of the 
absorption of the obstacle toward higher frequencies. The 
second peak of dwell time dependence on Z corresponds to 
the peaks of absorption and group delay in the structure. In 
the case of isotropic medium only one peak exists, which is 
depicted by solid black line.While the dwell time has local 
maxima for the boundary frequencies of the frequency 
ranges when effective refractive index is negative, group 
delay reaches minima. With the decrease of doping density, 
the group delay becomes smaller and even negative at its 
first local minimum meaning that in narrow frequency 
region, both the group velocity and phase velocity are 
negative. This phenomenon indicates that the output wave 
leaves the obstacle prior than the input wave enters [37]. On 
the other hand, for doping densities  cm-3 

group delay remains positive.  

247.5 10n ! �d

 
 

Figure 4. The real part of effective index of refraction vs. 
incident field frequency. For low frequencies, effective 

refractive index is pure imaginary quantity. 
 

The second investigated structure is made of alternately 
placed layers of In0.53Ga0.47As (in Fig. 1 material with 
permittivity 1H ) and Al0.48Ga0.52As (in Fig. 1 material with 

permittivity 2H ). This semiconductor metamaterial is 

developed by Hoffman [19] and exhibits negative index of 
refraction in infrared frequency domain. In order to ensure 
plasma resonance for free carriers the layers of InGaAs are 
uniformly doped ( 0zpInGaAsZ ), while the layers of 

AlGaAs remain undoped, which leaves them non-dispersive 
and non-absorptive. The parameters of these materials are: 

1 12.15Hf  , 1p 214.75Z  THz, 10e*  THz, 2 10.23Hf  , 

2 0pZ  . The length of the obstacle is set to ȝm, and 

the surrounding medium is air (

1 L
1bH  , 1bP  ). The real 

part of effective index of refraction of this particular 
structure is negative for frequencies 158.7 THz 1pZ Z� � . 

Its dependence on incident field frequency is depicted in 
Fig. 4.  

 

 

 
Figure 5. Dependence of (a) absorption (b) dwell time and 
(c) group delay on the wavelength of incident EM wave for 
different angles of incidence. Vertical black lines indicate 
the boundaries of the area of negative refractive index of 

anisotropic obstacle for TM polarized EM waves. 
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Numerical results obtained for quantities of interest are 
depicted in Fig. 5. As shown in Fig. 5b which describes the 
dependence of the dwell time on the wavelength of incident 
wave O , the dwell time exhibits small oscillations for 
incident wavelengths lower than 8 ȝm. This dwell time's 
oscillating nature arises from the structure of the system, 
since in this interval of incident wavelengths the obstacle 
behaves like a Bragg grating, because the period of the 
observed structure is comparable with O . For higher 
incident wavelengths ( O ! 8 ȝm) the oscillations vanish. 
The angle of incident wave also affects the behavior of the 
dwell time. The increase of incident angle causes the 
decrease in oscillations. The interesting feature of the dwell 
time is that, for non-zero incident angles, it reaches a 
maximum at frequency 1pZ  for which the index of 

refraction becomes negative. 
 
On the other hand, the absorption (Fig. 5a) peaks at the 
second boundary of the interval of negative index of 
refraction (158.7 THz) for all incident angles. Similar 
situation can be noticed in the behavior of the group delay, 
which can reach even negative values at this frequency for 
some incident angles (Fig. 5c).  
 
The peak position frequency mismatch between the group 
delay and the dwell time has not been evidenced so far in the 
linear media, and is a direct consequence of anisotropy. This 
difference in peak position frequency can be observed 
between the absorption and the dwell time, as well. Only in 
the case of zero angle of incidence (blue solid line) both 
tunneling times, the dwell time and the group delay, and the 
absorption have maximum values at the second boundary of 
the frequency interval for which the structure exhibits 
negative refractive index.   
 
As already mentioned, in case of isotropic media, negative 
refractive index can be achieved only if the obstacle has 
resonances in both of constitutive parameters, i.e. in 
H and P . Therefore, the permeability of such an obstacle 

can be described as [24]: 
 

2
0

2 2
0

1
m

F
i

Z
P ,

Z Z Z
 �

� � *
 (31) 

 
where 0Z  is the resonance frequency of the magnetic dipole 

oscillators, F is a measure of the strength of interaction 
between the oscillators and the magnetic field and m* stands 

for the damping frequency for the magnetic field. The 
permittivity of the obstacle is expressed by the Drude model. 
 
The third analyzed structure is a magnetic obstacle, whose 
parameters are [32]: pZ =10 GHz, 0Z =4 GHz, F=1.25, 

Hf =1, =0.05e* pZ , and =0.05m* 0Z . The obstacle is 

placed in air and it possesses negative refractive index for 
3.52 GHz Zd d 6.57 GHz, as depicted in Fig. 6. The length 
of the obstacle is cm. 1 L

 
Figure 6. Dependence of the real part of refractive index 
(red solid line), the real part of permittivity (blue dashed 

line) and the real part of permeability (grey dashed line) of 
isotropic metamaterial on incident wave frequency. 

 
In this case, the refractive index of the obstacle is calculated 

from an expression n HP  if ( ) 0H Z of !  and 

( ) 0P Z of ! , as derived in [38]. Assuming the following 

dependences: exp( ),i HH H ) exp( ),i PP P ) where 

( , [0,H P ])S) ) � , since ,e m 0* * ! , index of refraction can be 

derived as exp[ ( ) / 2]H P�)

( )

n i . For the 

observed obstacle, it is evident that 

H P )

0

 r

H Z Ho f o f !  

and ( ) 1 0P Z of o ! , which implies that for all frequencies 

the refractive index of isotropic obstacle can be represented by 

n HP . Consequently, it can be shown that the sign of the 

real part of the refractive index is directly proportional to 
the sign of the expression Re( ) Im( ) Im( ) Re( )H P H P� [38]. 

 
Here, two frequency regions in which the material has 
negative index of refraction can be distinguished. The green 
one corresponds to the frequency region in which only the 
real part of permittivity is negative, while the permeability 
remains positive. On the other hand, for frequencies in the 
grey region (4 GHz Zd d 6 GHz), both H and P have 

negative values, and in this frequency interval the obstacle 
behaves as a DN NIM.   
 
Fig. 7 depicts the dependences of the absorption, the dwell 
time and the group delay on incident field frequency for 
three different incident angles. For T  greater than 6S , the 

negative Goos-Hänchen shift occurs [39], hence they are not 
considered. From Fig. 7a and Fig. 7b, it is evident that the 
absorption and the dwell time have a similar profile, in 
contrast to group delay. Both the absorption and the dwell 
time reach local maxima at the boundary frequencies of the 
interval for which the obstacle behaves as DN NIM (grey 
area in Fig. 6). Unlike the situation in an anisotropic 

7 
 



obstacle, the peak position frequencies of absorption and the 
dwell time match. On the other hand, the group delay has 
local minima at these frequencies, and, the same as in case 
of anisotropic medium, it can reach negative value in a 
narrow frequency range for nonzero incident angles.  For 
zero incident angle, the peaks positioned at the frequency 

6Z  GHz vanish for all three quantities, leaving only those 
centered at resonant frequency 0 4Z  GHz. 

 
Figure 7. Dependence of (a) the absorption (b) the dwell 

time and (c) the group delay on the incident field frequency 
for different angles of incidence. Green area indicates the 

frequency region for which the isotropic obstacle possesses 
negative refractive index. 

4.    Conclusions 
In this paper, the influence of properties of two types of 
anisotropic media on tunneling times has been investigated 
and compared to the case of isotropic materials. For the 
model that considers an obstacle made of alternately placed 
layers of two linear, absorptive and dispersive materials with 
anisotropic properties placed inside air, we obtained the 
expressions for calculating the tunneling times. The 
derivation shows that the group delay may be expressed as a 
sum of different times related to the tunneling effect: the 
dwell time, the self-interference time, the time related to the 
absorptive nature of the obstacle and the time which is a 
consequence of the permittivity difference between the 
obstacle and the surrounding waveguide. In case of a 
structure which is made of a large number of alternately 
placed absorptive layers of two differently doped 
In0.53Ga0.47As samples, numerical calculations showed that 
the anisotropy of the structure causes the emergence of an 
additional peak in the dwell time, compared to the situation 
in isotropic media. With the increase of the odd layers' 
doping density, the regular dwell time peak which exists due 
to the absorption of the obstacle shifts and enhances toward 
higher frequencies. On the other hand, the change in the 
doping density of the second layer causes the group delay to 
reach minimal values at the boundary frequencies of the 
frequency ranges where the effective refractive index is 
negative. The decrease of the doping density is followed by 
the decrease of the group delay, too. It may even become 
negative at its first local minimum in a narrow frequency 
region. For the second structure, we used a new type of 
semiconductor metamaterial: layered anisotropic structure 
made of alternately placed layers of In0.53Ga0.47As and 
Al0.48Ga0.52As. The first material is doped, while the other 
one remains undoped and therefore non-dispersive. 
Numerical results showed that this structure possesses 
negative refractive index for incident frequencies in the 
range 158.7 THz Zd d 214.75 THz. The increase of the 
angle of incident wave causes the increase of tunneling 
times and absorption in the frequency range for which the 
structure has negative refractive index. At higher 
frequencies, the oscillations caused by Bragg reflections 
become smaller as the incident angle grows. The results also 
indicate a peak frequency mismatch between the dwell time 
and the group delay, on one hand, and the dwell time and the 
absorption, on the other hand, and this phenomenon is 
noticed for the first time in linear media. Only in case of the 
zero angle of incidence all three quantities, i.e. the dwell 
time, the group delay and the absorption, reach their 
maximum values at the second boundary of the frequency 
interval for which the structure exhibits negative refractive 
index.   
 
In a case of EM wave propagation through an obstacle made 
of isotropic NIM, we showed that, unlike the situation 
observed in anisotropic obstacles, the peak position 
frequencies of absorption and the dwell time match for all 
incident angles. On the other hand, the group delay exhibits 
similar behavior as in anisotropic media. 
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Appendix 
The Poynting vector for the observed structure is equal to: 
  

* *1 1 1

2 2 2
*

x z y z x yS E H i E H i E H u  � �
G G G G G

. (A1) 

From Maxwell’s equations it follows:  

0
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x y

k
E H

H H ZA
 ,  

0 ||

xt
z

k
E H

H H Z
 � y , (A2) 

where represents the z-component of the transmitted 

wave vector.  Inserting Equations (A2) into Equation (A1), 
and neglecting the imaginary parts, the Poynting vector in 
anisotropic structure reads (Fig. 8): 

ztk
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1
Re

2
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�
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(A3) 

Analogously, the Poynting vector of the incident wave is 
equal to: 

� �
2

0

02i x xi z z
b

H
S i k i k

H H Z
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G G G
. (A4) 

 

 
 

Figure 8. Schematic representation of the Poynting vector 
refraction. Sr and rT are the Poynting vector of reflected 

wave and reflected angle, respectively.  
 
From the Snell’s law, effective index of refraction is: 
 

sin

sins b
t

n TH
T

 , (A5) 

where tT represents the refraction angle. From Equations 

(A3) and (A4) it follows: 
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Adopting the identity: > @ � �2 2 2Re( ) 2d a a b � � , where 

2d a jb � , the previous expression becomes: 
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. 

The dispersion relations for the isotropic (surrounding 
waveguide) and the anisotropic (semiconductor 
metamaterial) medium are: 

 
2 2

2
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b

k k
k

H
�

 , (A8) 
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respectively. From Equations (A8) and (A9) we obtain: 
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Finally, by inserting Equations (A7), (A10) and (A11) in 
Equation (A5), we arrive to the expression for effective 
refractive index (5). 
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Abstract
Transformation Optics (TO) can be applied as an alterna-
tive to conventional optical design. A Cooke triplet based
on TO is re-engineered using metamaterials (MTM). The
triplet is simulated using the Finite-Difference Time Do-
main Method (FDTD). The MTM triplet performs, in terms
of Siedel aberrations, as well as a conventional triplet de-
sign. A TO-designed triplet with dielectrics, materials with-
out a permittivity less than 1, is also simulated. The device
is demonstrated to be broadband and can be easily fabri-
cated.

1. Introduction
Metamaterials could be classified as materials possessing
negative values of either permittivity or permeability or
both [1]. However, recently the concept has been extended
to any materials/structures which are artificially made and
possess novel properties that cannot be found in nature.
Much interest in MTMs has been generated around the
holy-grail applications of sub-wavelength imaging [2]. The
more lucrative applications of MTMs are in the field of
electromagnetic engineering, where metamaterials poten-
tially offer, for example, a novel way of designing opti-
cal systems such as compressed lenses [3]. Negative in-
dex MTMs allow aberrations to be minimised more suc-
cessfully in optical systems [4]. More recently, transforma-
tion optics (TO) is developed to manipulate electromagnetic
waves and has led to the possibility of invisibility cloak [5].
Most of TO based devices rely on the use of MTMs, how-
ever, a carpet cloak [6] which cloaks a grounded metallic
object has less of a divergence in material parameters in the
construction and operated at a wide band width overcoming
two key limitations of MTMs: losses and narrowband op-
eration. Moreover, the concept of TO can be used to mod-
ify conventional devices such as lenses, which translate and
magnify objects with materials of varying refractive index
[7].

In this paper, we intend to apply TO to re-engineer one
of the classic optical devices, the Cooke Triplet lens. The
lens was invented by Dennis Taylor in 1893 and via an
elegant design it is able to minimise all five major Seidel
aberrations. The triplet consists of three lenses, two made
of crown glass either side of one lens made of flint glass.

The five major aberrations were described by Siedel and
are spherical, coma, astigmatism, distortion and field cur-
vature. A triplet eliminates the aberrations at the edges of
the image compared with a single lens minimising the dis-
tortion and field curvature. The removal of aberrations from
images is one of the key goals for optics designers in cam-
era and film technology. The objective of this study is to
derive material properties of a single device designed using
TO to control the propagation of light in the same way as
the Cooke Triplet lens does in a conventional system. Ex-
otic material properties are generated from a rigorous trans-
formation therefore MTMs are required in the design of the
proposed lens. In this paper, we apply the Finite-Difference
Time Domain (FDTD) technique to evaluate lens perfor-
mance. Additionally, we hope to compare the MTM lens
with a simplified one, where MTMs are replaced with con-
ventional dielectrics. We expect that the simplified lens will
be able to perform better at a broad band of frequencies than
the MTM design but with a slightly degraded performance.

2. The method for designing a MTM triplet
Ray tracing is a key concept in lens design based on Snell’s
law of refraction and that light travels along a straight line
in a medium of constant refractive index. The theory of TO
says that light perceives a virtual or distorted space when it
enters a medium and is distorted in a similar manner to the
bending of spacetime due to large masses in the theory of
relativity. Ray tracing was carried out on a Cooke Triplet
in the lens library in OSLO, see Fig.1. The materials prop-
erties of the Cooke Triplet were then re-engineered using
TO.

A distorted coordinate system is generated from the
ray tracing procedure. These rays form the boundary be-
tween 8 different grid blocks. A quasi-orthogonal, struc-
tured grid was generated by solving for the partial differen-
tial equation via an iterative solution with the rays forming
the boundary of the blocks. As the triplet is symmetrical
about the optical axis only the top half is presented, see
Fig.2. The smoothness of the permittivity values and hence
the performance of the device were very sensitive to detri-
mental changes in the smoothness and orthogonality of the
grid. The grid was made smoother and more orthogonal by
using the Laplace control function. The outermost wings



Figure 1: The rays for the transformation used as the dis-
torted geometry were taken from the dashed box region.

Figure 2: The plot shows the discrete permittivity map for
the top half of the Cooke triplet where the cell size is about
! /10.

have " less than that of free space due to the expansion of
space in this region.

The metric tensor defines a metric for distance in a co-
ordinate system. A metric tensor was calculated for each
grid cell, see Fig. 2 is a discrete calculation. The vector
defining the coordinate system in the x direction, x, and the
vector defining the coordinate system in the y direction, y
were combined to yield the metric tensor as follows:

g =

!
gxx gxy

gxy gyy

"
(1)

where gxy = x · y and x and y are basis vectors of each
unit cell.

Maxwell’s equations are invariant under coordinate
transformation therefore, if we take thematerials interpreta-
tion for the transformationwhere where the permittivity and
permeability tensors are expressed in terms of the metric
tensor, a material can be designed with the material prop-
erties for the propagation characteristics for the distorted
geometry.

"ij = µij = +/ !
"

ggij (2)

The device is engineered to be an all-dielectric device
where the permeability does not vary in the device and the
refractive index only depends on permittivity. Materials
with a permeability which is not equal to one are rare in
nature. The permeability can be held constant and the per-
mittivity tensor varied during the transformation to allow
for the design of a device which only varied in terms of
permittivity. This condition is true so long as the grid is
quasi-orthogonal [6].

Figure 3: Electric field distributions when (a) a conven-
tional triplet, (b) a MTM triplet and (c) a reduced non-
MTM triplet is applied. The focusing of the lens is evident
in this plot of the field distribution following the FDTD sim-
ulation. Major losses occur by reflection and by scattering
from the lens. The true focus is taken in all results as the ex-
tended maximum far from the lens rather than the maximum
close to the lens surface.

3. Results

An FDTD simulation was carried out to simulate the elec-
tromagnetic interaction with the lens. The FDTD Method
is a common tool for simulating electromagnetic fields and
has been used widely in the study of metamaterials [8].
The simulation was made in 2D using the TM mode as
3D can be achieved using rotation or extending the 2D
model. A rectangular computational domain is truncated
with perfectly matched layers. The simulation was carried
out with a Total Field Scattering Field (TFSF) continuous
plane wave source at 8 GHz. The simulation uses a cell
size of !/10. The MTM parts are dispersive and are simu-
lated using the Drude model [9]. The energy map derived
from the Ez component of the electromagnetic field for a
conventional triplet, a MTM triplet, and a reduced non-
MTM triplet is displayed in figure 3. When a plane wave
is launched from the left, the focal length, as can be seen
from Fig.3, is approximately the same for all three lenses.
We also investigate fivemajor abbreviations of the proposed
MTM triplet related to conventional optical systems.
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Figure 4: The five Siedel aberrations results from a devia-
tion from the paraxial approximation resulting in a shift in
focal point. This diagram describes each Siedel aberration.
It serves as the basis for calculating the aberrations in this
paper.

3.1. Spherical aberration

Spherical aberration occurs due to the focus for the rays at
the edge of the lens being a different focal length than for
those rays close to the optical axis. This is simulated by
using a plane wave incident on the lens and investigating
the distribution of irradiance along the optical axis around
the true focal length, see Fig. 4. The transverse spherical
aberration for the MTM triplet is similar to the conventional
triplet but with less energy scattered outside the main beam.
The spherical aberration for the reduced lens is poorer in the
reduced lens.

3.2. Chromatic aberration

Chromatic aberration is due to the permittivity of a material
being dependant on frequency. The chromatic aberration is
simulated used a Gaussian pulse as a source in FDTD and
sampling the electric field at 5.63 GHz, 6.67 GHz and 8
GHz. The simulation results show that the displacements
of the focal point at different frequencies are similar for all
three lenses.

3.3. Coma

The coma is due to oblique rays being refracted more at
the edge of the lens than at the centre of the lens. This
behaviour results in a comet-shaped blur as the image is
formed at diminishing focal point perpendicular to optical
axis. This aberration is simulated for a lens in FDTD by us-
ing a plane wave source angled at 18 degrees to the optical
axis and measuring the irradiance distribution at the focus
perpendicular to the optical axis. The coma in the MTM
triplet is half the spread and with fewer peaks compared to
the coma from the non-MTM triplet.

3.4. Distortion

Distortion occurs when a source far away from the optical
axis is imaged and sufferers a greater magnification than a
source close to the optical axis. The magnification is the
ratio of the image height over the object height. The image
height is the distance of the focus from the perpendicular
optical axis; the object height is the height of the chief ray
extended backwards to the start of the simulation. The re-
sults of the distortion in a conventional triplet design are
given in Fig. 4. Barrel distortion is visible for the con-
ventional lens. The distortion is clearly much greater in
the MTM Cooke Triplet and the single lens. The MTM
triplet has a similar distortion to the single lens rather than
the triplet lens because it behaves as a single concave lens
would and does not act as a Cooke Triplet. The off-axis
simulations also reveal that the MTM triplet is able to focus
at much larger angles than the conventional lens.

4. Discussion
We have presented a method to design a Cooke Triplet that
can be generalised to design any optical system containing
multiple lenses with transformation optics. The optical sys-
tem designed with this method will benefit from having a
flat profile and be made of only a single dielectric block
compared with a conventional optical system made from
many lenses with curved surfaces. This design is broadband
and can be fabricated with low-cost dielectric materials. To
the authors’ knowledge this is the first use of ray tracing
to define the electromagnetic propagation characteristics of
an optical system for spatial transformation and serves as
a key step in speeding the design methodology for using
transformation media to design optical systems.

The results show that the field distribution outside the
MTM device is very much like the field distribution out-
side the conventional triplet however there are slight differ-
ences in the distortion and coma in the two. The reduced,
non-MTM triplet suffers from a serious coma and gener-
ally suffers from poorer image aberrations. The distortion
for the MTM triplet is much larger than the conventional
design and is close to that of a single lens. A limitation of
the work is the lack of geometrical optics and ray tracing
analysis available to the FDTD method which would allow
a direct comparison with work on meta material lens aber-
rations which use analytical formulae for the Siedel aberra-
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tions [4] rather than full wave electromagnetic simulations
which restricts the results of this paper to that of plots of
the EM field rather than numbers and coefficients. Further
work would include fabrication of the triplet using dielec-
tric materials and a hole-drilling fabrication technique with
experimental verification on a near field scanner.
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Abstract 
Coordinate transformation is an emerging field which offers 
a powerful and unprecedented ability to manipulate and 
control electromagnetic waves. Using this tool, we 
demonstrate the design of novel antenna concepts by 
tailoring their radiation properties. The wave manipulation 
is enabled through the use of engineered dispersive 
composite metamaterials that realize the space coordinate 
transformation. Three types of antennas are considered for 
design: a directive, a beam steerable and a quasi-isotropic 
one. Numerical simulations together with experimental 
measurements are performed in order to validate the 
coordinate transformation concept. Near-field cartography 
and far-field pattern measurements performed on a 
fabricated prototype agree qualitatively with Finite Element 
Method (FEM) simulations. It is shown that a particular 
radiation pattern can be tailored at ease into a desired one 
by modifying the electromagnetic properties of the space 
around radiator. This idea opens the way to novel antenna 
design techniques for various application domains such as 
the aeronautical and transport fields. 

1. Introduction 
Coordinate transformation (also called transformation optics 
or transformation electromagnetics) is a powerful 
mathematical tool that is used to generate a new 
transformed space from an initial one where solutions of 
Maxwell’s equations are known by manipulating 
electromagnetic waves. As a first step, it consists in 
imagining a virtual space with desired topological 
properties, which will contain the underlying physics. This 
approach has been revived when J. B. Pendry et al. [1] have 
proposed an interpretation where permeability and 
permittivity tensors components can be viewed as a material 
in the original space. It is as if the new material mimicks the 
defined topological space. Since this pioneering work of J. 
B. Pendry and that of U. Leonhardt et al. [2], transformation 
optics is an emerging field where Maxwell’s equations are 
form invariant under a coordinate transformation. It offers 
an unconventional strategy to the design of novel class 
metamaterial devices. The most striking application 
conceived so far via coordinate transformation concept is 
the invisibility cloak for which various designs have been 
presented in microwave [3-5] and optical regimes [6-8]. 
Other interesting wave manipulation applications such as 

wave concentrators [9], field rotators [10], electromagnetic 
wormholes [11], waveguide transitions and bends [12-16] 
have also been proposed. Concerning antenna applications, 
focusing lens antennas [17-19] and the engineering of 
radiation patterns [20] have been proposed. The 
performances of an omnidirectional retroreflector [21] 
based on the transmutation of singularities [22] and 
Luneberg lenses [23] have also been experimentally 
demonstrated. An octave-bandwidth horn antenna has 
experimentally validated for satellite communications [24]. 
Recently, techniques of source transformation [25-27] have 
offered new opportunities for the design of active devices 
with source distribution included in the transformed space.  

Using this last approach, we review the design of three 
antenna models where the radiation pattern is tailored 
specifically in each case. The first one concerns an ultra-
directive antenna obtained by stretching a source into an 
extended coherent radiator [28-30]. The design has been 
implemented through the use of judiciously engineered 
metamaterials and the device is shown experimentally to 
produce an ultra-directive emission. The idea has been 
extended to a second device, a wave bending one, so as to 
achieve a steered beam antenna via a rotational coordinate 
transformation. Experimental measurements have shown a 
beam steering as much as 66°. Finally, we present the 
numerical design of a quasi-isotropic antenna achieved by 
expanding the space around a directive source [31]. 

2. Ultra-directive antenna 
The ultra-directive antenna is based on the transformation 
of a cylindrical space into a rectangular one. The schematic 
principle of the transformation is presented in Fig. 1. The 
theoretical underlying physics of the transformation 
involved here has been detailed recently in [28]. The 
concept is as follows: the imagined space of our proposed 
antenna is obtained by transforming a flat isotropic 
cylindrical half-space with zero Riemann curvature tensor 
described in polar coordinates {r, θ} into a flat space in 
squeezed Cartesian coordinates. x’, y’ and z’ are the 
coordinates in the virtual transformed rectangular space and 
x, y, z are those in the initial real cylindrical space. We 
assume free space in the cylinder, with isotropic 
permeability and permittivity tensors ε0 and µ0. In the 
theoretical study of [28], we have shown that the coordinate 
transformation can be implemented by a material obeying 
the following tensors:  



2 
 

 ( ) ψggψ jijiji 2
1

'''''' det
−

= , (1) 

where ψ represents the permittivity or permeability tensor 
and g, the metric tensor of our designed space. The material 
must then be able to produce the following dielectric tensors 
presenting no non-diagonal components (2):  
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the diameter of the initial cylindrical space and e and L, 
respectively, the width and length of the rectangular target 
space. For a practical implementation using metamaterials, 
the dimensions of the semi-cylindrical space is set so that α 
= 4 in order to obtain achievable values for the 
electromagnetic parameters. We also consider a polarized 
electromagnetic wave with an electric field pointing in the 
z-direction, which allows modifying the dispersion equation 
in order to simplify the electromagnetic parameters without 
changing Maxwell’s equations and propagation in the 
structure. This leads to a metamaterial which is described 
with e = 0.15 m and L = 0.05 m by:  

 µxx = 1 ; 
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(a) 

 
(b) 

Figure 1: (a) Transformation of a cylindrical space into a 
rectangular one. (b) Continuous (continuous lines) and 
discretized (dashed lines) variations of permeability and 
permittivity of the material. 

 
Discrete values are then created for the desired variation 

of µyy and εzz to secure a practical realization producing 
experimental performances close to theory. Fig. 2 shows the 
photography of the fabricated prototype. A microstrip 
square patch antenna printed on a 0.787 mm thick low-loss 
dielectric substrate (Rogers RT/Duroid 5870TM with 17.5 
µm copper cladding, εr = 2.33 and tanδ = 0.0012) is used as 
radiating source. A surrounding material made of 
alternating electric metamaterial and magnetic metamaterial 
layers is used to capture the emanating omnidirectional 
radiation from the patch source and transform it into a 
directive one. The metamaterial is a discrete structure 
composed of five different regions where permittivity and 
permeability vary according to (3) and to the profile of Fig. 
1(b). 

The axial permittivity εzz and permeability µyy show 
respectively values ranging from 0.12 to 4.15 and from 1.58 
to 15.3. The bulk metamaterial is assembled using 56 layers 
of dielectric boards on which subwavelength resonant 
structures are printed. 28 layers contain SRRs [32] and 28 
others contain ELCs [33], shown in the insets of Fig. 2 and 
known to provide respectively a magnetic and an electric 
response. Each layer is made of 5 regions of metamaterials 
corresponding to the discretized values of Fig. 1(b). 
Because of constraints of the layout, we choose a 
rectangular unit cell with dimensions 3.333 mm for both 
resonators. The layout consists of 5 regions, each of which 
is three unit cells long (10 mm). We are able to obtain the 
desired εzz and µyy by tuning the resonators’ geometric 
parameters, as illustrated and detailed in Fig. 3. The SRR 
and ELC resonators are simulated with finite-element 
method based Ansys HFSS commercial code for the [8 GHz 
– 15 GHz] frequency band. The calculated S-parameters are 
then utilized to extract the effective material parameters µyy 
and εzz, through the use of a retrieval process described in 
[34]. µyy and εzz are respectively shown in Fig. 4(a) and 
4(b). The insets of Fig. 4 show the variation of the two 
material parameters in the vicinity of 10 GHz.  

 
Figure 2: Photography of the structure of the antenna. The 
inserts show the permittivity (left) and the permeability 
(right) layers of the material. 
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Figure 3: Unit cell of the SRR used as magnetic material 
and of the ELC used as electric material. The tables 
summarize the dimensions of these two metamaterial cells 
to achieve the different values of the electromagnetic 
parameters needed for the transformation. 
 

 
(a) 

 
(b) 

Figure 4: (a) Magnetic response of the SRR for the 5 
regions. (b) Electric response of the ELC for the 5 regions. 

The metamaterial layers are mounted 2 by 2 with a 
constant air spacing of 2.2 mm between each. Overall 
dimensions of the antenna are 15 cm x 15 cm x 5 cm. Far-
field patterns measurements are performed in an anechoic 
chamber, where the metamaterial-based antenna is used as 
emitter and a wideband [2 GHz – 18 GHz] is used as 
receiver. The E-plane radiation pattern is measured at 10.6 
GHz for computer-controlled elevation angle varying from -
90° to +90°.  Fig. 5 presents the comparison between 
simulations and experiments for the patch source alone and 
the metamaterial antenna. The transformation of the patch’s 
omnidirectional radiation into a directive is clearly 
established. A narrow half-power beamwidth of 13° is 
observed for the measured antenna. These performances are 
competitive with classical high directivity antennas such as 
parabolic reflector antennas. 
 

 
Figure 5: (a) Calculated and (b) measured radiation pattern 
at 10.6 GHz of the proposed metamaterial antenna (blue) 
and the microstrip patch radiator alone (red). 

3. Azimuthal antenna 
Here, we propose a two-dimensional coordinate 
transformation, which transforms the vertical radiation of a 
plane source into a directive azimuthal emission. Let us 
consider a source radiating in a rectangular space. 
Theoretically this radiation emitted from the latter source 
can be transformed into an azimuthal one using 
transformation optics. The transformation procedure is noted 
F(x’,y’) and consists in bending the emission. Fig. 6 shows 
the operating principle of this rotational coordinate 
transformation. Mathematically, F(x’,y’) can be expressed 
as:  

 
(x = axcos by( )
(y = axsin by( )
(z = z









, (4) 

where x̓, y̓, and z̓ are the coordinates in the bent 
space, and x, y and z are those in the initial rectangular 
space. In the initial space, we assume free space. L2-L1 and 
L are respectively the width and the length of the rectangular 
space. The rotational transformation of Fig. 6 is defined by 
parameter a considered as an “expansion” parameter and 
parameter b which controls the rotation angle of the 
transformation F(x’,y’). By substituting the new coordinate 
system in the tensor components, and after some 
simplifications, the material parameters are derived. After 
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diagonalization, calculations lead to permeability and 
permittivity tensors given in the diagonal base by: 
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Figure 6: Schematic principle of the 2D rotational 
coordinate transformation. The emission in a rectangular 
space is transformed into an azimuthal one. 
 

The transformation formulation is implemented using 
finite-element method based commercial solver Comsol 
Multiphysics. Fig. 7 shows the comparison of 2D simulation 
between a plane source made of current lines in yz plane 
above a limited metallic ground plane (Fig. 7(a)) and the 
same source surrounded by a metamaterial defined by Eq. (5) 
[Fig. 7(b)]. Fig. 7(c) and 7(d) show respectively the far-field 
patterns of the plane source without and with the 
metamaterial structure. The left shift of the peak corresponds 
to a rotation of 76° of the emitted radiation.  

 
Figure 7: (a)-(b) Calculated emission of a plane current 
source above a limited metallic ground plane without and 
with the metamaterial structure. (c)-(d) Calculated 
normalized far field of the antenna without and with 
metamaterial. A 76° rotation of the radiation is clearly 
observed. 

 

For the physical prototype fabrication, we simplify the 
calculated material parameters through a parameter reduction 
procedure. We set a polarization of the electromagnetic field 
such that the magnetic field is along the z-direction. In this 
case, the relevant electromagnetic parameters are µzz, εθθ and 
εrr. We maintain εθθ and µzz constant and the new set of 
coordinates is given by (6):  

 718271
21 .zzµ;.θθε;.

brrrε ==÷





=  , (6) 

 
Figure 8: (a) Profile of the material parameters. (b) Single 
metamaterial layer composed of 10 unit cells providing the 
material parameters necessary for the coordinate 
transformation. (c) Front and rear view of the metamaterial 
cells. 

 
Setting physical parameter b = 6 allows an optimization 

of the material parameter εrr. The profile of the different 
parameters is presented in Fig. 8(a). We consider fabricating 
the prototype composed of 30 identical layers where each 
layer is divided in 10 unit cells as illustrated by the single 
layer in Fig. 8(b). For the discretization of the material 
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parameters, meta-atoms producing electric resonances are 
designed on the 0.787 mm thick low loss (tanδ = 0.0013) 
RO3003TM dielectric substrate. We choose a rectangular unit 
cell with dimensions 5 mm for the resonators. We are able to 
obtain the desired εzz and µyy by tuning the resonators’ 
geometric parameters. The 10 cells presented in Fig. 8(c) are 
designed to constitute the discrete variation of εrr. Table I 
summarizes the corresponding electromagnetic parameters of 
the cells. The cells are composed of respectively SRRs and 
ELCs to secure µzz and εrr. εθθ is produced by a host medium, 
which is a commercially available resin. 
Table 1: Electromagnetic parameters µzz, and εrr for the 10 
cells of the metamaterial layers. The length Lθ of each cell 

is given as a function of its position along the layer. 
 

Layer ri (mm) Lθi (mm) µzz εrr 
1 52.5 2.75 1.7 5.8 
2 57.5 3.01 1.7 4.842 
3 62.5 3.27 1.7 4.096 
4 67.5 3.53 1.7 3.504 
5 72.5 3.8 1.7 3.04 
6 77.5 4.06 1.7 2.664 
7 82.5 4.32 1.7 2.35 
8 87.5 4.58 1.7 2.09 
9 92.5 4.84 1.7 1.87 
10 97.5 5.1 1.7 1.68 

 

 
For numerical verifications of the proposed device 

performances, a microstrip patch antenna presenting a quasi-
omnidirectional radiation is used as the feeding source of the 
metamaterial antenna. This patch source is optimized for a 
10 GHz operation. A 3D simulation of the patch antenna and 
the layered metamaterial is performed using HFSS as 
illustrated in Fig. 9(a). Fig. 9(b) shows the calculated energy 
distribution in the middle plane of the layered metamaterial 
structure. We shall note that the latter structure firstly 
transforms the quasi-omnidirectional radiation of the patch 
source into a directive one and also maintains this highly 
directive emission after the 76° rotation.  

 
Figure 9: (a) Simulated design consisting of 30 
metamaterial layers each composed of 10 cells. (b) 
Calculated energy distribution at 10 GHz. 
 

To validate experimentally the azimuthal directive 
emission, the device shown in Fig. 10(a) is fabricated. A 
microstrip square patch antenna printed on a 1 mm thick 
epoxy dielectric substrate (εr = 3.9 and tanδ = 0.02) is used 
as radiating source. The metamaterial is a discrete structure 
composed of 10 different regions where permittivity and 
permeability vary according to Eq. (6) and to the values of 

Table 1. The bulk metamaterial is assembled using 30 layers 
of RO3003TM dielectric boards on which subwavelength 
resonant structures are printed. The layers are mounted 1 by 
1 in a molded matrix with a constant angle of 3° between 
each. A commercially available liquid resin is then flowed 
into the mold. This resin constitutes the host medium and is 
an important design parameter which is closely linked to εθθ. 
Its measured permittivity is close to 2.8. The mold is 
removed after solidification of the resin.  

 
Figure 10: (a) Photography of the fabricated prototype. (b) 
Simulated and measured S11 parameter of the patch source 
alone and the metamaterial antenna. (c) Far-field E-plane 
radiation patterns of the patch source alone and of the 
metamaterial antenna. 
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S11 parameter measurements are first performed on the 
fabricated prototype. The measured S11 parameter of the 
metamaterial antenna is compared with the HFSS-simulated 
one in Fig. 10(b). A good agreement can be observed and 
return losses reaching 18 dB is observed experimentally at 
10.3 GHz compared to 15 dB calculated. This quantity is 
further compared with that of the feeding patch antenna 
alone. A better matching can be clearly observed for the 
metamaterial antenna. The E-plane far-field radiation pattern 
of the metamaterial antenna is measured in a fully anechoic 
chamber. Measurements are performed for computer-
controlled elevation angle varying from -90° to +90°. The 
measured far-field radiation pattern is presented for the 
metamaterial device (Fig. 10(c)). From the experiments, we 
can clearly observe the transformation of the omni-
directional far-field radiation of the patch antenna into a 
directive one which is further bent at an angle of 66°, which 
is consistent to the 76° predicted by numerical simulations. 
The difference in bending angle is due to the fabrication 
tolerances of the meta-atoms providing the gradient radial 
permittivity and to the positioning of the patch source. 

4. Isotropic antenna 
Conversely to the previous sections, here we focus our 
attention on how coordinate transformation can be applied 
to transform directive emissions into isotropic ones. An 
intuitive schematic principle to illustrate the proposed 
method is presented in Fig. 11. Let us consider a source 
radiating in a circular space as shown in Fig. 11(a) and a 
circular region bounded by the blue circle around this 
source limits the radiation zone. The “space stretching” 
coordinate transformation consists in stretching 
exponentially the central zone of this delimited circular 
region represented by the red circle as illustrated in Fig. 
11(b). 

 
Figure 11: (a) initial space, (b) transformed space, (c) the 
blue curve shows the transformation rule made of an 
expansion followed by a compression. 
 

The expansion procedure is further followed by a 
compression of the annular region formed between the red 
and blue circles so as to secure a good impedance matching 
with free space. Fig. 11(c) summarizes the exponential form 
of our coordinate transformation. The diameter of the 
transformed (generated metamaterial) circular medium is 
noted D. 

Mathematically this transformation is expressed as [31]: 
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where r’, θ’, and z’ are the coordinates in the transformed 
cylindrical space, and r, θ, and z are those in the initial 
cylindrical space. In the initial space, we assume free space, 
with isotropic permittivity and permeability tensors ε0 and 
µ0. Parameter q (in m-1) appearing in Eq. (4) must be 
negative in order to secure the impedance matching 
condition. This parameter is an expansion factor which can 
be physically viewed as to what extent space is expanded. A 
high (negative) value of q means a high expansion whereas a 
low (negative) value of q means a nearly zero expansion. 
Calculations lead to permeability and permittivity tensors 
given in the diagonal base by: 
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The components in the Cartesian coordinate system are 
calculated and are as follows: 
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By fixing the electric field directed along the z-axis and 
by adjusting the dispersion equation without changing 
propagation in the structure, the following reduced 
parameters can be obtained: 
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Fig. 12 presents simulations results of the source 
radiating in the initial circular space at an operating 
frequency of 4 GHz for several values of q. The current 
direction of the source is supposed to be along the z-axis. 
Simulations are performed in a Transverse Electric (TE) 
mode with the electric field polarized along z-direction. The 
surface current source is considered to have a width of 10 
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cm, which is greater than the 7.5 cm wavelength at 4 GHz. 
Radiation boundary conditions are placed around the 
calculation domain in order to plot the radiation properties. 
Continuity of the field is assured in the interior boundaries. 
As stated previously and verified from the different electric 
field distribution patterns, a high negative value of q leads to 
a quasi-perfect isotropic emission since the space expansion 
is higher. This phenomenon can be clearly observed in Fig. 
12(d) for q = -40 m-1. 

 
Figure 12: Simulated electric field distribution for a TE 
wave polarization at 4 GHz. (a) current plane source used as 
excitation for the transformation. The current direction is 
perpendicular to the plane of the figure; [(b)-(d)] 
verification of the transformation for different values of 
expansion factor q. 

The calculated far-field patterns are shown in Fig. 13(a). 
The source alone produces a directive emission and when it 
is surrounded by the judiciously engineered coordinate-
transformation based metamaterial, an isotropic emission is 
produced. Fig. 13(b) shows the influence of parameter q on 
the space expansion in the coordinate transformation. As q 
becomes highly negative, a greater space expansion is 
achieved. 

5. Conclusions 
To summarize, we have presented three types of antennas 
designed using coordinate transformation concept. The first 
antenna is a directive one achieved by transforming the 
omnidirectional radiation of a patch radiator into a directive 
one. Measurements performed on the fabricated prototype 
have shown good qualitative agreements with theory and 
simulations. The second antenna is an extension of the 
directive one, in the way that it also presents a steered 
beam. In this case, a rotational coordinate transformation 
has been elaborated to achieve the azimuthal emission. 

Measurements have shown as much as 66° beam steering. 
Finally, a space expansion coordinate transformation has 
been theoretically presented so as to transform a directive 
emission into an isotropic one.  

 
Figure 13: (a) Far field radiation pattern of the emission 
with (q = -40 m-1) and without transformation. (b) Influence 
of the expansion parameter q on the proposed coordinate 
transformation. The emitted radiation is more and more 
isotropic as q tends to high negative values. 
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Abstract 
Multifunctional metamaterials under development in our 
group are based on a hierarchical combination, from nano to 
macroscale, of conductive inclusions and polymer matrices. 
The paper illustrates this hybrid approach for a metallic 
honeycomb filled with a carbon nanotube-reinforced 
polymer foam. The waveguide characteristic of the 
honeycomb combined with the electromagnetic properties 
of the foam lead to large power absorption above the cut-off 
frequency of the waveguide, situated in the GHz range. 
Below cut-off, electromagnetic shielding is also offered by 
total reflection at input interface of the hybrid, preventing 
the signal transmission. 

1. Introduction 
Due to the generalization of electronic devices in most 

human technologies and the growth of wireless 
communications and radar detection, electromagnetic 
interference (EMI) shielding has become essential for 
keeping the external environment unpolluted from potential 
radiations as well as for proper operation of the electronic 
devices. Shielding by EM absorption, which is preferable 
over reflection in certain instances, requires combining a 
low dielectric constant with high electrical conductivity, 
which are antagonist properties in the world of materials. 
Various topologies based on carbonaceous nanocomposite 
materials are developed in our group [1-2]. This paper 
discusses a hierarchical architecture involving a metallic 
honeycomb filled with a carbon nanotube-reinforced 
polymer foam (Fig. 1). 
 

2. Multihierarchical topology 
Filling insulating polymers with carbon based filler such as 
carbon nanotubes (CNT) make them conductive. Thanks to 
the formation of a percolating network, a relatively low 
amount of CNT is sufficient to raise the electrical 
conductivity of the insulating polymer [3]. However, this 
effect goes along with the increase of the relative 

permittivity of the material promoting EM wave reflections, 
which is undesirable for radar absorbing materials (RAMs).  
 
Decreasing the permittivity of materials can be achieved by 
foaming [4]-[5].  
The insertion of the nanocomposite foam in the honeycomb 
lattice contributes to decrease the real part of the relative 
effective permittivity Re{εr,eff} of the material, being close 
to the permittivity of air in a certain frequency range. Below 
the cut-off frequency of the hexagonal waveguide, shielding 
by reflection is achieved and above the cut-off frequency, 
higher EM absorption levels are reached by the hybrid 
compared to the conductive foam alone. Varying the cell 
shape of the honeycomb changes the cut-off frequency [1], 
hence the range for high absorption.  

 
 
Figure 1: Multimaterial and multiscale strategy developed 
to reach high EM absorption levels in the GHz range 
starting from (a) CNT dispersed in a polymer matrix which 
is (b) foamed and (c) inserted in a metallic honeycomb. 
 

3. Strategy for EMI reduction 
Designing materials with high absorption properties is 
achieved by reducing both reflection and transmission of 
EM waves. The fraction of EM power absorbed by a slab of 
material, denoted hereby absorption index A, is defined by 
the ratio between absorbed power Pabs and incident power 
Pin, expressed as:  
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where S11, S21 are the S-parameters. This definition of the 
absorption index, because of its normalization to incoming 
power, truly characterizes the performances of a microwave 
absorber, i.e. a material showing simultaneously low 
reflection at the input interface between air and hybrid and 
high absorption inside the hybrid: a value of A close to 1 (or 
100%) implies that both S11 associated to input reflection 
and mismatch, and S21 associated to residual power outgoing 
from the hybrid, are minimized. It is thus an alternate 
formulation, compared to reflectivity, for characterizing the 
performances of an absorber. Reversely, the shielding 
effectiveness of the material results from the sum of the 
reflected and the absorbed powers by the material  
 
 
 
 
A high SE translates into a low fraction of the power 
flowing out of the material. EMI shielding can thus be 
obtained either by maximizing A (efficient absorber) or 
input reflection coefficient S11. Frequency operating range 
of each mechanism can be tuned by the size of the 
honeycomb cell. 

4. Results 
The contribution of the honeycomb waveguide on the real 
part of the effective permittivity Re{εr,eff} is highlighted on 
Fig. 2 for honeycomb filled with polycarbonate (PC) foam 
containing 1wt.% CNT. Below the cut-off frequency, the 
effective permittivity is negative for the hybrid while it 
remains almost constant and positive over the whole 
frequency range for the nanocomposite foam alone. The 
conductivity is not significantly modified by the presence of 
the metallic honeycomb. In this case, the cut-off frequency 
was measured at 10.4 GHz for the PC based hybrid. In each 
case, the geometrical parameters were X=0 or 4.76mm and 
α=60° (see Fig.1).  
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Figure 2: Measured real part ε’ of relative effective 
permittivity (top) and conductivity σ (bottom) for PC-CNT 
1wt.% foams with honeycomb (solid blue line, X = 4.76 
mm) and without (dashed black line). 

A closed form model of the EM reflection and absorption 
has been developed based on the propagation in the 
hexagonal waveguide modelled as an equivalent 
transmission line. It provides a tool for the optimization of 
the hybrid [6]. 
The absorption index of the hybrid extracted from the 
measured S-parameters is shown in Fig. 3 for the PC-CNT 
1wt% foam filling a 7mm thick aluminium honeycomb. The 
cut-off frequency has been measured at 10.5 GHz. The 
prediction obtained with the analytical model using the 
electrical properties of the foam, the honeycomb cell size 
and the material thickness as parameters is in good 
agreement with the measurement. The inset shows the 
Shielding Effectiveness (SE) of the hybrid. As announced, 
SE is significantly improved below the cut-off due to the 
high reflection at the input interface.  
 

 
 
Figure 3: Measured real part ε’ of relative effective 
permittivity (top) and conductivity σ (bottom) for PC-CNT 
1wt.% foams with honeycomb (solid blue line, X = 4.76 
mm) and without (dashed black line). 
 

5. Conclusions and perspectives 
EMI shielding is achieved by combining the waveguide 
properties of a metallic honeycomb structure filled with a 
polymer foam reinforced with CNT. Above the cut-off 
frequency set by the hexagonal waveguide, the 
nanocomposite filling foam attenuates the propagating EM 
waves inside the hybrid. The resulting absorption index A is 
higher than for the nanocomposite foam alone. 
Experimental results validate the developed analytical 
model. Tuning and optimizing the performance of the 
hybrid is now possible thanks to the model. While reaching 
high absorption index below 5 GHz remains difficult with 
acceptable cell size X and material thickness t, shielding by 
total reflection mechanism is acting below the cut-off as in 
an air vent.  
The particular hierarchical organization of the studied 
hybrid materials offers interesting perspectives for 
multifunctional structures. In particular, high EM 
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absorption could be combined with lightness and stiffness if 
a honeycomb filled with a CNT-polymer foam was 
sandwiched between rigid dielectric plates. Currently, 
mechanical test campaigns are being performed to 
determine the bending and impact resistance of the material 
and guide the design of sandwich structures with high 
mechanical performances [7]. Good thermal conductivity 
across the structure is also achieved owing to the presence 
of a metallic honeycomb, while foams can help for 
protection against dust. Finally, synergy with acoustic 
shielding performances could be considered. 
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Abstract 
This paper presents a method to improve the circular 
polarization of an Archimedean spiral antenna placed over a 
radial Artificial Magnetic Conductor (AMC). Results have 
been compared with the same radiating element over a more 
classical AMC reflector. A prototype of an Archimedean 
two-wire spiral antenna has been built to operate from 
0.5GHz to 6GHz. Measurement results with this radial 
AMC give a relative bandwidth of 79%, in which the 
broadside RHCP gain is improved. In this bandwidth the 
axial ratio is less than 2dB whereas it is higher than 3dB 
with a classical cartesian shape of AMC reflector. 

1. Introduction 
The needs of the current wireless applications, both civilian 
and military, require antennas that are at the same time, low 
cost, low thickness and broadband. Planar spiral antennas 
are widely used to fulfill the aforementioned specifications. 
An Archimedean spiral antenna radiates a circularly 
polarized bi-directional beam. In most applications, this bi-
directional beam must be transformed into a unidirectional 
one. A classical solution consists in backing a cavity filled 
by an electromagnetic absorber behind the radiating 
element. However, the antenna is bulky and loses one half 
of the radiated power. 
Another approach consists in taking advantage of the 
backward radiated electric field by reflecting it in-phase 
with the forward radiated electric field thanks to an 
Artificial Magnetic Conductor (AMC) [1]. In [2], a 
reflector based on AMC called Quasi Artificial Magnetic 
Conductor (QAMC) has been presented. The term “quasi” 
has been chosen because the QAMC is composed of a few 
elementary cells.  
In this paper we present the improvement of the cartesian 
QAMC by a reflector suitable to the geometry and the 
radiation of the Archimedean spiral antenna. The spiral 
antenna is presented in section 2. The method to design the 
QAMC is introduced in section 3. In section 4 the spiral 
antenna is placed over the two different QAMC and 
compared in order to validate the new design. Then 
measurements are presented and discussed. 

2. Archimedean spiral antenna 
The two-wire Archimedean spiral antenna introduced by 
Kaiser [3], is widely used in airborne systems due to its 

wideband intrinsic characteristics. This kind of antenna has 
active areas which depend of the frequency. Thus, these 
areas are defined by D=λ/π, where D is the diameter of the 
area and λ the free space wavelength. The knowledge of 
these active areas enables to adapt the geometry of the 
reflector to these areas. 
The inner diameter and the outer diameter of the prototype 
of the Archimedean two-wire spiral antenna are respectively 
Din=6.3mm and Dout=300mm which define, respectively, 
the highest and the lowest operating frequencies 
fhigh=15GHz and flow=0.3GHz. Nevertheless, we are going 
to present results from 0.5GHz to 6GHz, because it is the 
required bandwidth for the targeted application. The width 
of the spiral arms is warm=1.25mm, the spiral arms are 
separated with a distance equal to the arm width to produce 
a self-complementary structure and thus maintain 
broadband characteristics [4]. 
The antenna is printed on a dielectric substrate Duroid 
RT5880, the thickness is hsub=1.575mm, the relative 
dielectric permittivity is εr=2.2 and the dissipation factor is 
tanδ=0.0009 (@10GHz). 

3. AMC Reflector 

3.1. Cartesian QAMC reflector 

The reflection phase is defined as the phase of the reflected 
electric field at the reflecting surface.  
It is normalized to the phase of the incident electric field at 
the reflecting surface. The reflection phase method is used to 
identify the frequency band in which the AMC behavior 
occurs [5]. In the case which the AMC is an infinite periodic 
structure, the phase diagram can be obtained by applying 
periodic conditions of Floquet on an elementary cell in order 
to simulate an infinite AMC [6].  
The AMC bandwidth depends on their dimensions [7] and 
has been defined for a reflection phase varying between +/-
120° [8]. In this bandwidth the spiral antenna placed over an 
AMC reflector should have a broadside gain higher than the 
spiral antenna in free space.  
The dimensions of the AMC are w=17.35mm and 
g=2.65mm, where w is the length of a square patch and g the 
gap between two patches (cf. Fig. 2a).  
The AMC substrate is Arlon CuClad 250 with a thickness 
hamc=4 x 1.565mm, the relative dielectric permittivity is 
εr=2.5 and the dissipation factor is tanδ=0.0018 (@10GHz).  
The cartesian QAMC reflector shown in Fig. 2a is 
composed of a planar array of only 4x4 elementary cells [2] 
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and it is placed 4mm under the antenna substrate. The 
diameter of the QAMC reflector is equal to λ1GHz/π 
(100.8mm). 

3.2. Radial QAMC reflector 

The radial QAMC reflector resulting from the 
transformation of the cartesian one is shown in Fig. 2 The 
method consists in placing the patches under the targeted 
active area [9]. The active area at a given frequency can be 
identified by using the electromagnetic energy density (cf. 
Fig. 1) defines as follows (1). 

  
 

                          (1) 

Where ε0 and µ0 are the permittivity and the permeability in 
free space, E and H are the magnitude of the electric and 
magnetic fields. 
 

 
Figure 1: Electromagnetic energy density at 2.5GHz. 
 

The dimensions of the radial patches are the same as for the 
square patches, i.e. they have a length equal to w and the 
gap between two patches in the radial or ortho-radial 
direction is equal to g (cf. Fig. 2b). 
The radial QAMC is composed of 2 rows of 12 patches. 
The distance between the center of the radial QAMC and 
half the length (w/2) of a patch of the first row (cf. Fig. 2b) 
is chosen so that the patches operate under this active area 
at the frequency for which the phase reflection of the AMC 
is equal to zero. (cf. Fig. 3). This occurs at 2.7GHz and 
D2.7GHz=35.34mm).  
The second row is only present to assure the periodicity in 
the radial direction. 
 

 
(a)                         (b) 

Figure 2: QAMC top view: (a) Cartesian QAMC, (b) 
Radial QAMC. 

3.3. Results 

The Archimedean spiral antenna defined in section 2 has 
been simulated over the two aforementioned QAMC. Figure 
3 presents the broadside realized gain for the co-
polarization and the cross-polarization radiated by the 
antenna and also the phase diagram of the AMC defined in 
section 3.1. Simulations have been performed with CST 
Microwave Studio®.  
 

 
Figure 3: Left scale (simulated gain): Comparison 

between the two QAMC, Right scale (phase): Reflection 
phase diagram of the AMC. 
 
According to Fig 3. the reflection phase of the AMC is 
included between +/-120° from 1.68GHz to 3.36GHz and 
leads to a relative bandwidth of 66%. Fig. 3 shows that the 
spiral antenna placed over a cartesian QAMC has a 
broadside LHCP gain (cross-polarization component) 
higher than -10dB from 4.5GHz to 6GHz. The spiral 
antenna placed over a radial QAMC has a broadside LHCP 
gain less than -10dB from 0.5GHz to 6GHz. The two 
configurations have a similar broadside RHPC gain (co-
polarization component) from 1GHz to 3.5GHz. In order to 
validate those results, a prototype has been realized. 

4. Configurations 
We present hereafter the different configurations that have 
been measured. The configuration named ASRef, 
corresponds to the spiral antenna placed above a cavity 
completely filled with an electromagnetic absorber, with a 
height habs=55.26mm (cf. Fig. 4).  
This configuration will be used as the reference to evaluate 
the benefits of the proposed structures. 
 

 
Figure 4: Spiral antenna over the cavity. 

Archimedean two-
wire spiral 
antenna 
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The distance between the antenna substrate and the surface 
of the QAMC reflectors is hair=4mm (cf. Fig. 5).  
So the total thickness of the antenna is equal to 
ht=hsub+hair+hamc=11.835mm i.e. λ1.68GHz/15. In order to not 
disturb the behavior of the spiral antenna at low frequency, 
absorber is put all around the QAMC reflectors (cf. Fig. 5). 
These two configurations are named ASC-QAMC and ASR-

QAMC respectively, where ASC-QAMC refers to the spiral 
antenna above the cartesian QAMC and ASR-QAMC to the 
spiral antenna above the radial QAMC. 
 

 
(a)                                 (b) 

Figure 5: Configurations: (a) ASRef, (b) ASC/R-QAMC. 
 

 
Figure 6: Top and bottom view of the balun. 

 

 
Figure 7: The whole antenna: Cavity of the antenna 

assembled with the shielded cavity of the balun. 
 

The antenna is fed at the center of the spiral through a 
broadband tapered balun (cf. Fig. 6).  
It is required to transform the impedance presented by the 
input balanced line of the spiral equal 160Ω to the 
unbalanced line of the coaxial connector equal to 50Ω. 
The size of the balun is 300mm x 60mm [2], and it is placed 
in a shielded cavity (cf. Fig. 7). 

 

 
Figure 8: Definition of φ planes. 

5. Results and discussion 
In this section, measurements of the aforementioned 
configurations are analyzed.  
Fig. 9 shows that the ASRef has a good impedance matching 
from 0.5GHz to 6GHz defined for a return loss level less 
than -10dB.  
The ASC-QAMC has also a good impedance matching from 
0.5GHz to 6GHz. The return loss level of the ASQ-AMC 
presents a minor increase between 4.7GHz to 4.8GHz. 
 

 
Figure 9: Return loss versus frequency. 

Wideband balun inside 
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Fig. 10 shows the evolution of the broadside RHCP gain 
(co-polarization component) for the different 
configurations. We observe the same behavior from 0.5GHz 
to 3.3GHz for ASC-QAMC and ASR-QAMC.  
For both configurations the broadside RHCP gain is higher 
than the ASRef from 1.65GHz to 3.8GHz i.e. a relative 
bandwidth of 79%. It’s interesting to note that this band is 
greater than the theoretical bandwidth of 66% deduced 
previously from the phase diagram. 

 

 
Figure 10: Broadside gain (RHCP) versus frequency. 
 

Fig. 11 presents the broadside LHCP gain (cross-
polarization component) for the different configurations. 
We can see that the broadside LHCP gain of the ASR-QAMC 
remains below -10dB from 0.5GHz to 6GHz. Unlike the 
broadside LHCP gain of the ASC-QAMC is higher than -10dB 
for frequencies higher than 3.25GHz. 
 

 
Figure 11: Broadside gain (LHCP) versus frequency. 
 

In order to evaluate the benefits of the radial QAMC the 
axial ratio (AR), which defines the quality of the circular 
polarization [10], is presented in figure 12. 
The AR level of the ASRef remains below 3dB from 0.5 GHz 
to 6GHz i.e. a relative bandwidth of 169%, thanks to the 
absorber cavity.  The AR level of the ASC-QAMC is less than 
3 dB from 0.5GHz to 3.3GHz i.e. a relative bandwidth of 
74%. At 4.4GHz broadside RHCP and LCHP gains have 
the same value and that is why at this frequency the AR 
level is higher than 10dB. Then the polarization is no more 
circular but linear.  
With the radial QAMC, the AR level of the ASR-QAMC is less 
than 3dB from 0.5GHz to 4GHz i.e. a relative bandwidth of 
157%. But if we only considered the bandwidth in which 

the broadside RHCP gain of the ASC-QAMC and ASR-QAMC is 
higher than ASRef, then the relative bandwidth of the ASC-

QAMC decreases to 67% and the relative bandwidth of the 
ASR-QAMC remains to 79% i.e. a difference of 12% between 
the two configurations. 

 

 
Figure 12: Axial ratio versus frequency. 

 
Table 1 summarizes the measurements results. Those are 
given from 1.65GHz to 3.8GHz, which corresponds to the 
operational bandwidth of 79%. 

 
Table 1: Radiation characteristics comparison between 

the two QAMC. 
 ASC-QAMC ASR-QAMC 

Return Loss < -10dB < -10dB 
Co-polarization 
Level (RHCP 

broadside gain) 

3dB to 7dB 3dB to 9dB 

Cross-polarization 
Level (LHCP 

broadside gain) 

< -6dB < -12dB 

Axial Ratio < 5dB < 2dB 
 

 
Finally, it is important to check if the radiation pattern is 
stable on the desired bandwidth. That means that the beam 
stays directional and the broadside RHCP gain does not 
present any sharp variations.  
The following figures present the radiation patterns (in dB) 
for all configurations. All results are normalized by the 
value of the broadside RHCP gain.  
 

 
Figure 13: ASRef radiation pattern versus frequency for 

φ=0°. 
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Figure 14: ASC-QAMC radiation pattern versus frequency 

for φ=0°. 
 

 
Figure 15: ASR-QAMC radiation pattern versus frequency 

for φ=0°. 
 

The radiation pattern of the ASRef is stable from 0.5GHz to 
6GHz, thanks to the absorber cavity (cf. Fig. 13).  
Fig. 14 and 15 show that radiation patterns of the ASC-QAMC 
and the ASR-QAMC are almost similar from 0.5GHz to 
3.6GHz. For frequencies higher than 3.6GHz the radiation 
pattern of the ASC-QAMC begins to be disturbed.  
The radiation pattern of the ASR-QAMC stays stable up to 
3.8GHz, and then it also begins to be disturbed, but in the 
center of the radial QAMC there is enough space to put 
another reflector in order to reduce this discontinuity. 

6. Conclusions 
We have shown that it is possible to design a radial QAMC 
reflector suitable to the geometry and the radiation of the 
Archimedean spiral antenna. The method consists in 
determining the active area and in designing circular 
patches with the dimensions given by the cartesian AMC. 
The simulation shows that the RHCP broadside gain of the 
two QAMC is almost similar. 
In order to validate these results an Archimedean spiral 
antenna printed on Duroid RT 5880 substrate has been 
realized and placed 4mm above the two QAMC. 
Measurements results show a relative bandwidth of 79%, 
larger than the theoretical bandwidth of 66%, defined by a 
reflection phase included between +/-120°. With the radial 
QAMC the broadside LHCP gain is improved and the axial 
ratio is below 2dB from 1.65GHz to 3.8GHz. 

The paper demonstrates that an Archimedean spiral antenna 
placed above a radial QAMC can achieve wideband 
properties with a thickness of only  λ1.65GHz/15.3. This new 
design can be improved by reducing the dimensions of the 
patches in order to have different patches for different 
frequency bands. 
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RQ� WKH� VSHFLDO� GHVLJQ� FRQVLGHUDWLRQV� DQG� IDEULFDWLRQ� RI� D�
VSHFWURPHWHU�JUDWLQJ�IRU�WKH�VSDFH�PLVVLRQ�*$,$�>�@��

���� *$,$�VSHFWURPHWHU�JUDWLQJ�

6SHFLDO� VSHFWURPHWHU�JUDWLQJV�DUH�QHHGHG� IRU� VHYHUDO�(DUWK�
REVHUYDWLRQ�DQG�VFLHQWLILF�VSDFH�PLVVLRQV��7KH�UHDOL]DWLRQ�RI�
VXFK� NLQGV� RI� JUDWLQJV� LV� H[WUHPHO\� GHPDQGLQJ� EHFDXVH�
VHYHUDO� SDUDPHWHUV� KDYH� WR� EH� VLPXOWDQHRXVO\� VDWLVILHG�� ,Q�
SDUWLFXODU�� FULWLFDO� SDUDPHWHUV� DUH� WKH� GLIIUDFWLRQ� HIILFLHQF\�
DQG� LWV� SRODUL]DWLRQ� GHSHQGHQF\�� WKH� ZDYH�IURQW� HUURU�
LQWURGXFHG� E\� WKH� JUDWLQJ�� VWUD\�OLJKW� SHUIRUPDQFH�� DQG�
XVDELOLW\� LQ� D� VSDFH� HQYLURQPHQW�� 7R� DFKLHYH� WKH� RSWLPDO�
SHUIRUPDQFH� RI� WKH� JUDWLQJ� LW� LV� HVVHQWLDO� WR� LQFOXGH�
WHFKQRORJLFDO� FRQVLGHUDWLRQV� DQG�VSHFLILFDWLRQV�DOUHDG\� LQWR�
WKH�GHVLJQ��:H�GHPRQVWUDWH�WKLV�DSSURDFK�E\�WKH�GHVLJQ�DQG�
IDEULFDWLRQ� RI� WKH� JUDWLQJ� IRU� WKH� 5DGLDO�9HORFLW\�
6SHFWURPHWHU� �596��RI� WKH�*$,$�PLVVLRQ�RI� WKH�(XURSHDQ�
6SDFH� $JHQF\� �(6$��� 7KH� FRUUHVSRQGLQJ� LQVWUXPHQW� LV�
GHGLFDWHG�WR�WKH�PHDVXUHPHQW�RI�WKH�VWDU�GLVWDQFH�IRU�REMHFWV�
ORFDWHG�LQ�RXU�KRPH�JDOD[\�GRZQ�WR�D�UHODWLYH�EULJKWQHVV�RI�
P� ����OLJKW�PDJQLWXGH��7KH�GLVWDQFH�PHDVXUHPHQW�LV�EDVHG�
RQ� D� FKDUDFWHUL]DWLRQ� RI� WKH� UHG�VKLIW� RI� D� &DOFLXP� WULSOH�
VSHFWUDO�OLQH�JURXS�LQ�WKH�ZDYHOHQJWK�UDQJH� ���«���QP��
,Q� RUGHU� WR� DFKLHYH� WKH� GHVLUHG� VHQVLWLYLW\� WKHUH� LV� D�
FRPELQDWLRQ� RI� UHTXLUHPHQWV� WR� EH� IXOILOOHG� E\� WKH�
VSHFWURPHWHU� JUDWLQJ� ZKLFK� PDNHV� LW� DQ� H[WUHPHO\�
GHPDQGLQJ� RSWLFDO� HOHPHQW�� $Q� RYHUYLHZ� RI� WKH�
VSHFLILFDWLRQ�DQG�UHTXLUHPHQWV�IRU�WKH�JUDWLQJ�LV�JLYHQ�LQ�WKH�
7DEOH����
�
7DEOH� ��� 5HTXLUHG� RSWLFDO� SDUDPHWHUV� RI� WKH� VSHFWURPHWHU�
JUDWLQJ�IRU�WKH�*$,$�6DWHOOLWH�RI�WKH�(6$��

3DUDPHWHU� 9DOXH�
JUDWLQJ�SHULRG� �����P�
ZDYHOHQJWK�UDQJH� ���QP�«����QP�
GLIIUDFWLRQ�HIILFLHQF\���VW�RUGHU� !������!����JRDO��

SRODUL]DWLRQ�VHQVLWLYLW\�
707(

707(
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DQJOH�RI�LQFLGHQFH� �����
ZDYH�IURQW�HUURU� ���QP��UPV��RQ�HDFK�

��PP�[���PP�VXE�
DSHUWXUH�

JUDWLQJ�VL]H� ���PP�[����PP�
�
(DFK� VLQJOH� UHTXLUHPHQW� FDQ� EH� VDWLVILHG� E\� D� JUDWLQJ�
UHDOL]HG�E\�DQ\�VWDQGDUG�WHFKQRORJ\��EXW�WKHLU�VLPXOWDQHRXV�
LPSOHPHQWDWLRQ� PDNHV� WKH� IDEULFDWLRQ� H[WUHPHO\� GLIILFXOW��
7R� DFKLHYH� WKH� EOD]LQJ� HIIHFW� IRU� D� TXDVL�QRUPDO� LQFLGHQFH�
FRQILJXUDWLRQ�� D� OLQHDU� SKDVH� PRGXODWLRQ� RI� WKH� LQFLGHQW�
ZDYH�ZLWKLQ�RQH�JUDWLQJ�SHULRG� LV�QHHGHG�� ,W� LV�ZHOO�NQRZQ�
WKDW� WKLV� FDQ� EH� DFKLHYHG� E\� EOD]HG� JUDWLQJV� ZLWK� D� WKUHH�
GLPHQVLRQDO� VXUIDFH� SURILOH� RI� WKH� JUDWLQJ�� L�H�� D� VDZ�WRRWK�
OLNH� VWUXFWXUH� RU� D� VWHSZLVH� DSSUR[LPDWLRQ� RI� LW�� +RZHYHU��
WKH� VPDOOHU� WKH� JUDWLQJ� SHULRG�� WKH� PRUH� GLIILFXOW� WKH�
IDEULFDWLRQ�RI� VXFK�D��'�VWUXFWXUH�EHFRPHV��)RU�VXFK�VPDOO�
SHULRGV�W\SLFDOO\�WKH�EOD]HG�SURILOH�FDQ�EH�DSSUR[LPDWHG�E\�
D� PXOWLOHYHO� VWUXFWXUH� ZKLFK� FDQ� EH� IDEULFDWHG� E\� PXOWLSOH�
VXFFHHGLQJ� ELQDU\� SDWWHUQLQJ� VWHSV�� +RZHYHU�� LI� WKH�
DOLJQPHQW�RI� WKH�GLIIHUHQW� OLWKRJUDSK\� VWHSV�ZLWK� UHVSHFW� WR�
HDFK�RWKHU�LV�QRW�SHUIHFW�WKH�UHVXOWLQJ�VWUXFWXUH�FDQ�H[KLELW�D�



�

��
�

FRQVLGHUDEOH�DPRXQW�RI�VWUD\�OLJKW��WKH�GLIIUDFWLRQ�HIILFLHQF\�
LV�UHGXFHG��DQG�DOVR�WKH�TXDOLW\�RI�WKH�WUDQVPLWWHG�ZDYH�IURQW�
LV�EDGO\�DIIHFWHG��$V�D�UHVXOW�WKH�UHTXLUHPHQWV�PHQWLRQHG�LQ�
WKH� DERYH� WDEOH� ZLOO� QRW� EH� DFKLHYHG� ZLWK� WKLV� WHFKQRORJ\��
HVSHFLDOO\�QRW�RQ�WKH�ZKROH�JUDWLQJ�DUHD��
$Q� DOWHUQDWLYH� DSSURDFK� IRU� WKH� UHDOL]DWLRQ� RI� HIILFLHQW�
GLIIUDFWLRQ� JUDWLQJV� LV� EDVHG� RQ� WKH� PRGXODWLRQ� RI� WKH�
HIIHFWLYH� UHIUDFWLYH� LQGH[� ZLWKLQ� WKH� JUDWLQJ� SHULRG� E\� D�
ELQDU\� VXE�ZDYHOHQJWK� VWUXFWXUH�� 7KLV� PHWKRG� RI� UHDOL]LQJ�
KLJK�HIILFLHQW�GLIIUDFWLRQ�JUDWLQJV�E\�DQ�HIIHFWLYH�LQGH[�EOD]H�
KDV�EHHQ�H[SHULPHQWDOO\�GHPRQVWUDWHG�IRU�LQVWDQFH�E\�>����@��
7KH� VXE�ZDYHOHQJWK� IHDWXUHV� ZLWKLQ� WKH� JUDWLQJ� SHULRG� DUH�
QRW� UHVROYHG� E\� WKH� LQFLGHQW� OLJKW� ZKLFK� LQVWHDG� LV�
H[SHULHQFLQJ�DQ�HIIHFWLYH�UHIUDFWLYH�LQGH[�DYHUDJHG�IURP�WKH�
LQGLFHV� QV� DQG� QH� RI� WKH� VXEVWUDWH� PDWHULDO� DQG� WKH�
HQYLURQPHQW� �W\SLFDOO\� DLU��� UHVSHFWLYHO\�� 7KH� SDUWLFXODU�
HIIHFWLYH� LQGH[� LV� D� QRQ�WULYLDO� IXQFWLRQ� RI� WKH� ORFDO� ILOO�
IDFWRU�DQG� W\SLFDOO\�DOVR�GHSHQGV�RQ� WKH�SRODUL]DWLRQ�RI� WKH�
OLJKW��
)URP� WKH� WHFKQRORJLFDO� SRLQW� RI� YLHZ� WKH� LPSRUWDQW�
DGYDQWDJH� RI� WKLV� DSSURDFK� LV� WKH� RQH� VWHS� OLWKRJUDSKLF�
IDEULFDWLRQ� RI� WKH� VWUXFWXUH�� 7KHUH� LV� QR� QHHG� IRU� PXOWLSOH�
VXFFHHGLQJ�DQG�SUHFLVHO\�DOLJQHG�OLWKRJUDSK\�VWHSV�DV�ZRXOG�
EH�UHTXLUHG�IRU�WKH�IDEULFDWLRQ�RI�PXOWL�OHYHO�SURILOHV�>�@��
+RZHYHU��WKHUH�LV�DOVR�D�SRWHQWLDO�GUDZ�EDFN�RI�WKH�HIIHFWLYH�
LQGH[� DSSURDFK�� 7KH� UHTXLUHG� DVSHFW� UDWLR�� L�H�� WKH� UDWLR� RI�
VWUXFWXUH� GHSWK� WR� VPDOOHVW� IHDWXUH� ZLGWK�� LV� W\SLFDOO\� YHU\�
KLJK�LQ�VXFK�VWUXFWXUHV��HVSHFLDOO\�LI�WKH�JUDWLQJ�LV�VXSSRVHG�
WR� RSHUDWH� LQ� WKH� YLVLEOH� RU� QHDU� LQIUDUHG� VSHFWUDO� UHJLRQ��
7KHQ� WKH� UHTXLUHG� VWUXFWXUHV�TXLFNO\� DSSURDFK� WKH� OLPLWV� RI�
WKH�DYDLODEOH�IDEULFDWLRQ�WHFKQRORJLHV��
)RU� WKH� UHDOL]DWLRQ� RI� WKH� *$,$� VSHFWURPHWHU� JUDWLQJ� ZH�
WKXV� GHYHORSHG� DQ� DSSURDFK� IRU� WKH� UHOD[DWLRQ� RI� WKH�
IDEULFDWLRQ�GHPDQGV�EDVHG�RQ�D�FRPELQDWLRQ�RI��'�DQG��'�
VXE�ZDYHOHQJWK� VWUXFWXUHV� ZLWKLQ� RQH� JUDWLQJ� SHULRG�� 7KLV�
SDUWLFXODU� H[DPSOH� VKDOO� EH� XVHG� IRU� WKH� FRPSDULVRQ� RI� WKH�
UHOD[DWLRQ�SRWHQWLDO�RI� WKH� WUDQVLWLRQ� IURP�D�SXUH��'�ELQDU\�
HIIHFWLYH�PHGLXP�VWUXFWXUH� WR�D�FRPELQDWLRQ�RI��'�DQG��'�
VXE�ZDYHOHQJWK�IHDWXUHV��
,Q� D� ILUVW� JUDWLQJ� GHVLJQ� ZH� RSWLPL]HG� D� SXUH� �'� ELQDU\�
EOD]HG� VWUXFWXUH� XVLQJ� D� ULJRURXV� FRXSOHG� ZDYH� DOJRULWKP�
�5&:$���7KH�UHVXOWLQJ�VWUXFWXUH��PDGH�RI���EDUV�ZLWKLQ�RQH�
JUDWLQJ� SHULRG�� LV� VNHWFKHG� LQ� )LJXUH� ��D�� WRJHWKHU� ZLWK� D�
JUDSK� VKRZLQJ� WKH� DQJXODU� GHSHQGHQF\� RI� WKH� GLIIUDFWLRQ�
HIILFLHQF\� IRU�7(�� DQG�70�SRODUL]DWLRQ� DW� D�ZDYHOHQJWK� RI�
 ���QP��

�
)LJXUH� ��� *$,$� VSHFWURPHWHU� JUDWLQJ�� �D�� 2SWLPL]HG� �'�
HIIHFWLYH� PHGLXP� VWUXFWXUH�� �E�� &DOFXODWHG� GLIIUDFWLRQ�
HIILFLHQF\� DV� D� IXQFWLRQ� RI� WKH� LQFLGHQFH� DQJOH� IRU� WZR�
RUWKRJRQDO�SRODUL]DWLRQV��

7KH�UHTXLUHG�GHSWK�RI�WKH�VWUXFWXUH�LV�K �����P��$V�FDQ�EH�
VHHQ�IURP�WKH�VNHWFK�WKH�VPDOOHVW�ODWHUDO�EDU�ZLGWK�LV���QP��
7RJHWKHU�ZLWK�WKH�UHTXLUHG�GHSWK�WKLV�OHDGV�WR�DQ�DVSHFW�UDWLR�
�VWUXFWXUH� KHLJKW�ZLGWK�� RI� DSSUR[LPDWHO\� ��� ZKLFK� LV�
H[WUHPHO\�GLIILFXOW�WR�IDEULFDWH��
,Q�RUGHU�WR�DFKLHYH�D�JRRG�KRPRJHQHLW\�LQ�WKH�ZKROH�JUDWLQJ�
DUHD�ZH�QHHG�WR�UHOD[�WKH�GHPDQGV�RQ�WKH�IDEULFDWLRQ�SURFHVV�
HVSHFLDOO\�E\�UHGXFLQJ�WKH�KLJK�DVSHFW�UDWLR�RI�WKH�VWUXFWXUHV��
:H� FRQVLGHU� WKDW� IRU� WKH� RSWLFDO� IXQFWLRQ� ZKDW� LV� DFWXDOO\�
LPSRUWDQW� LV� WKH� ORFDO� HIIHFWLYH� UHIUDFWLYH� LQGH[� DQG� WKLV�
GHSHQGV� RQ� WKH� ILHOG� RYHUODS� ZLWK� WKH� JUDWLQJ� EDUV� DQG�
JURRYHV�� 7KXV�� WKH� UHOHYDQW� SDUDPHWHU� LV� WKH� ORFDO� ILOOLQJ�
IDFWRU� DQG� LWV� YDULDWLRQ� DFURVV� WKH�JUDWLQJ�SHULRG��%DVHG�RQ�
WKLV� LGHD�� ZH� H[WHQG� WKH� FRQFHSW� RI� WKH� SXUH� �'� JUDWLQJ�
VWUXFWXUH� WR� D� �'� SDWWHUQ�� 7KH� VPDOOHVW� �'� EDUV� KDYH� EHHQ�
UHSODFHG�ZLWK� �'� SLOODUV�� JHQHUDWLQJ� DQ� DGGLWLRQDO� SHULRGLF�
VWUXFWXUH� DORQJ� WKH� \�GLUHFWLRQ�RI� WKH� JUDWLQJ�KDYLQJ� D� VXE�
ZDYHOHQJWK� SHULRGLFLW\� RI� S\ ���QP�� 'XH� WR� WKH� VXE�
ZDYHOHQJWK� SHULRGLFLW\� RI� WKLV� DGGLWLRQDO� SDWWHUQ� LQ� \�
GLUHFWLRQ� LW�GRHV�QRW� OHDG� WR�DGGLWLRQDO�GLIIUDFWLRQ�RUGHUV� LQ�
WKLV� GLUHFWLRQ�� %\� NHHSLQJ� WKH� ORFDO� ILOO�IDFWRU� DOPRVW�
FRQVWDQW�WKLV�DSSURDFK�OHDGV�WR��'�SLOODUV�LQVWHDG�RI��'�EDUV�
ZLWK�D�FRQVLGHUDEO\�ODUJHU�ODWHUDO�IHDWXUH�VL]H��WKXV�EHLQJ�OHVV�
GHPDQGLQJ�IURP�D�WHFKQRORJLFDO�SRLQW�RI�YLHZ��7KH�UHVXOWLQJ�
JUDWLQJ� SDWWHUQ� LV� D� FRPELQDWLRQ� RI� ZLGH� �'� EDUV� DQG� �'�
SLOODUV��
7KLV�FRPELQHG��'��'�SDWWHUQ�KDV�EHHQ�DJDLQ�RSWLPL]HG�E\�D�
5&:$�DOJRULWKP�ZLWK�D�FRQVWUDLQW�DERXW�WKH�VPDOOHVW�ODWHUDO�
IHDWXUH�VL]H�RI����QP��VHH�)LJXUH�����7KH�VWUXFWXUH�GHSWK�RI�
WKH�RSWLPL]HG�JUDWLQJ� UHPDLQV�DW� DERXW�K ����P��7KXV�� WKH�
DVSHFW�UDWLR�LV�UHGXFHG�IURP����LQ�WKH�SXUH��'�FDVH�WR�RQO\���
LQ� WKH� �'��'� FDVH� OHDGLQJ� WR� D� PXFK� HDVLHU� IDEULFDWLRQ�
SURFHVV��7KH�RSWLPL]HG�JUDWLQJ�VWUXFWXUH�LV�VKRZQ�LQ�)LJXUH�
��D�� WRJHWKHU� ZLWK� D� FRPSDULVRQ� RI� WKH� HIILFLHQF\�
SHUIRUPDQFH�RI� WKH� WZR�GLIIHUHQW�JUDWLQJ� W\SHV�� ,W� LV�FOHDUO\�
WR�EH� VHHQ� WKDW� WKH� HIILFLHQF\�SHUIRUPDQFH� LV� VLPLODU� WR� WKH�
SXUH� �'�JUDWLQJ� EXW� WKH� PLQLPXP� IHDWXUH� VL]HV� DUH� ODUJHU��
7KH�PD[LPXP� WKHRUHWLFDO� HIILFLHQF\� IRU� WKH� LQFLGHQW� DQJOH�
RI� ����� LV� DSSUR[LPDWHO\� ���� IRU� ERWK� SRODUL]DWLRQ�
GLUHFWLRQV��

�
�

)LJXUH����*$,$�VSHFWURPHWHU�JUDWLQJ��D��2SWLPL]HG��'��'�
VWUXFWXUH� IRU� WKH� ELQDU\� HIIHFWLYH� PHGLXP� JUDWLQJ�� �E��
&RPSDULVRQ� RI� WKH� FDOFXODWHG� GLIIUDFWLRQ� HIILFLHQF\� RI� WKH�
WZR� GLIIHUHQW� JUDWLQJ� W\SHV� DV� D� IXQFWLRQ� RI� WKH� LQFLGHQFH�
DQJOH�IRU�WZR�RUWKRJRQDO�SRODUL]DWLRQV��
�
)RU� WKH� IDEULFDWLRQ� RI� WKH� VSHFWURPHWHU� JUDWLQJ� D�
FRPELQDWLRQ� RI� OLWKRJUDSK\� DQG� UHDFWLYH� LRQ� HWFKLQJ� �5,(��
SURFHVVHV�KDV�EHHQ�XVHG�DV�GHVFULEHG�LQ�WKH�VHFWLRQ���RI�WKLV�
SDSHU��VHH�)LJXUH�����
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$FKLHYLQJ� D� KLJK� DQG� SRODUL]DWLRQ� LQGHSHQGHQW� GLIIUDFWLRQ�
HIILFLHQF\�VWURQJO\�GHSHQGV�RQ�WKH�DFFXUDWH�UHDOL]DWLRQ�RI�WKH�
ODWHUDO� IHDWXUHV� RI� WKH� VXE�ZDYHOHQJWK� SDWWHUQ�� ,I� WKH� EDU�
ZLGWK�GHYLDWHV�IURP�WKH�GHVLJQ�YDOXHV�WKH�HIILFLHQF\�IRU�RQH�
RI� WKH� SRODUL]DWLRQ� GLUHFWLRQV� ZLOO� GHFUHDVH�� 7KHUHIRUH�� DQ�
H[WHQVLYH� RSWLPL]DWLRQ� RI� WKH� IDEULFDWLRQ� WHFKQRORJ\� ZDV�
QHFHVVDU\��)LUVW� D� QXPEHU�RI� GLIIHUHQW� JUDWLQJ�GHVLJQV�ZHUH�
UHDOL]HG� DV� JUDWLQJV� ZLWK� D� VPDOOHU� VL]H� RI� RQO\� ��PP� [�
��PP� LQ� RUGHU� WR� LQYHVWLJDWH� KRZ� IDEULFDWLRQ� WROHUDQFHV�
DIIHFW�WKH�DFKLHYDEOH�RSWLFDO�SHUIRUPDQFH��)URP�WKH�GLIIHUHQW�
VDPSOH� JUDWLQJV� WKH� PRVW� SURPLVLQJ� SDWWHUQ� JHRPHWU\� KDV�
EHHQ�FKRVHQ�IRU�WKH�UHDOL]DWLRQ�RI�D�IXOO�VL]H�JUDWLQJ�PRGHO��
%\� LQFOXGLQJ� LQWHUPHGLDWH� UHVXOWV� IURP� WKH� WHFKQRORJ\�
RSWLPL]DWLRQ�LQWR�D�UH�GHVLJQ�RI�WKH�JUDWLQJ�VWUXFWXUH�PDGH�LW�
SRVVLEOH� WR� IXUWKHU� VLPSOLI\� WKH� JUDWLQJ� VWUXFWXUH� ZLWKRXW�
GHJUDGLQJ� WKH� RSWLFDO� SHUIRUPDQFH�� $V� D� UHVXOW� WKH� ILQDO�
JUDWLQJ�SDWWHUQ�KDV�D�VXE�VWUXFWXUH�ZLWKLQ�RQH�JUDWLQJ�SHULRG�
FRQVLVWLQJ�RI� WKUHH��'�EDUV� DQG�RQO\�RQH� URZ�RI�SLOODUV�� DV�
VKRZQ� LQ� WKH� 6(0� SLFWXUH� RI� )LJXUH� ��D��� 7KHLU� ODWHUDO�
IHDWXUH� VL]HV� KDYH� EHHQ� RSWLPL]HG� LQ� D� FORVH� ORRS� EHWZHHQ�
WKH� DFKLHYHG� H[SHULPHQWDO� UHVXOWV� DQG� WKHRUHWLFDO�
FDOFXODWLRQV� ZKLFK� FRQVLGHUHG� DOVR� DGGLWLRQDO� IDEULFDWLRQ�
HIIHFWV�OLNH�WKH�HWFK�GHSWK�GHSHQGHQFH�IURP�WKH�ORFDO�JURRYH�
ZLGWK� �WKH� VR� FDOOHG� 5,(�ODJ��� 2QH� RI� WKH� IXOO�VL]H� ³)OLJKW�
0RGHO´�JUDWLQJV�IDEULFDWHG�DW�,2)�LV�VKRZQ�LQ�)LJXUH���E���
�

�
�
)LJXUH����*$,$�VSHFWURPHWHU�JUDWLQJ��D��6(0�LPDJH�RI�WKH�
IXVHG� VLOLFD� JUDWLQJ� VWUXFWXUH� IDEULFDWHG� E\� HOHFWURQ�EHDP�
OLWKRJUDSK\�DQG� UHDFWLYH� LRQ� HWFKLQJ�� �E��3KRWRJUDSK�RI� WKH�
³)OLJKW�0RGHO³�RI�WKH�JUDWLQJ��
�
)RU�WKHVH�JUDWLQJV�VSHFLDOO\�VKDSHG��´�VL]HG�VXEVWUDWHV�ZHUH�
XVHG� LQ� RUGHU� WR� REWDLQ� D� ZDYH�IURQW� HUURU� LQ� WKH� VXE�
DSHUWXUHV� EHORZ� �QP� �UPV�� DQG� D� SRODUL]DWLRQ� LQGHSHQGHQW�
GLIIUDFWLRQ�HIILFLHQF\�DERYH������
7KH�PHDVXUHG�HIILFLHQF\��WKH�SRODUL]DWLRQ�VHQVLWLYLW\��DQG�WKH�

ZDYH�IURQW� DFFXUDF\� VKRZQ� LQ� )LJXUH� �� IXOILOO� DOO� WKH�
UHTXLUHG�VSHFLILFDWLRQV��

���� 5HVRQDQFH�IUHH�UHIOHFWLRQ�JUDWLQJV�

7KH�VHFRQG�W\SH�RI�JUDWLQJ�WKDW�ZH�GLVFXVV�LQ�WKLV�SDSHU�LV�DQ�
RSWLPL]HG� UHIOHFWLRQ� JUDWLQJ�� 5HIOHFWLRQ� JUDWLQJV� DUH�
SUHIHUDEOH� LQ� VHYHUDO� DSSOLFDWLRQV� FRPSDUHG� WR� WKH�
WUDQVPLVVLRQ� RQHV� GXH� WR� WKH� UHGXFHG� PDWHULDO� LQWHUDFWLRQ�
DQG�DGGLWLRQDO�IUHHGRP�IRU�WKH�RSWLFDO�GHVLJQ��(VSHFLDOO\��WKH�
FRPELQDWLRQ�RI�JUDWLQJV�DQG�GLHOHFWULF�PLUURUV�DUH�SURPLVLQJ�
GXH� WR� WKHLU� ORZ� ORVVHV� DQG� FRQVHTXHQWO\� KLJK� GLIIUDFWLRQ�
HIILFLHQFLHV�� 8VLQJ� VXFK� D� VHWXS�� DOPRVW� ����� GLIIUDFWLRQ�
HIILFLHQF\� FDQ� EH� DFKLHYHG� ZLWK� D� VSHFWUDO� EDQGZLGWK� RI�
VHYHUDO� ��QP� RU� PRUH� DQG� DGGLWLRQDO� SRODUL]DWLRQ�
LQGHSHQGHQF\�� GHSHQGLQJ� RQ� WKH� VSHFLILF� VHWXS�� +RZHYHU��
VXFK� NLQGV� RI� PXOWLOD\HU� GLHOHFWULF� JUDWLQJV� DUH� FKDOOHQJHG�
E\�WKH�RFFXUUHQFH�RI�JXLGHG�PRGH�UHVRQDQFHV�ZKLFK�EHFRPH�
QRWLFHDEOH�DV�VLQJXODU�GURSV�LQ�WKH�GLIIUDFWLRQ�HIILFLHQF\��VHH�
UHG�FXUYH�LQ�WKH�)LJXUH���D����

�
�
)LJXUH�����D��'LIIUDFWLRQ�HIILFLHQF\�IRU�7(�SRODUL]HG�OLJKW�RI�
D� VWDQGDUG� JUDWLQJ� �UHG� FXUYH� 	� GHVLJQ� �E��� DQG� D� JUDWLQJ�
ZLWK� WKH� UHVRQDQFHV� UHPRYHG� �JUHHQ� FXUYH� 	� GHVLJQ� �F����
%RWK�JUDWLQJV�KDYH�D�SHULRG�RI����QP�DQG�DUH�LOOXPLQDWHG�DW�
DQ�LQFLGHQFH�DQJOH�RI���������/LWWURZ�DQJOH�IRU� ����QP���
�G��),%�&URVV�VHFWLRQ�RI�D�IDEULFDWHG�UHIOHFWLRQ�JUDWLQJ�ZLWK�
DSHULRGLF� UHIOHFWRU�VWDFN��7KH�SODWLQXP� OD\HU� YLVLEOH�RQ� WRS�
RI�LV�QHHGHG�IRU�WKH�IRFXVHG�LRQ�EHDP�FXW�SURFHVV��

)LJXUH����*$,$�VSHFWURPHWHU�JUDWLQJ��D��$YHUDJH�(IILFLHQF\���E��3RODUL]DWLRQ�VHQVLWLYLW\���F��:DYH�IURQW�DFFXUDF\��
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7KH� SUREOHP� RI� XQGHVLUHG� UHVRQDQFHV� FDQ� EH� VROYHG� E\� D�
VLJQLILFDQW� UHGXFWLRQ� RI� WKH� JUDWLQJ� SHULRG�� DV� VXJJHVWHG� LQ�
>�@�� +RZHYHU�� VXFK� DQ� DSSURDFK� LV� RIWHQ� IRXQG� WR� EH�
LQFRPSDWLEOH�ZLWK�WKH�DSSOLFDWLRQ�UHTXLUHPHQWV��
:H� KDYH� LQYHVWLJDWHG� DQG� DQDO\]HG� WKH� SK\VLFDO� RULJLQ� RI�
VXFK� JXLGHG� PRGH� UHVRQDQFHV� LQ� GLHOHFWULF� UHIOHFWLRQ�
JUDWLQJV��7KH�JRDO�ZDV�WR�ILQG�D�ZD\�WR�DYRLG�WKHLU�IRUPDWLRQ�
RU� DW� OHDVW� UHGXFH� WKH� QXPEHU� RI� UHVRQDQFHV� LQ� D� JLYHQ�
VSHFWUDO� DQG� DQJXODU� LQWHUYDO� IRU� D� IL[HG�JUDWLQJ�SHULRG� DQG�
LQFLGHQFH�FRQGLWLRQV��*RLQJ�EH\RQG�WKH�FRPPRQ�GHVLJQ�RI�D�
VLPSOH� GLHOHFWULF� UHIOHFWRU� IRUPHG� E\� VWDFNHG� GRXEOH� OD\HUV�
RI����RSWLFDO�WKLFNQHVVHV�ZH�H[SORLW�DOO�VWUXFWXUDO�GHJUHHV�RI�
IUHHGRP� E\� D� FRPELQHG� RSWLPL]DWLRQ� RI� JUDWLQJ� DQG� OD\HU�
VWDFN�� 'LIIHUHQW� PHULW� IXQFWLRQV� ZHUH� LQYHVWLJDWHG� IRU� WKLV�
RSWLPL]DWLRQ�DQG�D�UHOLDEOH�ZD\�RI�LGHQWLI\LQJ�WKH�UHVRQDQFH�
KDV� EHHQ� GHYLVHG� E\� XVLQJ� D� PHULW� IXQFWLRQ� EDVHG� RQ� WKH�
DQDO\VLV� RI� WKH� 3R\QWLQJ�YHFWRU� LQVLGH� WKH� JUDWLQJ�� 7KH�
VXFFHVVIXO� UHPRYDO� RI� UHVRQDQFHV� LV� VKRZQ� LQ� WKH� JUHHQ�
FXUYH�RI�)LJXUH���D���,Q�WKH�)LJXUH���E��DQG��F���WKH�GHVLJQV�
RI�D�VWDQGDUG�DQG�UHVRQDQFH�IUHH�GLHOHFWULF�UHIOHFWLRQ�JUDWLQJ�
DUH�VKRZQ��UHVSHFWLYHO\��7KH�DSHULRGLFLW\�RI� WKH� OD\HU�VWDFN�
LV� IXQGDPHQWDO� IRU� WKH� UHVRQDQFHV� HOLPLQDWLRQ�� 6HYHUDO�
UHVRQDQFH�IUHH� JUDWLQJV�� ZLWK� GLIIHUHQW� SHULRGV� KDYH� EHHQ�
VXFFHVVIXOO\� IDEULFDWHG� E\� HOHFWURQ� EHDP� OLWKRJUDSK\� DQG�
5,(�HWFKLQJ�LQWR�D�VLOLFRQ�GLR[LGH�OD\HU�GHSRVLWHG�RQ�WKH�WRS�
RI�WKH�GLHOHFWULF�PLUURU�OD\HUV��7KH�),%��)RFXVHG�,RQ�%HDP��
LPDJH� RI� )LJXUH� ��F�� VKRZV� WKH� SURILOH� RI� RQH� RI� WKH�
IDEULFDWHG�JUDWLQJ�SURILOHV��
6XFK� W\SH� RI� JUDWLQJV� KDYLQJ� D� SHULRG� RI� S ���QP� ZDV�
VXFFHVVIXOO\� DGDSWHG� IRU� WKH� 1,5�VSHFWURPHWHU� JUDWLQJ� IRU�
WKH�VSDFH�PLVVLRQ�6HQWLQHO�,9�>�@��
�

���� +LJKO\�HIILFLHQW�WKUHH�OHYHO�JUDWLQJ�LQ�UHVRQDQFH�GRPDLQ�

7KH�ODVW�JUDWLQJ�SUHVHQWHG�KHUH�LV�D�PXOWLOHYHO�EOD]HG�JUDWLQJ�
ZRUNLQJ� DW� QRUPDO� LQFLGHQFH� LQ� UHVRQDQFH� GRPDLQ� �VPDOO�
SHULRG�WR�ZDYHOHQJWK� UDWLR��� ,Q� VXFK� FRQILJXUDWLRQV� EOD]HG�
JUDWLQJV� ZLWK� D� FRQWLQXRXV� SURILOH� DV� ZHOO� DV� WUDGLWLRQDO�
PXOWL�OHYHO� JUDWLQJV� ZLWK� HTXLGLVWDQW� SKDVH� OHYHOV� VKRZ�
UHPDUNDEOH� HIILFLHQF\� ORVVHV� GXH� WR� WKH� VKDGRZLQJ� HIIHFW�
>�@�� 7KH� VKDGRZLQJ� FDQ� EH� DYRLGHG� XVLQJ� VLPSOH� ELQDU\�
RSWLFDO�HOHPHQWV�EXW� WKHLU�VLQJOH�RUGHU�HIILFLHQF\�DW�QRUPDO�
LQFLGHQFH� LV� EHORZ� ���� GXH� WR� V\PPHWU\� UHDVRQV�� 7R�
DFKLHYH�D�KLJK�HIILFLHQF\�DW�QRUPDO� LQFLGHQFH�LW� LV�SRVVLEOH�
WR� SHUIRUP� D� SDUDPHWULF� RSWLPL]DWLRQ� RI� WKH� ZLGWK� DQG�
KHLJKW�RI�WKH�GLIIHUHQW�SKDVH�OHYHOV�RI�D�PXOWL�OHYHO�HOHPHQW�
>�@�� :H� RSWLPL]HG� WKH� SURILOH� IRU� D� WKUHH�OHYHO� JUDWLQJ� LQ�
IXVHG� VLOLFD� ZRUNLQJ� DW�  ���QP� DW� QRUPDO� LQFLGHQFH�
RSHUDWLQJ�DW� WKH�LQWHUIDFH�IURP�VXEVWUDWH� WR�DLU��7KH�JUDWLQJ�
SHULRG� S �����ȝP� LV� WZR� WLPHV� WKH� RSHUDWLQJ� ZDYHOHQJWK�
����� QP�� 7KH� RSWLPL]HG� SURILOH� FRQVLVWV� RI� DQ� XSSHU� EDU�
ZLWK� D� UDWKHU� ODUJH� KHLJKW� �a���QP�� DQG� D� VPDOO� ZLGWK�
����QP�� DQG� D� ORZHU� EDU� ZLWK� PRGHUDWH� ILOOLQJ� IDFWRU� DV�
ZHOO�DV�DVSHFW�UDWLR��KHLJKW�a����QP��ZLGWK�a����QP���7KH�
KLJK� HIILFLHQF\� FDQ� EH� XQGHUVWRRG� E\� D� WKUHH�EHDP�
LQWHUIHUHQFH�PHFKDQLVP�E\�FRQVLGHULQJ� WKH�JUDWLQJ�GLYLGHG�
LQ�WZR�ELQDU\�VXE�JUDWLQJV�>�@�ERWK�DFWLQJ�DV�EHDP�VSOLWWLQJ�
HOHPHQWV��

�
)LJXUH����&KDUDFWHUL]DWLRQ�RI�WKH�JUDWLQJ��D��6LPXODWLRQ�DQG�
PHDVXUHPHQW� RI� WKH� �VW� RUGHU� GLIIUDFWLRQ� HIILFLHQF\� YV��
LQFLGHQFH� DQJOH� E�� $)0� PHDVXUHPHQW� RI� WKH� WKUHH�OHYHO�
JUDWLQJ��
�
7KH� WKUHH� GLIIHUHQW� WHFKQRORJLFDO� DSSURDFKHV� >��@� DOUHDG\�
GHVFULEHG� IRU� PXOWLOHYHO� HOHPHQW� IDEULFDWLRQ� KDYH� EHHQ�
WHVWHG�IRU�WKH�IDEULFDWLRQ�RI�WKH�JUDWLQJ�LQ�RUGHU�WR�RYHUFRPH�
LQDFFXUDFLHV�DQG�DUWLIDFWV�LQ�WKH�SURILOH��7KH�UHVXOWV�RI�WKHVH�
IDEULFDWLRQ� WHVWV� KDYH� VKRZQ� WKDW� DOO� WHFKQRORJLHV� DUH�
DSSURSULDWH� EXW� IRU� WKH� SURILOH� DFFXUDF\� WKH� PRVW� VXLWDEOH�
DSSURDFK�LV�WKH�³WKUHH�UHVLVW�OD\HU´�WHFKQRORJ\��
,Q� )LJXUH� �� WKH� HIILFLHQF\� PHDVXUHPHQW� DQG� WKH� $)0�
SURILOH� RI� D� JUDWLQJ� IDEULFDWHG� ZLWK� WKLV� WHFKQRORJLFDO�
DSSURDFK� LV� VKRZQ��7KH�PHDVXUHG�GLIIUDFWLRQ� HIILFLHQF\�RI�
DSSUR[������DW�QRUPDO�LQFLGHQFH�LV�LQ�YHU\�JRRG�DJUHHPHQW�
ZLWK� WKH� VLPXODWLRQ� DV� VKRZQ� LQ� )LJXUH� ��D��� 7KH� $WRPLF�
)RUFH� 0LFURVFRS\� PHDVXUHPHQW� VKRZV� DQ� DOPRVW� SHUIHFW�
JUDWLQJ� SURILOH� ZLWKRXW� DQ\� DUWLIDFWV� �VHH� )LJXUH� ��E���
UHYHDOLQJ� WKDW� WKH� SURSRVHG� SURFHVV� LV� ZHOO� VXLWHG� IRU� WKH�
IDEULFDWLRQ�RI�KLJK�TXDOLW\�UHVRQDQFH�GRPDLQ�JUDWLQJV��

�� &RQFOXVLRQV�
0RGHUQ�HOHFWURQ�EHDP�OLWKRJUDSK\�RIIHUV� WKH�UHTXLUHG�KLJK�
DFFXUDF\�� UHVROXWLRQ��DQG�HVSHFLDOO\�D�XQLTXH�IOH[LELOLW\� IRU�
WKH�UHDOL]DWLRQ�RI�KLJK�SHUIRUPDQFH�PLFUR�VWUXFWXUHG�RSWLFDO�
HOHPHQWV� VXFK� DV� JUDWLQJV� IRU� VSDFHERUQH� VSHFWURPHWHUV��
6XFK� DSSOLFDWLRQV� RIWHQ� KDYH� D� FROOHFWLRQ� RI� H[WUHPH�
GHPDQGV�RQ�WKH�HIILFLHQF\��SRODUL]DWLRQ�GHSHQGHQF\��ZDYH�
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IURQW�TXDOLW\��VWUD\�OLJKW�OHYHO��DQG�HQYLURQPHQWDO�FRQGLWLRQV�
RQ� WKH� JUDWLQJV�� ,Q� RUGHU� WR� IXOILOO� DOO� UHTXLUHPHQWV� DW� WKH�
VDPH� WLPH� QRYHO� JUDWLQJ� FRQFHSWV� DUH� QHFHVVDU\�ZKLFK� DUH�
QRW� DFFHVVLEOH� E\� DOWHUQDWLYH� JUDWLQJ� IDEULFDWLRQ�
WHFKQRORJLHV�� ,Q� WKH� FXUUHQW� SDSHU� ZH� UHSRUWHG� DERXW� WKH�
UHDOL]DWLRQ�RI� WKUHH�GLIIHUHQW� W\SHV�RI�JUDWLQJV�����D�ELQDU\�
EOD]HG� WUDQVPLVVLRQ� JUDWLQJ� EDVHG� RQ� D� VXE�ZDYHOHQJWK�
HIIHFWLYH�UHIUDFWLYH�LQGH[�SDWWHUQ�IRU�WKH�VSHFWURPHWHU�RI�WKH�
*$,$�VDWHOOLWH�� ��� D� UHVRQDQFH�IUHH� GLHOHFWULF� WUDQVPLVVLRQ�
JUDWLQJ� IRU� WKH�(DUWK�REVHUYDWLRQ�PLVVLRQ�6HQWLQHO� ,9�� DQG�
��� D� WKUHH�OHYHO� WUDQVPLVVLRQ� JUDWLQJ� LQ� WKH� UHVRQDQFH�
GRPDLQ�VKRZLQJ�D�KLJK�HIILFLHQF\�DW�QRUPDO�LQFLGHQFH��
$OO� H[DPSOHV� GR� H[KLELW� GLIIHUHQW� XQFRQYHQWLRQDO� JUDWLQJ�
IHDWXUHV�ZKLFK� DUH�KDUG� WR� DFKLHYH�E\� JUDWLQJV� UHDOL]HG�E\�
UXOLQJ�RU�LQWHUIHUHQFH�OLWKRJUDSK\�GXH�WR�ODJ�RI�IOH[LELOLW\�LQ�
VKDSLQJ� WKH� JUDWLQJ� SURILOH� ZLWK� WKH� UHTXLUHG� DFFXUDF\��
7KHVH�H[DPSOHV�GHPRQVWUDWH� WKH�KXJH�SRWHQWLDO�RI� HOHFWURQ�
EHDP� OLWKRJUDSK\� IRU� WKH� LPSURYHPHQW� RI� JUDWLQJ�
SHUIRUPDQFH�LQ�GLIIHUHQW�GLUHFWLRQV��

$FNQRZOHGJHPHQWV�
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Abstract 
Most carpet invisibility cloaks are generated from quasi-
conformal transformation, which usually require large 
number of precisely defined sub-wavelength artificial unit 
cell structures. We present in this paper the design, 
fabrication and performance test of a quasi three-
dimensional carpet cloak made of normal dielectric in the 
microwave regime. Taking advantage of a simple linear 
coordinate transformation we design a carpet cloak with 
homogeneous anisotropic medium and then practically 
realize the device with multilayer of alternating normal 
dielectric slabs based on the effective medium theory. As a 
proof-of-concept example, we fabricate the carpet cloak 
with multilayer of FR4 dielectric slabs with air spacing. The 
performance of the fabricated design is verified through 
full-wave numerical simulation and measurement of the far-
field scattering electromagnetic waves in a microwave 
anechoic chamber. Experimental results have demonstrated 
pronounced cloaking effect in a very broad band from 8 
GHz to 18 GHz (whole X and Ku band) due to the low loss, 
non-dispersive feature of the multilayer dielectric structure.   

1. Introduction 
Recent progress in transformation optics (TO) [1] provides 
us a precise design tool of engineered metamaterials that 
could be applied to the manipulation of electromagnetic 
(EM) waves, such as the invisibility cloaking and other 
interesting applications [2-4]. However, the perfect 
invisibility cloak suffers from singular material properties 
and dispersions, which limits its realization and application. 
To avoid these limitations, several reduced invisibility 
cloaks with simplified constitutive parameters have been 
proposed and realized with the resonant metamaterial 
structures. Recently, to overcome the narrow-band 
operation of the resonant metamaterials, a special cloaking 
scheme, called the ‘carpet cloak’ which is based on quasi-
conformal coordinate transformation, has been proposed 
and studied [5-12].  
Most carpet cloaks are generated from quasi-conformal 
transformation, which leads to minimal anisotropy and 
facilitates the fabrications with metamaterials [5]. However, 
the material properties retrieved from this procedure are 
highly inhomogeneous, which in the microwave regime 
usually rely on large number of precisely defined sub-

wavelength artificial structures [6], or require accurately 
defined nano-scale patterns made by sophisticated time-
consuming nanofabrication processes in the optical regime 
[7]. Another drawback, as recently suggested in a 
theoretical study [8], is that the isotropy cloak structure 
derived from the quasi-conformal transformation will lead 
to lateral shift of the scattering fields, making the carpet 
cloak still visible to near field detection. Another attempt to 
achieve carpet cloak is to use simple linear coordinate 
transformation which results in cloak with anisotropic but 
homogeneous material parameters [9]. This proposal has 
been applied in the infrared frequency to realize two-
dimensional cloak with silicon grating structures [10]. It has 
also been used recently to achieve macroscopic invisibility 
cloak based on the natural birefringent crystal calcite and 
the cloak performance has been experimentally 
demonstrated for a specific polarization at the visible 
frequencies [11-12]. However, since the natural transparent 
birefringent crystals are quite limited and their anisotropy 
can not be engineered as desired, the design flexibility is 
restricted for this type of cloak. 
In this paper, we will show the design, fabrication and 
performance test of a quasi three-dimensional (3D) carpet 
cloak made of normal dielectric in the microwave regime. 
Taking advantage of a simple linear coordinate 
transformation [10] we have designed a carpet cloak with 
homogeneous anisotropic medium and then practically 
realized the device with multilayer of alternating normal 
dielectric slabs based on the effective medium theory 
(EMT). Such design has overcome the problem of lateral 
shift of the near field scattering. As a proof-of-concept 
example, we have fabricated the carpet cloak with 
multilayer of normal dielectric slabs with air spacing. The 
performance of the carpet cloak through out the whole X, 
and Ku band (from 8 GHz to 18 GHz) is validated through 
full wave EM simulation based on finite element method 
and measurement of the EM scattering fields in a 
microwave anechoic chamber.  

2. Design of the cloak 
To avoid the lateral shift of the scattering fields in the carpet 
cloak designed with the quasi-conformal transformation, we 
employ a straightforward linear coordinate transformation 
similar  to  that  discussed   in  [9-10].    Fig.  1(a)   indicates  
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schematically the coordinate transformation under which a 
virtual space (x, y, z) with a triangular cross-section in the x-
y plane is squeezed into a region with a quadrilateral cross-
section (gray region) in the physical space (xc, yc, zc), 
leaving the lower triangle part as the cloaked region. The 
whole carpet cloak is a 3D structure stretched infinitely and 
uniformly along the z axis. Supposing the outer surface of 
the carpet cloak or the cloaked region has a the slope of k1, 
or k2, respectively, the transformation can be defined as 

� � � �1 2 1 2/
x x
y k k y k k a x
z z

c  
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c  

.               (1) 

We could then obtain the material parameters for the left 
block of the carpet cloak with the standard TO procedures 
as 
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and H c  or Pc  represents the permittivity or permeability 
tensor for the cloak in the physical space, while Hr or Pr 
represents the relative permittivity or permeability of the 
background medium in the virtual space, respectively. We 

further consider a transverse-magnetic (TM) field 
polarization for the incident EM wave (the magnetic field 
along the z axis), and as far as the trajectory of EM wave is 
concerned, Eq. (3) can be simplified to a nonmagnetic form 
for the material parameters with P  = 1, and 
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where Hz can be an arbitrary value for the TM polarization. 
As a direct consequence of the simple linear coordinate 
transformation, we find that the material parameters 
described in Eq. (4) only require a spatially invariant 
permittivity tensor, and can be easily realized through a 
certain birefringent dielectric with its optical axis rotated by 
a certain angle T with the z-axis. The principal values of the 
permittivity tensor c

xH , c
yH and c

zH can be determined through 
diagonalization of the parameters in Eq. (4), 
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.     (5) 

For the TM polarization c
zH  is arbitrary and can be assumed 

as c c
z xH H . Therefore the resulted cloak can be realized with 

a birefringent dielectric crystal described by c
xH and c

yH . 
Unlike the previous works that use natural birefringent 
crystal calcite to design the cloak [11, 12], here we employ 
a more flexible way to realize the birefringent dielectric 
through multilayer of alternating dielectric 1 and dielectric 
2 (indicated schematically in Fig. 1(b)) based on the EMT 
[10, 13]. The required dielectric materials in the multilayer 
are determined through 

1 2 1 2

1 2
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1

c c c
x z y

H KH K H HH H H
K KH H

� �   
� �

,            (6) 

where H1 and H2 are the permittivity and K is the thickness 
ratio of the two isotropic dielectrics, respectively. We 
simply let K = 1 for the consideration of achieving 
maximum anisotropy. This multilayer approach allows us 
more freedom to design the carpet cloak with desired shape 
(different slope k1, or k2) and material parameters. 
 

3. Implementation and characterization 
As a proof-of-concept example of our proposal, we have 
designed a quasi 3D carpet cloak at microwave regime.  
Assuming k1 = 1, k2 = 0.17, a = 100 mm, and the cloak is 
immersed in a background medium of Hr = 1.75. From Eqs. 
(1) - (6), the relative permittivity of the dielectric 1 and 2 
composing the carpet cloak is determined as 4.4 and 1.0, 
respectively, and the rotation angle T is about 25.8q with 
respect to x-axis. Considering the practical realization, we 
replace the background medium with free space, which in 
principle will cause slight reflections at the boundary 
between the cloak and the background medium due to wave 

(a)

 (b)
 

Figure 1: (a) Scheme of the coordinate transformation 
and the resulted carpet cloak. (b) Realization of the 
quasi 3D carpet cloak with multilayer of alternating 
dielectric 1 and 2. The cloak is covered on a bumped 
perfect conducting surface enabling a cloaked region 
underneath. 
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impedance mismatch, but the wave trajectory inside the 
cloak and thus the cloaking effect will keep unchanged. 
To verify the design, we study how the EM waves interact 
with the carpet cloak with full-wave numerical calculations 
based on the finite element method (Comsol Multiphysics). 
Suppose a Gauss beam with TM polarization incidents 
along an azimuth angle of M  = 135q with respect to x-axis. 
A flat conducting sheet produces a near perfect specular 
reflection of the incident beam, whereas the presence of a 
reflective bump structure produces considerable diffuse 
reflection as shown in Fig. 2 (a) and (b). From the near field 
distributions of the magnetic field illustrated in Fig. 2 (b), 
one could easily “detect” the bump structure from the 
irregular scattering. However, if we consider a background 
medium with permittivity of 1.75, and cover the bump with 
an anisotropic carpet cloak determined from Eq. (4), the 
bump becomes invisible, with a near field distribution of 
specular reflection (Fig. 2(c)) mimicking that of a flat 
reflective sheet (Fig. 2(a)). Consider the practical realization, 
we replace the background medium with free space, and 
construct the cloak with multilayer of alternating dielectrics 
as proposed before. FR4 dielectric (usually used in the print 
circuit board technology) with permittivity of 4.4 and loss 
tangent of 0.025 has been used for dielectric 1, while air 
spacing for dielectric 2. Both have a thickness of 1.5 mm. 
Fig. 2(d) illustrates the near field distributions which 
represents a specular reflection similar to that of Fig. 2(c) 
indicating that the reduced multilayer cloak design still has 
good performance. 
We have also calculated the far-field pattern of the 
scattering field through the near-to-far-field extrapolation 
algorithm, and compared in Fig. 3. Both the anisotropic and 
the multilayer cloaks result in confined far-field scattering 
along the specular direction (M = 45q) similar to that from a 
flat reflective sheet, while the bare bump results in irregular 
scattering fields with two lobes around M = 28° and M  = 68°. 
The slight backward scattering by the anisotropic or the 
multilayer cloak is due to the nonmagnetic reduction and 
the removal of the background medium resulting in small 
impedance mismatching.  
To implement the designed cloak, we fabricate a quasi 3D 
carpet cloak composed of multilayer of FR4 slab and air 
spacing as depicted in Fig. 4. The cloak is aimed to work in 
the X and Ku band, covering frequency from 8 GHz to 18 
GHz. The center frequency corresponds to a free space 
wavelength of about 23 mm. The whole structure is about 
300 mm long (about 13 times of the wavelength) in the z 
direction, 200 mm wide in the x direction and 100 mm high, 
creating a cloak region about 200 mm wide and 17 mm high 
in the center.  
To satisfy the effective medium theory described in Eq. (6), 
either the FR4 slab or air spacing has a thickness of 1.5mm, 
about 1/15 of the center free space wavelength. The carpet 
cloak covers a reflective bump (copper board) on an 
aluminum perfect conducting board with the size of 300 
mm × 300 mm. 
The performance of the multilayer cloak is tested in a 
microwave anechoic chamber. Two standard rectangular 
horn  antennas are used as the  transmitter and receiver and  

 (a) 

 (b) 

 (c) 

 (d) 
 

Figure 2:  Full-wave simulations of the magnetic field 
distributions of incident EM beam interacting with (a) flat 
conducting sheet; (b) bare conducting bump; (c) bump 
covered by carpet cloak with a background dielectric with 
permittivity of 1.75; (d) bump covered by carpet cloak 
composed of multilayer of FR4 slabs with air spacing. 
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linked to a vector network analyzer to measure the 
scattering field. Both horns can be moved along an arc rail 
to change their azimuth angles as shown in Fig. 5. To obtain 
a quasi plane wave of TM polarization, we mainly take  
advantage of the far field phenomenon of the horns. We fix 
the incident wave at an azimuth angle of 135q, and record 
the scattering field as a function of the azimuth angle M 
from 10q to 80q through out the whole X and Ku band. The 
scattering field amplitude has been normalized to that of the 
specular reflection by a flat conducting plate of 300 mm u 
300 mm. We measured the scattering for three different 
cases: flat conducting plate, conducting bump, and the 
bump covered by the multilayer cloak as schematically 
illustrated in Fig. 5(a), (b) and (c), respectively.  
The measured results are compared in Fig. 6 for the three 
different cases. As shown in Fig. 6(a), the flat conducting 
sheet produce an idea mirror-reflection with single peak 
scattering at the specular direction (M = 45q). However, the 
bumped conducting sheet generates irregular scattering with 
two main lobes roughly around M = 30° and M = 70°, as 
shown in Fig. 6(b), which agrees roughly with the 
simulation in Fig. 3. When the bump is covered with the 
multilayer cloak, the mirror-reflection is restored with 
pronounced single peak around M = 45° as shown in Fig. 
6(c), imitating that of the flat reflective sheet without any 
bump. The experiment results have obviously validated the 
design procedure of realizing the carpet cloak through 
multilayer of normal dielectrics. The cloak also 

demonstrates a very broad band performance through out 
the whole X and Ku band, which is due to the non-
dispersive and low loss feature of the multilayer structure.  
Since the carpet cloak is designed based on transformation 
optics; therefore, it should in principle work for all incident 
angles. We have checked the cases for other incident angles, 
and pronounced cloaking performance has been verified. In 
Fig. 7 we show one example for the case of incidence along 
the azimuth angle of 120q. Both the simulation and the 
measurement for the far-field scattering indicate that the 
majority scattering field is along the specular direction at 
the azimuth angle of 60q, verifying the functionality of the 
carpet cloak. We notice that a small side lobe appears along 
the azimuth angle of 150q, which is caused by the reflection 
at the left surface of the cloak due to wave impedance 
mismatch. 
 

 
Figure 3:  The far field distributions of the scattered EM 
waves for the different cases indicated by the legends. 

 
 
Figure 4: Photograph of the fabricated multilayer cloak.

 (a) 
 

 (b) 
 

 (c) 
 
 
Figure 5:  Experimental scheme of measuring the far-field 
scattering EM field as a function of azimuth angle. (a) the 
flat conducting sheet; (b) the bare conducing bump; and 
(c) bump covered by the multilayer carpet cloak.  
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4. Conclusions 
In conclusion, we have reported the design, fabrication and 
performance test of a quasi 3D carpet cloak composed of 
multilayer of alternating normal dielectric slabs at 
microwave regime. Through a simple linear coordinate 
transformation, the carpet cloak can be designed with 
homogeneous birefringent dielectric medium. Then a 
practical example of the cloak device has been constructed 
by  realizing   the   required   birefringent    dielectric    with  

 

multilayer of stacked FR4 dielectric slabs and air spacing 
based on the EMT. The effectiveness of the device has been 
verified through full-wave simulation and validated by 
measurement of the far-field scattering pattern on the 
fabricated sample, which demonstrated the broad band 
cloaking effect through out the whole X and Ku band. The 
proposed design procedure through multilayer of normal 
dielectrics provides us a cost effective and easy-to-fabricate 
way to obtain EM cloaking device, and can be further scale 
to terahertz or optical frequency regime through 
conventional multilayer thin film technology. We also 
believe the multilayer approach allows us more freedom in 
realization of dielectric medium with desired anisotropy of 
material parameters, and thus can be applied to 
experimental demonstrations of other transformation optics 
devices. 
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Abstract
It is shown that it is possible to realize strong coupling be-
tween a surface plasmon and a guided mode in a layered
structure. The dispersion relation of such a structure is ob-
tained through the S-matrix algorithm combined with the
Cauchy integral technique that allows for rigorous compu-
tations of complex poles. The strong coupling is demon-
strated by the presence of an anticrossing in the dispersion
diagram and simultaneously by the presence of a crossing
in the loss diagram. The temporal characteristics of the dif-
ferent modes and the decay of the losses in the propagation
of the hybridized surface plasmons are studied.

1. Introduction
A surface plasmon (SP) is a transverse magnetic (TM)-
polarized electromagnetic wave coupled to the collective
longitudinal oscillations of the free electron density exist-
ing near the surface of metal [1]. The requirement for the
existence of a SP is that the metal in contact with the di-
electric must have a relative permittivity whose real part is
negative at the frequency of light which will be used to ex-
cite the SP.

Besides, emission through SPs is very efficient deexci-
tation mechanism for emitting materials close to a metallic
surface. Indeed, the modification of the spontaneous emis-
sion of molecules situated near a metal surface with regard
to their emission in the space was experimentally demon-
strated by K. H. Drexhage and al. [2]. Furthermore, in
1999, P. T. Worthing and al. [3] etablished that the mode
of deexcitation privileged for ions Eu3+ close to a metallic
surface are the SPs modes. These results were obtained in a
weak coupling regime. The dynamics of the excitement is
then irreversible and the probability of the presence of the
transmitter in the incited state decreases exponentially. SPs
were extensively studied in this regime.

When the interaction between an electronic level and
an electromagnetic mode increases, it can enter in a regime
of strong coupling. This regime was studied in an extensive
way in optical microcavities since the works of C. Weisbush
and al. [4]. More recently, it was demonstrated between
SPs and excitons in organic semiconductors [5, 6, 7]. It is a
phenomenon that is interesting both from the point of view
of fundamental quantum physics as well as from the point
of view of technology.

In the present work, we investigate the strong coupling
between a SP and a guided mode in a multilayered planar

Figure 1: General scheem of a multilayered structure.

structure. First of all, the determination of the poles [8] of
the S-matrix determinant allows to draw the complex dis-
persion relation of the structure. Moreover, we used a finite
difference time domain (FDTD) algorithm for frequency
dependant media which reveals temporal characteristics of
the different modes [9].

2. Theory
It is well known that SPs only exist under TM-polarization.
We consider a multilayered structure with N films with di-
electric permittivities "

p

. In this case, the transverse mag-
netic field can be reprensented by :

8
<

:

u0(x, z) = Iei(↵x+�0y) +Rei(↵x��0y)

u
p

(x, z) = a
p

ei(↵x+�py) + b
p

ei(↵x��py)

u
N

(x, z) = Tei(↵x+�Ny) + I 0ei(↵x��Ny)
(1)

For each medium, ↵2 + �2
p

= k20"pµ0. The constants I ,
I 0, R, T , a

p

and b
p

are the amplitudes of the different waves
(figure 1). The boundary conditions lead to the system of
equations we have to solve with the formalism of the S-
matrix.

2.1. The S-matrix formalism

The S-matrix formalism allows to find the coefficients of
reflexion and transmission R and T but also all the modes



of the structure. Indeed, it relates the outgoing amplitudes,
R and T , to the incoming ones, I and I 0 :

✓
R
T

◆
= S(!,↵)

✓
I
I 0

◆
(2)

The modes of the structure are then defined by the ex-
istence of outgoing waves in the absence of excitement.
With OUT = (R, T ), this condition is translated by
S�1OUT = 0. Thus, to find the modes of the structure,
for each frequency !, we look for the propagation constant
↵ which correspond to the cancellation of the determinant
of the matrix S�1 or in an equivalent way to the maximiza-
tion of the determinant of the S-matrix. In other words, we
have to find the poles of detS(!,↵). For each !, we look
for the corresponding poles ↵0 in the complex plane by us-
ing Cauchy integrals :

↵0 =

Z

�

↵S(!,↵)d↵/

Z

�

S(!,↵)d↵ (3)

Where � is a closed loop of the complex plane contain-
ing the seeked poles. This method enables to obtain the
dispersion and loss diagrams corresponding to the studied
structure.

2.2. Finite Difference Time Domain method

A model based on the two-dimensional FDTD method with
frequency dependent media is used [10]. We consider an
isotropic and non-magnetic multilayered structure (fig. 2)
with dielectric functions "1, "2, "

g

and "
m

(!) = "1 �
!
p

/(!(! + i�)) ; where !
p

is the plasma frequency and �
the damping frequency [11]. With "0 and µ0 egal to 1, we
have the constitutive relations B = H and D = "

m

(!)E.
Therefore, the relationship between D and E becomes a
convolution in the FDTD algorithm. With the Z transform,
it’s possible to replace discrete convolution with multipli-
cations [12], so that the constitutive relation for D and E
becomes :

D(z) = "
m

(z)E(z)�t, (4)

where �t is the time step used in FDTD and "
m

(z) cor-
responds to "

m

(!) in z-space :

"
m

(z) =
"1
�t

+
!2
p

�
(

1

1� z�1
� 1

1� z�1e���t

). (5)

3. Complex dispersion relation
We consider the structure in figure 2 which is a stratified
medium containing a dielectric waveguide near a metal-
lic film, the whole being embedded between two dielectric
hosts and separated by a dielectric layer of thickness e. This
structure supports three different modes : a guided mode
(GM) which lives in the medium with "

g

and two SPs over
the interfaces of the metal. For this simulations, the permit-
tivity of the metal is taken from the experimental results of
E. Palik [13]. All the permittivities values was chosen to

Figure 2: Multilayered structure with a dielectric waveg-
uide ("

g

) with e
g

= 130 nm and a metallic film ("
m

) with
e
m

= 45 nm inserted between two dielectrics hosts ("1 and
"2) and separated by a dielectric layer. The thickness e is
the parameter which is going to change in the simulations.
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Figure 3: Dispersion relation for a thickness e = 98 nm
: the normalized frequency (to the plasma frequency !

p

)
in function of the real part of the propagation constant ↵.
Taken separately, the modes have the dispersion relations
in blue and red.

allow the manufacturing of this structure to test experimen-
tally our results [14].

To reveal the interactions between these modes, we
draw the dispersion relations obtained for this structure with
the research of the poles of the determinant of the S-matrix.
The results are summarized is the figures 3 and 4.

In figure 3, we note the presence of an anticrossing of
the dispersion curves (black points) when for the same val-
ues of the frequency and the propagation constant, we have
a crossing in the uncoupled case (blue and red points). This
anticrossing arround ↵

R

= 0.29 is the result of hybridiza-
tion of the guided mode and the SP which lives below the
metallic layer, closer to the waveguide. This is the first
proof of the strong coupling between these modes.
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Figure 4: Loss diagram for a thickness e = 98 nm : the nor-
malized frequency (to the plasma frequency !

p

) in function
of the imaginary part of ↵. Separately, the absorption of
each mode is in blue and red.

Another way we can illustrate this strong coupling is to
consider the curves of the loss diagram in the figure 4. Once
again, the blue and ref points are relative to the uncoupled
case. The loss diagram reveal the decay of the losses for the
SP below the metallic layer. Indeed, whereas the losses for
the guided mode increase, those for the SP decrease until
obtaining the crossing of the curves : there is an exchange
of energy between the guided mode and the plasmon.

Then, it’s possible to look at the spatial structure of the
hybrid mode. When we excite the structure at the wave-
length � = 409 nm which corresponds to the anticrossing
of the curves, the mode oscillates between the waveguide
and the lower interface of the metallic layer. These oscilla-
tions are spatial Rabi oscillations with a period bigger than
the micrometer.

4. Temporal oscillations

The FDTD allows to study evolution of the structure en-
ergy according to time by exciting the structure with a sinu-
soidal beam. Figure 5 shows oscillations of the field inten-
sity between the center of the waveguide (in black) and the
metal-dielectric interface (in red). For this simulations, the
permittivity of the metal is taken from equation (5). After
the transient regime, the permanent regime takes place at
roughly t = 9 fs.

In this case, these oscillations can called temporal Rabi
oscillations. To obtain a realistic result, we can add a gaus-
sian envelope at the beam. The temporal oscillations decay
in time but the life time of the SP is higher than the un-
coupled case. The detailed characterization of these oscil-
lations is the next step of our work.

Spatial and temporal oscillations between these modes
illustrate the transfert of MG energy towards the SP mode
and are associated with the decay of the losses for this last
mode.
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Figure 5: Temporal oscillations between the MG (in black)
and the SP under the metal (in red) with a sinusoidal inci-
dent beam.

5. Conclusion
The existence of a strong coupling regime between SP and
a guided mode in a multilayered structure was demon-
strated. The numerical tools used allow to obtain a rig-
orous computation of the dispersion relation and loss dia-
gram. The FDTD algorithm reveals temporal oscillations
between these modes.

This study is a first step towards the realization of a
transfert of energy between these modes like in Spaser
[15, 16].

Acknowledgement

The financial support of the Agence Nationale de la
Recherche under the project OPTRANS is gratefully ac-
knowledged.

References

[1] H. Raether, Surface plasmons on smooth and rough
surfaces and on gratings, Springer Verlag, Berlin
1988.

[2] K. H. Drexhage, Interaction of light with monomolec-
ular dye layers, Progress in Optics, 12, E. Wolf ed.,
North-Holland publishing, 1974.

[3] P. T. Worthing, R. M. Amos, W. L. Barnes, Modifi-
cation of the spontaneous emission rate of Eu3+ ions
embedded within a dielectric layer above a silver mir-
ror, Phys. Rev. A, 59, 865, 1999.

[4] C. Weisbuch, M. Nishioka, A. Ishikawa, Y. Arakawa,
Observation of the coupled exciton-photon mode
splitting in a semiconductor quantum microcavity,
Phys. Rev. Lett., 69 (23), 3314, 1992.

3



[5] J. Bellessa, C. Symonds, K. Vynck, A. Lemaitre, A.
Brioude, L. Beaur, J. C. Plenet, P. Viste, D. Fel-
bacq, E. Cambril, P. Valvin, Giant Rabi splitting be-
tween localized mixed plasmon-exciton states in a
two-dimensional array of nanosize metallic disks in
an organic semiconductor, Phys. Rev. B., 80, 033303,
2009.

[6] J. Bellessa, C. Bonnand, J. C. Plenet, Strong coupling
between surface plasmons and excitons in an organic
semiconductor, Phys. Rev. Lett., 93, 036404, 2004.

[7] R. L. Chern, D. Felbacq, Artificial magnetism and an-
ticrossing interaction in photonic crystals and split-
ring structures, Phys. Rev. B, 79, 075118, 2009.

[8] D. Felbacq, Poles and zeros of the scattering matrix
associated with defect modes, J. Phys. A : Math. Gen.,
33, 7137, 2000.

[9] A. Taflove, S. C. Hagness, Computational electrody-
namics : The finite difference time domain method,
Artech House, 2nd ed., 2000.

[10] A. Mohammadi, M. Agio, Dispersive contour-path
finite-difference time-domain algorithm for modelling
surface plasmon polaritons at flat interfaces, Optics
Express, 14 (23), 11330, 2006.

[11] M. Born, E. Worlf, Principles of Optics, Cambridge
U. Press, 7th ed., 1999.

[12] D. M. Sullivan, Electromagnetic simulation using the
FDTD method, IEEE Press, 2000.

[13] E. Palik, Handbook of optical constants of solids Aca-
demic Press, Inc., New York, 1985.

[14] J. Bellessa, S. Rabaste, J. C. Plenet, J. Dumas, J. Mug-
nier, O. Marty, Eu3+-doped microcavities fabricated
by sol-gel process, Inc., New York, 1985.

[15] D. J. Bergman, M. I. Stockman, Surface plasmon
amplification by stimulated emission of radiation:
Quantum generation of coherent surface plasmons in
nanosystems, Phys. Rev. Lett., 90, 027402, 2003.

[16] M. A. Noginov, G. Zhu, A. M. Belgrave, R. Bakker,
V. M. Shalaev, E. E. Narimanov, S. Stout, E. Herz, T.
Suteewong, U. Wiesner, Demonstration of a spaser-
based nanolaser, Nature Letters, 460, 1110, 2009.

4



0(7$¶���&21)(5(1&(�����±����$35,/�������3$5,6���)5$1&(��

�

��

,QWHJUDWHG�/RFDOL]HG�6XUIDFH�3ODVPRQ�:DYHJXLGHV�
�

0��)pYULHU�����3��*RJRO�����$��$DVVLPH�����'��%RXYLOOH�����5��0HJ\����DQG�%��'DJHQV����
���8QLY�3DULV�6XG��/DERUDWRLUH�,()��805�������2UVD\��)��������)UDQFH�

���&156��2UVD\��)��������)UDQFH�
�FRUUHVSRQGLQJ�DXWKRU��(�PDLO��beatrice.dagens@ief.u-psud.fr 

 
 

$EVWUDFW�
&RPSDFW� SODVPRQLF� VWUXFWXUHV� PDGH� RI� JROG� QDQRSDUWLFOHV�
FKDLQV�DUH�LQVHUWHG�RQ�VLOLFRQ�RSWLFDO�ZDYHJXLGHV��:H�VKRZ�
WKDW�VLOLFRQ�RQ�LQVXODWRU�ZDYHJXLGH�7(�PRGH�HQHUJ\�FDQ�EH�
DOPRVW� WRWDOO\� WUDQVIHUUHG� LQ� D� �� JROG� QDQRSDUWLFOHV�
SODVPRQLF�FKDLQ�DQG�WKDW�WKLV�VKRUW�FKDLQ�FDQ�DOVR�EHKDYH�DV�
D�ZDYHJXLGH��

,QWURGXFWLRQ�
7KH� H[FLWDWLRQ� RI� SODVPRQV� LQ� JXLGHG� FRQILJXUDWLRQ�

UHPDLQV� D� FUXFLDO� VWHS� WRZDUGV� D� WUXH� LPSOHPHQWDWLRQ� RI�
SODVPRQLF� IXQFWLRQV� LQ� SKRWRQLF� FLUFXLWU\�� :KLOH� VLOLFRQ�
ZDYHJXLGHV� DOORZ� VWURQJ� FRQILQHPHQW� RI� OLJKW� DQG� DOPRVW�
WUDQVSDUHQW� SURSDJDWLRQ�� ORVV\� VXUIDFH� SODVPRQ�ZDYHJXLGHV�
FDQ� H[KLELW� VPDOO� GLPHQVLRQV� DW� WKH� QDQRPHWHU� VFDOH� >�@��
:LWKLQ�SODVPRQLFV�ZRUOG��ORFDOL]HG�VXUIDFH�SODVPRQV��/63��
SUHVHQW� D� GHFLVLYH� DGYDQWDJH� IRU� HQHUJ\� FRQFHQWUDWLRQ� LQ�
VSHFLILF�VSDWLDO�UHJLRQ��(OHFWURPDJQHWLF�ZDYH�FDQ�LQGHHG�EH�
H[FLWHG�DQG�KXJHO\�FRQFHQWUDWHG�DW�WKH�H[WUHPLWLHV�RI�D�QRQ�
VSKHULFDO� QDQRSDUWLFOH�� RU� SRVVLEO\� LQVLGH� D� �'� QDQRJDS�
EHWZHHQ� WZR� PHWDOOLF� QDQRSDUWLFOH� �013�� >�@�� 0RUHRYHU��
ORFDOL]HG� VXUIDFH� SODVPRQV� SRWHQWLDOO\� RIIHU� D� ZLGH� YDULHW\�
RI� FRQILJXUDWLRQV� VLQFH� PHWDOOLF� QDQRSDUWLFOHV� FDQ� EH�
DUUDQJHG�RQ�GHPDQG�RQ�D�ZDYHJXLGH�>����@���

6HYHUDO� DSSOLFDWLRQV� FRXOG� SURILW� IURP�013�SODVPRQLF�
ZDYHJXLGHV�LQWHJUDWHG�RQ�SKRWRQLF�FLUFXLWV��7KH�XVH�RI�ORQJ�
GLHOHFWULF� ZDYHJXLGHV� ZRXOG� DOORZ� SRVLWLRQLQJ� RSWLFDO�
VRXUFHV� DQG� GHWHFWRUV� IDU� IURP� WKH� SODVPRQLF� VHFWLRQ�� WKXV�
SURYLGLQJ� DQ� LQGHSHQGHQW� DFFHVV� WR� WKLV� VHFWLRQ� IRU� RSWLFDO�
VHQVLQJ� DQG� ELRGHWHFWLRQ�� ,Q� DGGLWLRQ�� WKH� ZDYHJXLGH�
FRQILJXUDWLRQ� DOORZV� XVLQJ� WKH� HQWLUH� RSWLFDO� HQHUJ\�
DYDLODEOH�DW� WKH�ZDYHJXLGH� LQSXW� IRU� ODXQFKLQJ� WKH�SODVPRQ�
LQ� WKH� FRXSOHG�013�FKDLQ�� ,Q� DOO� FDVHV�� VKRUW�013�FKDLQV�
VKRXOG�EH�XVHG�WR�DYRLG�H[FHVV�ORVVHV��

5HFHQWO\� ZH� KDYH� WKHRUHWLFDOO\� DQG� H[SHULPHQWDOO\�
GHPRQVWUDWHG� WKDW� WKH� WUDQVYHUVH� SODVPRQLF� PRGH� RI� D� ���
JROG� 013� FKDLQ� FDQ� EH� HIILFLHQWO\� H[FLWHG� E\� HYDQHVFHQW�
FRXSOLQJ� >�@� IURP� D� 62,� ZDYHJXLGH� 7(� PRGH�� ZLWKLQ�
WHOHFRPV� ZDYHOHQJWK� UDQJH�� 6WURQJ� FRXSOLQJ� EHWZHHQ� ERWK�
ZDYHJXLGHV�RFFXUV�DV� VRRQ�DV� UHVSHFWLYH�SURSDJDWLYH�PRGH�
N�YHFWRUV�DUH�PDWFKHG��&RXSOLQJ�VWUHQJWK�H[SUHVVHV�LWVHOI�LQ�
WKH�YHU\�VKRUW�FRXSOLQJ�OHQJWK��DV�ORZ�DV�a���QP�RQ�D�ZLGH�

ZDYHOHQJWK�UDQJH��7KLV�LV�DWWULEXWHG�ERWK�WR�WKH�KLJK�RSWLFDO�
FRQILQHPHQW�LQ�62,�DQG�WR�WKH�SODVPRQLF�UHVRQDQFH���

,Q� WKLV�ZRUN��ZH�FRPSDUH� WKH� LPSDFW�RI�GLIIHUHQW�FKDLQ�
OHQJWKV�IURP���WR����013V��(VSHFLDOO\��ZH�GHPRQVWUDWH�WKDW�
WKH� RSWLFDO� HQHUJ\� FDUULHG� E\� WKH� 7(� VLOLFRQ�RQ�LQVXODWRU�
�62,�� ZDYHJXLGH� PRGH� FDQ� EH� HIILFLHQWO\� WUDQVIHUUHG� LQWR�
WKH� WUDQVYHUVH� SODVPRQ� PRGH� RI� D� FRXSOHG� PHWDO�
QDQRSDUWLFOH�FKDLQ�LQFOXGLQJ�WKH�FDVH�RI�D�YHU\�VKRUW�FKDLQ��
HYHQ�LI�SHULRGLF�FRXSOLQJ�FDQQRW�EH�HVWDEOLVKHG���

6DPSOH�GHVFULSWLRQ�DQG�SULQFLSOH�
/63� H[FLWDWLRQ� LV� DFKLHYHG� E\� LQWHUDFWLRQ� EHWZHHQ�
HYDQHVFHQW�ILHOG�RI�WKH�7(�6L�ZDYHJXLGH�PRGH�DQG�WKH�JROG�
QDQRSDUWLFOHV� GHSRVLWHG� RQ� WRS� �)LJ����� (OOLSVRLGDO� VKDSH��
VL]H� DQG� VSDFLQJ� RI� 013V� DUH� DFFXUDWHO\� GHWHUPLQHG� E\�
XVLQJ�ILQLWH�GLIIHUHQFH�WLPH�GRPDLQ��)'7'��VLPXODWLRQV�VR�
WKDW� WKH� WUDQVYHUVH� SODVPRQLF� 7�� >�@� FKDLQ� PRGH� FDQ� EH�
H[FLWHG� LQ� WKH� WUDQVPLVVLRQ� UDQJH� RI� WKH� 62,� ZDYHJXLGH�
�!�����P��� &HQWHU�WR�FHQWHU� GLVWDQFH� EHWZHHQ� SDUWLFOHV� LV�
HTXDO� WR� ���� QP� IRU� RSWLPXP� GLSRODU� FRXSOLQJ�� 6LOLFRQ�
ULGJH�ZDYHJXLGHV�KDYH�D����������QP��FURVV�VHFWLRQ��*ROG�
013� FKDLQV� ZHUH� IDEULFDWHG� XVLQJ� HOHFWURQ�EHDP�
OLWKRJUDSK\�IROORZHG�E\�D�OLIW�RII�SURFHVV��7KH\�DUH�PDGH�RI�
�� QP� WKLFN� WLWDQLXP� DGKHVLRQ� OD\HU� DQG� ��� QP� JROG� OD\HU�
GHSRVLWHG�E\�HOHFWURQ�EHDP�HYDSRUDWLRQ��7KH�DV�FOHDYHG�6L�
ZDYHJXLGH� VXSSRUWLQJ� 013V� ZDV� �� PP� ORQJ� DQG� ZDV�
HQGHG�E\�FRXSOLQJ�WDSHUV�IRU�DQ�HDV\�FKDUDFWHUL]DWLRQ��
�

(a) (b)

(c) ~75 nm

~220 nm

y
x

z

�
)LJXUH����6DPSOH���D��VFKHPDWLF�YLHZ�RI�D�JROG�QDQRSDUWLFOH�
FKDLQ� RQ� WRS� RI� D� 62,� ZDYHJXLGH�� �E�� VFDQQLQJ� HOHFWURQ�
PLFURJUDSK�RI���JROG�QDQRURGV�RI�D����QDQRSDUWLFOHV�FKDLQ��
�F��W\SLFDO�VL]H�RI�WKH�HOOLSVRLGV��
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6XFK�VWUXFWXUHV�ZHUH�IDEULFDWHG�ZLWK�FKDLQV�RI�������DQG����
013V�� ZLWK� HOOLSVRLGV� W\SLFDO� GLPHQVLRQV� RI� UHVSHFWLYHO\��
���� � QP��� ���� � QP�DQG���� �
QP���

([SHULPHQW�
6DPSOHV�ZHUH�FKDUDFWHUL]HG�E\�RSWLFDO�WUDQVPLVVLRQ�WKURXJK�
WKH� VWUXFWXUH�� 7KH� ZDYHJXLGH� WUDQVPLVVLRQ� VSHFWUD� ZHUH�
PHDVXUHG� ZLWK� WKH� H[SHULPHQWDO� VHWXS� VKRZQ� LQ� )LJ����� 7KH�
RXWSXW� EHDP� RI� D� WXQDEOH� ODVHU� HPLWWLQJ� LQ� WKH� ZDYHOHQJWK�
UDQJH� IURP� ����� WR� �����QP�ZDV� LQMHFWHG� LQWR� WKH� VDPSOH�
XVLQJ� D� OHQVHG� SRODUL]DWLRQ� PDLQWDLQLQJ� ILEHU� �30)��� 7KH�
30)�ZDV�SRVLWLRQHG� LQ� VXFK� D�ZD\� WKDW� WKH�SRODUL]DWLRQ�RI�
WKH� OLJKW� LQMHFWHG� LQWR� WKH� ZDYHJXLGH� ZDV� PDLQO\� 7(�� 7KH�
OLJKW�DW�WKH�VDPSOH�RXWSXW�ZDV�FROOHFWHG�E\�DQ�REMHFWLYH�ZLWK�
[��� PDJQLILFDWLRQ� DQG� ����� QXPHULFDO� DSHUWXUH�� DQG� ZDV�
IRFXVHG�RQWR�D�SRZHU�PHWHU��$�VHFRQG�SRODUL]HU�ZDV�XVHG�WR�
HOLPLQDWH�SDUDVLWLF�70�SRODUL]HG�OLJKW���
,Q�HDFK�FDVH��D�UHIHUHQFH�ZDYHJXLGH�ZLWKRXW�013�ZDV�XVHG�
RQ�WKH�VDPH�FKLS�IRU�WUDQVPLVVLRQ�QRUPDOL]DWLRQ��
�

�
�
)LJXUH����6FKHPDWLF�YLHZ�RI� WKH� WUDQVPLVVLRQ�PHDVXUHPHQW�
VHWXS��

6LPXODWLRQ�
1XPHULFDO� VLPXODWLRQV� ZHUH� SHUIRUPHG� XVLQJ� D� )'7'�
PRGHO� LQFRUSRUDWLQJ�PHDVXUHG�SDUDPHWHUV�RI� WKH� IDEULFDWHG�
VWUXFWXUHV�� $FFXUDWH� GLVSHUVLRQ� GDWD� ZHUH� LQWURGXFHG� IRU�
KRPH� GHSRVLWHG� JROG� DIWHU� ILWWLQJ� D� 'UXGH� PRGHO� WR�
HOOLSVRPHWULF�PHDVXUHPHQWV��7KH�SUHVHQFH�RI�D�WKLQ�OD\HU�RI�
QDWLYH� R[LGH� EHWZHHQ� 6L� DQG� 7L� ZDV� DOVR� DFFRXQWHG� IRU� LQ�
)'7'�FDOFXODWLRQV��7KH�OD\HU�WKLFNQHVV�ZDV�PHDVXUHG�WR�EH�
�QP�E\�VFDQQLQJ�HOHFWURQ�PLFURVFRS\�IRU�RXU�WHFKQRORJLFDO�
SURFHVV��

� �D�� �E�� �F��

��
013�

�

�
�

���
013�

�
� �

���
013�

�

�
�

)LJXUH����([FLWDWLRQ�RI�/63�IRU��� WR����013�FKDLQV� LQWHJUDWHG�RQ�62,�ZDYHJXLGH�� �D�� ILEHU�WR�ILEHU� WUDQVPLVVLRQ�VSHFWUD�
�UHG�� VLPXODWLRQ�� EOXH�� H[SHULPHQW��� HOHFWULF� ILHOG� LQWHQVLW\� HYROXWLRQ� DORQJ� SURSDJDWLRQ� D[LV� [� DW� WUDQVPLVVLRQ� PLQLPXP�
ZDYHOHQJWK���E���'�FDUWRJUDSKLHV�DW� WKH�PLGGOH�RI�WKH�VWUXFWXUH�DQG�DW�PLQLPXP�WUDQVPLVVLRQ�ZDYHOHQJWK���F��LQWHQVLW\�LQ�
WKH�FHQWHU�RI�62,�ZDYHJXLGH�DQG�013�FKDLQ��
�
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7KH� FDOFXODWHG� WUDQVPLVVLRQ� VSHFWUXP� RI� )LJ�� ��D�� ZDV�
REWDLQHG� XVLQJ� WKHVH� LQSXW� GDWD� DQG� �'� PHVK� ZLWK�
GLPHQVLRQV�VPDOOHU�WKDQ��QP�LQ�WKH�013�UHJLRQ��$V�VHHQ��
WKHUH� LV�DQ�H[FHOOHQW�DJUHHPHQW�EHWZHHQ�FDOFXODWLRQV�DQG�
PHDVXUHPHQWV�� 7KH� VOLJKWO\� EURDGHU� UHVRQDQFH� IRXQG� LQ�
PHDVXUHPHQWV�LV�UHDGLO\�H[SODLQHG�E\�WKH�VL]H�GLVWULEXWLRQ�
RI�013V��

5HVXOWV�DQG�GLVFXVVLRQ�
7KH� LQWHUDFWLRQ�RI� WKH�62,�DQG� WKH�/63�PRGHV� LV�VWXGLHG�
IURP�H[SHULPHQWDO�DQG�WKHRUHWLFDO�GDWD� IRU�WKUHH�GLIIHUHQW�
FKDLQ�OHQJWKV��,Q�)LJXUH���DUH�UHSUHVHQWHG��IRU�������DQG����
013� FKDLQ� OHQJWKV�� UHVSHFWLYHO\� �D�� WKH� ILEHU�WR�ILEHU�
WUDQVPLVVLRQ� VSHFWUXP� RI� WKH� VDPSOHV�� �E�� WKH� FDOFXODWHG�
ORQJLWXGLQDO� VLGH� YLHZ� RI� WKH� PLGGOH� FXW� VWUXFWXUH� ILHOG�
LQWHQVLW\� FDUWRJUDSK\� DW� WKH� PLQLPXP� WUDQVPLVVLRQ�
ZDYHOHQJWK�� DQG� �F�� WKH� FRUUHVSRQGLQJ� HYROXWLRQ� DORQJ�
SURSDJDWLRQ�GLUHFWLRQ�RI�WKH�LQWHQVLW\�LQ�WKH�PLGGOH�RI�WKH�
013�FKDLQ��EOXH�FXUYHV��DQG�RI� WKH�62,�ZDYHJXLGH��UHG�
FXUYHV���
/63� ZDYHJXLGH� EHKDYLRU� ZLWKLQ�013� FKDLQ� LV� REWDLQHG�
WKDQNV�WR�HQHUJ\�WUDQVIHU�YLD�GLSRODU�LQWHUDFWLRQV�EHWZHHQ�
FORVHO\� VSDFHG� PHWDO� QDQRSDUWLFOHV� >���@�� +RZHYHU� WKLV�
EHKDYLRU� RFFXUV� RQO\� LI� FROOHFWLYH� �RU� ORQJ� GLVWDQFH��
RVFLOODWLRQ�RI�WKH�GLSROHV�LV�UHDOL]HG��L�H��LI�D�PRGH�VSHFLILF�
WR�WKH�FKDLQ�H[LVWV��/63�PRGH�H[FLWDWLRQ� LV�WKHQ�REWDLQHG�
LI� WKH�ZDYH� YHFWRUV�RI� WKH� 62,�PRGH� DQG� WKH�/63�PRGH�
DUH�VLPLODU���
,Q� WKH� ORQJHU� VWUXFWXUHV� ���� DQG� ��� 013V��� RSWLFDO�
LQWHQVLW\� RVFLOODWHV� EHWZHHQ� 62,� ZDYHJXLGH� DQG�
SODVPRQLF� FKDLQ�� WKH� IXOO� VWUXFWXUHV� EHKDYH� OLNH� FRXSOHG�
ZDYHJXLGHV�� :H� FDQ� GHGXFH� WKDW� 013� FKDLQV� EHKDYH�
WKHPVHOYHV� OLNH� D� ZDYHJXLGH� DW� WKH� FRQVLGHUHG�
ZDYHOHQJWK���
:H�KDYH�VKRZQ�SUHYLRXVO\� WKDW� WKLV�EHKDYLRU� LV� REWDLQHG�
RQO\� LQ� D� UHVWULFWHG�ZDYHOHQJWK� UDQJH� >�@�� ,QGHHG�� EHORZ�
WKH�OLJKW�OLQH�013�FKDLQ�GLVSHUVLRQ�FXUYH�KDV�D�PD[LPXP�
�DV� VKRZQ� LQ� >�@�� QHDU� WKH� LQGLYLGXDO� 013� UHVRQDQFH�
IUHTXHQF\�� )RU� WKLV� UHDVRQ�� WKHUH� LV� QR� VROXWLRQ� IRU�
GLVSHUVLRQ� FXUYH� DW� KLJKHU� IUHTXHQF\� �RU� VKRUWHU�
ZDYHOHQJWK�� WKDQ� WKLV� UHVRQDQW� IUHTXHQF\�� DQG� WKHQ� WKH�
FKDLQ� FDQQRW� FROOHFWLYHO\� UHVRQDWH� DQG� EHKDYH� DV� D�
ZDYHJXLGH�� 2Q� WKH� WUDQVPLVVLRQ� FXUYH�� WKLV� RFFXUV� � DW�
a����� QP� IRU� ERWK� ��� DQG� ��� 013V� FKDLQV� DQG� WKLV�
FRLQFLGHV�ZLWK�D�VORSH�FKDQJH���
)RU�ERWK�FKDLQ�OHQJWKV��ZKHQ�FROOHFWLYH�H[FLWDWLRQ�RFFXUV��
WKH� RVFLOODWLRQ� SHULRG� EHWZHHQ� FRXSOHG� ZDYHJXLGHV� LV�
ORZHU� WKDQ� ���QP�� ZKLFK� FRUUHVSRQGV� WR� D� FRXSOLQJ�
FRQVWDQW�DV�KLJK�DV������PP���DFFRUGLQJ�WR�FRXSOHG�PRGH�
WKHRU\� >�@�� 7KLV� DOORZV� DOPRVW� WRWDOO\� WUDQVIHUULQJ� WKH�
LQFLGHQW�RSWLFDO�LQWHQVLW\�LQ�WKH�IRXUWK�RU�ILIWK�QDQRSDUWLFOH�
RI�WKH�FKDLQ��GXULQJ�WKH�ILUVW�RVFLOODWLRQ���
,QWHUHVWLQJO\�WKLV�SURSHUW\�LV�SUHVHUYHG�DOVR�LQ�WKH�FDVH�RI�
WKH���013�FKDLQ��7KLV�YHU\�VKRUW�FKDLQ�FDQ�DOVR�EHKDYH�DV�
D�ZDYHJXLGH��DQG�WKH�62,�PRGH�FDQ�EH�WKHQ�WUDQVIHUUHG�LQ�
WKH�IRXUWK�013�DV�VKRZQ�LQ�)LJ����E��DQG��F���,Q�WKDW�FDVH��
ZDYHJXLGH� EHKDYLRU� RI� WKH� �013� FKDLQ� FDQQRW� EH�

GHGXFHG� IURP� SHULRGLF� RVFLOODWLRQ� EHWZHHQ� 62,� DQG�
SODVPRQLF� FKDLQ� VLQFH� WKH� ODWWHU� LV� WRR� VKRUW� WR� DOORZ�
UHFRXSOLQJ� LQ�62,��/HW¶V� H[DPLQH� WRS� YLHZ�RI� FDOFXODWHG�
\�FRPSRQHQW� HOHFWULFDO� ILHOG� SKDVH� DORQJ� WKH� FKDLQ�� DW�
����� QP� �)LJ�� ���� � 3KDVH� LV� FOHDUO\� GLVWRUWHG� E\�013V��
([FLWDWLRQ�RI�FROOHFWLYH�PRGH�LQ�013�FKDLQ�LV�UHYHDOHG�E\�
WKLV� SKDVH� GLVWRUWLRQ� ZKLFK� VKRZV� LQGHSHQGHQW�
SURSDJDWLRQ� PRGH� LQ� WKH� FKDLQ�� VLPLODUO\� WR� UHVXOWV�
REWDLQHG� ZLWK� ��013� FKDLQ� >�@�� 7KHVH� DVVXPSWLRQV��
VXVWDLQHG� E\� GLSROHV� HOHFWULF� ILHOG� DQDO\VLV�� FRQILUP� WKH�
H[FLWDWLRQ�RI�SURSHU�/63�PRGHV�LQ���013�FKDLQV��
�

�
�
)LJXUH����\�FRPSRQHQW�RI�(�ILHOG�SKDVH�LQ��013�FKDLQ�DW�
WUDQVPLVVLRQ� PLQLPXP� � ����� QP��� &XW�YLHZ� DW� WKH�
PLGGOH�RI�013�FKDLQ��62,�ZDYHJXLGH�SRVLWLRQ�LV�DW�\ ����
�����P�

&RQFOXVLRQV�
$V� D� FRQVHTXHQFH� FRXSOLQJ� EHWZHHQ� D� GLHOHFWULF�

ZDYHJXLGH�DQG�D�FRXSOHG�013�FKDLQ�DOORZV�QRW�RQO\�IRU�D�
KLJKO\� HIILFLHQW� H[FLWDWLRQ� RI� WKH� FKDLQ� SODVPRQLF�
FROOHFWLYH� PRGH�� EXW� DOVR� IRU� YHU\� VKRUW� GLVWDQFH� ������
QP�� H[FLWDWLRQ� RI� WKLV� PRGH��:H� KDYH� GHPRQVWUDWHG� WKDW�
WKLV�EHKDYLRU�FDQ�EH�REWDLQHG�IRU�ORQJ�����WR����013��RU�
VKRUW����013��FKDLQV�ZLWK�VLPLODU�FRXSOLQJ�GLVWDQFH��6LQFH�
SURSDJDWLRQ� ORVVHV� GHFUHDVH�ZLWK� WKH� LQWHUDFWLRQ� GLVWDQFH��
VKRUW� 013� FKDLQV� UHSUHVHQW� DQ� DWWUDFWLYH� ZD\� WR�
LPSOHPHQW� /63� EDVHG� LQWHJUDWHG� RSWLFDO� GHYLFHV� ZLWK�
QDQRPHWHU�VL]HV�DQG�PRGHUDWH�ORVVHV�LQ�SKRWRQLF�FLUFXLWV��

�

$FNQRZOHGJHPHQWV�
7KLV�ZRUN�KDV�EHHQ�VXSSRUWHG�E\�WKH�$JHQFH�1DWLRQDOH�GH�
OD� 5HFKHUFKH� XQGHU� FRQWUDFW� 3/$&,'2� 1�$15����
%/$1���������� 7KH� 0�)�� JUDQW� KDV� EHHQ� IXQGHG� E\�
5HJLRQ�,OH�GH�)UDQFH��
�

5HIHUHQFHV�
�� %DUQHV��:�� /��� 'HUHX[�� $��� (EEHVHQ�� 7��:�� 6XUIDFH�

SODVPRQ� VXEZDYHOHQJWK� RSWLFV�� 1DWXUH� ������ �����
���������

�� -XDQ��0�/��� 5LJKLQL��0��� 4XLGDQW�� 5�� 3ODVPRQ� QDQR�
RSWLFDO�WZHH]HUV��1DWXUH�3KRWRQ��������������������
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�� %URQJHUVPD�� 0�/��� +DUWPDQ�� -�:��� $WZDWHU�� +�$��
(OHFWURPDJQHWLF� HQHUJ\� WUDQVIHU� DQG� VZLWFKLQJ� LQ�
QDQRSDUWLFOH� FKDLQ� DUUD\V� EHORZ� WKH� GLIIUDFWLRQ� OLPLW��
3K\V��5HY��%�����������5�������5��������

�� =RX� 6��� 6KDW]� *�&�� 0HWDO� QDQRSDUWLFOH� DUUD\�
ZDYHJXLGHV�� SURSRVHG� VWUXFWXUHV� IRU� VXEZDYHOHQJWK�
GHYLFHV��3K\V��5HY��%�������������������

�� 0�� )pYULHU�� 3�� *RJRO�� $�� $DVVLPH�� 5�� 0pJ\�� &��
'HODFRXU��$��&KHOQRNRY��$��$SX]]R��6��%ODL]H��-��0��
/RXUWLR]�� DQG� %�� 'DJHQV�� *LDQW� &RXSOLQJ� (IIHFW�
EHWZHHQ� 0HWDO� 1DQRSDUWLFOH� &KDLQ� DQG� 2SWLFDO�
:DYHJXLGH�� 1DQR� /HWWHUV� ������ ��� ����� SS� ����±
�������

�� &UR]LHU�� .�� %��� 7RJDQ�� (��� 6LPVHN�� (��� <DQJ�� 7��
([SHULPHQWDO�PHDVXUHPHQW�RI�WKH�GLVSHUVLRQ�UHODWLRQV�
RI� WKH� VXUIDFH� SODVPRQ� PRGHV� RI� PHWDO� QDQRSDUWLFOH�
FKDLQV��2SWLFV�([SUHVV������������������������

�� )HPLXV�.RHQGHULQN��$���GH�:DHOH��5���3UDQJVPD��-�&���
3ROPDQ��$��([SHULPHQWDO�HYLGHQFH�IRU� ODUJH�G\QDPLF�
HIIHFWV� RQ� WKH� SODVPRQ� GLVSHUVLRQ� RI� VXEZDYHOHQJWK�
PHWDO� QDQRSDUWLFOH� ZDYHJXLGHV�� 3K\V�� 5HY�� %� ������
�����������5���

8. &KXDQJ��6��/��3K\VLFV�RI�RSWRHOHFWURQLF�GHYLFHV��&K���
�-RKQ�:LOH\�	�VRQV��1HZ�<RUN�������� 
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Abstract 

In this paper we provide an overview of the anomalous and 
enhanced nonlinear effects available when optical nonlinear 
materials are combined inside plasmonic waveguide 
structures. Broad, bistable and all-optical switching 
responses are exhibited at the cut-off frequency of these 
waveguides, characterized by reduced Q-factor resonances. 
These phenomena are due to the large field enhancement 
obtained inside specific plasmonic gratings, which ensures a 
significant boosting of the nonlinear operation. Several 
exciting applications are proposed, which may potentially 
lead to new optical components and add to the optical 
nanocircuit paradigm. 

1. Introduction 

The research fields of plasmonics and metamaterials have 
recently led to a series of exciting applications in optics, 
such as subwavelength imaging [1], the cloak of invisibility 
[2], [3] and H-near-zero (ENZ) media [4], [5]. The linear 
operation of these devices has been widely studied during 
the last years and successfully implemented experimentally 
[6]-[11]. However, novel directions to the optical 
metamaterial research are promised by the inclusion of gain 
[12] and nonlinear materials [13], [14].   

In this work, we mainly focus on an overview of the 
wave interaction of third-order Kerr nonlinear (3)F materials 
loaded to plasmonic metamaterial waveguides. Kerr optical 
materials generally exhibit a very weak nonlinearity at optical 
frequencies, with values in the order of 20 2 210 /m V�  [15]. In 
the past, several research studies have focused on enhancing 
these weak third-order nonlinear effects based on plasmonic 
structures. For instance, Kerr nonlinear materials may be 
loaded at the gap of plasmonic nanoantennas to achieve 
stronger nonlinear effects, such as optical bistability and 
efficient all-optical switching [16]. The strong resonant fields 
confined at the nanoantenna’s nanogap are the main reason of 
the boosted nonlinear performance. Nevertheless, these 
effects are based on narrowband resonant operation 
characterized by high Q-factors. Even more importantly, the 
strongly enhanced fields are confined to an extremely small 
volume at the gap of the nanoantenna, a fact which limits the 
actual size of the effectively enhanced Kerr material, limiting 
the overall nonlinear performance.  

Alternative approaches to increase third-order nonlinear 
effects have been based on plasmonic gratings [17], [18] and 

exotic metamaterial structures [19]. Again, all these works 
suffer from narrowband operation (high Q-factor 
resonances). In particular, the authors in [17] proposed to use 
the extraordinary optical transmission (EOT) concept [20] to 
achieve broad optical bistability. EOT is based on Fabry-
Perot (FP) constructive wave interference, leading to a well-
known standing wave distribution in the slits. All these 
resonant phenomena base the nonlinearity enhancement on 
field localization and, as in Purcell effect, require high Q-
factors and narrow bandwidths to achieve stronger 
nonlinearity enhancement. 

Here, we propose an improved way to achieve strong 
optical nonlinearities, combining lower Q-factors and a 
larger available volume over which the nonlinear effect may 
be increased. An ideal field configuration to efficiently 
boost optical nonlinear effects would require strong, highly 
confined, homogeneous electric fields with uniform phase 
over a large volume. All of these properties surprisingly 
exist in ENZ metamaterial structures. The quasi-static field 
distribution inside an ENZ channel can provide highly 
enhanced homogeneous fields combined with constant 
phase distribution [4], [5]. Moreover, these effects can be 
realized for elongated, theoretically infinite, channels, 
whose shape may be bent in arbitrary ways. Phase matching 
is also achieved at the ENZ operation, a critical advantage 
towards boosted nonlinearities, especially when exciting 
electrically large nonlinear samples. 

In this paper, we review and present additional 
numerical results on the scattering and bistable properties of 
a three-dimensional (3D) array of plasmonic ENZ channels 
standing in free-space, a geometry firstly presented in [21]. 
Inside these plasmonic waveguides, ENZ and FP tunneling 
can be obtained in distinct frequency regimes, allowing an 
easy comparison between the two methods to enhance the 
nonlinear response of Kerr materials. The ENZ resonance is 
realized at the cut-off frequency of the slits, as it will be 
discussed in the following, a function of the transverse 
dimension of the slits, i.e., their width. On the contrary, the 
FP resonances arise at higher frequencies, when the 
longitudinal dimension of the slits, i.e., their length, is 
proportional to half of the guided wavelength in the slit. 
Note that the proposed structure is different from the one 
proposed in [17], where only FP resonances are supported, 
since the slits were 2-D, without cut-off. We will introduce 
Kerr nonlinear materials inside the plasmonic channels and 
we will verify that at the ENZ frequency regime stronger 
bistable effects are dominant compared to FP tunneling 



2 
 

[21]. More importantly, we will explicitly demonstrate that 
broad bistability and strong all-optical switching can be 
obtained at the ENZ operation, which is characterized by 
reduced Q-factor resonances, different to other available 
techniques for plasmonic enhanced optical nonlinearities 
[16]-[19]. Finally, the effective permittivity at the cut-off 
frequency of the array of plasmonic waveguides will be 
derived applying a homogenization procedure. We will 
demonstrate that the proposed plasmonic grating in fact 
constitutes an artificial nonlinear metamaterial with ENZ 
linear properties and drastically enhanced nonlinear 
properties. This unconventional response opens the 
possibility to modulate from low positive to low negative 
values the effective permittivity, as a function of the applied 
intensity and of the type of loaded third-order nonlinear 
material. We envision novel optical nonlinear devices 
inspired by the proposed structure, such as self-tunable 
slow-light devices, low-intensity optical memories, switches 
and tunable sensors.   

2. Theoretical analysis of the problem  

The geometry of the plasmonic geometry under study is 
depicted in Fig. 1. Narrow rectangular apertures loaded with 
third-order (3)F  Kerr nonlinear optical materials are carved 
in a thick silver (Ag) screen. The design parameters are 
chosen to be: height 40t nm , width 200w nm , length 

500l nm  and periods 400a b nm  . These dimensions 
are selected on purpose in order to obtain the ENZ 
frequency close to first and second FP resonances, in order 
to be able to clearly compare their performance, as it will be 
shown later in this paper. Note that the height of the 
channels is chosen much smaller than their width t w�  
and the periods are selected ,a b t�  with the aim to 
achieve stronger field confinement at the ENZ operation 
[5]. 
 

Figure 1: A plane wave impinges at normal incidence on a 
nonlinear ENZ metamaterial slab. Narrow rectangular 
apertures loaded with third-order Kerr nonlinear optical 
materials (red) are carved in an elongated silver screen 
(light grey). 
 

The slab is composed of Ag and has a relative 
permittivity which follows the Drude dispersion model at 
optical frequencies: � �2 /Ag pf f f iH H Jf � �ª º¬ ¼ , 

2175pf  THz, 4.35J   THz, 5Hf   [22]. The apertures 
are loaded with Kerr nonlinear material with a relative 
permittivity 2(3)

ch L chEH H F � . The linear permittivity is 
chosen 2.2LH   and the nonlinear susceptibility 

(3) 20 2 24.4 10 /m VF � u . These are typical values for 
nonlinear optical materials [15]. Finally, the magnitude of 
the localized electric field inside the elongated channels is 
depicted as chE . 

The dominant transmitted mode in this type of 
rectangular plasmonic waveguides is quasi-TE10. It ‘feels’ 
an effective near-zero permittivity, when we operate at the 
cut-off frequency of the plasmonic channels. In our 
previous works [5], [21], we derived a simple 
homogenization approach to describe the effective 
permittivity of the nonlinear structure shown in Fig. 1. The 
effective permittivity is given by the formula 
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where ppE  is the guided wavenumber in the associated 
parallel-plate plasmonic waveguide with the same height t  
as the apertures, but infinite width [23]. Equation (1) is also 
dependent to the permittivity of the material loaded inside 
the slits chH , the silver’s permittivity AgH  and the width w  
of the plasmonic waveguides. In the limit AgH o �f  (Ag 

supposed to be perfectly conductor) and 0pp chkE H , Eq. 
(1) takes the simple form 
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and the classic cut-off condition is obtained in order to 
achieve zero effective permittivity 0effH  , which is: 

0( )chw kS H . The nonlinear Kerr permittivity may be 
substituted into the channel permittivity in Eq. (2) and an 
elegant and compact formula may be derived for the 
effective permittivity of the slab: 
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2(3)
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.eff L chE
k w
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At the quasi-static ENZ operation, the enhanced electric 

field inside the slits can be directly evaluated by power 
conservation at the discontinuities in the E and H planes of 
the grating [21]. It varies only with the geometric parameters 
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of the plasmonic channels and the incident electric field, 
providing the following result: 
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Hence, Eq. (4) may be substituted in Eq. (3) to obtain the 
general formula for the effective permittivity of the 
nonlinear metamaterial slab shown in Fig. 1 as a function of 
the structure’s geometry, nonlinear material parameters and 
input intensity: 
 

  
2 2 2
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Equation (5) explicitly describes the effective permittivity 
of an artificial nonlinear metamaterial at its ENZ operation. 
The proposed nonlinear metamaterial has very interesting 
properties. First, it can realize an enhanced effective 
nonlinear susceptibility, which varies only with the 
geometrical parameters of the structure and it is equal to 
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As a result, the effective nonlinearity in the current 
geometry at the ENZ resonance is strongly enhanced: 

(3) (3)400effF F . Furthermore, at the cut-off frequency (ENZ 

operation) 2 2
0( )L k wH S . The corresponding effective 

permittivity varies only with its nonlinear part in Eq. (5), 
and it is given by the simple formula: 
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Equation (7) clearly shows that the proposed metamaterial 
design can inherently modulate its effective permittivity 
only by changing the nonlinear susceptibility of the material 
or the structure’s geometry. It can lead to positive or 
negative values of effective permittivities, in case focusing 
nonlinearities (3) 0F !  or defocusing nonlinearities 

(3) 0F �  are employed, respectively. 
The aforementioned concept is graphically depicted in 

Fig. 2(a). It is obvious that the effective permittivity can 
take positive/negative values with a maximum/minimum 
value of 0.4r  when focusing/defocusing nonlinearities are 
loaded inside the slits of the metasurface. In a similar way, 
the effective permittivity versus the input optical intensity is 
plotted in Fig. 2(b). Now, a linear curve is obtained due to 
the relationship: 2

02in inI E K , where 0 377K :�  is the 
free-space impedance. The proposed artificial nonlinear 
metamaterial can have plenty of interesting potential 
applications in the research field of metamaterials, such as 
novel slow-wave devices and nonlinear cloaking coatings.  

     

Figure 2: The effective permittivity of an artificial 
nonlinear ENZ metamaterial as in Fig. 1, as a function 
of: (a) the input electric field and (b) the input optical 
intensity. Positive values of effective permittivity are 
obtained for focusing nonlinearities (3) 0F !  (black 
solid lines) and negative values for defocusing 
nonlinearities (3) 0F �  (red dashed lines) for both 
figures. 
 

3. Linear and nonlinear operation 

First, we study the linear case, when linear dielectrics are 
loaded inside the slits of Fig. 1. The material loaded in the 
channels has similar permittivity as glass, which is given 
by: (3) 0 2.2ch LF H H o   . The transmission coefficient 
of the proposed structure is computed with rigorous full 
wave simulations. The numerical simulations are based on 
finite integration technique and they employ commercially 
available software [24]. The transmission coefficient of the 
structure as a function of frequency is plotted in Fig. 3. The 
first transmission peak is found around 295ENZf THz  and 
it corresponds to the cut-off frequency of the plasmonic 
rectangular waveguide. This peak is independent of the 
channel’s length and it has a moderate Q-factor 48ENZQ � . 
Two distinct resonances follow the ENZ operation, which 
correspond to the first and second FP frequency regimes. 
They are found at approximately 1 322FPf THz  and 

2 384FPf THz  for the current geometry. These resonances 
depend highly on the channel’s length, and they have 
similar Q-factors as the ENZ operation. Note that with 
further optimization of the current geometry, these 
resonances may be easily tuned to optical frequencies rather 
than infrared. Moreover, the Q-factor of the ENZ resonance 
can become even lower, if we further decrease the channel’s 
length [5]. 
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Figure 3: Transmission coefficient versus frequency for 
linear material loaded in the slits shown in Fig. 1. Three 
distinct resonances (ENZ, FP 1, FP 2) exist with almost 
similar, relative low, Q-factors. 
 

 Next, the 3D electric field distributions are computed 
and demonstrated in Fig. 4 inside one plasmonic waveguide
slit at the ENZ, first FP and second FP resonances. These 
distributions further help us to achieve a more in depth 
physical understanding of each tunneling mechanism. The 
field distribution in the ENZ case is drastically different 
compared to the FP resonances. Homogeneous, highly 
confined and constant phase fields are obtained at the ENZ 
frequency [Fig. 4(a)], contrary to the standing wave field 
distributions of the first and second order FP resonances 
[Figs. 4(b), (c)]. This explains the reason why the 
transmission at the ENZ is slightly reduced compared to FP 
resonances (see Fig. 3). The enhanced homogeneous fields 
will be more dissipated due to the losses in the silver walls 
of the plasmonic waveguide. In a similar and even stronger 
way, we expect that the nonlinear effects will be boosted at 
the ENZ frequency, when the slits will be filled with Kerr 
nonlinear media, due to the high total field enhancement. 

Now, we load Kerr nonlinear materials inside the slits to 
study the nonlinear response of the geometry of Fig. 1. The 
nonlinear transmission versus frequency for a moderate 
input optical intensity of 23000 /inI MW cm  is depicted in 
Fig. 5. It is obvious that a broader bistable performance is 
obtained at the ENZ operation compared to weaker bistable 
curves at both FP resonances. This is a direct consequence 
of the enhanced homogeneous total field at the ENZ 
operation (the comparison was shown in Fig. 4). Moreover, 
it is very important to stress that the current broad bistable 
effects obtained at the ENZ frequency can be achieved with 
moderate input intensities and with reduced Q-factor 
resonances, computed before in Fig. 3. This very interesting 
enhanced nonlinear optical effect is demonstrated for this 
specific example, but it may be tuned to different 
frequencies and geometries, as a function of the desired 
application. We speculate that this phenomenon can directly 
lead to more practical and efficient optical memories and 
switches, due to the larger hysteresis available at the ENZ 
frequency.  
 

Figure 4: The electric field distributions are computed 
inside the narrow rectangular apertures at the a) ENZ 
operation and at the b) 1st FP and c) 2nd FP frequency 
resonances. Homogeneous and highly confined fields are 
obtained at the ENZ frequency (a), on the contrary standing 
wave field patterns are observed at the first (b) and second 
(c) FP frequencies. 

Figure 5: Transmission coefficient versus frequency for 
the slab nonlinear operation. A strongest hysteresis and 
bistable response is clearly obtained at the ENZ 
frequency. 
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4. Conclusions 

In this work, we have demonstrated a robust way to achieve 
boosted optical nonlinear responses with moderate optical 
intensities and reduced Q-factor resonances. The design of 
artificial ENZ metamaterials standing in free-space was 
proposed and the formula of its effective permittivity was 
computed. Interestingly, its performance can be purely 
modulated by the type of nonlinear materials introduced 
inside its apertures. Positive or negative permittivity values 
can be obtained with plenty of potential applications in the 
field of artificially engineered nonlinear metamaterial 
devices. We believe that the proposed structure can be 
fabricated within available nanofabrication methods, such 
as nanoskiving [25]. The peculiar quasi-static properties of 
effective ENZ media obtained at the channel cut-off were 
utilized in order to achieve huge bistable response with a 
low Q-factor resonance confined in a large spatial extent. 
Finally, in a similar way to nonlinearities, the Purcell factor 
can be enhanced at the ENZ operation without the usual 
restrictions of small volumes and high Q-factor resonances 
[26]. This can have interesting potential applications in 
future optical nanocircuits and laser designs.  
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Abstract
A dual Composite Right-/Left-Handed Transmission Line
(CRLH TL) implementation that presents multiband be-
haviour is proposed in this contribution. The artificial TL
is realized by loading a host microstrip line with alternate
rectangular stubs and slots. The required series and shunt
immittances are respectively provided by the slot and the
stub. Due to the distributed nature of these immittances, the
resultant phase response presents theoretically infinite RH
and LH alternate bands, thus being appropriate for multi-
band applications. The design methodology is described
with the help of a proposed TLs-based equivalent circuit
and highlights the simplicity for balance condition. Full
wave simulated results of the dispersion characteristics and
frequency response of a unit-cell and a three-cells structure
are presented.

1. Introduction

Although metamaterials have been theoretically studied
since the appearance of Veselago’s paper [1], this field did
not experience much activity until 2002, when three differ-
ent research groups developed the Transmission Line (TL)
approach of metamaterials [2, 3, 4]. This new approach al-
lowed countless applications in microwave engineering to
arise. Most of them are based on the so-called Compos-
ite Right-/Left-Handed Transmission Line (CRLH), which
behaves as a LH medium at low frequencies and as RH at
higher frequencies under certain assumptions. After the in-
troduction of the CRLH TL, artificial TLs with different
topologies were proposed, like the ‘dual’ [5] or the ‘ex-
tended’ [6]. Even a derivation of artificial TLs of arbitrary
order was presented in [7]. This way, a specific dispersion
diagram can be synthesized by simply cascading the neces-
sary unit-cells.

Several realizations of artificial TLs with high order
in planar technology can be found in the literature. Re-
cently, a planar dual CRLH TL based on the use of De-
fected Ground Structure (DGS) with inter-digital gap was
demonstrated [8]. An alternative for this structure was pre-
sented by the authors in [9], which makes use of alter-
nate dumbbell-shaped DGSs and stubs for building a tri-
band artificial TL and has the advantage of simple design
for the balanced case. However, its important stop band
and its lack of matching over the rest of the studied band-
width have limited its possible applications. In this con-
tribution we present a variant of the mentioned structure,

wM

wS

lM lS

wH

p

Figure 1: Unit-cell geometry.

which uses alternate rectangular stubs and slots for pro-
viding the required shunt and series immittances, respec-
tively. The proposed unit-cell presents improved frequency
behaviour, with reduced stop bands. Moreover, the analysis
of the structure and design methodology are provided here
in terms of the distributed immittances, instead of lumped
elements, thus extending its validity and being more accu-
rate.

This contribution is organized as follows. Section 2 de-
scribes the geometry of the proposed unit-cell and its equiv-
alent circuit using TLs. Section 3 deals with the design
methodology for achieving a balance CRLH TL. In Sec-
tion 4, the results for a design example of unit-cell and for
the corresponding three-cells CRLH TL are shown. Finally,
Section 5 summarizes the main conclusions.

2. Unit-Cell Geometry And Equivalent
Circuit

The proposed unit-cell is shown in Fig. 1. It consists of a
host microstrip TL loaded by a rectangular stub and a rect-
angular slot etched on its ground plane. In the figure, wH

stands for the width of the host microstrip line; wM and lM ,
for the stub width and length, respectively, and wS and lS
represent the slot width and length, respectively. In addi-
tion, p stands for the unit-cell length.

A slot etched on the ground plane of a microstrip line
behaves as a series impedance. This impedance can be ap-
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Figure 2: Equivalent circuit of the proposed unit-cell of Fig.
1. (b) is a simplified version of (a).

proximated to the one presented by the corresponding slot-
line terminated in short circuit. Likewise, a stub behaves as
a shunt admittance which is equivalent to the one presented
by the corresponding microstrip line terminated by open
circuit. Therefore, the slot and stub equivalent impedances
can be written as follows:

Zslot = !
j

2
ZS cot

!S
2

(1a)

Zstub =
j

2
ZM tan

!M
2

(1b)

where ZS and ZM are the characteristic impedances and
!S/2 and !M/2, the electrical lengths of the corresponding
slotline and microstrip TLs. The resultant impedances in
(1a) and in (1b) are the result of the parallel connection of
two slotlines terminated in short circuit and two microstrip
lines terminated by open circuit. The physical lengths of
these transmission lines would be 1/2(lM ! wH) for the
stub and 1/2lS for the slot, since the stub is measured
from the edge of the host microstrip line and the slot from
the middle. However, the short and open circuits effects
lengthen the slotline and microstrip line, respectively [10].
Therefore, the equivalent lengths will be slightly greater
than the physical ones.

A straightforward equivalent circuit for the proposed
unit-cell is shown in Fig. 2, where ZH and !H stand for the
characteristic impedance and electrical length of the host
microstrip line, respectively.

3. Design

Ignoring the host microstrip sections, the series impedance
of the unit-cell corresponds to (1a) and the shunt admit-
tance, to the inverse of (1b). In order to achieve balance
condition, they must present exactly the same critical fre-
quencies (poles and zeros). This way, two conditions must
be fulfilled for the balanced case:
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Figure 3: Required characteristic impedance of the host
transmission line at 4 GHz as a function of the slot and stub
widths, according to (2b).
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It can be assumed that the widths of the stub and slot are
the practically only geometric variables that determine the
characteristic parameters of the equivalent microstrip and
slotline, respectively. This means that, once the widths of
the elements are chosen, the parameters ZM , "M , ZS and
"S are already determined. Then, the lengths of the ele-
ments can be adjusted to make them present the sames poles
and zeros. Therefore, the design process can be reduced to
a few steps:

• Choose a pair of elements widths wM and wS to
obtain the desired ZH according to (2b) or, alterna-
tively, adjust the width of the host transmission line
wH to satisfy (2b).

• Choose the slot length to make it resonate at the de-
sired frequency.

• Adjust the stub length, taking into account the dif-
ferent effective permittivities of the slot and stub, to
satisfy (2a).

A unit-cell example on ARLON 1000 substrate with
"r = 10 and h=50 mil has been designed. We have chosen
that substrate in order to reduce as much as possible the ra-
diation losses of the slot, which can be achieved with thick
substrates with high permittivity. For this substrate it is pos-
sible to obtain the required characteristic impedance of the
host TL for the balance condition as a function of the stub
and slot widths, according to (2b). This is shown in Fig. 3
for the ARLON 1000 substrate at 4 GHz. Although a 50!-
characteristic impedance can be achieved using reasonable
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Figure 4: S-Parameters of the unit-cell design example.

widths on this substrate, we have preferred to choose equal
slot and stub widths, since for 50! the slot width has to
be higher, thus introducing more radiation losses. There-
fore, we have chosen wS = wM = 0.3mm, for which the
required characteristic impedance of the host TL is 39!,
approximately. Therefore, we have adjusted the host TL
width to present 39!, that is wH = 1.95mm. Next, the slot
length has been set to 30mm in order to get the first res-
onance below 3 GHz (fr1=2.4 GHz) and to obtain several
LH-RH transitions in a reasonable bandwidth. Then, the
stub length has been adjusted to fulfill (2a). To do that, we
use the effective permittivities of the corresponding slotline
and microstrip TL to theoretically make an approximation
of the required stub physical length. However, an optimiza-
tion step is needed due to the aforementioned short and end
effects, which are not considered in the proposed equivalent
circuit of Fig. 2. The resultant stub length is 27.25 mm.

4. Results

The design example, described in Sec. 3 has been analysed
by means of full-wave electromagnetic simulation. Fig. 4
shows the S-Parameters of the unit-cell. It can be appre-
ciated that good matching (better than 10 dB) is achieved
over the whole band, with the exception of some small stop
bands located at the resonance frequencies of the slot/stub.
Due to the different frequency dispersion of the equiva-
lent circuit parameters of the slot and stub (characteristic
impedance and effective permittivity of the corresponding
slotline and microstrip TL), the possibility to achieve good
matching in the whole band is limited. This effect is more
pronounced at the resonance frequencies, where the equiv-
alent slot and stub impedances in (1a) and (1b) factor of a
unit-cell for different present a zero and a pole, respectively.

Fig. 5 shows the phase factor of a unit-cell for different
cell lengths p. The curve for p = 0 represents the phase
factor of the intrinsic unit-cell, that is, the phase that the
slot-strip introduces without including the phase that comes
from the sections of the microstrip feeding TL that separate
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Figure 5: Phase factor for different cell lengths p.

adjacent cells. A multiband behaviour can be appreciated,
with several RH-LH and LH-RH transitions, with good bal-
ance achievement, since practically no stop bands appear
when the phase factor takes the null value. Moreover, it can
be observed, that as p increases, the phase factor curve is
shifted to the left, thus introducing more phase at the same
frequency and loosing its non-linearity. This is the effect
of the feeding microstrip sections, since for higher lengths
the microstrip sections are longer and they contribute to
the total phase response to a greater extent. Therefore, the
cell length should not be so high that the linear phase re-
sponse of the host microstrip line disguises the non-linear
behaviour of the intrinsic cell.

In order to study the potential of the unit-cell to build a
CRLH TL, we have analyzed a three-cells structure. In Fig.
6, the resultant S11 for different cell lengths is depicted.
It can be observed that the reflection coefficient strongly
depends on the cell length (on the distances between ad-
jacent slot/stub elements), experiencing a matching wors-
ening when the cells get closer, which can be attributed to
coupling effects.

Keeping a compromise between the linearity effect and
the matching worsening, we have selected p = 5.5mm.
For this case, Fig. 7 shows the S-Parameters of the resul-
tant three-cells structure. Although, as expected, the be-
haviour has worsened with respect to that of the unit-cell,
three broad pass-bands are obtained, which contain both LH
and RH behaviour. For example, good matching has been
achieved for f = 3.4GHz, at which a transition from LH
to RH occurs, with |S11|=-14 dB and |S12|=-2.4 dB or for
f = 9.8GHz, a transition from RH to LH, with |S11|=-
10.5 dB and |S12|=-1.8 dB.

Finally, in order to check whether the phase factor of
a single cell can predict the behaviour of an artificial TL
made up of several cells, Fig. 8 shows a comparison be-
tween the phase factors of the single cell and the three-cells
structure. For the sake of comparison, the phase response of
the three-cells structure has been divided by the number of
cells. Very good agreement is obtained up to 11 GHz. From
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Figure 6: |S11| of the three-cells structure with different cell
lengths.
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Figure 7: S-Parameters of the three-cells structure with
p=5.5mm.

this frequency, the two curves take different behaviours,
which indicates that the TL approach is not valid anymore,
since the cell length is in the same magnitude order as the
wavelength.

5. Conclusions

A CRLH TL implementation has been proposed, which
makes use of alternate rectangular stubs and slots to pro-
vide the required immittances. Since these immittances are
distributed, multiband behaviour has been achieved. An
equivalent circuit using TLs has been proposed to model
the structure behaviour over a broad bandwidth. With the
help of this equivalent circuit, the design methodology has
been stated. The design simplicity to fulfill the balance con-
dition has been highlighted.

In order to check the design methodology, simulated
results of a unit-cell and a three-cells structure have been
analysed. The resultant phase response have confirmed the
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Figure 8: Phase factor of the unit-cell compared to the
phase response of the three-cells structure (divided by
three), for p = 5.5mm.

design methodology, since balanced multiband behaviour
has been achieved. Moreover, the structure presents good
matching over some broad frequency bands, which contain
LH-RH and RH-LH transitions, making it very appropri-
ate for multiband applications. Since the unit-cell is based
on the use of slots, this structure can be a good choice for
antenna applications, such as leaky-wave antennas.
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[7] C. Camacho-Peñalosa, T. M. Martı́n-Guerrero, J.
E. Page, and J. Esteban,“Derivation and General
Properties of Artificial Lossless Balanced Composite
Right/Left- Handed Transmission Lines of Arbitrary
Order,” Progress In Electromagnetics Research B, vol.
13, pp. 151 169, 2009.

[8] Y. H. Ryu, J. H. Park, and J. H. Lee, J. Y. Kim, H. S.
Tae, “DGS Dual Composite Right/Left Handed Trans-
mission Line,” IEEE Microw. Wireless Compon. Lett.,
vol. 18, no. 7, pp. 434, July 2008.

[9] E. Abdo-Sánchez, J. A. Fernández-Segovia, T.
M. Martı́n-Guerrero and C. Camacho-Peñalosa,
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Abstract 
In this paper, it is shown that split ring resonators (SRRs) 
and complementary split ring resonators (CSRRs) can be 
used to selectively suppress the odd (slot) mode or the even 
(fundamental) mode, respectively, in coplanar waveguides 
(CPWs). To this end, it is necessary to symmetrically etch 
the SRRs and the CSRRs in the line. An interpretation of 
this behavior is reported. The paper is also supported by 
experimental results, and some applications are highlighted.  

1. Introduction 
Coplanar waveguides loaded with pairs of split ring 
resonators (SRRs) (see Fig. 1a) have been proposed as a 
mean to achieve one-dimensional planar negative 
permeability structures [1]. As consequence of the negative 
effective permeability, these structures inhibit the 
fundamental (even) mode of the CPW in the vicinity of the 
resonance frequency of the SRRs. Alternatively, the stop 
band behavior of these structures can be interpreted as due 
to the inductive coupling between the CPW and the pairs of 
SRRs at resonance. The circuit model (unit cell) of CPW 
transmission lines loaded with pairs of SRRs was first 
introduced in [1], and later revised in [2]. In [1], the 
magnetic wall concept was used, taking benefit of the 
symmetry of the structure and the even nature of the 
fundamental mode of the CPW. In [2], the unit cell was 
modeled by considering both SRRs (i.e., the magnetic wall 
concept was not used). Indeed, the main relevant 
improvement of the model reported in [2], as compared to 
the model reported in [1], is the position of the inductance 
modeling the shunt strips of CPWs loaded with the pairs of 
SRRs and shunt connected strips (i.e., left handed lines). 
However, this aspect is not fundamental for this paper since 
we are not considering left handed lines, that is, the CPW 
lines are only loaded with SRRs. 

The lines considered in this paper are CPWs loaded with 
single SRRs symmetrically etched in the back substrate 
side. As will be shown, these lines are transparent to signal 
propagation for the fundamental (even) CPW mode, 
whereas they inhibit the odd (slot) mode in the vicinity of 
SRR resonance. For completeness, we will also analyze 
CPWs loaded with complementary split ring resonators 
(CSRRs) [3] symmetrically etched in the central strip. As 

will be shown, these CSRR-loaded CPW lines are 
transparent for the slot mode and opaque for the 
fundamental mode in the vicinity of CSRR resonance. The 
circuit model of a CPW loaded with symmetrically etched 
SRRs/CSRRs is provided in this paper, and used to analyze 
the behavior of the line. The paper is supported by 
experimental results, and, finally, some potential 
applications are highlighted. 

 
 

 
Figure 1: CPW loaded with symmetrically etched SRRs; 
CPW loaded with pairs of SRRs (a) [1], and CPW 
loaded with single SRRs (b). The ground plane is 
depicted in light grey. The SRRs are etched in the back 
side metallization. The relevant dimensions are 
indicated. 
 

2. Selective mode suppression in SRR- and CSRR-
loaded CPW transmission lines 

The first CPW transmission lines under study are loaded 
with single and symmetrically etched SRRs, as depicted in 
Fig. 1(b). For the fundamental CPW mode, there is a 
magnetic wall at the symmetry plane of the structure, and 
the SRRs cannot be excited at their first resonance since 
they exhibit an electric wall at their symmetry plane at this 

(a) 

(b) 



2 
 

resonance [4]. The magnetic field lines generated by the 
currents flowing on the CPW structure are contra 
directional in the slot regions. Since the SRRs are 
symmetrically etched in the back substrate side, the axial 
components of the magnetic field lines within the SRR 
region exactly cancel, there is not a net axial magnetic field 
in that region, and the SRRs cannot be magnetically driven 
(the symmetry also precludes that the particles can be 
excited by means of the electric field present between the 
central strip and the ground planes). Thus, the structure is 
transparent for the fundamental CPW mode. However, there 
is a net axial magnetic field within the SRR region for the 
slot (odd) mode, the particle is excited at its first resonance 
and, as a result, the injected power is expected to return 
back to the source at that frequency.  
 
 

 
 

 
Figure 2: Frequency response for CPW (e) and slot (o) 
mode of the indicated CPW loaded with (a) SRR and 
(b) CSRR. The substrate is the Rogers RO3010 with 
thickness h=1.27 mm and dielectric constant εr=10.2. 
The dimensions are: for the SRR and CSRR, c=d=0.2 
mm, and side length=7.6 mm; for the CPW lines, W=4 
mm (a), W=8 mm (b), G=1 mm (a), and G=1.4 mm 
(b). The characteristic impedance of the CPW mode 
(even mode) is 50 Ω. The even and odd modes are fed 
by, respectively, a 50 Ω coplanar port and a 100 Ω 
differential port. 

Let us now consider that the CPW is loaded with a 
square-shaped CSRR symmetrically etched in the central 
strip, as the inset of Fig. 2(b) illustrates. In this case, the 
magnetic wall of the CPW structure (fundamental mode) is 
perfectly aligned with the magnetic wall of the particle at its 
resonance frequency [5], and signal is inhibited in the 
vicinity of CSRR resonance. Conversely, for the slot mode, 
there is not a net axial electric field in the inner metallic 
region of the CSRR, the resonator cannot be excited, and 
the line is transparent for this mode (symmetry also cancels 
the particle activation through the magnetic field induced in 
the line). 

To demonstrate the previous statements, we have 
simulated (by means of the commercial software Agilent 
Momentum) the transmission and reflection coefficients of a 
CPW loaded with a single square-shaped SRR for the even 
and odd mode (see Fig. 2a). As can be seen, the structure is 
transparent to the fundamental (even) mode, but a notch is 
clearly visible at SRR resonance for the slot mode. For the 
CPW loaded with a CSRR (Fig. 2b), the fundamental mode 
is inhibited in the vicinity of CSRR resonance, whereas the 
slot mode is transmitted between the input and output ports.  

The main conclusions of this section are: (i) a CPW 
loaded with a symmetric SRR exhibits for the odd mode an 
identical behavior to that of a CPW loaded with pairs of 
SRRs for the fundamental mode, that is, a notch in the 
transmission coefficient; however, the line is transparent to 
the fundamental mode; (ii) a CPW loaded with a CSRR in 
the central strip inhibits the fundamental mode in the 
vicinity of particle resonance (similar to microstrip lines 
with CSRRs etched in the ground plane), but it is 
transparent to the odd mode. 

3. Circuit model of a CPW loaded with symmetric 
SRRs 

The lumped element equivalent circuit model of the 
structure of Fig. 1(b) (unit cell) is depicted in Fig. 3(a). The 
coupling between adjacent resonators is considered to be 
negligible. The metallic terminals at ports 1 and 2 (shown in 
Fig. 1b) are also indicated for a better comprehension. C 
models the slot capacitance of the CPW line, Le is the 
inductance of the line for the fundamental mode, Lo is the 
inductance of the line for the odd mode, the SRR is 
modeled as a resonant tank (Ls-Cs), M is the mutual 
inductance between the SRR and each half of the CPW 
transmission line, and, finally, Ca accounts for the electric 
coupling between the line and the SRRs. The electric 
coupling between the CPW transmission line and the SRR 
has been neglected so far. However, contrary to previous 
reported structures (for instance, that shown in Fig. 1a), in 
the structure of Fig. 1(b), the slits of the SRR are aligned 
with the line axis. It is well known that SRRs exhibit cross 
polarization, that is, they can be excited by means of an 
axial magnetic field, but they can also be driven by means 
of an electric field with a non negligible component in the 
plane of the particle and orthogonal to the plane containing 
the slits. Since for the odd mode of a CPW, there is a net 
electric field across the slots of the CPW transmission line, 
the electric coupling cannot be a priori neglected. 

 

(b) 

(a) 
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For the fundamental (even) mode, the terminals A1, A2, 
B1 and B2 are grounded, a magnetic wall arises in the 
symmetry plane, the SRR is opened, and the equivalent 
circuit model is simply that of a conventional transmission 
line (Fig. 3b). For the odd mode, the feeding signal is 
applied between the terminals A1 and B1 (i.e., port 1 and 2 
are differential ports). Thus, the symmetry plane exhibits a 
virtual ground, and the equivalent circuit model that results 
after applying the electric wall concept is identical to that of 
a CPW loaded with a pair of SRRs [1], namely a 
transmission line inductively coupled to a SRR, but 
including electric coupling as well (Fig. 3c).  
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Figure 3: Equivalent circuit model (unit cell) of a CPW 
loaded with symmetrically etched SRRs (a); equivalent 
circuit model for the even mode (b); equivalent circuit 
model for the odd mode (c). 

 
 
From the electromagnetic simulation of the structure of 

Fig. 2(a) corresponding to the odd mode, we can extract the 
parameters of the model of Fig. 3(c), according to the 
procedure described in [6]. Actually, the procedure 
described in [6] does not account for electric coupling. The 
circuit simulation obtained from the extracted parameters 
does not accurately fit to the full wave simulations of Fig. 
2(a) for the odd mode. This means that electric coupling 
must be considered for an accurate description of the 
structure. Therefore, we have inferred the new circuit values 
(including Ca) by curve fitting. The comparison between the 
circuit and electromagnetic simulations is shown in Fig. 4, 
where the element values are indicated (see figure caption). 
As can be appreciated, good agreement is obtained by 
including electric coupling in the circuit simulation.  
 

 

 

           
Figure 4: Comparison of the electromagnetic and circuit 
simulation of the structure of Fig. 2(a) for the odd mode. 
The element values (referred to the circuit of Fig. 3c) 
are: C= 1.38 pF, Lo=2.96 nH, Ls=3.66 nH, Cs= 2.73 pF, 
M=0.66 nH, and Ca= 0.4 pF. 
 
 

4. Circuit model of a CPW loaded with symmetric 
CSRRs 

The lumped element equivalent circuit model of the CPW 
loaded with CSRRs in the central strip (Fig. 2b) is shown in 
Fig. 5 (inter-resonator coupling has not been considered). C 

(a) 

(c) 

(b) 
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models the slot capacitance of the CPW line, Le is the 
inductance of the line for the fundamental mode, Lo is the 
inductance of the line for the odd mode, the CSRR is 
modeled as a resonant tank (Lc-Cc), and, finally, M accounts 
for the magnetic coupling between the line and the CSRR. 
The magnetic coupling between the CPW transmission line 
and the CSRR has been neglected so far. However, contrary 
to previous reported structures, in the structure of Fig. 2(b), 
the slits of the CSRR are aligned with the line axis. Under 
these conditions, cross polarization effects are present and, 
hence, inductive coupling must be also included for 
accurate modeling.   

Following a procedure similar to that explained in the 
previous section, we have extracted the parameters for the 
even mode corresponding to the electromagnetic simulation 
of the structure shown in Fig. 2(b) [7]. The comparison 
between the electromagnetic and circuit simulation is 
depicted in Fig. 6 (the element values are indicated in the 
caption), where it can be appreciated that the circuit and 
electromagnetic simulations are in good accordance. 
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Figure 5: Equivalent circuit model (unit cell) of a CPW 
loaded with symmetrically etched CSRRs (a); 
equivalent circuit model for the even mode (b); 
equivalent circuit model for the odd mode (c). 
 

5. Experimental validation 
In order to experimentally validate the selective mode 
suppression in CPWs, we have designed some structures. 
One of them consists of a CPW loaded with a SRR in its 
back substrate side and with a CSRR in the central strip 
(Fig. 7a), while another structure is the same structure 
without the SRR. We have fed the CPWs by means of a slot 
line to generate the odd mode, and it is clear from Fig. 7b 
that the presence of the SRR inhibits this mode at SRR 
resonance (while this mode is not affected by the CSRR). 

On the other hand, we have designed the same structures 
without the CPW to slot line transition (Fig. 8a), and we 
have obtained the transmission coefficient (Fig. 8b) which 
corresponds to the fundamental mode (the structure has not 
been fabricated; hence it has been obtained through full 
wave electromagnetic simulation). In this case, the situation 
is reversed, that is, the notch is caused by the CSRR, and the 
line is transparent at the resonance frequency of the SRR. 
dddd        

 

 

        
Figure 6: Comparison of the electromagnetic and circuit 
simulation of the structure of Fig. 2(b) for the even 
mode. The element values (referred to the circuit of Fig. 
5b) are: C= 0.75 pF, Le=2.13 nH, Lc=0.49 nH, Cc= 17.3 
pF, and M=0.2 nH. 

(a) 

(b) 

(c) 
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Figure 7: CPW loaded with a SRR and a CSRR and fed 
through a slot line to generate the slot mode (a) and 
frequency response (b). The substrate is the Rogers 
RO3010 with h=1.27 mm, εr=10.2, and loss tangent 
tanδ=0.0023. The dimensions are: for the SRR, c=d=0.2 
mm, and side length=7.6 mm; for the CSRR dimensions, 
c=d=0.2 mm, longitudinal side length=12.6 mm, and 
transverse side length=3.6 mm; for the CPW, W=4 mm, 
and G=1 mm; for the slot line, the slot width is 1.5 mm. 

 
 
Notice that in Fig. 7(b) the response exhibits certain 
insertion losses due to the impedance mismatch on the 
coaxial (50 Ω impedance) to slot line (it has been found that 
it exhibits about 100 Ω impedance) transition. Nevertheless, 
this is irrelevant for the purpose of this work, since the main 
aim is to demonstrate the selective mode suppression of both 
CPW even and odd modes by using either SRRs or CSRRs. 

6. Potential applications 
CPW structures loaded with single SRRs or CSRRs may 
find applications in several fields. For example, CPW 
transmission lines with symmetrically loaded SRRs inhibit 
the slot mode, keeping the fundamental mode unaltered. 
Thus, a set of SRR properly designed can be useful in 
certain CPW applications where the slot mode typically 
appears and must be suppressed. Another potential 
application of SRR-loaded lines concerns the 
implementation of novel sensors and detectors based on the 
loss of symmetry of the reported structures [8]. The lack of 
symmetry can be caused by many different reasons, such as 
a displacement or rotation, the presence of particles, 
edefeefdeede 

 

 
 

 
Figure 8: CPW loaded with a SRR and a CSRR and 
excited through the fundamental (even) mode (a) and 
frequency response (b). The substrate and dimensions 
are those indicated in the caption of Fig. 7. 

 
inhomogeneities in the surrounding medium, etc., and 
sensing/detection can be simply carried out by measuring 
the transmission coefficient (many other sensors based on 
the variation of the resonance frequency of split rings have 
been reported [9-16]). 

For which concern CSRR-loaded CPWs, the presence 
of these particles causes notches in the transmission 
coefficient for the fundamental mode, and this can be useful 
for the rejection of interfering signals in communication 
systems. As long as the CSRRs are etched in the central 
strip, this undesired signal suppression can be achieved 
without the penalty of increasing device area and cost.  

In this paper, the potentiality of the reported structures 
is illustrated by means of a proof-of-concept demonstrator of 
a radiofrequency bar code [17]. The idea is to each SRRs 
with different dimensions (i.e., providing different resonance 
frequencies) in the back substrate side of a CPW 
transmission line. If the SRRs are aligned with the symmetry 
plane of the CPW structures, the line is transparent. 
However, we can codify the line by laterally displacing the 
SRRs, since this produces a transmission zero in the 
transmission coefficient at the corresponding frequency, and 
this can be easily monitored. This frequency domain 
codification is similar to that reported in [18], but in our case 
it is not necessary to remove the SRR to set a logic ‘0’; it 
suffices by aligning it with the line; hence, our approach 
opens the possibility to implement reconfigurable 
radiofrequency bar codes. A 3-bit bar code with the 

(a) 

(b) 

TOP 

BOTTOM 

(a) 

(b) 
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sequence ‘101’, that is, with two SRRs laterally shifted and 
with one SRR centered is depicted in Fig. 9(a), whereas Fig. 
9(b) shows the simulated frequency response. For 
comparison, the simulated frequency response 
corresponding to the code ‘010’, is also depicted. With the 
purpose to prevent the presence of the odd mode, the ground 
planes are connected through backside strips and vias. With 
these results, the radiofrequency bar code proof-of-concept 
based on CPW structures loaded with SRRs is validated. 

 
 

 
 

 
Figure 9: CPW loaded with three SRRs resonating at 
2.39 GHz, 2.48 GHz and 2.57 GHz and codified with 
the code ‘101’ (a), and frequency response (b). The 
frequency response corresponding to the code ‘010’ is 
also depicted. The substrate is the Rogers RO4003C 
with h=0.8128 mm, εr=3.55, and tanδ=0.0021. The 
dimensions are: for the SRRs, c=d=0.2 mm, transverse 
side length=2.47 mm, and longitudinal side length=14.3 
mm, 13.75 mm, and 13.25 mm; for the CPW, W=3.3 
mm and G=0.2 mm. 

7. Conclusions 
In conclusion, the selective suppression of either the 
fundamental (even) or the slot (odd) mode in CPW 
structures by using complementary split ring resonators 
(CSRRs) and split ring resonators (SRRs), respectively, has 
been demonstrated. In order to preserve the integrity of the 
mode for which the line is transparent, it is necessary to etch 
the particles symmetrically in the line. We have provided the 
circuit models of SRR and CSRR symmetrically loaded 
CPW transmission lines, including those for even and odd 
mode excitations, and it has been demonstrated through 
parameter extraction that these models describe the 
structures to a good approximation. The selective mode 
suppression has been experimentally validated and potential 

applications of these structures have been highlighted, with 
special emphasis to radiofrequency bar codes. A proof-of-
concept demonstrator of a CPW transmission line with a 3-
bit spectral signature has been provided. Work is in progress 
to implement practical bar codes with a higher number of 
bits, and to the development of new sensors based on the 
symmetry properties of CPW transmission lines. 
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Abstract 

Perfect drain for the Maxwell Fish Eye (MFE) is a non-
magnetic dissipative region placed in the focal point to 
absorb all the incident radiation without reflection or 
scattering. The perfect drain was recently designed as a 
material with complex permittivity H that depends on 
frequency. However, this material is only a theoretical 
material, so it can not be used in practical devices. Recently, 
the perfect drain has been claimed as necessary to achieve 
super-resolution [Leonhard 2009, New J. Phys. 11 093040], 
which has increased the interest for practical perfect drains 
suitable for manufacturing. Here, we analyze the super-
resolution properties of a device equivalent to the MFE, 
known as Spherical Geodesic Waveguide (SGW), loaded 
with the perfect drain. In the SGW the source and drain are 
implemented with coaxial probes. The perfect drain is 
realized using a circuit (made of a resistance and a 
capacitor) connected to the drain coaxial probes. Super-
resolution analysis for this device is done in Comsol 
Multiphysics. The results of simulations predict the super-
resolution up to O /3000 and optimum power transmission 
from the source to the drain. 

1. Introduction 

“Super-resolution” stands for the capacity of an optical 
system to produce images with details below the classic 
Abbe diffraction limit. In the last decade super-resolution 
has been shown experimentally with devices made of left-
handed materials [1][2] (that is, materials with negative 
dielectric and magnetic constants) [3][4].  Unfortunately, 
high absorption and small (wavelength scale) source-to-
image distance are both present in these experiments. 
Nevertheless, these devices have been claimed to reach the 
theoretical limit of infinite resolution  [4]. 

An alternative device for perfect imaging has recently been 
proposed [6][7]: the Maxwell Fish Eye (MFE) lens.  Unlike 
previous perfect imaging devices, MFE uses materials with a 
positive, isotropic refractive index distribution. This device 
is very well known in the framework of Geometrical Optics 
because it is an Absolute Instrument [5], so every object 
point has a stigmatic image point. 

Leonhardt [6] analyzed Helmholtz wave fields in the MFE 
lens in two dimensions (2D). These Helmholtz wave fields 
describe TE-polarized modes in a cylindrical MFE, i.e., 
modes in which electric field vector points orthogonally to 
the cross section of the cylinder. Leonhardt found a family 
of Helmholtz wave fields which have a monopole 
asymptotic behavior at an object point as well as at its 
stigmatic image point. Each one of these solutions describes 
a wave propagating from the object point to the image point. 
It coincides asymptotically with an outward (monopole) 
Helmholtz wave at the object point, as generated by a point 
source, and with an inward (monopole) wave at the image 
point, as it was sunk by an “infinitely-well localized drain” 
(which we call a “perfect point drain”). This perfect point 
drain absorbs the incident wave, with no reflection or 
scattering. This result has also been confirmed via a 
different approach [8].  

The physical significance of a passive perfect point drain has 
been controversial [9]-[18]. In references [5] and [6] the 
perfect point drain was not physically described, but only 
considered as a mathematical entity (a point drain is 
represented by Dirac-delta as the point source). However, a 
rigorous example of a passive perfect point drain for the 
MFE has recently been found, clarifying the controversy 
[19]. It consists of a dissipative region whose diameter tends 
towards zero and whose complex permittivity H takes a 
specific value depending on the operation frequency.   

Two sets of experiments have recently been carried out to 
support the super-resolution capability in the MFE. In the 
first one, super-resolution with positive refraction has been 
demonstrated for the very first time at a microwave-
frequency (Ȝ=3 cm) [20][21]. The experimental results 
showed that two sources with a distance of Ȝ/5 from each 
other (where Ȝ denotes the local wavelength Ȝ = Ȝ0/n) could 
be resolved with an array made up of 10 drains spaced Ȝ/20, 
which exceeded the ~Ȝ/2.5 classic diffraction limit. Results 
with closer sources were not reported, but it should be noted 
that this experiment was limited to the resolution of the 
array of drains.  

The second set of experiments has been carried out for the 
near infrared frequency (O = 1.55 µm), but resolution below 
the diffraction limit was not found [22]. The authors assume 
that the failure in the experimental demonstration is due to 
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manufacturing flaws in the prototype.  

Although the perfect drain has not been used in these 
experiments, i.e. there was a reflected wave from the drain 
to the source, the MFE has shown super-resolution for 
microwave frequencies. This means that the perfect drain is 
not necessary for reaching the super-resolution (see [23]). 
However, in this paper we will show that the use of the 
perfect drain increases super-resolution. 

Recently, a device equivalent to the MFE, Spherical 
Geodesic Waveguide (SGW) made for microwave 
frequencies has been presented [23][24]. The SGW is a 
spherical waveguide filled with a non-magnetic material and 
isotropic refractive index distribution proportional to 1/r 
(İ̓ = (r0/r)2 and ȝ = 1), r being the distance to the center of 
the spheres. Transformation Optics theory [25] proves that 
the TE-polarized electric modes of the cylindrical MFE are 
transformed into radial-polarized modes in the SGW, so 
both have the same imaging properties. When the waveguide 
thickness is small enough, the variation of the refractive 
index within the two spherical shells can be ignored 
resulting in a constant refractive index within the 
waveguide. In [23] the SGW has been analyzed using two 
coaxial probes (source and drain) loaded with the 
characteristics impedance. The results have shown the 
super-resolution up to O/500 for a discrete number of 
frequencies, called notch frequencies, that are close to the 
well known Schumman Resonance frequencies of spherical 
systems. For other frequencies the system did not present 
resolution below diffraction limit. In these analysis the 
perfect drain has not been used, thus beside the incident 
wave, a reflected wave existed in the SGW as well.  
However, the super-resolution properties have been shown.  

Herein, we present an improvement of the super-resolution 
using the SGW with the perfect drain. The perfect drain is 
realized using a circuit (made of a resistance and a 
capacitor) connected to the drain coaxial probe. The 
difference between the presented drain and the perfect drain 
proposed in [19] is the practical realization. While in [19] 
the perfect drain is made of a material with complex 
permittivity H, here it is only a coaxial line loaded with a 
resistor and a capacitor of conventional values (for example, 
R=2.57ȍ and C= 55.05pF for f=0.25 GHz).  Using the 
circuital model for the perfect drain, the Comsol simulations 
have shown the super-resolution up to O/3000 for the same 
discrete frequencies as in [23], which is much higher than 
the O/500 obtained without perfect drain. 
In section 2, it is described the complete microwave circuits. 
In section 3 modal analysis of the SGW is made including: 
the rigorous procedure used to find the perfect drain, the 
analysis of the transmitted and evanescent modes and the 
concept of voltage and current wave in the SWG. Discussion 
and conclusions are presented in section 4. 

2. Microwave circuit and parameters of the 
simulation. 

The SGW is bounded by two metallic spherical shells. The 
media between the shells is air. Two coaxial probes have 
been used to simulate the source and drain in the SGW. 
Consider the microwave circuit consists of the generator Vg 
with the impedance Zg (on the source port side), coaxial 
lines, the SGW, and the load with the impedance ZL (on the 
drain port side), as shown in  Figure 1. 

 
 
 
 
 
 
 
 
 
The same circuit has been analyzed in [23] with the 
condition ZL=Zg=Z0, where Z0 is the characteristics 
impedance of the coaxial line, so we have: 

2
21

max

| | loadPS
P

    (1) 

Where, S21 is the scattering parameter of the circuit [26], 
Pload is the power delivered to the load ZL and Pmax is the 
maximum power that can be delivered by the generator. In 
[23] the results have been presented using function |S21|

2 
obtained for different frequencies and displacements 'T.  
Here, in Section 4, it is repeated the same procedure using 
the impedance that simulates the perfect drain (it will be 
calculated in Section 3 and will be called Zpd). The circuit is 
designed in Comsol with the conditions ZL=Zg=Zpd (see 
Figure 1). The super-resolution is analyzed via function 
Pload/Pmax for different frequencies and displacements. Note, 
that now Pload/Pmax is different from |S21|

2. 
 

Source

Coaxial line

Spherical
Wave�
Guide RM

Rm

Coaxial�line

'T

Vg Zg

Load

L

Figure 1 Complete microwave circuit analyzed in this 
paper formed by: the source (Vg and Zg) connected to a 
coaxial transmission line of length L, the load 
connected (ZL) to other identical transmission line and 
the spherical waveguide. RM and Rm are radius of the 
external and internal metallic spheres. 
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3. Modal analysis of the structure and numerical 
procedure to find the perfect drain. 

The perfect drain, defined by the impedance ZL, absorbs all 
the incident radiation without reflection inside the SWG 
when the source and drain are placed in opposite pole 
('T=0). In this section we present a rigorous procedure to 
find this impedance for a wide band of frequencies. The 
structure does not depend on the cylindrical (coaxial) and 
spherical (SWG) coordinate I, thus: 

- The unique modes of the coaxial guide without I 
dependence are the TEM modes, so in the interface 
between the coaxial and sphere only exist the TEM 
modes, incident and reflected [26]. 

- Inside the SGW the electric and magnetic fields are 
necessary of the form: 

( , ) E ( , ) E ( , )

( , ) H ( , )
rr r r

r r
T

I

T T T
T T
 �
 

E r
H

T
I

       (2) 

The complete analysis of the modes is done using the same 
procedure explained by Wu in [27] on a radial-line/coaxial-
line junction. Figure 2 shows the complete region of the 
junction separated into three regions: the coaxial (region 1), 
the SGW (region 2) and the common region (region 3). The 
electronic field is calculated in each of these three regions 
using the procedure described below.  

z

U

Ta

Tb

a

b
Region 1

Region 2

Region 3

 

Figure 2 Three regions of the junction used for the analysis. 
The coaxial is the white region, the SGW the blue and the 
common region is the read. Ta and Tb are the angles in 
spherical coordinates covered by the inner and outer 
conductor of the coaxial. 

The dimension of the structure analyzed here are 
(Figure 1 and  Figure 2): 

- RM=1005 mm. 

- Rm=1000 mm. 

- a=5 mm (Ta= 0.285º) 

- b=10 mm (Tb=0.57º) 

- L=20 mm.  

3.1. Field in the coaxial line (region 1). 

Due to the symmetry of the structure, the field of the coaxial 
probe is completely described by the TEM modes of the line 
[26]: 
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Where a and b are the diameters of the internal and external 
coaxial (Figure 2), U and z the cylindrical coordinates, ko the 
propagation constant and Ve

+ and Ve
- constants. With the 

condition b << RM, on the surface z=0 the approximation 
U=RMsin(T) can be used (Figure 1and  Figure 2).  

 
( )

( ) ( / ) ( ) ( / )

1
( )

( ) ( / ) ( ) ( / )/

e e

M M

e e

M M

V V
R sin Ln b a R sin Ln b a

V V
R sin Ln b a R sin Ln b a

� �

� �

 �

 �

E

H

T T

T TP H

T

M

  (4) 

3.2. Field in the SGW (Region 2). 

With the condition RM – Rm << RM one complete set of 
solutions inside the SWG fulfilling the boundary condition 
of metallic surfaces is [28]: 
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Where An and Bn are constants and Fvn and Rvn, are called 
Forwards and Reverse Legendre functions defined as: 
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Pvn and Qvn , are the Legendre function of first and second 
kind. 
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3.3. Field in the common region of coaxial and SGW 
(region 3). 

The solution in this region has the same form as the solution 
expressed in Equation (5), but now having an additional 
term, one particular solution, necessary to fulfill the 
boundary conditions at the common surfaces. 
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Where the particular solution Ep and Hp has to fulfill the 
Maxwell equations and the boundary conditions at r=RM and 
r=Rm. 
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From the second equation in (8), it is necessary: 
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Solving the differential Equation (9), the particular solution 
for  the fields Ep an Hp is obtained: 
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Where a1 and a2 are two integration constants. These 
constants are obtained using the boundary conditions for Ep 
at r=RM and r=Rm (Ep=0 for metallic surface): 
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The fields defined in Equations (10) and (11) can be 
expresed as follow: 
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Where dn and en are the expansion constants satisfying 
jȦHdn=-en. The complete field in this region is then: 
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In the coaxial line (on the drain side) the term for the electric 
field has the same form (Ve has to be replaced by Vs,  T by S-
T, Dn by Gn and En by In): 

3.4. Transmitted and not transmitted modes. 

Different modes inside the sphere are defined by Qn=Dn+jEn 
(see Equation (5)), which is in general a complex number. 
According to the asymptotic expression of Legendre 
functions Pvn(x) and  Qvn(x) for x close to 1 and -1 the 
following results are obtained [29]: 
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Having in mind the SGW dimension and the frequencies of 
interest (the microwave frequencies from  0.2 GHz to 
0.4 GHz) the parameter Qn is real only for n=0. For example 
for f=300 MHz, Q0 =4.98, Q1 =-0.5+631.4j, Q2 =-0.5+1262.9j 
etc. Figure 3 shows for example the graphs for 
Log(|Fvn(cos(T))/Fvn(cos(Tb))|) and 
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Log(|Rvn(cos(T))/Rvn(cos(Tb))|) respect to T for one complex 
Qn=-0.5+4.0j (Tb is defined in Figure 2). Clearly |Fvn(cos(T))| 
suffers a near exponential attenuation between T=Tb and 
T=S-Tb as shown in Equation (14). The same occurs for 
|Rvn(cos(T))|  between T=S-Tb and T=Tb. The similar results 
are found for every complex Qn, so Fvn(cos(T)) and 
Rvn(cos(T)) can be considered evanescent waves. The SWG 
works as a single-mode with the electric and magnetic fields 
far for the interface region given by: 
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The Poynting vector and transmitted power through a 
surface, defined by T=cte, in the direction T have the 
following form: 
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This equation explains clearly the concept of FQ0 and RQ0 as 
incident and reflected waves. 

 
 
 
 

 

 

3.5. Boundary conditions. 

The coefficients An and Bn from Equation (5), Dn, En, Gn and 
In from Equation (7) are obtained using the following 
boundary conditions (Figure 2): 

- Tangent electric field in the inner conductor is null. 
- Electric and magnetic field are the same in the 

common surface between regions 1 and 2. 
- The same conditions in the coaxial at the drain side. 
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Where Ta and Tb are defined in Figure 2. When the voltage 
in the two coaxial lines (Ve=Ve

++Ve
- and Vs=Vs

++Vs
- ) are 

known, the system (17) can be solved for each n. 

3.6. Perfect Drain. 

According the previous analysis, the SGW work as a single-
mode guide, so the condition for the perfect drain (there is 
no reflected wave in the guide) is satisfied when B0=0 in 
Equation (15). The procedure to obtain the perfect drain 
consists of the following steps: 

- In Equation (17) for n=0 it is imposed the condition 
B0=0. Then A0, D0, E0, G0, I0 and Vs

++Vs
- are 

calculated. Vs
++Vs

- is the necessary voltage (on the 
drain side coaxial) for perfect wave absorption in 
the SWG.  

- The coefficient An, Bn, Dn, En, Gn and In are 
obtained using Equation (17) and the voltage 
Vs

++Vs
- calculated in the previous step. 

- The field HM for r=RM and Ta < T < Tb is computed 
using  Equation (13). 

- For the sake of uniqueness of solution, this field 
has to depend on T as in Equation (4). The voltage 
Vs

+-Vs
- is then obtained. 

- The impedance of the coaxial line at r=RM and the 
load are defined as: 
 

-- -

0 0 -- -- -

o o

o o

jk L jk L
s s s s

S L jk L jk L
s s s s

V V V e V eZ Z Z Z
V V V e V e

� �

� �

� �
   (18) 

Figure 4 shows the real and imaginary parts of the perfect 
drain impedance calculated for a band of frequencies of 
interest, the results show some oscillation due numerical 
error in the calculation. Linear approximation is presented. 
Figure 5 shows the comparison between the module of the 
theoretical electric field (in the case of the perfect drain, 
there exit only forward wave, given by the function Fv0(T)) 
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Figure 3 Graphs for Log(|Fvn(cos(T))/Fvn(cos(Tb))|) 
and Log(|Rvn(cos(T))/Rvn(cos(S-Tb)| ) as function of T 
for Qn=-0.5+4.0j. Fvn(cos(T)) and Rvn(cos(T)) have a 
near exponential attenuation similar to the evanescent 
waves in conventional waveguides. The modes with 
complex Qn are not transmitted. The only modes that 
exist inside the SWG far from the interface are the 
modes having real Qn.  
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and the module of the electric field simulated in COMSOL. 
Although the theoretical value of the electric field at T=0 
and T=S�is infinite (due to the properties of the Legendre 
functions), for the sake of clearness of the graphs in Figure 5 
we did not extend the theoretical graph to these points. 
Figure 5 shows perfect matching between the theoretical and 
simulated fields for f=0.25 GHz. The circuit parameters are 
calculated using the linear approximations presented in 
Figure 4, R=2.57ȍ and C= 55.05pF. 

 
 

 

 

 

 

 

4. SR analysis of the SGW matched with the 
perfect drain. 

The SGW with the perfect drain is designed and analyzed in 
Comsol, in the same way as described in [32] In order to 
show super-resolution properties of the SGW, we have made 
several simulations for different displacements of the drain 
port, and for different values of frequency.   

4.1. Pload/Pmax as function of frequencies for different 
drain port position. 

We have computed Pload/Pmax using COMSOL for a 
frequency range between 0.2 GHz and 0.4 GHz for different 
positions of the drain port. The source port is fixed at the 
source’s image point, that is, Tҏ= 0, while the drain port is 

shifted Ȝ/N (for Ȝ=1m corresponding to 0.3 GHz and 
N>100) in the neighborhood of the image point, that is, Tҏ= 
S, ҏҞsee Figure 1җ. When the drain port is placed in the image 
point, all the power is delivered perfectly. This can be 
achieved for all the frequencies using corresponding perfect 
drain impedance (Figure 4). However, when the drain is 
moved from the image point, some of the power reflects, so 
the power delivered to the drain decreases. This power drop 
is extremely abrupt for some frequencies very close to the 
Schumann frequencies, called notch frequencies (see also 
[23]). 

Figure 6 shows Pload/Pmax as function of the frequency in a 
narrow band around a notch frequency (close to Q =5) for 
different drain port positions. The notches get wider when 
the drain port is shifted further from the image point of the 
source, but the null of Pload/Pmax remains fixed.The 
frequencies corresponding to these nulls are called notch 
frequencies. 

 

 

 

 

 

 

The curves correspond to different shifts of the drain port. 
The shifts are in all cases much smaller than wavelength 
(from Ȝ/100 to Ȝ/3000 with Ȝ=1.15084047 m that correspond 
to f=0.2606874 GHz, see Figure 6). These results are quite 
surprising, since close to a specific frequency the power 
transmitted to the drain port suddenly reduces to a value 
near zero.  

4.2. Pload/Pmax as function of drain port shift for different 
frequencies. 

Since Pload/Pmax is proportional to the transmitted power, the 
graph representing Pload/Pmax versus the shift (Figure 7) is 
equivalent to the Point-Spread-Function (PSF) commonly 
used in Optics. This equivalence may seem surprising since 
the PSF is defined as the square of the electric field 
amplitude calculated in the absence of absorbers in the 
image space, and Pload/Pmax is defined in terms of the power 

Figure 4 Real (in red) and imaginary (in blue) parts 
of the perfect drain impedance for different 
frequencies. 

Figure 5 The module of the theoretic electric field (in 
red) and the modul of the electric filed simulated in 
Comsol (in blue) for the SGW with the perfect drain.

Figure 6 Detail of Pload/Pmax as function of the frequency in 
a narrow band around a notch frequency for different drain 
port positions. The notch frequency is f=0.2606874 GHz. 
(Q=4.996). The nearest Schumann frequency is 
f=0.26086609 GHz (Q=5) which is out the range of this 
Figure. 
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transmitted to an absorber. However, the equivalence comes 
from the fact that, in Optics, the detection at the image is 
assumed to be made with a sensor which does not perturb 
the free-space fields; or that even if it does perturb the fields, 
it is assumed that still the sensor signal is proportional to the 
field amplitude (or its square, which is the PSF. Figure 7 
shows Pload/Pmax versus the drain port shifts for two 
frequencies. The blue curve corresponds to f=0.2847 GHz, 
i.e., far from a notch frequency (Q= 5.5).  
Let us define “resolution” as the arc length (in wavelength 
units) that a drain port needs to be shifted so Pload/Pmax drops 
to 10% (not far from the Rayleigh criteria in Optics, which 
refers to the first null). With this definition, the diffraction 
limited resolution given by the blue curve is O/3. The red 
curve corresponds to notch frequency f=0.26068741 GHz (Q 
=4.996) which clearly shows a much better resolution. 
 

 
 
 
 
 

Figure 8 is a blow-up of Figure 7 in the upper neighborhood 
of a notch frequency. The graph for frequencies slightly 
below the notch frequency is similar. Note that Figure 8 
shows the same information as Figure 6 but plotting 
Pload/Pmax vs. the drain port shift (expressed in units of Ȝ) and 
using the frequency as a parameter. 

 

 

 
 
From the orange to the red curves, increasing resolutions are 
achieved: 0.007 Ȝ (that is, Ȝ/140) for the orange to Ȝ/3000 for 

the red. The latter, whose frequency f=0.26068741 GHz 
corresponds to Q =4.99636) is the highest resolution that we 
have obtained. Computations for frequencies near the notch 
frequency show essentially null Pload/Pmax values for shifts > 
Ȝ/3000 (as in the red line in the picture). Pload/Pmax values for 
shifts below Ȝ/3000 (excepting no shift or shifts very near to 
zero) and frequencies near a notch frequency are 
inconsistent (the solver did not converge to a single solution 
due to numerical errors). It seems that Leonhardt’s assertion 
of infinite resolution (i.e., perfect imaging) may occur for 
the discrete notch frequencies in the SGW, although the 
mentioned inconsistencies have prevented us from 
numerically predicting resolutions beyond Ȝ/3000. 

 

  
 
 
 
The Ȝ/3000 resolution is achieved only for a narrow 
bandwidth (| 10 Hz, which is much smaller than the notch 
frequency |0.3GHz). If larger bandwidths are needed, lower 
resolutions (but still sub-wavelength) may be achieved. 
Figure 9 shows the bandwidth vs. N, meaning that the 
resolution is better that Ȝ /N. The bandwidth has been 
calculated as fmaxí fmin with fmax and  fmin fulfilling Pload/Pmax 
(fmax)=Pload/Pmax (fmin) =0.1, using the information of the 
curves in Figure 6. The linear dependence shown in Figure 9 
(slope -2) reveals that the product N 2ubandwidth is constant 
in the range analyzed here.  

5. Discussion. 
Leonhardt in [6] and [7] suggested that MFE should produce 
perfect imaging for any frequency using perfect drains. 
However, the experiments in [20][21] and simulations from 
[23], have shown super-resolution properties of the MFE, 
although the perfect drain has not been used. In these 
references, the coaxial probes were loaded with their 
characteristic impedances, so the absorption of the incident 
wave was not perfect. Leonhardt assumed that the ability of 
the MFE to propagate the wave, generated by a point source, 
toward to a perfect point drain was enough to guarantee 
perfect imaging. This does not seem to be sufficient, since it 
does not provide information on how much power the drain 
will absorb when it is displaced out of the image point. The 
simulations presented here show that super-resolution only 

Figure 7 Pload/Pmax as function of the drain port shift 
for a frequency near a notch one (red curve) and for a 
frequency far from the notch one (blue curve). 

Figure 8 Pload/Pmax as function of the drain port shift 
for different frequencies corresponding to super-
resolution between Ȝ/3000 and Ȝ/140. 

Figure 9 Bandwidth as a function of the resolution. The 
abscissa axis shows N, meaning that the resolution is better 
than Ȝ /N.
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happens for a particular set of frequencies known as notch 
frequencies, the same one as in [23]. The presented results 
have shown maximum super-resolution O/3000, which is 
much higher than in the case where there were not perfect 
drains (O/500, see [23]). Also, the frequency bandwidth has 
increased 20 times, e.g. for O/500 the bandwidth is about 
400 Hz (Figure 9), while in [23] it was only 20 Hz.   
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Abstract 
Extinction spectra of nanocubes supported by a 
symmetry breaking dielectric substrate are very 
different from those in solution.  In this work we varied 
the refractive index of the substrate in order to optimize 
the refractive index sensitivity (RIS) of supported silver 
nanocube monolayers. We found that on thin (5-7 nm) 
silicon films the RIS is characterized by the figure of 
merit (FOM) for the quadrupolar plasmonic mode as 
high as 5.0, making silicon supported silver nanocube 
monolayers a promising sensing platform.  
 

1. Introduction 
Localized surface plasmon resonances (LSPR) of noble 
metal nanoparticles have been studied intensely in 
recent years. The ability to control and tune LSPRs is 
crucial to both understanding and application in the field 
of plasmonics [1]. Progress made in fabrication methods 
[2] and theory for metal nanoparticles has allowed for 
development of novel optical and sensing materials [3]. 
When the LSPRs of these particles are excited, a strong 
enhancement of their local electric fields occurs at the 
surface of the particles. This field enhancement allows 
for increased signal from optical techniques such as 
Raman [4,5], IR [6], and fluorescence [7-10] 
spectroscopy.  The spectral extinction spectra of LSPRs 
are also very sensitive to the refractive index of their 
local environment making them an excellent platform 
for sensing [3,11]. The plasmonic signature of metal 
nanostructures can be influenced in several ways by 
modifying their size, shape, and material [1,12], but also 
through interparticle interactions [13] and particle 
substrate interactions [14,15]. Such investigations have 
shown unique properties such as collective modes and 
Fano like resonances [16]. 

Plasmonic signatures of nanoparticles that are 
supported by a dielectric material exhibit significant 
changes in their LSPRs when compared to particles in 
colloidal solutions. The most notable change is the 
splitting of a single dipolar plasmonic mode into two 
distinct modes [16-18]. When dealing with spherical 
nanoparticles these two new modes correspond to 
dipolar oscillations with orthogonal polarizations [18]. 
However, when nanocubes are deposited on a dielectric 
support their substrate interaction leads to plasmon 

mode hybridization, resulting in two distinct bands with 
corresponding charge oscillations located at the opposite 
sides of the nanocube [14,16-18]. Separation between 
the bands in the case of cubes was found to be greater 
than that for the spherical particles dependent on the 
size [17], edge and corner sharpness, as well as distance 
from the substrate [19]. Each of these hybrid bands 
present in the nanocubes is sensitive to the refractive 
index of their respective environments, one being the 
substrate and the other the surrounding medium in 
which the supported layer is immersed [14,16,17]. In 
the present work we fabricated quasi-periodic arrays of 
silver nanocubes on substrates with varying refractive 
indices.  This allowed for a series of refractive index 
sensitivity measurements that relate the changes in 
refractive index of the substrate to changes in the 
surrounding medium.  

2. Experimental 
2.1. Chemicals 
 
Silver nitrate 99+%, polyvinylpyrrolidone (PVP) with a 
molecular weight of 55000, anhydrous 99.8% ethylene 
glycol (EG), anhydrous sodium sulfide, and chloroform 
were purchased from Sigma-Aldrich and used as 
obtained. 1,2-dioleoyl-sn-glycero-3-phosphocholine 
(DOPC) was purchased from Avanti Polar Lipids, 
Alabaster, AL. Ethanol (95%) were obtained from 
Brampton and used without further purification. 
 
2.2. Preparation of Nanocubes 
 
Silver nanocubes (NC) with an edge length of 55 nm 
were synthesized according to the procedure described 
in the literature [20].  Typically, a 100 mL round bottom 
flask containing 35 mL of EG and a clean stir bar was 
placed in an oil bath set to 150°C and allowed to heat 
for 1 h.  Using a glass syringe 5 mL of EG containing 
0.4 g of dissolved PVP was injected.  Five minutes later 
using a micropipette 400 µL of 3 mM sodium sulfide 
dissolved in EG was added. After an additional 5 min 
2.5 mL of 282 mM silver nitrate dissolved in EG was 
injected slowly using a glass syringe. Upon addition of 
the silver nitrate the solution immediately turned black, 
slowly became a transparent yellow, and then changed 
to an ochre colour while some plating in the flask 
occurred. The reaction was monitored by periodically 
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taking small aliquots out of the reaction flask using a 
pasture pipette and dispersing it in a cuvette filled with 
ethanol for UV-visible spectroscopy. The reaction was 
quenched by placing the flask in an ice bath when the 
appearance of a small but distinct peak at 350 nm was 
observed in the spectra. 
 
2.3. Purification of Colloidal Silver Nanocubes 
 
The as-synthesized colloidal nanocubes contained 
unreacted EG, an excess of PVP.  EG and PVP were 
removed by diluting the colloidal solution with ethanol 
(1:1 by volume) followed by centrifugation at 12 000 
rpm.  The precipitate was collected and redispersed in 
ethanol by sonication. This process was repeated 30 
times for complete removal of EG and PVP.  The 
purified silver NC solution was further subjected to 
washing with chloroform by centrifugation (at least 3 
times) prior to LB film preparation.  The final volume 
of the nanocube solution was 4 mL. 
 
2.4. Preparation of LB Monolayers 
 
Nanocube substrates were prepared according to the 
procedure reported previously [21]. Briefly, a NIMA 
311D trough, filled with Milli Q water (18.2 mΩ cm), 
was used to prepare the Langmuir monolayers of 
different NC samples. In order to form monolayers, an 
appropriate amount of each sample was deposited onto 
the water surface using a micro syringe. Each 
monolayer was left for 20 min to allow chloroform 
evaporation. The surface pressure of the monolayer was 
measured with a paper Wilhelmy plate. Before 
transferring the monolayer onto solid supports several 
isotherm cycles were performed to anneal the films to 
surface pressures in the solid phase.  Monolayers of 
nanocube/DOPC mixtures were transferred onto 
substrates cleaned with aqua regia and subsequently 
with mixture of chloroform and methanol at various 
surface pressures by vertical upward dipping at 2 
mm/min at room temperature. 
 
2.5. UV-Vis Measurements 
 
UV-vis spectra of monolayers deposited on the 
substrates were recorded using a Shimadzu UV-2450 
UV-vis spectrophotometer. Spectra were analyzed using 
GRAMS/AI spectral data processing software. Spectral 
deconvolution was performed using an appropriate 
number of mixed Gaussian-Lorentzian functions as well 
as a linear baseline to achieve the best fit to the original 
trace while minimizing χ2 values. To determine the 
refractive index sensitivities (RIS), the monolayer slides 
were immersed in water/EG solutions with varying 
volume percentages and the extinction spectra 
measured. The refractive indices of the mixtures were 
calculated from the volume percentages of the 
ingredients according to the Lorentz-Lorenz equation 
[22]. The refractive indices of the pure solvents were 
1.3334 and 1.4318, for water and EG respectively [22]. 

The plasmon shifts were plotted as a function of the 
refractive index. The refractive index sensitivities were 
obtained from the slope of the linear fitting.  
 
2.6. Topographical Measurements  
 
The topography of the NC monolayers, transferred onto 
substrates at different surface pressures, was obtained 
using an Ntegra (NTMDT, Russia) atomic force 
microscope in semi contact mode in air at 23 °C with 
512x512 points per image. A 100x100 µm2 scanner 
(Ntegra) and cantilevers with rotated monolithic silicon 
tips (125 µm long, 40 N/m spring constant Tap 300Al, 
resonance frequency 315 kHz, Budget Sensors) were 
used for all topographic measurements. The typical scan 
rate was 0.5 Hz. AFM images were further processed by 
Nova image processing software. 

3. Results and Discussion 
Colloidal silver nanocubes of ~55 nm edge size used in 
the present study are characterized by an extinction 
spectrum with a single dipolar LSPR peak at 443 nm, 
and a small peak at 350 nm [23]. Applications 
exploiting plasmonic properties often require 
nanoparticles to be deposited on a solid substrate. We 
have previously shown that Langmuir Blodgett 
monolayer technique allows not only effective 
deposition but also control of plasmonic properties of 
monolayers of silver nanocubes [14,15,17]. Such 
monolayers are proven to be effective in enhancing 
surface enhanced Raman scattering (SERS) signal but 
also in probing refractive index change in the 
environment, and therefore represent a powerful 
sensing platform. Plasmonic properties of supported by 
a dielectric nanocubes however differ significantly 
from those in a suspension [1,3,14,23]. LSPR- induced 
charges in such dielectric substrates disturb the 
nanocube electric field leading to plasmon mode 
hybridization with the appearance of two new bands: 
dipolar (D) and quadrupolar (Q). The charge 
oscillations for these new bands are located at the 
opposite sides of the cube: dipolar near the substrate 
and quadrupolar away from the substrate [1,3,14,23]. 
The degree of spectral separation between the two 
bands and the refractive index sensitivity depend on the 
distance between the substrate and the cubes, contact 
area and the refractive index (nRI) of the substrate 
(Figure 1) [1,14,23]. 

In this work we prepared a monolayer of 55 
nm silver nanocubes on several substrates with varying 
refractive indices. The samples were found to be very 
homogeneous with very uniform nanocubes (Figure 
1a). In addition, to minimize interparticle dipolar 
coupling the monolayer was prepared from a mixture of 
nanocubes and a phospholipid DOPC. We have 
previously shown that by using mixtures consisting of 
nanocubes and lipids of different kind it is possible to 
pattern the nanocubes in monolayers. Depending on the 
lipid properties we were able to obtain homogeneously 
dispersed nanocubes, as shown in figure 1a. It turns out 
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that in such monolayers separation between the 
nanocubes was maintained at ~130 nm (Figure 1b). As 
a result extinction spectra of supported nanocubes 
contained only small long wavelength peaks 
corresponding to dipole-dipole coupling between 
adjacent cubes, observed at Figure 1c in the 550-700 

nm spectral region. We used four substrates with 
increasing refractive indexes: glass, sapphire, 5 nm Si 
film deposited on glass, and a 7 nm Si film deposited 
on glass. Due to plasmonic band hybridization two 
bands visible in the spectra are observed and assigned 
to Q and D modes. 

 

 
Figure 1: Supported silver nanocube monolayer prepared by Langmuir Blodgett technique: (a) AFM topography 

and (b) Fast Fourier transform (FFT) images indicate the size (55 nm) and the average inter-particle distance (130 nm); 
(c) extinction spectra of supported silver nanocube monolayers indicate strong dependence of the dipolar (D) but not 
quadrupolar (Q) mode on the substrate refractive index. 

 
Since charge oscillations corresponding to the D 

mode are located near the substrate surface the dipolar 
band shows strong dependence on the substrate 
refractive index, and red-shifts by more than 50 nm 
when the refractive index of the substrate changes from 
1.52 for glass to ~3.0 for a 7 nm silicon film (Figure 1c 
inset). In contrast the quadrupolar mode is insensitive to 
the substrate refractive index.  

At the same time, both modes were found to be 
sensitive to the refractive index change of the medium 
(Figure 2). And, since change oscillations corresponding 
to the Q mode are located at the nanocube side away 
from eth substrate, it was found to have a stronger 
dependence than the D mode (Figure 2 inset) [14,23]. 
At the same time, the nature of the supporting dielectric 
substrates appears to play a crucial role in our ability to 
track spectral changes associated with the medium 
refractive index change. For example, when nRI of the 
substrates is relatively low, as for glass, where nRI=1.52, 

upon immersion in liquid plasmon mode hybridization 
disappears (Figure 2). This is due to insufficiently large 
refractive index change between the substrate and the 
medium to induce plasmon mode hybridization. As a 
result, plasmonic signature of glass supported silver 
nanocube monolayer immersed in water resembles that 
of colloidal nanocubes, mentioned before. The main 
band observed in such monolayer corresponds to dipolar 
oscillations and show modest sensitivity to the medium 
refractive index (Figure 2). At the same time, if the 
substrate has a sufficiently high nRI, as with the 7 nm 
silicon film (n~3.0), the dipolar and quadrupolar bands 
remain clearly distinguished even when submerged in 
high refractive index liquids, such as ethylene glycol 
(Figure 2). The Q and D bands remain well separated in 
various solutions- pure water and ethylene glycol. By 
tracking the position of each band in solvents with 
increasing nRI we were able to determine the refractive 
index sensitivity (RIS) of the quadrupolar band to be 
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~150 refractive index units/ nm, which is about twice as 
high as for the D mode (Figure 2 inset). Another 
parameter that is often used in evaluating sensitivity of 
various platforms to the refractive index change, namely 
the Figure of merit (FOM), was introduced as a ratio of 

RIS to the full width at half maximum for a band. From 
the data obtained in this work we were able to obtain the 
figure of merit for the quadrupolar band as high as ~5.0. 
This value is one of the highest reported so far for 
plasmonic nanostructures. 

  

Figure 2: Solution refractive index sensing using nanocube monolayers deposited on glass and on a 7nm thick 
silicon film. Inset shows solution refractive index dependences of the dipolar (D) and quadrupolar (Q) peaks. 

 
4. Conclusions 

In this work we prepared monolayers of silver 
nanocubes on substrates with various refractive indexes 
in order to enhance the sensitivity of such plasmonic 
materials to the refractive index change. We found that 
by changing the refractive index of the substrate dipolar 
and quadrupolar plasmon mode hybridization can be 
carefully adjusted and fine-tuned. As a result, silicon 
supported silver nanocube monolayers are shown to 
represent a powerful platform for sensing the refractive 
index change. 
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Abstract 
We optimized the resolution of nanohole arrays in metal 
films for refractive index sensing by increasing the 
sensitivity with modifications to the hole-array parameters 
and by reducing the noise of the sensor system. The 
nanohole array parameters (including film thickness, 
periodicity and diameter) were first optimized by finite-
difference time-domain simulations, and then fabricated and 
tested, showing good agreement between the two cases 
(theory and experiment) in terms of optimal parameters. To 
improve the sensitivity and to reduce the noise, the laser 
source wavelength was optimized (including the efficiency 
of the camera for detection) and the intensity was increased 
to reduce shot noise. A bulk resolution of 6×10-7 RIU was 
demonstrated. Due to the collinear microscope geometry 
and potential for multiplexing of nanohole arrays, these 
results are encouraging for future biosensing applications. 

1. Introduction 
Surface plasmon resonance (SPR) sensing is an established 
technology for monitoring refractive index changes due to 
mass loading at a surface of a metal film. Since the 
discovery of extraordinary optical transmission through 
nanohole arrays in metal films [1], it has been demonstrated 
that these arrays may be used for sensing applications [2-3]. 
Compared to Kretschmann-type SPR, sensing using the 
nanohole arrays is extremely promising for future 
technologies because it allows for:  a small footprint for 
dense integration, a high degree of multiplexing, collinear 
optical detection for facile integration and combined 
optofluidic functionality [4-25].  
 
The optimization of sensors includes sensitivity, resolution, 
reproducibility and accuracy. Sensitivity depends on the 
sensor output to the change in refractive index. Resolution is 
defined as the smallest change in refractive index that the 
nanohole array sensor can detect and is limited by the noise 
of the system [26]. Commercial SPR instruments have a 
resolution of 10-7 refractive index units (RIU) [27]. So far, 
the resolution of nanohole arrays has been demonstrated to 
be between 10-4-10-6 RIU; however, those works used 
complicated optical setups [28-30].  
 

In this work, we optimize the resolution of nanohole arrays 
in metal films for refractive index sensing by increasing the 
sensitivity with modifications to the hole-array parameters 
and by reducing the noise of the sensor system. We achieve 
a bulk resolution of 6×10-7 RIU. Due to the collinear 
microscope geometry and potential for dense multiplexing 
of nanohole arrays with optofluidic functionality [31-33], 
the results are encouraging for future biosensing 
applications.   

2. Simulation methods and results 
To have an idea of the optimal parameters for nanohole 
sensors, we performed comprehensive calculations of the 
transmission spectra of nanohole arrays using the finite-
difference time-domain method (FDTD). To model the 
dispersive gold film a fit to the experimental data of Johnson 
and Christy was used [34].  The substrate was taken to have 
refractive index of 1.52 (for glass) and the refractive index 
of the background was varied to determine the sensitivity. 
The simulation domain used perfectly matched layer 
boundaries to prevent reflections and Bloch boundary 
conditions for the periodic structure. A plane wave source 
was used normally incident on the nanohole array. A 
frequency domain profile monitor collected the transmission 
through the holes in the visible and near infrared wavelength 
range. A mesh over-ride of 2 nm was used over the metal 
film, and this was confirmed to capture the surface plasmon 
dispersion by finite difference mode calculations. The 
sensitivity was determined by noting the change in the 
transmission characteristics for varying refractive index of 
the solution surrounding the holes.  
 
Periodicity of the array, hole-diameter, and metal thickness 
were varied to obtain the best performance of the nanohole 
array sensor. FDTD simulations were carried out for hole-
diameters from 140 nm to 250 nm, periodicities from 
415 nm to 570 nm, and gold film thicknesses from 100 nm 
to 500 nm. 
 
Fig. 1(a) shows the transmission spectrum of the optimized 
nanohole arrays for film thickness of 100 nm. The 
optimization was determined in terms of the resolution, 
assuming that shot noise is the dominant factor (for which 
the noise scales as the square root of the intensity). 
Considering this, the resolution, when changing the 
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refractive index from 1 1.330n =   to 2 1.331n =  will be 
proportional to the resolution parameter, R :  
 1 2

1

n n

n

I I
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I
−

=  (1) 

Using Equation (1), we compare the performance between 
the nanohole arrays, where 1nI  and 2nI  are the transmission 
intensities for the different refractive index values. Fig. 1(b) 
shows that the optimal wavelength for operation is at 648 
nm for this film thickness, and this occurs for a hole-
diameter of 150 nm and a periodicity of 425 nm.  
 

 
Fig. 1. Results of FDTD simulations. (a) Spectrum of a 
circular nanohole array of diameter 150 nm and periodicity 
425 nm in a gold film of 100 nm thickness. (b) Optimal 
wavelength for operation is at 648 nm. 
 
It is interesting to note here that the optimal periodicity for 
the 100 nm film is close to the expected lowest order Bragg 
resonance of the plasmon dispersion for this wavelength; 
however, this is not the case for the thicker films. We will 
discuss this further in Section 6.  
 
Fig. 2 shows equivalent results for a gold film of 300 nm 
thickness. The optimal parameters found were hole-diameter 
of 260 nm, periodicity of 570 nm. The wavelength for the 
best performance was 655 nm. 
 

 
Fig. 2. Results of FDTD simulations. (a) Spectrum of a 
circular nanohole array of diameter 260 nm and periodicity 
570 nm in a gold film of 300 nm thickness. (b) Optimal 
wavelength for operation 655 nm. 

 
Fig. 3 shows the transmission spectrum and resolution 
parameter for a 500 nm gold film thickness. The optimal 
parameters for this thickness were hole-diameter of 260 nm 
and periodicity of 570 nm.  The largest R  value change is at 
the wavelength of 655 nm.  
 

 
Fig. 3. Results of FDTD simulations. (a) Spectrum of a 
circular nanohole array of diameter 260 nm and periodicity 
570 nm in a gold film of 500 nm thickness. (b) Optimal 
wavelength for operation is 655 nm. 
 
Comparing Figs. 1-3, it is clear that the thicker films provide 
better performance. In practice, however, we are limited by 
the ability to make high-aspect nanoholes in thick films and 
the duration of milling, and so we do not attempt larger 
thicknesses than 500 nm in this work. It is also interesting to 
note that the optimal wavelength of operation was 
consistently around 650 nm for all of the film thicknesses, 
and this has important ramifications for the sensor 
performance, as discussed further in Section 6. 

3. Fabrication procedure 
The nanohole arrays were fabricated by using a FB-2100 
(Hitachi) focused ion beam with a gallium ion source. The 
ion beam was set to 40 keV for milling, and a beam current 
of 0.01 nA. Fig. 4 shows a scanning electron microscope 
image of the circular nanohole array. To match the 
simulations, the nanohole arrays were milled in film 
thicknesses of 100 nm, 300 nm and 500 nm. Due to the cost 
of fabrication, the simulations were used to reduce the range 
of fabrication parameters. For the 100 nm film thickness, the 
periodicity was scanned from 415 nm to 435 nm in steps of 
5 nm and the diameters used were 150 nm and 160 nm. For 
the 300 nm and 500 nm film thicknesses, the diameters used 
were 260 nm and 270 nm and the periodicity was scanned 
from 550 nm to 575 nm in steps of 5 nm.  
 
Good verticality of the side-walls was confirmed by energy 
dispersive X-ray spectroscopy studies, which showed that 
the gold was removed from the region of precisely (to 
within 5 nm) the specified radius.  
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Fig. 4. Scanning electron microscope image of circular 
apertures with a diameter of 260 nm in a 500 nm thick gold 
film. 
 
Fig. 5 shows the microfluidic chip. For measuring change in 
intensity due a change in the index of refraction we use a 
microfluidic flow channel which consists of a 
polydimethylsiloxane (PDMS) microchip made by rapid 
prototyping lithography [35]. The master mold of the 
channel was patterned on a silicon wafer using SU-8 50 
photoresist. For the development of the microchip, a curing 
agent and PDMS (ratio 10:1) were used. The gold sample 
with PDMS flow channel was sandwiched between two 
acrylic layers to seal the flow channel.  
 

 
Fig. 5. Microchip of a 500 nm thick gold film sample and 
with PDMS microfluidic over-channel sandwiched between 
acrylic layers. 

4. Experimental setup 
Fig. 6 shows the experimental setup for measuring the 
fabricated gold samples. To enable scanning over a wide 
range of wavelengths, a supercontinuum light source 
(Fianium SC400) was used. With the acousto-optic tunable 
filter (AOTF), any desired wavelength ranging from 400 nm 
to 1100 nm could be obtained. This source illuminated the 
top surface of the sub-wavelength apertures. A spatial filter 
was used to improve the spatial/spectral quality of the laser 
beam.  Two objective lenses had been set up to measure the 
transmission of the nanohole arrays. First, the laser beam 
was focused using a microscope objective of 0.1 NA, and 
then it was collected with a microscope objective of 0.5 NA. 
We experimented with various objective lens combinations, 
and we found that this is a good configuration. In particular, 
the high NA objective below the glass substrate helps to 
acquire a larger number of photons. By contrast, the low NA 
objective above the microfluidic channel ensures a low 
angular deviation in the incident photons, so that the 

resonances (that are angle-sensitive) are more spectrally 
pure [36].  
 
A CCD camera (Thorlabs DCU224C) was used to record a 
video of the sub-wavelength structures while flowing 
solutions of slightly different refractive index over the 
sample. Any change in the refractive index of the solution 
appears as a change in intensity. A syringe pump (Harvard 
apparatus 11 series) was used for a stable liquid flow rate of 
7 µL/min.  
 

 
Fig. 6. Schematic of optical setup used for measuring the 
change in intensity of the fabricated gold samples with a 
super continuum laser source tunable over the visible near 
infrared region.  

5. Results 
In the experiments, the 100 nm thick gold film showed the 
largest sensitivity for a hole-diameter of 150 nm and 
periodicity of 425 nm, with a resolution of 2×10-6 RIU. The 
300 nm thick film showed largest sensitivity for a hole-
diameter of 260 nm and periodicity of 570 nm with a 
resolution of 8×10-7 RIU. The 500 nm thick film showed the 
largest sensitivity for a hole-diameter of 260 nm and 
periodicity of 570 nm, with a resolution of 6×10-7 RIU. 
These parameter values are all in close-agreement with the 
simulation results. It is clear also that the thicker film gives 
better resolution, as expected from the simulations. 
  
Fig. 7 shows the best result obtained among all the arrays, 
varying the refractive index to determine the sensitivity. The 
curve in Fig. 7(a) has a staircase appearance because it was 
acquired by scanning the AOTF in 5 nm steps for 5 second 
duration at each step. For convenience, the figure is plotted 
versus wavelength instead of time.  
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Fig. 7. (a) Representation in time of the spectrum of a 
nanohole array while flowing two different refractive index 
solutions. (b) Difference in intensities of two refractive 
index solutions.  
 
After choosing the optimal wavelength of operation for the 
nanohole array sensor measurements, by the procedure in 
Fig. 7, bulk sensitivity measurements were carried out with a 
higher intensity of 3.6 mW and using a low-pass finite 
impulse response numerical filter. Fig. 8 shows the intensity 
change of the circular nanohole arrays subjected to 
refractive index change of 0.0005 operating at 655 nm. The 
numerical filtering reduced the time resolution to 0.5 frames 
per second. The highest resolution that was obtained was 
6×10-7 RIU. 
 

 
Fig. 8. Experimental results for measuring the change in 
intensity at 655 nm wavelength for a 500 nm thick gold film. 
An array of circular holes with diameter of 260 nm and  
periodicity of 570 nm were used. 

6. Discussion 
First we note that good agreement is seen between the 
simulation and the experiments. The achieved resolution of 
6×10-7 RIU is a promising step towards competing with 
existing commercial SPR devices (10-7 resolution), while 
allowing for the integration, multiplexing and optofluidic 
advantages of nanohole SPR. 
 
It is interesting to note that the optimum resolution found 
from the simulations was around 655 nm. This is believed to 
result from the gold dispersion for two reasons. First, gold 
has a low loss at 655 nm because this wavelength is past the 

interband absorption peak of gold (around 510 nm). Second, 
the magnitude of the relative permittivity at 655 nm is not 
too large (it is closer to the plasma frequency than further in 
the IR, for example), which allows for significant 
electromagnetic field penetration into the metal and 
pronounced plasmonic effects. It is fortuitous that the 
optimal operation considering the material properties of gold 
coincides fairly well with the optimal sensitivity of the CCD 
camera used in this experiment (~600 nm), because this 
allows for higher photon collection efficiency, and therefore 
reduced shot-noise signal-to-noise ratio. 
    
It is common to use the SP Bragg relation to determine the 
optimal periodicity for nanohole array sensing:  

 ( ) ( )
1/ 2

1
2 2 2, d m

SP

d m

i j p i jλ
ε ε

ε ε

−

= +
+

 
 
 

 (2) 

where mε   and dε  are the permittivities of metal and 
dielectric material, p  is the periodicity, i  and j are integers 
that represent Bragg resonance orders. This gives reasonable 
results for predicting the resonance wavelength for thinner 
films for the lowest order resonance. For example, the 

0i = , 1j =  resonance of the 100 nm film with 425 nm 
periodicity on the water side is predicted to be 625 nm, and 
was observed to be 648 nm in the simulations. We see here, 
however, that larger periodicities are required for thicker 
films, and these do not seem to match the lowest order 
resonance. Indeed, they are closer to the 1i = , 

1j = resonance. The reason for this effect is still under 
investigation; however, this shows that future investigations 
should not simply chose the lowest order resonance 
wavelength as has been done in the past [37]. 

7. Conclusions 
We optimized the resolution of circular nanohole arrays in 
metal films for refractive index sensing by increasing the 
sensitivity with modifications to the hole-array parameters 
(film thickness, periodicity and diameter), by determining 
the optimal wavelength of operation, and by reducing the 
noise of the sensor system (through increased collection 
efficiency, increased intensity and numerical filtering). We 
achieve a bulk resolution of 6×10-7 RIU. Due to the collinear 
microscope geometry, the potential for multiplexing of 
nanohole arrays and improved optofluidic functionality [32], 
these results are encouraging for future detection of 
chemical and biological species.   
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Abstract 

We discuss here potential venues for applications and exotic 
features of quantum metamaterials. We explore the 
coupling of conventional electromagnetic metamaterials 
with quantum emitters and the wave properties of quantum 
metamaterials obtained by tailoring their effective band 
structure. We discuss anomalous enhancement effects in the 
quantum emission properties of individual and collections 
of small emitters in the presence of metamaterials, as well 
as matter-wave cloaking and anomalous tunneling 
phenomena for quantum mechanical waves in artificial 
materials with exotic band structures. 

1. Introduction 

The field of metamaterials and plasmonic materials has 
evolved tremendously in the past few years, expanding into 
a variety of novel fields and disciplines. Initially based on 
purely classical concepts, the trend of the last few years has 
been to consider smaller and more closely spaced 
nanoparticles, forcing scientists to consider quantum effects 
for the proper modeling of metamaterials [1]-[2], in 
particular for shorter wavelengths in fields like optics and 
plasmonics. In addition, combination of metamaterials with 
quantum sources and small optical emitters has 
tremendously expanded, together with the application of 
optical antennas for which quantum emitters may represent 
efficient localized power sources [3]. The field of 
metamaterials is currently mature to include quantum 
effects, also tailoring the effective band structure of 
composite materials to produce anomalous propagation 
properties for matter waves. In this paper, we theoretically 
discuss potential applications of quantum metamaterials, 
considering the coupling of small quantum sources with 
electromagnetic systems, and the tailoring of band structure 
to produce anomalous quantum effects.  

As a first example of our investigations in this area, inspired 
by electromagnetic metamaterials, we discuss how low-
constitutive parameters [4]-[8], compared to those available 
in nature, may be especially attractive to modify the 
quantum emission properties of small sources. Zero-
permittivity (ENZ) metamaterial channels have been 
proposed to increase the spontaneous emission of small 
optical sources within a purely classical analysis [9]. We 

discuss here how these effects may be even more dramatic 
than what predicted based on purely classical mechanisms, 
including the effects of quantum super-radiance in systems 
that have a large physical area, but a small electrical size, 
due to the large phase velocity of the modes supported in an 
ENZ channel. 

In addition, we discuss how, by modifying the effective 
band structure of metamaterials, we may be able to translate 
and extend established metamaterial effects to matter waves. 
ENZ tunneling and plasmonic cloaking will be discussed for 
matter waves, analyzing the potentials of these effects when 
translated into the quantum arena. To this end, transmission-
line modeling of wave propagation in quantum 
metamaterials will be applied to anomalous constitutive 
parameters and composite systems, showing that the tools 
successfully used in conventional metamaterials may be 
theoretically extended also in the area of quantum 
metamaterials. 

2. Quantum Metamaterials 

Metamaterials are artificial materials characterized by a 
wave interaction not commonly available in nature. They 
have been mostly applied to electromagnetic and acoustic 
waves, but recent interest in the extension and application 
of these concepts to matter waves has been explored in a 
variety of scenarios. A design mimicking the Veselago’s 
lens in optics has been proposed for matter waves, 
exploiting an electron focusing effect across a p-n junction 
in graphene [10]. Total transmission of cold Rubidium 
atoms through an array of sub-De Broglie wavelength slits 
has been theoretically demonstrated in [11]. Semiconductor 
heterostructures have been exploited to predict total 
transmission for electrons in a layered 1D quantum 
metamaterial [12]. Cloaking of matter waves using an 
invariant transformation of the Schrödinger equation has 
been theoretically demonstrated in [13]. 
In the case of periodic arrays, which make the vast majority 
of metamaterial geometries, at frequencies such that the 
wavelength is long compared to the periodicity of the 
metamaterial, the equations governing the wave propagation 
can be homogenized and effective constitutive parameters 
may be defined. By carefully designing the sub-wavelength 
periodic structure of the medium, materials with anomalous 
values of constitutive parameters may be engineered. 
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Metamaterials are therefore associated with exotic 
properties, not directly available in nature, like negative 
refraction, extreme parameters, fast or slow waves, and 
extraordinary tunneling. These properties make them 
particularly interesting for a wide range of applications 
including far-field imaging, sensing and cloaking. In this 
section we discuss how these concepts may be applied to 
matter waves and to electromagnetic waves interacting with 
quantum systems, both aspects belonging to the general area 
of quantum metamaterials (QMM), whose properties cannot 
be described within classical concepts. 

2.1. Classification and general discussion 

2.1.1. Type I quantum metamaterials 

As a first type of QMM, we will consider quantum systems 
embedded in a conventional electromagnetic metamaterial, 
and strongly coupled to it. Here the quantum nature is 
brought by the quantum system, which for example may be 
represented by quantum dots and/or quantum wells. The 
fundamental idea behind type I QMM is that metamaterials 
can be exploited to dramatically enhance quantum effects. 
An example of type 1 QMM would be a system of quantum 
emitters radiating in an electromagnetic metamaterial. We 
will treat this type of QMM in section 3 of this paper, and 
show that very peculiar properties can be achieved when 
including quantum effects in the classical electrodynamic 
theory of metamaterials. 

2.1.2. Type II quantum metamaterials 

The second type of quantum metamaterial (type II QMM) 
consists of an artificial medium supporting quantum or 
matter waves. In order to further illustrate this concept, let’s 
review how the motion of particles can be described by a 
wave equation with effective parameters. The time-
independent Schrödinger equation for a particle can be 
written as 

 > @
2

2
0

0

( ) ( ) ( )
2 cV r U r H U r E

m
ª º
� � � � <  � <  <« »
¬ ¼

= G G G , (1) 

where we have assumed that the potential energy may be 
split into a periodic part ( )cV rG  and a non-periodic part  

( )U rG , which is assumed to be slowly varying on the scale 

of the lattice constant. 0H  represents the part of the full 
Hamiltonian that commutes with all the translation 
operators constructed from a lattice vector. By virtue of 
Bloch’s theorem, it is possible to find a basis of common 
eigenvectors of 0H  and all the lattice translation operators. 
We denote this basis of Bloch’s functions as 

. ( )ik r
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G
, where ( )nku rG

G
 has the lattice periodicity, 

and we use it to expand the solution < of the full 
Schrödinger equation (1) as 
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It can be shown [14] that around a maximum or minimum 
in the band diagram, within the single band approximation 

and assuming that the strength of the potential is small 
compared with the fundamental bandgap, one term in the 
expansion (2) is dominant and the solution of equation (1) is 
in first approximation 
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( )F rG is the envelope function and satisfies the single-band 
effective mass equation: 
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where 0cE is the energy at the extremum, and the effective 
mass tensor is defined as: 
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If the potential energy changes very rapidly (for example, in 
a heterojunction between two direct band-gap 
semiconductors), the theory presented above is still valid if 
one considers the boundary condition [15]: 
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We see that all the effects from the periodic potential are 
absorbed into the effective-mass parameter. Considering the 
external potential U as a medium parameter (i.e., the 
energy difference at the band edge), we may consider the 
material to be an effective homogeneous medium for the 
envelope of the quantum particle. This justifies the term 
‘quantum metamaterial’. 
Examples of type II QMM, for which the single band 
effective mass approximation is valid, include conduction 
electrons in direct band gap semiconductors operated close 
to their * point, or cold atoms in an optical lattice. The 
analogy between type II QMM and electromagnetic or 
acoustic metamaterials make them particularly suitable for 
translating and exploiting the most exotic effects discovered 
in these fields to matter waves. We will discuss specific 
examples of type II QMM in sections 4 and 5. 

3. Boosting quantum super-radiance in an epsilon-
near-zero medium 

As example of type I QMM we will consider the emission 
properties of a system of identical 2-level quantum emitters 
in a metamaterial with extremely low value of effective 
permittivity. Consider a non-magnetic background medium 
with effective permittivity H  in which we embed a system of 
N identical 2-level quantum emitters, radiating at frequency 

0Z , for instance quantum dots or atoms. We note 0N the 

concentration of emitters, and d the off-diagonal matrix 
element of the dipole moment operator (chosen to be real). 
We will assume that at 0t   all the 2-levels atoms are in 
their excited state. All the emitters are therefore expected to 
spontaneously radiate as a result of the interaction with the 
quantum fluctuations of the electric field. The background is 
considered as a classical metamaterial in which one can 
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achieve anomalous values of permittivity at the emission 
frequency of the 2-level atoms.  
As was first pointed out by Dicke in his original paper [16] 
about coherent super-radiance, the independence of the 
spontaneous decay of several identical atoms is a wild 
assumption, and a more accurate description of the problem 
leads to quite different results. Interestingly, the interaction 
of the atoms through their radiation electromagnetic fields 
results in correlation between the atomic dipole moments, 
leading to the formation of macroscopic polarization, the 
latter being proportional to the total number of atoms in the 
system N . As a consequence, the total radiation intensity is 
considerably enhanced, and the spontaneous decay time is 
shortened. We shall now describe this effect more 
quantitatively, and explain how it can be further enhanced 
by decreasing the permittivity H of the medium. 

3.1. Model  

To address the effect of the permittivity of the medium on 
the radiative properties of our quantum metamaterial we 
exploit a semi-classical model of super-radiance. This model 
is suitable for describing systems whose size exceeds the 
emission wavelength. We briefly review the basic 
assumptions of this model: we will assume that the system is 
a rectangular box whose size is smaller than the Arecchi-
Courtens length (critical length beyond which the system 
splits up to several incoherent super-radiating segments) 
[17]. The system is opened at both ends along the x axis. In 
addition, we assume that all physical quantities depend only 
on one spatial coordinate x  and that the quantum dipole 
moments and electric fields are polarized along 
the y direction. This simple model has been proven to 
describe with excellent accuracy experimentally measured 
super-radiant pulses [18]. 
The semi-classical approach that we follow combines the 
quantum mechanical treatment of the 2-level system with 
the classical treatment of the radiation field. His main result 
is the dimensionless Maxwell-Bloch non-linear PDE 
equations system [19] 
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where Z is the population difference or inversion, R is the 
envelope of the non-diagonal element of the local average of 
the density matrix, which is linked with the local 
polarization of the medium, E is the normalized electric 
field, [ is the normalized coordinate x and 'W is the 
normalized retarded time 

 'W W [ �  (10) 

where W is the normalized time. The way that these 
quantities are normalized is of crucial importance to 

determine the scaling properties of super-radiance and the 
effect of the background permittivity. We have 
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where e is the electric field. The frequency 0: gives 
information on the characteristic time of super-radiance 
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The characteristic length 0x is the above-mentioned Arecchi-
Courtens length which is given by: 

 
0

0
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where c is the phase velocity of light in the considered 
medium. Note than this length does not depend on the 
permittivity of the background medium. This implies that it 
is not possible to extend the spatial range of super-radiance 
by tailoring H . This is simply related to the fact that when 
two emitters are separated by more than 0x , they cannot 
interact through their radiation field because the 
electromagnetic interaction cannot go faster than the speed 
of light in vacuum. As a consequence, they belong to two 
different uncorrelated super radiating segments. We 
therefore restrict ourselves to a single super-radiating 
segment by requiring that the system be smaller than 0x . 
The normalization constant for the electric field is: 

 0
0

i
e

d
:

  (14) 

 The method for solving this system of equation has first 
been proposed by Burnham and Chiao when modeling the 
coherent resonant fluorescence excited by a short light pulse 
[20]. We consider the auto-modeling solution of the 
Maxwell-Bloch equation, and numerically solve the 
resulting differential equation with the appropriate boundary 
conditions. This yields the magnitude of the electric field as 
a function of x and t. From its value, we can compute the 
radiation intensity (number of photons per unit time radiated 
through one end of the system).  
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Figure 1: Output intensity versus time for different 
concentrations of emitters. The relative permittivity of the 
background medium is 1. 

3.2. Results 

In order to highlight the exotic features of our quantum 
metamaterial we plot in Fig. 1 the number of emitted 
photons versus time for different values of total number of 
emitters. Fig. 2 compares the output intensity for different 
values of the background permittivity. The energy levels of 
the identical quantum emitters are assumed to be separated 
by 3.1 eV, the dipole moment d  is chosen to be 2910� C.m, 
and the cross-sectional area of the system used in the 
intensity calculations is 4000 nm2. We notice that the 
maximum peak value is proportional to 2N . This is the 
dramatic effect of interaction between the emitters through 
their common radiation field. One would indeed expect the 
output intensity to be proportional to N  if the sources were 
independent. We also see that the super-radiance 
characteristic time is inversely proportional to the total 
number of atoms in the system. This suggests that the 
radiation decay time can be extremely short for sufficiently 
dense media. 

The effect of decreasing the permittivity is also dramatic: 
both radiation intensity and characteristic time are roughly 
inversely proportional to H . This suggests the use of 
metamaterials as background media in order to achieve very 
low values of permittivity and further enhance both the 
maximum output intensity and the radiation time. 
In summary, this very simple model predicts a significant 
boosting of spontaneous emission in quantum metamaterials 
made of confined identical quantum emitters in an ENZ 
background. This result is significantly larger than what 
predicted in [9] adopting a purely classical analysis. 
 

Figure 2: Output intensity versus time for different value of 
the relative permittivity of the background medium, for 100 
emitters. 
 

4. Plasmonic cloaking of matter waves 

As an example of a potential application of type-II QMM, 
we investigate the possibility of cloaking matter waves by 
cancelling the scattering cross-section of a given potential 
profile. 

4.1. Preliminaries 

Cloaking of matter waves has been theoretically predicted 
for spherical systems with given potential energy and 
effective mass, by considering an invariant transformation of 
the Schrödinger equation [13]. Here, we take a different 
approach, similar to what has been done in the field of 
plasmonic cloaking. Similar to what proposed for 
electromagnetic [21] and acoustic waves [22], the idea is to 
exploit the scattering cancellation based on the negative 
local polarizability of a cover made of low-permittivity or 
low-density metamaterial. The purpose of this cover is to 
cancel the dominant scattering terms in the multipole 
expansion of the scattered fields. This method is very robust 
to geometry since it does not rely on a resonance 
phenomenon. The first experimental realization of a cloaked 
device for a free-standing 3D object was based on this 
principle [23]. We discuss now how plasmonic cloaking 
may be translated to matter waves. For the purpose of clarity 
we will not consider motion in a periodic potential, and 
therefore we consider a quantum particle in vacuum 
impinging on a region with non-zero potential ( )U rG . This is 

equivalent to setting cV  to zero in equation (1). This 
situation corresponds to the usual quantum problem of 
scattering by a potential. We make the usual assumptions 
that the impinging particles are spinless and structureless. 
The potential is not necessarily central, but it is negligible 
outside a certain action zone : . 
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4.2. Cloaking condition 

Let’s start from the Lippmann-Schwinger equation in the 
position representation: the solution of the Schrödinger 
equation satisfies the following integral equation [24]: 

 3( ) ' ( ') ( ) ( )ikzr e d r G r r u r rM M� � �³
G G G G G G , (15) 

where 
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Is the Green’s function associated with the linear operator 
2 2k� � and ( )u rG is a normalized potential related to the 

potential ( )U rG by 
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Equation (14) can be solved by iteration, but if the potential 
( )u rG is small enough one can keep only the first term, 

following Born approximation 
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where s iK k k �
G GG

is the difference between the scattered 

wave vector in the direction 'rG and the incident wave vector. 
Imagine now to be able to add a potential cover ( )cu rG  

around the action zone of the potential. Let’s denote by c:  
the finite domain where the potential cover is non-zero. 
Equation (15) becomes: 
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Cloaking is achieved when the integral over the cover 
cancels the one over the initial potential: 
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For instance, for constant potentials and in the quasistatic 
limit, one has the simple condition: 
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For spherical constant potentials, if J denotes the ratio 
between the shell and the core radii, the cloaking condition 
becomes 
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The analogies with the case of plasmonic cloaking for 
electromagnetic or acoustic waves are evident. The 
multipole expansion is replaced by the Born expansion, and 
the dipole approximation by the Born approximation. Like 
in the electromagnetic case, the cover needs to have opposite 
local polarizability to cancel dipolar scattering. Alone, the 

cover or the core would scatter, but when combined and 
interfering with each other, they cancel each other, making 
the obstacle totally transparent to the impinging wave. The 
cloaking condition is robust to geometry imperfections or 
fluctuations in the potentials, since it does not rely on a 
resonance phenomenon. The associated low observability of 
the cloaked object may find potential application in 
electronics, sensing, and imaging. 

5. Transmission-line theory of guided matter wave 

Given the strong analogy between type II QMM and 
conventional electromagnetic or acoustic metamaterials, we 
strongly suspect that type-II QMM may be associated with 
similar anomalous tunneling phenomena as for classical 
metamaterials. These phenomena are well described by 
transmission-line (TL) theory. In this section, we first 
illustrate the need for a TL theory of matter waves. We 
show that TL theory is the most suitable tool to understand 
the extraordinary tunneling phenomena associated with 
electromagnetic metamaterials, through the examples of 
ENZ supercoupling and tunneling at the plasmonic 
Brewster angle. Then, we develop a transmission line 
theory for guided matter waves which may be directly 
applied to transpose those concepts into the quantum world, 
paving the way to a variety of exciting applications. 

5.1. ENZ supercoupling 

ENZ supercoupling is a peculiar transmission phenomenon 
which occurs between two waveguides of very different 
cross-sectional areas. Consider an infinite parallel-plate 
waveguide directly connected to another infinite waveguide 
with much smaller cross section. Intuitively, one would 
expect almost total reflection of the TEM waves at the 
junction between the two waveguides, because of the huge 
impedance mismatch introduced by the difference in cross-
sections. From TL analysis, however, we find the condition 
for having zero reflection as [6] 

 1 2

1 2

h h
H H

 , (23) 

where h denotes the waveguide height and H  is the 
effective permittivity of the medium filling each waveguide. 
We have assumed that the permeability in the two 
waveguide is the same. If 2 1h h�  and the permittivities are 
of the same order of magnitude, condition (22) is far from 
being fulfilled. But interestingly, if 2H  is near zero, total 
transmission is paradoxically achieved for a waveguide of 
infinitely small 2h  [5]. The associated large field 
enhancement, uniform all along the small waveguide due to 
the ENZ quasistatic response, is peculiarly independent of 
its length and shape and has been proposed for novel 
concepts in light concentration and harvesting [25], sensing 
[26], boosting molecular emission [9] or optical non-
linearity [27]. 
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5.2. Plasmonic Brewster angle 

Tunneling of electromagnetic waves at the plasmonic 
Brewster angle is another example of anomalous tunneling 
through a very small aperture. Like ENZ tunneling, it relies 
on impedance matching. Therefore, this phenomenon is best 
described by transmission line formalism. Consider a 
metallic screen corrugated by very narrow slits. It has been 
shown [28] that the impedance mismatch with a normally 
incident plane wave can be totally compensated if the angle 
of incidence satisfies the following matching condition: 

 

0

cos( ) sw
k d
ET  , (24) 

where sE is the wave number inside the screen, w is the 

width of the slits, 0k is the free space wave number and d  
is the periodicity of the grating. This phenomenon is of 
particular interest since the associated ultrabroadband 
tunneling can span from dc to the visible range for a fixed 
incidence angle. 

5.3. TL theory of guided matter waves 

TL theory for matter waves has been proposed to describe 
propagation of plane waves in one dimensional problems 
[29]. We propose to extend it to the description of guided 
matter waves, in order to enable easy transposition of the 
two above mentioned extraordinary tunneling. Imagine a 
rectangular matter waveguide made out of infinite potential 
walls filled up with a type-II QMM with effective 
parameters *m  and V . The solution of the time-
independent Schrödinger equation for the envelope function 
can be written as 

 
0( , , ) sin sin zik zn x m yx y z e
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where a and b are the rectangular cross-section dimensions 
in the x and y directions, 0M  is a constant, and ( , )n m  is a 
pair of nonzero integers. We will restrict ourselves to the 
(1,1) mode, for which the guided wave number zk  satisfies 
the dispersion relation 
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We propose the following TL model for the wave 
propagation along z. The line voltage ( )u z  is defined as 
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and the line current as 
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The primary parameters of the line are the shunt line 
admittance pY  and the series line impedance sZ , given by 

 
*

s
mZ
ab

 �  (29) 

 2
*p z

abY k
m

 . (30) 

The line impedance is therefore: 

 
*

s z

p

Z m ki
Y ab

K    (31) 

Note that this definition of voltage and current has been 
chosen to ensure the continuity of the probability and 
probability current along the line. With these definitions, 
the junction between two waveguides with different cross-
section can be directly modeled by connecting the two TL 
models together. The condition for total transmission 
between two semi-infinite waveguides is obtained by 
equating the line impedances: 

 
* *

1 1 2 2

1 1 2 2

z zm k m k
a b a b

  (32) 

It is evident how this theory can be exploited to transpose 
epsilon-near-zero supercoupling to matter waves, with 
similar properties as described in Section 5.1. Moreover, 
this theory is obviously valid for plane waves in unbounded 
media (or particles with well-defined momentum), written 
in the form: 

 
0( , , ) zik zx y z eM M  (33) 

An angle of incidence can be taken into account by 
appropriately inserting factors cos iT  in the definitions of 
the line voltage and current in order to ensure the continuity 
of the probability and probability current at the junctions 
between unbounded media and waveguides. This 
modification allows a translation of the plasmonic Brewster 
tunneling to matter waves, which we will explore in detail 
in an upcoming publication.  

6. Conclusions 

We have presented and theoretically explored exotic 
properties and applications of quantum metamaterials. Type 
I quantum metamaterials, which are constituted of a 
quantum system strongly coupled to a classical 
metamaterial, were illustrated by considering the 
spontaneous radiation properties of a system of identical 
quantum emitters in a near-zero permittivity medium. We 
have presented quantitative arguments to support the fact 
that super-radiance may be strongly enhanced in an epsilon-
near-zero background. Type II quantum metamaterials are 
artificial media with exotic effective properties for matter 
waves. We have shown how such media can be constructed 
by tailoring the band structure of quantum particles in 
periodic potentials. Exotic properties of matter wave 
metamaterials have been illustrated through several 
promising examples. We have shown that in principle it is 
possible to achieve plasmonic cloaking for matter waves, by 
designing a cover to cancel the scattering from a region of 
non-zero potential. In addition, we have shown that the 
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applications of classical metamaterials may be successfully 
translated into the quantum arena. A transmission-line 
theory for matter waves has been presented and we have 
showed how this tool may be successfully applied to 
transpose ENZ supercoupling and plasmonic Brewster 
angle tunneling to the quantum wave functions. These 
phenomena may be of interest in a variety of applications 
including sensing, electronics, or imaging. 
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Abstract 
A printed Z-shaped electric meta-atom is presented as an 
alternative design to the conventional electric-LC (ELC) 
resonator. We propose to redesign the ELC resonator 
pattern to get a compact and a low cost electric resonator 
exhibiting a strong electric response. Our approach consists 
in redressing the resonator shape to accommodate higher 
inductance and therefore leading to a lower resonance 
frequency without being limited by fabrication tolerances. 
Simulation and measurement results show that the Z meta-
atom exhibits an electric response to normally incident 
radiation and can be used very effectively in producing 
materials with negative permittivity. 

1. Introduction 
Metamaterials offer remarkable properties that go beyond 
conventional natural materials and are actually used in 
novel class electromagnetic devices such as invisibility 
cloaks [1-5], rotators [6], retroreflectors [7], Luneburg 
lenses [8], waveguide tapers [9] and directive antennas [10-
17]. A typical metamaterial is an artificially engineered 
structure made of a periodic array of sub wavelength 
metallic or dielectric inclusions called meta-atoms. Various 
forms of meta-atoms such as Split Ring Resonator (SRR) 
[18] or electric-LC (ELC) resonator [19] have been shown 
to be able to produce respectively a wide range of 
permeability or permittivity values in the vicinity of the 
resonance. Other metamaterial resonators such as the S-
shaped structures [20, 21] and the asymmetric cut wire pairs 
[22-24] have shown a negative refractive index. In order to 
use such resonators in the effective medium regime, the 
ratio between the operating wavelength and the unit cell 
size must be greater than 4 [25]. Different approaches have 
been proposed to increase the latter ratio with the main goal 
to shift downwards the resonance frequency of the meta-
atoms. For instance, solutions such as integrating 
interdigital capacitors [26] or using high permittivity or 
permeability host substrates [27] have been proposed. 
However, such attempts are very limited according to the 
fabrication technology when frequency shifts upwards. 

It is our aim in this paper to investigate numerically and 
experimentally the electromagnetic properties of a Z-shaped 
meta-atom in the microwave regime. The latter meta-atom 
is obtained by changing the LC equivalent circuit topology 

of the ELC resonator. It is reported that the structure 
presents an electric resonance which occurs at a lower 
frequency than that presented by the ELC resonator for 
similar geometrical dimensions. A negative real part of ε is 
demonstrated in the vicinity of the resonance. Moreover, the 
experimental study of cross-polarization and magneto-
electric coupling in such an electric Z-shaped resonator is 
presented. The results are further compared with those of 
completely symmetric ELC and electric I-shaped 
resonators. It is shown that cross-polarization is near zero in 
the resonance vicinity of the Z-shaped resonator, indicating 
that a purely electric response is obtained at resonance. 

2. From ELC to Z-shaped resonator 
We first consider the unit cell of the ELC resonator 
introduced in Ref. 19 and presented in Fig. 1(a). In the 
effective medium regime, where resonator size is much 
smaller than the operating wavelength, the ELC resonator 
can be described qualitatively in terms of its equivalent 
circuit as illustrated in Fig. 1(b). A capacitor-like structure 
couples to the electric field and is connected in parallel to 
two loops providing inductance to the circuit. In order to 
increase the ratio between the operating wavelength and the 
ELC unit cell size it has been suggested that the resonance 

frequency of the LC circuit expressed as 
LC

fr
π2

1
= , 

can be tuned downwards by introducing additional 
inductive loops to accommodate more inductance. Similar 
to interdigital capacitors, adding inductive loops can be a 
difficult technological task at optical frequencies. 

Thus, we propose to transform the LC topology of the 
ELC resonator with the main goal to lower the resonance 
frequency. This transformation presents also the advantage 
of facilitating the metamaterial fabrication process. Hence, 
the ELC resonator can be easily reduced to an I-shaped 
resonator by removing firstly the two side arms, causing the 
inductance of the element to considerably decrease. On the 
counterpart, a new capacitance is created between the two 
horizontal arms. However, this capacitance C is very weak 
compared to that of the gap in the middle of the structure, 
which suggests that the transformed resonator will show a 
higher resonant frequency than the ELC. Removing the gap 
in the middle of the resonator changes the LC circuit 
topology and the resulting I-shaped resonator presented in 
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Fig. 1(c) is equivalent to the circuit given in Fig. 1(d). In 
this case without the gap, the capacitance needed for the LC 
resonance is given by Cp created between two consecutive 
unit cells. 

 
Figure 1: Unit cells and equivalent LC circuit models. (a)-
(b) ELC resonator. (c)-(d) I-shaped resonator. (e)-(f) Z-
shaped resonator. For all the resonators, the geometrical 
dimensions are: ax = ay = 6 mm, lx = 5.7 mm, ly = 5.8 mm, w 
= 0.3 mm, wg = 0.45 mm and lg = 2 mm. 

 
Another practical shape transformation aiming to 

decrease the resonance frequency of the ELC resonator 
without changing the lattice constant consists in adding 
physical length to both inductive loops by using a slant line 
as presented in Fig. 1(e). Adding physical length when 
passing from I-shaped to Z-shaped structure shall produce a 
larger phase delay and increases the total inductance of the 
metamaterial without requiring additional fabrication steps. 
Due to this increase in inductance, the Z-shaped resonator 
shall present resonance at a lower frequency. The equivalent 
circuit model of the resulting Z-shaped structure is given in 
Fig. 1(f). 

3. Parametric analysis of the resonators 
To examine and compare the performances of the different 
resonators presented in Fig. 1, the properties of the 
structures are characterized numerically using a Finite 
Difference Time Domain (FDTD) Maxwell’s equations 
solver, Microwave Studio Suite by CST. The dielectric 
spacer used throughout this study is single face copper-
cladded epoxy with a relative dielectric constant of 3.9, a 
tangential loss of 0.02 and a thickness ts = 0.4 mm. For the 
samples reported in this paper, the nominal length of the 17 
µm thick copper wires along the x- and y-direction is 
respectively lx = 5.7 mm and ly = 5.8 mm and the nominal 
width is w = 0.3 mm in both simulations and experiments. 
For the capacitive gaps present in the ELC, the nominal 
width and length is respectively wg = 0.45 mm and lg = 2 
mm. For the unit cell, ax = ay = 6 mm. For an 
electromagnetic wave incident with a wave vector and field 
polarization of Fig. 1, the different resonators will exhibit a 
strong electric response.  

A parametric study of the resonators is performed in 
order to point out the importance of the different geometric 
parameters in the LC resonance frequency and to provide a 
guideline for design of such metamaterials. Three series of 
calculations are performed for each resonator; the first one 
concerns the width of the strip lines w, the second one for 
the length ly and the third one concerns the length lx. The 
transmission spectra under normal incidence are shown for 
each configuration. The parametric study is presented in the 
various parts of Fig. 2. Each column corresponds to a 
specific resonator and each row corresponds to the study of 
a physical parameter. In all subplots, the green traces 
correspond to the nominal values and the red and blue 
traces correspond respectively to upper and lower values. 
When considering only the resonance corresponding to 
nominal parameters (green traces), a resonance is clearly 
observed for each type of meta-atom. The I-shaped 
resonator presents a resonance frequency of 6.4 GHz, 
compared to 5.9 GHz for ELC. This shift toward higher 
frequencies was predictable since the inductance and 
capacitance are reduced when transforming ELC into I-
shaped resonator. The shape transformation induces a 
change on the LC topology. In a quasi-static approximation, 
where resonator size is very small compared to operating 
wavelength, the I-shaped structure can be modeled in the 
form of the LC resonance circuit presented in Fig. 1(d). The 
equivalent capacitance in the I-shaped structure is then 
given by Cp since we neglect the capacitance C. According 
to the dimensions wg and lg used for the gap of the ELC, the 
capacitance of the latter (Cg) is almost half of the one 
created by the periodicity (Cp).  

The resonance frequency of the Z-shaped resonator is 

expressed as 
p
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The circuit theory then predicts a resonance frequency equal 
to 5.2 GHz, which is in good agreement with the simulated 
value. Concerning the I-shaped resonator, the inductance is 

approximated by 
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calculated resonance frequency is 6.2 GHz. The equivalent 
capacitance of the ELC resonator is given 

by
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Figure 2: Parametric study of ELC, I-shaped and Z-shaped resonators. Variation of w, ly and lx. 

 

ELC resonator. A good qualitative agreement can be 
observed with the resonance frequencies obtained from CST 
simulations as shown in Table I. The effective medium ratio 
λ/a, i.e. the ratio between the operating wavelength and the 
unit cell size, is also given for each meta-atom in Table I. 
We can clearly observe that parameters extraction is indeed 
possible with the different resonators since λ/a is greater 
than 4. 
 

Table 1: Computed and measured resonance frequencies 
of the resonators (GHz). 

Resonator Simulated 
f0 

Calculated 
f0 

Measured 
f0 

Simulated 
λ/a 

ELC 5.9 6.3 6 8.5 
I 6.4 6.2 7 7.8 
Z 4.9 5.2 4.9 10.2 

 

 
Commenting on the parametric sweep, the first series of 

calculation given in Fig. 2 illustrate the influence of the 
strip lines width, w. We observe a shift toward higher 
frequencies for the three resonators when increasing w, 
since the inductance involved in the LC resonance is 
reduced. The second series of calculation is based on the 
variation of the vertical length ly, and keeping ay fixed to 6 
mm. As ly is increased, the resonance frequency of each 
meta-atom is decreased. This is because a higher 
capacitance value Cp is present between consecutive cells in 

the y-direction and also to higher inductance in the circuits. 
The third parametric sweep concerns the horizontal length lx 
while keeping ax fixed to 6 mm. An increase in lx causes a 
decrease in resonance frequency for the different resonators. 
However, this decrease is more important in the ELC meta-
atom since vertical arms are present in the structure and 
therefore a capacitance is created between consecutive cells 
in the x-direction. In the I- and Z-shaped resonators, the 
decrease is only slight due to the absence of vertical arms. 
A variation in lx causes inherently a variation in the length 
of the slant line in the Z-shaped resonator. On the other 
side, the length of the vertical lines does not vary in the I-
shaped structure. Therefore a greater change in inductance 
is noted with the Z-type resonator and this explains why the 
Z-type resonator presents a larger shift in frequency than the 
I-shaped one when lx varies. 

4. Experimental measurement of the resonators 
Prototypes based on the nominal dimensions have been 
fabricated for each resonator using standard lithography 
techniques. Total sample size is 18 × 18 cells on a 120 mm 
× 120 mm dielectric board. Microwave measurements based 
on the experimental setup described in ref. 28 have been 
done on the fabricated prototypes in an anechoic chamber 
using an Agilent 8722ES network analyser and two dual-
polarized 2-18 GHz wideband band horn antennas. In this 
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case, the two horns are polarized similarly, with the wave 
vector and electric field polarization directed as shown in 
Fig. 1. Phase referencing and normalization have been 
performed in transmission by removing the sample from the 
signal path, and in reflection, by replacing the sample with a 
copper plate. Measured reflection and transmission 
coefficients are compared to the simulated ones in Fig. 3.  

Calculated and measured magnitudes of S21 show 
clearly a resonance dip for each type of resonator. There is a 
very good qualitative agreement between simulations and 
measurements, except for I-shaped resonator. This 
discrepancy is due to the fact that the dimensions obtained 
with the fabricated prototype of the I-shaped structure do 
not correspond exactly to those used in simulations. Table I 
summarizes the numerical and experimental resonance 
frequencies. 

 
Figure 3: (a)-(b) Computed, and (c)-(d) measured reflection 
and transmission responses of the different resonators. 

5. Study of magneto-electric coupling in the Z-
shaped resonator 

It can be clearly observed that the ELC and I-shaped 
resonators possess a high level of symmetry, implying both 
an electric coupling to an electric field and a magnetic 
coupling to a magnetic field. However due to the symmetric 
configuration, the two inductive loops are equivalent but 
opposite, cancelling the magnetic coupling in the structure 
[19]. Thus, a purely electric response is obtained from such 
structures. In the case of the Z-shaped resonator, the only 
apparent symmetry is a rotation of 180° around the z-axis. 
Because of the lack of mirror symmetry plane in the Z-type 
design, the eigenwave in such structures is not as simple as 
the y-direction linear polarized wave defined in Fig. 1. For 
this reason, cross-polarizing behaviour and magnetoelectric 
coupling study need to be addressed.  

We first start by verifying the electromagnetic (EM) 
wave polarization of the Z-shaped structure. Two linear 
eigenmodes corresponding to x-polarized and y-polarized 
waves are considered in the numerical simulations. 
Therefore, four linear transmission coefficients Txx, Tyx, Txy 
and Tyy are obtained and used to calculate circular 

transmission coefficients T++, T-+, T+- and T-- using the 
following equation [29]:  
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Figure 4: (a)-(b) Computed magnitude of transmission 
coefficient for the circularly polarized EM wave, (c)-(d) 
Computed polarization azimuth rotation (θ), (e)-(f) 
Computed ellipticity angle (η) for the Z-shaped and ELC 
resonators respectively. 
 

Fig. 4(a) shows the calculated T++ and T-- coefficients 
for the Z-shaped meta-atom. We can note that conversely to 
the chiral metamaterial presented in Ref. 29, the right-
handed and left-handed circularly polarized EM waves are 
similar in this case. The same behavior is observed for the 
ELC resonator as illustrated in Fig. 4(b). The polarization 
azimuth rotation ( ) ( )[ ] 2argarg −−++ −= TTθ , and the 

ellipticity  










+

−
=

−−++

−−++

TT
TT

arcsin
2
1

η  of elliptically 

polarized  light, are presented in Figs. 4(c) and 4(e) and 
Figs. 4(d) and 4(f) for the Z-shaped and ELC resonator, 
respectively. Compared to Ref. 29, the polarization rotation 
and the ellipticity present very low values close to zero for 
both the Z-shaped and the ELC resonators, suggesting that 
the structures do not possess chiral properties. 
Further investigations about magnetoelectric coupling are 
performed by comparing the magnetic field vector 
distribution in the Z-shaped and ELC resonators at 
resonance. As it can be observed in Fig. 5, a magnetic loop 
is formed on each side of the central line in both resonators. 
The magnetic field vectors of the loops point in opposite 
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directions, cancelling the magnetic coupling in the 
resonators. It can therefore be deduced that similarly to the 
ELC resonator, a purely electric response can be obtained 
from the Z-shaped meta-atom. 

 
Figure 5: .Magnetic field vector distribution at resonance in 
the Z-shaped and ELC resonators. 

6. Experimental measurement of bianisotropy 
To experimentally verify bianisotropy effect in the Z-
shaped meta-atom, cross-polarization transmission 
measurements are performed on the 18 × 18 cells fabricated 
sample as detailed in [30]. Conversely to co-polarization (or 
desired polarization) measurements performed in section 4, 
here the two horns are polarized orthogonally with respect 
to each other. The horn antenna used as emitter is polarized 
with an electric field along the y-direction whereas the one 
used as receiver is polarized with an electric field along the 
x-direction, such that the E-plane of one horn is oriented 
90° with respect to the other. 

Measurements on the various element samples are 
presented in Fig. 6(a)-(c) for normal incidence (0°) and in 
Fig. 6(d)-(f) for 45° incidence in E-plane. For 
normalization, co- and cross-polarization measurements are 
performed with no sample present. It can clearly be 
observed that in both incidence cases, cross-polarization 
level of the ELC sample is commensurate with that of no 
sample present. For the Z-shaped metamaterial sample, 
cross-polarization is considered negligible below 6 GHz 
since the level is almost the same as in free space (without 
the sample). However, the cross-polarization level tends to 
increase above 6 GHz, indicating the presence of magneto-
electric coupling. The resonance frequency of the Z-shaped 
metamaterial sample having been experimentally measured 
at 4.9 GHz, we can therefore deduce that the latter 
resonance is purely electric similar to the ELC meta-atom, 

although the lack of symmetry in the design. Cross-
polarization measurements have also been performed on the 
highly symmetric I-shaped metamaterial and results 
consistent with the ELC have been observed. 

 
Figure 6: Comparison of cross-polarization measurements 
for the various ELC, Z-shaped and I-shaped designs. (a)-(c) 
0° incidence. (d)-(f) 45° oblique incidence. For calibration, 
horns aligned and cross-polarization transmission 
measurements are shown for no sample present (blue and 
magenta colors). 

7. Effective parameters retrieval 
Using reflection and transmission responses from a single 
layer of the sample and considering a y-direction linear 
polarized wave, effective parameters can be extracted using 
the retrieval procedure described in [31]. This is possible 
since the structure period along the propagation direction is 
very small compared to the working wavelength. In 
performing the retrieval, we assume a z-direction size az = 6 
mm corresponding to a cubic unit cell as proposed in Ref. 
19. Extracted permittivity ε and permeability µ are shown 
for ELC, I-shaped, and Z-shaped resonators in the various 
parts of Fig. 7. Real and imaginary parts of µ are 
respectively shown in Fig. 7(a) and 7(b). As stated above, 
the ELC resonator presents an electric response but no 
magnetic response, i.e. the real part of µ is close to unity 
over the frequencies of interest. However, the retrieved 
parameters do not strictly comply with this principle. As 
shown in Fig. 7(a), the real part of µ becomes anti-resonant. 
In fact, this anomaly is an artifact introduced during 
parameter extraction in a frequency range where the 
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medium is highly spatially dispersive [19]. The two other 
resonators present similar responses. From Figs. 7(c)-7(f), 
we see a strong electric resonance, with the real part of the 
permittivity ranging from positive to negative values in the 
vicinity of the resonance. The values issued from 
measurement data agree very well with those calculated 
from numerical simulations. It must be noted that the 
extraction from the measured spectra are presented without 
any fitting. From the simulated and measured real parts of ε, 
it can also be noted that both Z-shaped meta-atoms (with 
and without gap) present a wider frequency band where the 
values are negative compared to the ELC resonator. Finally, 
we stress on the fact that the parameters extracted from the 
retrieval procedure described in [31] concerning the Z-
shaped resonator are valid only in the vicinity of the 
resonance, i.e. for frequencies below 6 GHz, since presence 
of magneto-electric coupling has been observed for higher 
frequencies. 

 
Figure 7: Computed effective parameters: (a) Re(µ), (b) 
Im(µ), (c) Re(ε), and (d) Im(ε). Measured effective 
parameters: (e) Re(ε) and (f) Im(ε). 

8. Conclusions 
We have presented an experimental demonstration of a 
negative permittivity from various meta-atoms in the 
microwave domain. The proposed structures, evolved from 
the transformation of conventional electric-LC (ELC) 
resonator, are simple to design and can be easily fabricated 
with standard techniques. A parametric study on the 
different parameters has also been presented so as to show 
the influence on the resonance frequency of the different 
resonators. In particular, a Z-shaped meta-atom has been 
shown to be an interesting alternative to the conventional 
ELC. This proposed electric resonator allows to 

considerably improve the effective medium ratio λ/a.  Due 
to the simplicity of the structure geometry and to the 
absence of capacitive gap, a transposition of geometrical 
parameters can be considered for the optical domain. 
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Abstract 
The Pendry et al. field averaging method for calculation 

of effective material parameters is reviewed and its limits 
explored. The method is then extended so that it can 
accurately calculate the effective material parameters of 
lattices where the unit cell size is appreciable but still 
quasistatic ( d ~ 01.0 ! ). The new algorithm is verified by 
calculating the effective material properties of periodically 
placed particles suspended in free space, as the unit cell size 
becomes appreciable. Results of our proposed formulation 
are then compared with the Pendry et al. and conventional 
volumetric averaging algorithms. 

 

1. Introduction 
Artificial materials for electromagnetic and optical 

applications typically consist of lattices of dielectric or metal 
inclusions of various shapes and sizes [1]. Many inclusion 
geometries such as dielectric spheres, metal cylinders, swiss 
rolls, and split-ring resonators have been investigated for 
their unique electromagnetic behaviors. Successful use of 
these materials hinges on the accurate calculation of the 
effective permittivity eff"  and permeability effµ of the 
material. 

The effective parameters of lattices can be calculated 
using a plurality of methods that have been proposed over 
the years (see, e.g., [2-5]). In the quasistatic regime, when 
the size d  of the unit cell of a lattice is small compared to 
the operating wavelength, !<<d , and the inclusion volume 
is small, it is possible to calculate the effective permittivity 
and permeability of the lattices based on the Maxwell 
Garnett formula [6]. However, beyond the quasistatic regime 
and for high inclusion volume geometries one has to use 
more sophisticated approaches. 

One often used method to compute effective materials 
parameters both in the lab and from computational data is to 
equate the scattering parameters of a plane wave incident on 
a finite thickness slab to the scattering parameters of an 
equivalent transmission line problem [7]. In the lab, free 
space measurement systems are used to measure such 
scattering parameters and computationally such problems 
can be solved trivially. However, contemporary work on 
artificial materials has focused on periodic materials that 

have lattice constants that are in the 005.0 !  to 04.0 !  range 
and are only a few layers thick in the direction of wave 
propagation. Calculation of effective material parameters 
from such geometries using transmission line equivalent 
problems is very difficult at best. As identified by others, 
periodic materials cannot be exactly modeled by a single 
section of homogeneous transmission line [8,9]. Near the 
edges of a finite thickness slab the truncation of the lattices 
cause the particles near the truncation to polarize differently 
than those in an infinite lattice. This edge effect results in 
both spatially varying and inherently anisotropic material 
parameters near the edge of the slab. To mitigate the effect 
this problem has on the calculated effective material 
problems one could create a finite thickness slab that is 
many cells thick in an attempt to average out the edge effect. 
However, this does not completely eliminate the error 
caused by the only approximate transmission line model and 
results in an unknown and unpredictable amount of inherent 
error in the calculated effective material parameters.  

To avoid the inherent error of transmission line models, 
we instead chose to investigate methods of calculating 
effective materials using only the information contained 
within a single unit cell away from the lattice edges where 
the local electromagnetic behavior is nearly identical to that 
of the behavior of an infinite lattice. One particularly 
appealing method in the literature is proposed by Pendry 
et al. [5]. In the proposed method, effective material 
parameters of periodic materials are calculated using only 
the local E , D , H , and B  fields averaged over unit cells. 
The average values of D  and B  fields are defined as 
surface integrals of the local field values while the averages 
of E and H  fields are defined as line integrals of the local 
fields. These local fields can be obtained by numerically 
solving the corresponding boundary-value problem for 
Maxwell’s equations with an appropriate solver. 

Though this approach has been previously reported to 
give good results for lattices of some types, the proposers of 
the Pendry et al. method have identified two serious 
problems with the method [10,11]. First, it's only rigorously 
valid in the quasistatic limit and returns increasingly 
inaccurate material parameters as the size of the unit cell 
increases. Second, beyond the quasistatic limit it returns 
complex material parameters for lossless problems. 

To eliminate these problems, we are proposing a 
modification to the Pendry et al. method. Our modification 
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is based on using surface averages instead of line averages 
for the definition of the averaged electric and magnetic 
fields. 

In this communication, we first briefly discuss the Pendry 
et al. method and its limitations. Next our modification to 
the Pendry et al. method is described and how it is applied. 
We then apply the Pendry et al. method, our proposed 
modified method, and the conventional volume averaging 
method to three periodic materials consisting of (a) free 
space, (b) dielectric spheres, and (c) dielectric cubes. Lastly, 
we report the accuracy of the Pendry et al. method and our 
proposed modified method. 

 

2. Pendry et al. and modified averaging methods 
According to Pendry et al., the effective permittivity and 

permeability tensors of a lattice of inclusions can be 
calculated as [10,11] 

 ( )
Lj

Si
ij E

D
#eff" , ( )

Lj

Si
ij H

B
#effµ  (1) 

where iF  is the i th component of the respective field 
( BHDEF ,,,= ) and the averages 

SiF , 
LiF  are defined 

as surface and line integrals 
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L
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with specific integration surface S  and integration path L . 
The latter is designated along one of the edges of the unit 
cell and the surface S  is designated as one of the cell’s 
faces as illustrated in Fig. 1. 

 
 

Figure 1: The integration surface S  and integration path 
L  used in Eqs. (2)-(3) to calculate the average values of 
z -components of the fields. For x - and y -components, 
both the line L  and the surface normal n  must be in the 
respective directions. 

 
Eqs. (1)-(3) play a central role in the Pendry et al. 

averaging method. They define how to calculate the 
effective permittivity and permeability tensors eff"  and effµ  

if the local distributions of all the fields E , D , H , and B  
are known. The distributions of E  and H  fields can be 
obtained by numerically solving the respective boundary 
value problem with a full wave solver. The distributions of 
D  and B  fields can then be calculated from those of E  
and H  fields by using the constitutive relations 

 ED r"" 0= , HB rµµ0= , 

with 12
0 1085.8 $%="  F/m and 7

0 104 $%= &µ  H/m being 
the permittivity and permeability of free space and r"  and 

rµ  are the local relative permittivity and permeability 
within the unit cell. 

Note the following advantages of the Pendry et al. 
method: 
i) it only utilizes local field information and thus 

simulations can be created that have little or negligible 
edge effect problems; 

ii) the field quantities used in the method can be easily 
calculated using an appropriate commercial software. 
However, the Pendry et al. method also has the following 

limitation: it is only correct, strictly speaking, in the 
quasistatic case. For lattices with an appreciable unit cell 
size, it provides a poor description of their effective 
parameters [10,11]. 

As an illustration, we calculated, based on Eqs. (1)-(3), 
the effective parameters of a lattice of empty cells with non-
negligible unit cell size when compared to the wavelength of 
the incident wave. The local field data sets used in Eqs. (2)-
(3) were obtained from CST Microwave Studio Suite by 
simulating the propagation of a plane wave incident 
normally onto a slab of free space. The slab was split into 
simple cubic cells (SCCs) of cell size d . The total thickness 
of the slab was 9 unit cells and the necessary field 
calculations were performed on the unit cell at the center of 
the slab. The time domain solver was used to calculate the 
numerical results and was set to terminate after the energy of 
the system had run down to -80 dB. Automatic meshing of 
the geometry was set to 50 lines per wavelength 
(convergence of this and the geometries discussed later in 
this paper were verified but are not shown here). Once 
calculated, post processing templates within the software 
were used to calculate the necessary line and surface 
averages. Ratios of the averaged quantities were finally used 
to calculate the effective material parameters. The 
calculation results for both the real and imaginary parts of 
the relative values 0eff eff, /""" #r  and 0eff eff, / µµµ #r  of 

eff"  and effµ  as functions of the unit cell size are presented 
in Fig. 2 (red dashed curves). 

As seen from Fig. 2(a), the calculated values of the real 
parts of rr  eff, eff, Re"" #'  and rr  eff, eff, Re µµ #'  progressively 
diverge away from the value 1='=' rr µ"  of free space as the 
unit cell size increases from 0/ =!d  to approx. 0.7 and 
then converges in an oscillating manner to a final value of 

0eff,eff, ='='  r r µ" . A similar oscillating behavior is observed 
for the imaginary parts rr  eff, eff, Im"" #''  and rr  eff, eff, Imµµ #'' , 
as seen in Fig. 2(b). Conversely, and purely coincidentally 
because of the loss free geometry, the final value of  



3 
 

calculated r eff," ''  and r eff,µ ''  coincides with the true value 
0=''='' rr µ"  for vacuum. 
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Figure 2: Computed (a) real and (b) imaginary parts of 
the relative effective permittivity and permeability of free 
space considered as a lattice of empty cells. 

 
Dependence of the error in the real part of the computed 

permittivity value 0eff0 /)( """ '$#(  on the unit cell size d  
is presented in Fig. 3. As seen from the plot, even at 

2.0/ =!d , where one might expect the Pendry et al. 
method to give quite satisfactory results, the calculated value 
of eff" '  of free space contains an error approximately 25%. 
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Figure 3: The error in the effective permittivity of free 
space computed by Pendry et al. method. 

The discrepancy between the calculated and true values 
of eff" , effµ  of free space has been explained [10,11] as 
caused by the spatial variation of the electric and magnetic 
fields of the incident wave over large enough unit cells. Due 
to this variation, the effective parameters of free space 
calculated from Eqs. (1)-(3) become [10] 

 
ikd
ikd 1)exp(

0eff
$= "" , 

ikd
ikd 1)exp(

0eff
$= µµ , (4) 

with their real parts [11] 
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kd
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and imaginary parts 
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kd)cos(1
0eff
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kd

kd)cos(1
0eff
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where k  is the wave number of the incident wave 
propagating along one of the lattice’s axis. The oscillating 
behavior of both the real and imaginary parts of eff"  and 

effµ  as functions of the unit cell size d , which is predicted 
by analytical expressions (5)-(6), is exactly what is observed 
in our numerical results shown in Fig. 2. 

It should be mentioned that the calculation of eff"  and 
effµ  of a lattice of empty cells was performed, within the 

Pendry et al. averaging method, for the first time in [10] and 
then repeated in [11]. However, the expressions (6) for the 
imaginary parts eff" '' , effµ ''  are not given explicitly in either 
of these works. 

Formally, the difference between ) ,( effeff µ"  and 
) ,( 00 µ"  is due to the oscillating factors appearing in Eqs. 

(4)-(6). To match the values of ) ,( effeff µ"  calculated by the 
Pendry et al. method to the values ) ,( 00 µ"  of free space, it 
has been proposed [10,11] to simply remove the respective 
phase factors )/(]1)[exp( ikdikd $ or )/()sin( kdkd  from Eqs. 
(4)-(5). However, such “handmade correction” is valid for 
only the case of empty cells considered here. For the general 
case of non-empty cells with arbitrary inclusions it is still 
not clear what is the “phase factor” that has to be eliminated 
from the calculation results to obtain correct values of eff" , 

effµ . 
Since at large enough !/d  values the line integral 

definition (3) for the average E  and H  fields cannot take 
into account the phase variation of the fields over the unit 
cells in the direction of wave propagation, we propose to 
modify the Pendry et al. method in order to automatically 
account for the variation. Namely, we propose the use of 
surface averages for E  and H  fields instead of the line 
averages (3). Accordingly, Eqs. (1) are replaced by 

 ( )
Sj

Si
ij E

D

'

#eff" , (7) 

 ( )
Sj

Si
ij H

B

'

#effµ , (8) 

(a) 

(b) 
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where the surface averages SjE ' , SjH '  are calculated 
similarly to Eq. (2) but now over the surface S '  selected as 
explained in Fig. 4. Note that our modified definitions for 
the averages of E  and H  in Eqs. (7)-(8) do not compute 
the average value normal to the plane as used in the 
definitions for the average electric or magnetic flux 
densities. Rather, it calculates the average tangential value in 
the i th direction over the plane S ' . 

 

 
 

Figure 4: The integration surface S '  used in Eqs. (7)-(8) 
to calculate the average values of z -components of E  
and H  fields. For the other two components, surface S '  
is defined by the respective axis and the wave vector k  
of the incident wave. 

 
Note that our approach can be proven rigorously (the 

proof will be published elsewhere) in the static 
approximation from first principles—the general properties 
of the static electric and magnetic fields and conventional 
spatial averaging of the local fields. Moreover, in the 
quasistatic limit our proposed method is identical to the 
Pendry et al. method. However, as the unit cell size 
increases, our approach provides more accurate results for 
lattices of larger unit cell size in the region of !/d  values 
where the Pendry et al. method fails. 

To illustrate the advantages of our modified method, we 
first calculated, based on Eqs. (7)-(8), the effective 
parameters of free space. The results are presented in Fig. 2 
by the blue solid curves. As seen from Fig. 2, our approach 
returns correct results for eff"  and effµ  of free space 
regardless of the unit cell size. Such perfect agreement 
between these calculated and theoretical results is a unique 
case and will not generalize to any other unit cell geometry. 
Generally, our proposed method will give only approximate 
values of the effective parameters, but far more accurate 
than the Pendry et al. method. 

Lastly, the very concept of the effective parameters is 
questionably applicable to lattices with unit cells that are of 
the order of the wavelength of incident waves. Therefore, as 
the unit cell size becomes too large it should be expected 
that our averaging method will also fail. 

3. Numerical results and discussion 
To further investigate the validity of our proposed 

method, we have applied it to simple cubic lattices of 

dielectric spheres and cubes. For comparison, we have also 
implemented the Pendry et al. method as well as the 
rigorous volume averaging method where the effective 
material parameters are defined as [12] 

 ( )
Vj

Vi
ij E

D
#eff" , 

 ( )
Vj

Vi
ij H

B
#effµ , 

where 

 ³³³#
V
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V
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and V  is the entire volume of the unit cell under 
investigation. While volume averaging as defined above 
may be appear to be an appealing method, it should be noted 
that it becomes very difficult to implement once highly 
conducting materials are added to the unit cell design due to 
the polarization of the conducting object. However, since we 
are only dealing with dielectric materials here it provides 
highly accurate data to compare with our proposed method. 

3.1. Dielectric spheres 

A simple cubic lattice of dielectric spheres with a volume 
fill factor of 0.3 and relative permittivity of 8 was modeled 
and its effective permittivity was computed. The real and 
imaginary components of the effective permittivity are 
shown in Fig. 5. As seen from the data, our proposed 
method returns nearly identical effective permittivity 
parameters as the volume averaging method up to a unit cell 
size of 0.3 free space wavelengths. In contrast, the Pendry et 
al. method immediately diverges away. To quantify the 
divergence of both our proposed method and the Pendry et 
al. method away from the volume averaging method, we 
have computed the difference between the computations and 
normalized the resulting difference to that of the volume 
averaging method, VV  eff,eff eff, /)( """ $#( . This divergence 
is shown in Fig. 6 and is plotted in percent. As seen from the 
plot, the Pendry et al. method incurs significant error (up to 
approx. 210% at 3.0/ 0 =!d ) while our proposed method 
incurs little error. 

Note that the values of eff" , effµ  computed by using the 
Pendry et al. method are complex even in cases of lossless 
inclusions such as those presented here. This is due first to 
the peculiarities of the Pendry et al. method itself and  
second the complex representation of the local 
electromagnetic fields provided by CST Microwave Studio 
Suite [which uses an )exp( tj) time convention, ij $# ] or 
any other electrodynamic solver. Within the Pendry et al. 
method, one might avoid the appearance of nonzero 
imaginary parts of the effective parameters of lossless 
lattices by using a real-valued representation of all the fields. 
This was actually done in [11] where a sinusoidal form of 
the incident wave has been used instead of the exponential 
one while deriving analytical expressions for the effective 
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parameters of free space. However, such an approach cannot 
be exploited in numerical calculations if complex values of 
the local fields provided by eigensolvers by default are used 
to calculate the average fields. 
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Figure 5: Computed (a) real and (b) imaginary parts of 
the relative effective permittivity of periodic material 
consisting of dielectric spheres of 8=r"  at a fill factor of 
0.3 vs. normalized unit cell size of the material. 
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Figure 6: Difference between Pendry et al. method or our 
proposed method from the volume averaging method. 

To avoid the appearance of nonzero imaginary parts of 
numerically calculated effective parameters of lossless 
lattices, Smith and Pendry proposed [11] to calculate the 
field averages at two phases of the incident wave  90º apart. 
This correction to the initial Pendry et al. method allows one 
to obtain plausible results on eff" '' , effµ '' . Comparatively our 
modified method yields correct values 0eff =''" , 0eff =''µ  
from complex local fields automatically, see Fig. 5(b), 
without invoking any additional correction procedures. 

3.2. Dielectric cubes 
A simple cubic lattice of dielectric cubes with a volume 

fill factor of 0.4 and relative permittivity of 8 was modeled 
and its effective permittivity was computed. The real and 
imaginary components of the effective permittivity are 
shown in Fig. 7. 
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Figure 7: Computed (a) real and (b) imaginary parts of 
the relative effective permittivity of periodic material 
consisting of dielectric cubes of 8=r"  at a fill factor of 
0.4 vs. normalized unit cell size. 

 
As seen from the data, our proposed method returns 

effective permittivity parameters that are very close to those 
returned by the volume averaging method. In contrast, the 
Pendry et al. method immediately diverges away. The 
divergence of both our proposed method and the Pendry 

(a) 

(b) 

(a)

(b)



6 
 

et al. method away from the volume averaging method is 
shown in Fig. 8 and is plotted in percent. As seen from the 
plot, until a unit cell size of 0.35 wavelengths our proposed 
method incurs approximately 5% error or less. Com-
paratively, the Pendry et al. method incurs more than 5% 
error after a unit cell size of just 0.013 0! . 
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Figure 8: Difference between Pendry et al. method or our 
proposed method from the volume averaging method. 

 

4. Conclusions 
Our proposed modification to the averaging method of 

Pendry et al. allows one to calculate the effective material 
parameters of lattices of particles to a much higher degree of 
accuracy for the case of appreciable unit cell size. For small 
unit cell sizes, 0!<<d , our proposed method returns 
identical results to that of the Pendry et al. method as well as 
the conventional volume averaging method. For the 
intermediate region 3.0/02.0 0 << !d , our method provides 
more favorable results than the Pendry et al. method. Our 
quantification of the error of the calculated effective 
material parameters of cube and sphere media show that the 
Pendry et al. method incurs 5% or more error for 

02.0/ 0 >!d . Comparatively, our proposed method incurs 
more than 5% error for a much larger 35.0/ 0 >!d . 
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Abstract 

The coordinate transformation approach is applied for the 
design of an optical mode adaptor between two different 
width waveguides in the near IR telecom optical domain. 
The control of the mode profile in the adaptor is achieved 
by considering a composite waveguide consisting of a thin 
metamaterial (MM) layer intercalated between 2µm thick 
SU8 photoresist slab and a glass substrate. We demonstrate 
that intercalated metafilm enables the realization of a space 
coordinate transformation and allows a precise control of 
the light propagation in the composite waveguide. 
Numerical simulations and experimental realizations of the 
metamaterial layer are performed in order to validate the 
device concept and realization feasibility . 

1. Introduction 

Metamaterials have recently attracted considerable interests 
because of their unusual properties, not encountered with 
conventional materials and allowing their applications in a 
novel class coordinate transformation based devices [1-10]. 
By using these new properties, it becomes possible the 
creation of innovative components such as “perfect lens” to 
produce images beyond the diffraction limit, modulators 
and cloaks that able to make the region of space invisible 
[1-8]. Despite these very attractive features, the there is a 
number of issues limiting MMs implementation, especially 
in the optical domain. These structures are often metallic 
with important losses due to the high absorption coefficient 
of metals in the infrared and visible domains. In addition, 
the fabrication of these composite materials having 
subwavelength dimensions requires nanoscale precision 
control[9]. Given the current state of nanotechnology, 
optical MMs can be realized in a simple way by planar 
monolayer structures. In a precedent study we have 
demonstrated that planar MMs can be used in guided wave 
configuration by placing a sheet of MMs on the top of the 
Silicon slab waveguide [10]. In this study we further extend 
the concept to a different kind of technological 
implementation. We aim to demonstrate that an efficient 
control of the light flow by a thin metamaterial layer can be 
also achieved in the case of lower index waveguides with 
different MM layer disposition. 

2. Mode adaptor  for the waveguides with low 
refractive index 

The considered structure consists of two different width 
waveguides with an intermediate mode adaptor region 
between. The waveguides are made of SU8 photoresist 
which refractive index n=1.96. The width of the wide 
waveguide is around 10µm and that of the narrow one is 
2µm. The intermediate region acting as mode adaptor is 
composed of a thin metafilm, and SU8 layer on a glass 
substrate(figure 1). To verify the operation of such a mode 
adaptor the following calculations are performed at the 
wavelength λ=1.55µm. 

 
Figure 1: (a) Geometry of the mode adaptor  considered in 
this study. (b) Cross-sectional view of the input wave guide, 
(c) cross- sectional view of the mode adaptor . 

As we shown in [10], the first step corresponds to the 
calculation of the mode adaptor  using Comsol multiphysics 
based on the finite elements method in 2D and then in the 
second step to the calculation of the transition in 3D. Figure 
2 shows the calculated propagation of the light in the taper 
in 2D with HFSS and COMSOL respectively. We see that 
the signal was efficiently transmitted from the input 
waveguide to the output waveguide. 
On the example shown in the figure 1, the adaptor metafilm 
is located beneath the SU8 layer (the region shown in orange 
in the figure 1). Another possible configuration would be 
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place the metafilm on the top of SU8 layer. To determine 
what configuration is optimal a series of simulation was 
performed in which the metafilm is placed in two positions, 
above and below the SU8 layer. 

 

Figure 2: Propagation of the electric field (?) between two 
waveguides in presence of mode adaptor  (a) with HFSS (b) 
with COMSOL. 

Comparing the efficiency of two configurations, the 
transition between the two waveguides is more efficient 
when  metafilm is located below the SU8, as represented in 
the figure 2. The thickness of the transformed region may 
be the cause of this result. The thickness of the transformed 
region plays an important role in the transmission. To find 
out the suitable thickness of the transformed layer different 
cases were tested. 

 
Figure 3: Propagation of the transversal energy in the 
structure (a) thickness of mode adaptor  is about 30nm (b) 
thickness of mode adaptor  is 100nm 

In the figure 3 we compare the propagation with two 
optimized thicknesses of 30 (a) and 100 nm (b) 
respectively. It should be noted that to reduce the 
computational time and improve the results precision, we 
have exploited the symmetry of the structure to reduce the 
size of the computational domain. Initially, the considered 
cases seems identical but looking more closely at the 
distribution of the energy in XY plan, the metamaterial 
layer will tend to control the signal between the waveguides 
by compressing itself. But, as it demonstrated in figure 3, 
the role of mode adaptor  is much more efficient for a 
thickness of 100nm, as compared to 30nm. In the case of 
30nm we can say that the signal is less confined by the 
mode adaptor  (metamaterial layer). One can explain this 
fact by the weak thickness of 30nm compared to 2µm 
height of the SU8 layer of the structure. 

 
Figure 4: Top: Studied structure in 3D. Middle: Graph of the 
transmission in function with f. bottom: the distribution of 
transversal energy in different coordinate of x: (a) x=0.5µm, 
(b) x= 2.5µm and (c) x= 4.2 µm. 
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3. Results 

As we demonstrate in the reference 10 the transmission 
critically depends on the proportionality factor  in the 
expression of the permittivity (reminder: corresponds to a 
factor of space compression in the transformed region).  

This result implies that the interactions between the 
transformed optical region and the SOI waveguide must be 
carefully adjusted. By plotting the transmission in function 
of f, we find the optimized value of f is equal to 2. In the 
next figure this graph with its results in structure is 
presented. In the most favorable case, the signal is much 
more confined and symmetric, and the profile of the electric 
field remains quite Gaussian. At the end of the taper the 
signal is well confined in the small waveguide.  

4.  Discretization 

The next figure shows the complete transition in 3D with a 
discretization of the metamaterial layer. 

 
Figure 5: Geometry of the structure in 3D with a 
discretization of the metamaterial layer. 

 
This discretization is the first step conducting to the 

design of a realistic device. The yellow layer contains the 
discretized units cells of the metamaterial layer. As in the 
reference 10 each cell corresponds to a different value of 
permittivity tensor. The next step will be the replacement of 
each cell by the real materials cell [11]. Regarding the sub-
wavelength features, optical MMs can be reasonably 
described in terms of effective electromagnetic parameters. 
However, there are several experimental or fundamental 
difficulties to retrieve these parameters from the 
measurement of thin films of MMs. Generally speaking the 
dielectric permittivity and the magnetic permeability can be 
retrieved from the transmission and reflection of a single 
layer at normal incidence, provided by an interferometer 
technique which is used to simultaneously measurement of 
the phase and the amplitude of both coefficients [12-14]. 
But this procedure is not well applicable in our case [15]. 
Another difficulty is the fact that the layer of metamaterial 
has two different interfaces such as one with the air and the 
other with a dielectric substrate in our case. It should be 
noted that the retrieval method proposed by Smith et al. 
consider that the MMs as a homogeneous layer to which it 
is possible to reverse the scattering data to determine the 
refractive index and the impedance from transmission and 
reflection coefficients calculated for normal incidence. 
Lupu et al. [15] has shown that this method can be 
generalized through the inversion of the characteristic 
matrix of medium in the most general case of oblique 

incidence using a particular solution of Smith’s generalized 
formula. In this study we are interested to this point. 

5. Fabrication 

In view of the realization of the mode adaptor adaptor, we 
start to develop the fabrication process of the MMs in a 
clean room. As show in figure 6, we think make the final 
device with a layer of metallic cut wire, whose dimensions 
vary to achieve the space transformation. At this stage of 
our study, we were able to fabricate a multilayer 
metamaterial made of metallic cut wires on planar substrate, 
as shown in the views of SEM in figure6. The dimensions 
and the period of the cut wires are sub-micron so that the 
entire layer behaves as a homogeneous medium in 
wavelength. Therefore, these structures can be performed 
by electron beam lithography followed by metallization (Ti-
Au) and a lift-off procedure (figure 6(a)). Looking to 
develop the fabrication, we arrive to have the multilayer 
structures (4 layers) on the glass substrate (figure 6(b)). 

 
Figure 6: (a) monolayer of gold cut wire: length 440nm, 
width 30nm, and thickness 50nm (b) 4 layers of gold cut 
wire made on a glass substrate separated by a 65 nm 
dielectric layer. 

We should mention that the thickness of the wires is 
50nm; the width is about 30 nm and their length 440nm. We 
control the position of each wire layer with respect to its 
neighbors. So we can obtain different optical index easily 
[16, 17]. Figure 7 present the numerical simulations and 
experimental results of these structures. 
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Figure 6: (a) monolayer of gold cut wire: length 440nm, 
width 30nm, and thickness 50nm (b) 4 layers of gold cut 
wire made on a glass substrate separated by a 65 nm 
dielectric layer. 

The black curve correspond to the single cut wire with 
440nm length, 30nm width and 50nm thickness and the red 
one to the paired cut wires with the same dimension and 
without any coordinate shifts with the respect to the first 
level. The transmittance and reflectance spectra were 
measured under normal incidence with a Fourier 
Transformed Infrared spectrometer Varian 600. As we can 
see in the figure 7, the numerical simulations are in 
excellent agreement with experimental results.  

The fabricated multiplayer MMs structure represent the 
first step toward the realization of a  of mode adaptor. Its 
utility is also quite important to develop the fabrication of 
devices designed by transformation optics on glass 
substrate. 

6. Conclusions 

The first important point of this study is the demonstration 
that a thin layer of MMs calculated by transformation optics 
and placed between two waveguides whatever of their 
refractive index (low or high) can control the signal 
propagation through the structure. On the other hand the 
considered approach can be applied to different geometries, 
suggesting that the planar MMs have great potential in 
integrated optics. The second point is the realization of 

multilayer metamaterial allowing the engineering of 
refractive index at infrared wavelengths 
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